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Weights on homogeneous coherent

configurations

Akihide Hanaki

ABSTRACT D. G. Higman generalized the notion of a coherent configuration and defined a
weight. In this article, we will modify the definition and investigate weights on coherent config-
urations. If our weights are on a thin homogeneous coherent configuration, that is essentially
a finite group, then there is a natural correspondence between the set of equivalence classes of
weights and the 2-cohomology group of the group. We also give a construction of weights as a
generalization of Higman’s method using monomial representations of finite groups.

1. INTRODUCTION

In [3], D. G. Higman established basic theory of coherent configurations, and in [4],
he generalized the notion of a coherent configuration and defined a weight. Typical
examples of coherent configurations are defined using permutation representations of
finite groups, and weights are defined using monomial representations [2]. However,
after [4], weights have been little studied. In this article, we will modify the definition
and investigate weights on coherent configurations. Especially, we will consider weights
on homogeneous coherent configurations. Homogeneous coherent configurations are
just (not necessarily commutative) association schemes in [8]. In Higman’s definition,
a weight is a generalization of a coherent configuration, but we will consider a weight
on a coherent configuration.

In Section 2, we will give definitions. Also we will define equivalence of weights,
which is not considered in [4]. A finite group G can be considered as a homogeneous
coherent configuration. In Section 3, we consider this case and show that there is a
natural correspondence between the set of equivalence classes of weights and the 2-
cohomology group of the group G. In Section 4, we generalize the method by Higman
using monomial representations of finite groups.

Let X be a finite set. We denote by Mx(C) the matrix algebra both rows and
columns of whose matrices are indexed by the set X. For a, € C (z € X), diag(a, |
z € X) € Mx(C) is the diagonal matrix with the (z,x)-entry a,. For ¢ C X x X,
A, € Mx(C) is defined by (A.)zy = 11if (z,y) € c and 0 otherwise. For ¢ C X x X,
¢ ={(y,z) | (z,y) € c}. Obviously, A« = AL the transposed matrix of A..
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2. COHERENT CONFIGURATIONS AND WEIGHTS

2.1. COHERENT CONFIGURATIONS. Let X be a finite set. We consider the following
conditions.

(C1) C is a partition of X x X. Namely, C' is a collection of non-empty subsets of
XxX, XxX=U,ccandcnd =aforc#c eC.

(C2) If c€ C, then ¢* € C.

(C3) There is a subset A of C such that Jycp d = {(z,7) |2z € X}.

(C4) CC = P CA. is an algebra.
The pair X = (X, C) is called a configuration if (C1) holds. The configuration X
is said to be precoherent if (C1), (C2) and (C3) hold. The configuration X is said
to be coherent if (C1), (C2), (C3) and (C4) hold. The algebra CC is called the
adjacency algebra of X. When A is a singleton, a coherent configuration X is said to
be homogeneous. Homogeneous coherent configurations are just (non-commutative)
association schemes in [8].

EXAMPLE 2.1. [Thin homogeneous coherent configurations] Let G be a finite group.
For g € G, define ¢, = {(z,y) € G x G | g = y}. Then X(G) = (G,{cy | g € G}) is a
homogeneous coherent configuration. In this case, we say that X(G) is thin.

EXAMPLE 2.2. [Schurian homogeneous coherent configuration, centralizer algebra] Let
G be a finite transitive permutation group on X, and let T be the permutation repre-
sentation of G related to X. Set V = {4 € Mx(C) | AT(g) =T (g)A for all g € G},
the centralizer algebra. Then V has a basis consisting of 0l-matrices (G-orbits on
X x X). We can define a homogeneous coherent configuration. In this case, we say
that the homogeneous coherent configuration is schurian.

2.2. WEIGHTS. Let X = (X,C) be a coherent configuration. For W € Mx(C), we
define the support of W by

spt(W) = {(z,y) € X x X | Wy, # 0}.
For c € C, we set
AV = A oW,
where o is the entry-wise product (Hadamard product). We consider the following
conditions.

(W1) spt(W) = Uyep d for some subset D of C, and, if d C spt(W), then d* C
spt(W).
(W2) W,, #0 forall z € X.
(W3) CWC =@, . CAY is an algebra.
(W4) W is hermitian, ||W,,|| € {0,1} for all z,y € X, and W,, =1 for all z € X.
We call W a weight on X if (W1), (W2) and (W3) hold. We call W an H-weight on
X if (W1), (W2), (W3) and (W4) hold (“H-" is due to Higman).

REMARK 2.3.In [4], Higman called W a weight if X is a precoherent configuration
and (W1) and (W4) hold, and a coherent weight if W is a weight and (W3) holds (the
condition (W2) automatically holds by (W4)). Thus, in Higman’s sense, weights are
not necessarily on coherent configurations, and CC' is not necessarily an algebra. In
our definition, weights are on coherent configurations and we require that CC is also
an algebra.

EXAMPLE 2.4. The “all one” matrix W is a weight on any coherent configuration,
and called the standard weight. In this case, C'V'C = CC. The identity matrix W is a
weight on any coherent configuration, and called the trivial weight.
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ExXAMPLE 2.5. Let G be a finite group, H a subgroup of G. The induced representation
from the trivial representation of H to GG is the transitive permutation representa-
tion and defines a homogeneous coherent configuration X(G, H) as in Example 2.2.
Let ¢ be a linear character of H, and let U, be the representation of H afford-
ing . Consider the monomial representation U;G and set V,, = {A € Mc.5(C) |
AUlC(g) = U} (g)A for all g € G}. Then V,, determines an H-weight on X(G, H) [2].

2.3. EQUIVALENCE. We define an equivalence of weights on a coherent configuration.
Let W and W’ be weights on a coherent configuration X = (X, C). Set Aut(X) = {o €
Sym(X) | ¢” = ¢ for all ¢ € C}, where ¢ = {(27,y7) | (x,y) € ¢} and Sym(X) is the
symmetric group on X. Let P, € Mx(C) be the permutation matrix corresponding
to o € Sym(X). We say that W and W' are equivalent and write W ~ W' if there
exist a, € C* (z € X), v(c) € C* (c € C) and o € Aut(X) such that

W' = diag(a, | z € X)7 P> " () Al P, diag(a, | = € X).
ceC
We remark that W = Y - AY. We say that two H-weights W and W' are H-
equivalent and write W ~g W' if W ~ W' for ||a,|| = ||y(c)|| = 1 and v(c*) = y(c) !
(zeX,cel).

3. WEIGHTS ON A FINITE GROUP

In this section, we consider weights and H-weights on a thin homogeneous coherent
configuration, a finite group (Example 2.1). We will show that weights are essentially
factor sets, in this case.

We recall the basic theory of 2-cohomology of a finite group with reference to [7].
Let G be a finite group. A function o : G x G — C* is called a factor set or a 2-cocycle
if
(%) a(g, h)a(gh, k) = a(g, hk)a(h, k)

hold for all g, h, k € G. It is possible to change C* to an abelian group M and consider
the action of G on M, but we will consider only the trivial action on C*. If we consider
a vector space @gea Cuy, where {vy | g € G} is a formal basis of the space, with the
multiplication v,vy, = a(g, h)vgn, then the condition () is equivalent to the associativ-
ity of the multiplication. Thus, for a factor set «, we can define the generalized group
algebra (also known as twisted group algebra) C(¥G = @D, cc Cvg. The set Z%(G,C*)
of all factor sets is an abelian group by (af8)(g, h) = a(g, h)5(g, h). The change of ba-
sis vy > Y(g)v, yields the change of the factor set a(g, k) — v(g)v(h)y(gh)*a(g, h).
We say that factor sets a and /5 are equivalent and write « ~ 3 if there exists a map
v : G — C* such that B(g,h) = v(9)v(h)v(gh)ta(g,h). A factor set « is called a
2-coboundary if there exists a map v : G — C* such that a(g, h) = v(g9)v(h)y(gh)~*.
The set B?(G,C*) of all 2-coboundaries is a subgroup of Z?(G,C*). The factor
group H?(G,C*) = Z%(G,C*)/B?(G,C*) is called the 2-cohomology group of G. An
element of H2(G,C>) is an equivalence class of factor sets.

ProposITION 3.1 ([7, II. Section 7.2, Theorem 7.3, III. Lemma 5.4]). For a factor
set a of a finite group G, there exists a factor set B equivalent to o satisfying the
following conditions.

(1) Blg,1) =B(1,9) =1, Blg,97") = B(g~},9) =1 for all g € G.

(2) B(g,h)?C =1 for all g,h € G.

Now we consider weights on a thin homogeneous coherent configuration. The next
lemma is clear by definition.
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LEMMA 3.2. Let W be a weight on a thin homogeneous coherent configuration X(G)
defined by a finite group G. Then spt(W) = Upck ek for some subgroup K of G,
where ¢, = {(z,y) € G x G | vk = y}.

We say that W has “no zero entry”, if spt(W) = G. Clearly, if W ~ W’ and W
has no zero entry, then so does W’. The following theorems are the main results in
this section.

THEOREM 3.3. Let X(G) be a thin homogeneous coherent configuration defined by a
finite group G. Then there exist natural bijections between the following sets:

(1) 20 : the set of ~ equivalence classes of weights on X(G) having no zero entry,

(2) Wy : the set of ~y equivalence classes of H-weights on X(G) having no zero
entry,

(3) H?*(G,CX) : the 2-cohomology group of G.

THEOREM 3.4. Let X(G) be a thin homogeneous coherent configuration defined by a
finite group G. Then there exist natural bijections between the following sets:

(1) the set of ~ equivalence classes of weights on X(QG),
(2) the set of ~g equivalence classes of H-weights on X(QG),
(3) Uy H*(K,CX), where K runs over all subgroups of G.

To prove the above theorems, we need some lemmas. For a moment, we suppose
that W is a weight on X(G) having no zero entry. Set ¢y = {(z,y) € G x G | g =y}
and Ay = A, the adjacency matrix. By

AV AY = aw(g,h) Ay,
for g, h € G, we obtain a factor set ayy. For a factor set «, we can define W, € Mg(C)
by
(Wa)wy = alz,z1y).

LEMMA 3.5. For a factor set o, Wy, is a weight and aw, = «.

Proof. By definition,

(AZVQAZVQ)xy = Z Ozg,200(, xilz)ézh,ya('zv Zﬁly) = zgnyo(z, g)a(zg, h)
z€G

= 6zgh,ya(x7 gh)a(gv h)a

(AZ[;/LO)my = 5w9h7ya($vx_1y) = Ougn,y (T, gh).
Thus Ay Al = a(g, h)AZZ"‘ and the result holds. O
The definition of W, is quite natural, because it is based on the regular represen-

tation of the generalized group algebra C(®G. The matrix W, is also known as a
cocyclic matriz and considered in several papers, for example in [1, 6].

LEMMA 3.6. Let W be a weight on a thin homogeneous coherent configuration X(Q)
defined by a finite group G. Then

W 2gW.
v (g.h) = S
T,xg

for all g,h,x € G. In particular, if W is an H-weight, then ||aw (g,h)|| = 1 for all
g,heqG.
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Proof. The result follows from

(AZVA}‘;V)my = Z 5rg,sz,z52h,sz,y
z€G

= 6zgh,me,ngwg,zgha
(A:;/VAI‘;V)M/ = aw (g, h)(Ag[i/L)r,y = aw (9, h)dzgn,yWa,zgh
for g, h,x,y € G. a

For a factor set a, a weight W, and an H-weight W, we denote the ~ equivalence
class containing « by [a], the ~ equivalence class containing W by [W], and the ~p
equivalence class containing W by [W]g, respectively. We define

O : HX(G,C*) =0, o([a]) = W]
and show that ® is a bijection.
LEMMA 3.7. For a weight W, W ~ W, .

Proof. Set

W' = diag((Wiy) ™' | g € G)"'W diag((Wiy) ™' | g € G).
Then aw = aw:, W ~ W’ and Wi, = Wi, (g € G). By setting z = 1 in Lemma 3.6,
we have aw (g, h) = W, , and thus W' =W, O

aw *

LEMMA 3.8. For factor sets a and (3, if o ~ 3, then W, ~ W3. (Namely, ® is well-
defined.)

Proof. Suppose B(g,h) = v(9)y(h)y(gh)ta(g,h). We have W, = > _. AW and

9eG g
set W=3" g 'y(g)AgV“. Then W’ ~ W, and W' is a weight with the factor set f3.
By Lemma 3.7, W' ~ Wg and W, ~ Wp. a
LEMMA 3.9. The map ® is surjective.
Proof. This is clear by Lemma 3.7. O

LEMMA 3.10. For factor sets a and B3, if Wy ~ Wpg, then a ~ 3. (This means that ®
is injective.)

Proof. For Wo =3_ ¢ AV~ and o € Aut(X), we can write

Ws = diag(a, | g € G)' P! Z ’y(g)AZVQP,, diag(ay | g € G).
geG

Thus the factor set obtained by Ws is v(g)v(h)y(gh) *a(g, h). We have a ~ 3. O

By Lemmas 3.8, 3.9, 3.10, ® : H?(G,C*) — 20 is bijective.

We consider

U: Wy =W, Y(W]g) =[W]

and show that ¥ is a bijection. By definition, it is clear that ¥ is well-defined, namely,
if W~y W then W~ W',

LEMMA 3.11. If a factor set « satisfies the conditions (1) and (2) in Proposition 3.1,
then W, is an H-weight.

Proof. Suppose that « satisfies (1) and (2). Recall that (W,).y = a(z,z'y). Since
a(z,1) =1, Wa)ax = 1 for z € G. For all 2,y € G, ||(Wa)yl| = ||z, 27 y)|| =1
hold. By a(x,z7 1) = 1, AEV,"I = (A=)t = (AV)*. Thus Wy = Y, c AV is
hermitian. Now W, is an H-weight. O

LEMMA 3.12. ¥ s surjective.
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Proof. Let W be a weight. By Lemma 3.7, W ~ W,,,,. By Proposition 3.1, there exists
a factor set 8 ~ ay which satisfies the conditions (1) and (2) in Proposition 3.1. By
Lemmas 3.8, 3.11, W3 is an H-weight and Wy, ~ Ws. Now U([Ws]g) = [Wg] = [W]
and ¥ is surjective. O

LEMMA 3.13. For H-weights W and W', if W ~ W', then W ~g W'. (This means
that U is injective.)

Proof. Suppose that W and W' are H-weights and set

W' = diag(a, | g € G) ' P! Z A/(g)AgVPU diag(ay | g € G).
geqG

We have ayy(g,h) = v(g)v(h)y(gh) ™ aw (g, h) and [law (g, h)l| = |lew(g,h)[| =1
for all g,h € G. Choose go € G such that ||v(go)|| is maximal. By aw-(go,g0) =
7(90)%7(93) ' (g0, 90), we have [[v(g0)[I* = [I7(95)ll < [lv(90)ll and this shows
[|7(g0)]| < 1. Conversely, choose g1 € G such that ||y(g1)|| is minimal. Then we have
[|7(g91)]] = 1. This shows that ||y(g)|| =1 for all g € G.

The absolute values of entries of P! > ogeG v(g)A} P, are 1. For all g,h € G, we

can see that ||a, 'ay|| = 1 and this shows ||a4|| = 1 for all g € G. Now W~y W'. O

Proof of Theorem 3.3. By Lemmas 3.8, 3.9, 3.10, ® : H*(G,C*) — 20 is bijective.
By Lemmas 3.12, 3.13, ¥ : Qg — 2T is bijective. O

We consider weights having zero entries.

Proof of Theorem 3.4. Let W be a weight on X(G) which can have zero entries. The
support of W determines a subgroup K of G. We can write W as a block diagonal
matrix, and all blocks are weights on K of the same factor set of K. We remark that
the support is invariant under equivalence of weights. Conversely, for a factor set «
of a subgroup K, we define a block diagonal matrix W with all diagonal blocks W/,.
Then W is a weight on X(G) with support K. Now the result holds. O

REMARK 3.14. By the above arguments, we can see that every weight W on a finite
group is equivalent to an H-weight W’'. If the factor set of W is o and we choose 3
as in Proposition 3.1, then W ~ Wpg, Wg is an H-weight, and every entry of Wg is 0
or a root of unity.

4. A CONSTRUCTION

In this section, we will generalize the result by Higman [2] to construct weights on
homogeneous coherent configurations. Higman used monomial representations of fi-
nite groups. We will define monomial representations of homogeneous coherent con-
figurations, and construct weights on homogeneous coherent configurations. As we
mentioned, homogeneous coherent configurations are association schemes in the sense
in [8]. We will use terminologies in [8, 9].

We summarize the theory of homogeneous coherent configurations (association
schemes) and their representations with reference to [3, 8].

Let X = (X, C) be a homogeneous coherent configuration. The adjacency algebra
CC is known to be semisimple. Thus we can write CC' = @;_, M,,, (C), and character
theory works well. By Irr(C), we denote the set of all irreducible characters of CC.
Naturally CC acts on CX, and we call CX the standard module. The standard char-
acter is also defined. The multiplicity of x € Irr(C) in the standard character is called
the multiplicity of x and denoted by m,. There is a natural CC-monomorphism from
the regular module CC' to the standard module CX, and thus x(1) < m, holds for
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x € Irr(C). Let e, be the central primitive idempotent corresponding to x € Irr(C).
Then the rank of e, as an element in Mx (C) is m,x(1).

A subset D of C is called a closed subset of C (or X) if CD = @ ., CAy is a
subalgebra of CC (see [9, Lemma 2.1.6]). Suppose that D is a closed subset. For z € X
set vD = {y € X | (z,y) € Uyep d}. We have a partition X = z1DU---Uz,, D. Then
(z;D, D.,p) is also a homogeneous coherent configuration, called a sub homogeneous
coherent configuration, where Dy, p = {d N (2;D x ;D) | d € D}. We remark that
these sub homogeneous coherent configurations (x;D, D;,p), ¢ = 1,...,m are not
necessarily isomorphic, but their adjacency algebras are isomorphic to CD. Thus
we can identify Irr(D,,p) and write Irr(D). Set X/D = {x1D,...,z,D}. Define
c? ={(z;D,z;D) | ¢cN (2;D x x;D) # @} for c € C and C//D = {cP | ¢ € C}. Then
(X/D,C//D) is a homogeneous coherent configuration, called the factor homogeneous
coherent configuration. We remark that C//D defines a partition of C.

Now we define monomial representations (characters) of homogeneous coherent
configurations. Let D be a closed subset of X = (X, (), and let ¢ € Irr(D) be of
multiplicity one. The induced character ¢! is called a monomial character of %. Let
e; € M,,p(C) be the central primitive idempotent corresponding to ¢ € Irr(D). Since
my, = 1, the rank of e; is 1. By [5, Theorem 2.8], ¢ is essentially a character of a
cyclic group, namely, there exists a closed subset K of C such that the factors of its
sub homogeneous coherent configurations are isomorphic cyclic groups. Thus we may
assume that all e; are same matrices e. Now we can set

€
e, = € CD c CC Cc Mx(C),
(&

the primitive idempotent in CD corresponding to ¢ € Irr(D). The right CD-module
e,CD affords the character ¢, and so the induced module, the module of the monomial
representation, is
e,CDcp ® CC = ¢,CC.
We consider the endomorphism algebra Endcc (e, CC) = e,CCe,. We set |2;D| =
£. Then the rank of eM;(C)e =1 and so eM;(C)e = Ce. Thus

ail1€ ... aime

1

e,CCe, C e, Mx(C)ey, a;; €C (1<i,j<m)

A 1€ « -« Qppm€

~ M, (C) 2 My, p(C).

This defines an injective algebra homomorphism I'" : e,CCe, — Mx,p(C).
We will choose representatives of ¢”.

LEMMA 4.1. Suppose e, Ace, # 0. Then, for ¢ € C with ¢P = P there exists u € C
such that e, Ace, = pegAceg,.

Proof. Write

(Ac)ll s (Ac)lm (Ac/)ll [ (Ac’)lm
A. = e , Ag = e
(Ac)ml e (Ac)mm (Ac’)ml o (Ac’)mm
Then we can write
e(Ac)r1e ... e(Al)ime ai1e ... Aime
epAce, = . = e ,
e(Ac)mie ... e(Ad)mme Am1€ - .. Qyme
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e(AC/)lle e E(A(:’)lrne b11€ e b1m€
epAce, = =
e(AC/)mle e e(Ac’)mme bmle . bmme
for some a;;,b;; € C. Suppose ag # 0. Set L = a;lbsteg,Acew —epAre,. Then the
(s,t)-part of L is 0. We remark that

(2D, x5d) € ¢” <= (Ac)i; #0,
(.’L‘iD7£17jd) g CD — 6(14.5)2']'6 = 0, A = 0.

We put U = {c; € C' | ¢f = ¢P}. Since L € CC, we can write L = Y. o, pu(c1)Ae,
for some pi(c1) € C. By the definition of ¢, every A., (c; € U) has non-zero entries in
the (s, t)-part, and thus p(ci1) =0 for all ¢; € U. Now e, Ace, = as_tlbste@ACe@. O

Choose ¢y € C' (X € A) such that C//D = {cP | A € A}, @ # L if X # N, and
epAc e, # 0 if such ¢y exists. Then {e,Ac e, | A € A, e,Ac e, # 0} is a basis of
e,CCe,. We put

W = Z T(ey,Ac,ep)
AEA
and show that W is a weight on (X/D,C//D). We remark that ¢y is not unique to
c?, but I'(e, A, e,) is unique up to scalar multiple by Lemma 4.1 and thus W is
unique up to equivalence of weights.

THEOREM 4.2. Let X = (X,C) be a homogeneous coherent configuration, and D
a closed subset of C. Let ¢ be an irreducible character of D of multiplicity one.

Then W defined above is a weight on the factor homogeneous coherent configuration
(X/D,C//D) and CV(C//D) = e,CCe,.

Proof. Tt is easy to see that spt(W) = |, cP, where ¢ runs over {c € C | e, A.e, # 0}.
Suppose ¢ C spt(W). We may assume e, A€, # 0. We remark that e is hermitian,
because e is essentially a central primitive idempotent corresponding to a linear char-
acter of a finite group. Thus e, is also hermitian. We have e, Ac-e, = (epAce,)* # 0,
and so (cP)* C spt(W). The condition (W1) holds.

(W2) is clear. (W3) is also clear since C'(C//D) is the image of the algebra
homomorphism T'. O

REMARK 4.3. In the above definition of W, we may suppose the representatives {cy}
are closed under the transposition. Then, by e, Ac-e, = (e, Ace,)*, W is hermitian.
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