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A quantum Murnaghan—Nakayama rule
for the flag manifold

Carolina Benedetti Velasquez, Nantel Bergeron,
Laura Colmenarejo, Franco Saliola & Frank Sottile

ABSTRACT In this paper, we give a rule for the multiplication of a Schubert class by a tauto-
logical class in the (small) quantum cohomology ring of the flag manifold. As an intermediate
step, we establish a formula for the multiplication of a Schubert class by a quantum Schur poly-
nomial indexed by a hook partition. This entails a detailed analysis of chains and intervals in
the quantum Bruhat order. This analysis allows us to use results of Leung—Li and of Postnikov
to reduce quantum products by hook Schur polynomials to the (known) classical product.

1. INTRODUCTION

The Murnaghan—Nakayama rule is a method for computing values of the irreducible
characters of symmetric groups [27, 28, 29]. Under the identification of the character
ring with the ring of symmetric functions, it translates into a rule for the multiplication
of a Schur symmetric function by a Newton power sum. As explained in [26, Sect. 2],
in the cohomology ring of a Grassmannian, the Murnaghan-Nakayama formula is a
formula for the intersection product of a Schubert variety with a component of the
Chern character of the tautological bundle (a tautological class), as these tautologi-
cal classes are essentially Newton power sums. Consequently, any formula describing
multiplication by a tautological class will also be called a Murnaghan—Nakayama rule.

Murnaghan—Nakayama rules have been described for many different algebras that
carry a notion of a Newton power sum. Fomin and Green gave a version for non-
commutative symmetric functions, which led to formulas for characters of represen-
tations associated to stable Schubert and Grothendieck polynomials [14]. Assaf and
McNamara gave a skew version [1], which Konvalinka generalized to a skew rule for
multiplication by a ‘quantum’ (perturbed by a parameter ¢) power sum function [18].
Bandlow, et al. gave a version in the cohomology of an affine Grassmannian [2], and
Lee gave a version in the cohomology of the affine flag manifold [20]. Tewari gave
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a version for noncommutative Schur functions [38], and Berg et al. for the immacu-
late noncommutative symmetric functions [5]. Wildon gave a plethystic version [39].
Ross gave a version for loop Schur functions [34], providing a fundamental step in
the orbifold Gromov—Witten/Donaldson-Thomas correspondence [35]. Morrison and
Sottile gave Murnaghan—Nakayama rules in the cohomology ring of a flag manifold
and in the quantum cohomology of the Grassmannian [26]. Khanh, et al. gave a ver-
sion in the Grothendieck ring of the Grassmannian [31]. Khanh also gave a version for
K-k-Schur and k-Schur functions [30], generalizing [2]. Fan, et al. gave a Murnaghan—
Nakayama formula for Chern—Schwartz—MacPherson classes of Schubert cells in the
flag variety [12].

We first derive a formula for the multiplication of a Schubert polynomial by a
hook Schur polynomial and use this to give a new proof of the Murnaghan—Nakayama
formula in the cohomology of a flag variety that was originally derived in [26]. This
hook multiplication formula is related to the formula of Mészaros et al. [23, Thm. 2],
but it does not use the noncommutative Fomin—Kirillov algebra [15].

Our main result (Corollary 3.3) is a Murnaghan—Nakayama rule in the small quan-
tum cohomology ring of the flag manifold, proving a formula conjectured by Morrison
at FPSAC 2014 [25]. This follows from a formula (Theorem 3.2) for multiplication by a
quantum Schur polynomial indexed by a hook partition. Mészaros et al. [23, Thm. 15]
also gave a formula for multiplication by a hook quantum Schur polynomial, which
would imply our formula. Unfortunately, their proof is not valid, as we explain in
Section 3.5—this necessitates the arguments we give. Our arguments involve a de-
tailed analysis of chains and intervals in the quantum Bruhat order, a partial order
relevant to multiplication in the quantum cohomology of a flag manifold. We also
use the “quantum-equals-classical” result of Leung and Li [21] as well as Postnikov’s
cyclic symmetry [33] to show that structure constants for quantum products by hook
quantum Schur polynomials are equal to structure constants for the classical product
from [37], and thereby deduce our results.

In Section 2 we develop some background on the flag variety and Bruhat order,
giving a new proof of the Murnaghan—-Nakayama formula in the cohomology of the flag
variety. Section 3 develops background on the quantum cohomology ring of the flag
variety, and gives a proof of the Murnaghan—Nakayama formula in this setting, which
relies on results established in two subsequent sections. We extract some results of
Leung and Li [21] in Section 4, including a version of their “quantum-equals-classical”
result (Lemma 4.4). The final Section 5 develops a detailed combinatorics of chains
in the quantum Bruhat order to prove the second result used in our proof of the
quantum Murnaghan—Nakayama rule (Theorem 5.1). It is the technical heart of this
paper.

A theme in the paper [6] is the relation between intervals in the k-Bruhat order <y
(a suborder of the Bruhat order on S,) and Littlewood-Richardson coefficients ¢/,
when v is a Grassmannian permutation. For example, the isomorphism type of an

interval [u,w]) in the k-Bruhat order only depends upon wu~!, and ¢¥, also only

U,v
depends upon wu~! when v is Grassmannian. Only substantially weaker versions of
these and related results hold for quantum cohomology. While an interval [u, ¢*w]} in
the quantum k-Bruhat order (see Section 3.2) is not determined by wu ™!, its isomor-
phism type is preserved by some operations including a cyclic shift (Corollary 5.14)
that is related to Postnikov’s cyclic shift and is distinct from the cyclic shift in [6]
(which does not preserve isomorphism type). When v is Grassmannian, we show that
the numerical part N;* of a quantum Littlewood-Richardson coefficient (see Sec-

tion 4) only depends upon wu~! (but ¢® may change); this is Theorem 4.6.
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REMARK 1.1. The results of this paper were announced in a published FPSAC con-
ference abstract [4]. Here, we provide all the proofs, clarify some definitions and
statements, and correct typos.

2. A MURNAGHAN-NAKAYAMA RULE FOR (CLASSIC) COHOMOLOGY

We review combinatorial models for the cohomology ring of the flag manifold. We omit
the precise definitions of the flag manifold and its cohomology as the combinatorial
models will suffice for our purposes; the interested reader can consult [16].

Then we deduce a formula for the product of a Schubert polynomial and a hook
Schur function from which we deduce the Murnaghan—Nakayama rule in the coho-
mology of the flag manifold, resulting in a different proof from that given by Morrison
and Sottile [26]. Our proof of the Murnaghan—Nakayama rule in quantum cohomology
is analogous.

2.1. COHOMOLOGY OF THE FLAG MANIFOLD. Let n € N be a positive integer and
write F/,, for the manifold of complete flags in C". We let H*[F/,, denote its co-
homology ring with coefficients in Z. This is a free Z-module with a distinguished
basis {S,, }wes, of Schubert classes which are indexed by elements of the symmet-
ric group S,,. Borel [10] described the ring structure of H*F¢, as a quotient of a
polynomial ring,

(1) H*Fl, ~ Zlzy,...,24)/In, I, = <ea(x1,...,xn)|a€[n}>,
where ¢, is the ath elementary symmetric polynomial and [n] := {1,...,n}. Lascoux
and Schiitzenberger [19] defined a set of polynomials in Z[z1, ..., z,] called Schubert

polynomials that correspond to the Schubert classes &,, under Borel’s isomorphism.
We write &, () for the Schubert polynomial corresponding to &, on the set of
variables z := {x1,..., 2, }.

Every Schur polynomial sy(z1,...,z) is a Schubert polynomial. Let w € S,
be a permutation with a unique descent at position k. Then the sequence
(w(k)—k,...,w(2)—2,w(l)—1) is a partition contained in the rectangular parti-
tion Ry, of k(n—k) into k parts with each part of size n—k. This is a bijection
and for A C Ry, ,—i we write v(\, k) € Sy, for the corresponding permutation. Then
&,(a k) () = sa(z1,. .., ). For example, when n =7,

(2) v((3,1,0),3) = 136[2457 and  v((1,0,0,0),4) = 1235l467 = (4,5).

Observe that we may write permutations using both one-line and cycle notation. The
“|” is written after the k-th position in a permutation in one-line notation.

It remains an important open problem in Schubert calculus to find a manifestly
positive combinatorial rule expressing &, - &, in terms of the basis {Sy twes, of
H*F/¢,. That is, one seeks a combinatorial rule for the coeflicients ¢, € Z in the
product

(3) 6u . 61, = Z Civgw .

A remarkable property of Schubert polynomials is that this computation can be per-
formed directly in the polynomial ring as the resulting coefficients ¢/, are the same.

Although this problem remains open in general, several special cases are known.
Monk’s Formula [24] treats the case where v is the simple transposition (k, k+1). For
any u € Sy,

(4) Gu(@) S prny(x) = > Suij (@),
1<i<k<j<n
L(u)+1=£(u(4,5))

Algebraic Combinatorics, Vol. 8 #3 (2025) 621
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where ((u) := #{i < j | u(i) > u(j)} denotes the length of the permutation w. In
this case, & k+1)(%) = 5(1)(z1,...,2x). Proposition 2.4 below describes the special
case of multiplying by s 1a-1)(1,...,2%) in terms of the k-Bruhat order, which we
define next. Here, (b,1¢71) is the hook partition of a+b—1 into a parts, the first of
size b, and the remaining all of size 1.

2.2. k-BRUHAT ORDER. The terms appearing in Monk’s Formula (4) define a partial
order on S,, graded by ¢(u). Define the k-Bruhat order <, by the covering relation

w << u(i, j) if 1<i<k<j<n and £L(u)+1=~L(u(i])).
That is, u<xu(i, j) if and only if &,,(; j)(x) appears in the product &, (z)-& 1 k41)(z).

Since ¢(u) + 1 = £(u(i,j)) if and only if u(i) < u(j) and there does not exist { such
that i <1 < j and u(i) < u(l) < u(j), we obtain the following equivalence.

PROPOSITION 2.1. Let u and w be two permutations. Then u < w if and only if
(1) w=wu(i,j) for some i <k <j such that u(i) < u(j); and
(2) there does not exist | such that i <1< j and u(i) < u(l) < u(y).

Write [u, w]; for the interval between v and w in the k-Bruhat order. When u <j, w,

we may label each cover relation u < u(Z,j) with ¢ < k < j by u(i) and write
u Do) i w<puliyg) withi <k <.

A saturated chain v: u LN U1 NN u, in this poset has length r and we
denote its maximal element by end(y) = w,.. If in addition there exists a number a
such that [y > --- > 1, <lgy1 < --- <., then we say that v is a peakless chain of
height a and length 7.

Figure 1 shows two labeled intervals, one in the 5-Bruhat order on Sg and the other

683571421
2 X
682571431 683471521
4 /5 5
68247/531 68345/721
?/ 5
682371541 68245/731

SN

68235741

2

62714135

al T4

4276135  624[7135

36| E

32716145  426l7135  623[7145

sl 7 I _4 h

32617145  423[7165  621[7345

i i
324/7165  421|7365
\ |3
1

321|7465

FIGURE 1. Two intervals in k-Bruhat orders on S,,.
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in the 3-Bruhat order on S7. The interval on the left has a peakless chain (colored in
blue); its ‘middle’ chain has labels 5,3, 2,4, so it is peakless of height 3, but the other
interval has no peakless chains.

2.3. GRASSMANNIAN-BRUHAT ORDER. We will make use of a second partial order
on S, that is defined using the k-Bruhat order. Define the Grassmannian-Bruhat
order on S, by

n=C if there exists u € S, and 1 < k < n with u < nu < Cu.

This is a graded partial order on S,, with minimal element the identity permutation e.
Tts rank function is £(¢) := £(Cu) — £(u) for any u € S, and k € N with u <; Cu. The
cover relations inherit a labeling from the k-Bruhat orders. As shown in [6, Sect. 3.2],
neither <, £, nor the labeling depend on the choice of k or u. For a permutation ¢ € S,,,
its height is ht(¢) := #{i € [n] | ¢ < {(¢)} and its support is supp(¢) = {i € [n] |
€(i) # i}. Then for any ¢ € S,, and k satisfying ht({) < k& < n — #supp(¢) + ht(¢),
there is a u € S,, with u <; Cu [6, Thm. 3.1.5], which among other things implies
that e < C.

The order < enjoys another symmetry. Permutations ¢ € S,, and n € S,,, are shape-
equivalent if we have supp(¢) = {i1 < -+ < 4,} and supp(n) = {j1 < --- < Jjr} and
for all a,b, ((iq) = 4 if and only if n(j,) = jp. For example, the cycles (2,3,5,7,4)
and (1,2,4,5,3) are shape-equivalent. Shape-equivalence induces an isomorphism on
intervals [6, Thm. 3.2.3(v)]. It also preserves the relative order of labels on chains,
so that a chain in one interval is peakless if and only if the corresponding chain in a
shape-equivalent interval is peakless.

We illustrate this. The intervals in Figure 1 correspond to the permutations (; =
(2,3,5,7,4) and (o = (1,7,4)(3,6) under the map that associates the permuta-
tion vu~! with the interval [u, v];. Figure 2 shows labeled intervals [e, (;]< for these
two permutations, as well as for n = (1,2,4,5,3), which is shape-equivalent to (j.
The commas are omitted in the cycles for display purposes. The peakless chains in
the intervals [e, (1]< and [e,n]< are highlighted.

2.4. MINIMAL PERMUTATIONS. A permutation ¢ is minimal if £({) = # supp(¢) —
s(¢), where s(¢) is the number of (nontrivial) cycles in the factorization of ¢ into
disjoint cycles. Minimality is a central concept in this paper. This terminology (intro-
duced in [6]) arises from the inequality £(¢) > # supp(¢) — s({), so that a minimal
permutation has the minimal possible rank given its cycle structure. For example,
¢1 =1(2,3,5,7,4) is minimal, because

L(¢1) = £(68357421) — £(68235741) = 22 — 18 = 4 = # supp((1) — s((1);
and (o = (1,7,4)(3,6) is not minimal, because
L(G) = £(6274135) — £(3217465) = 12 — 7 =5 > 3 = #supp((2) — s(C2).

Related to minimality is the notion of crossing. Let {1 < Iy and m; < mgy be two
disjoint pairs of numbers, and suppose that I3 < m;j. There are three possibilities
for l5. Either I < my or my < Iy < mg or ma < ls. When the second occurs, we
say that the pairs are crossing, otherwise they are noncrossing. This refers to arcs
connecting elements of each pair, when the numbers are marked along a number line.

Iy l; 7;11 ma Iy 7‘7’11 l; ma Iy 7;11 7;12 Iy

noncrossing crossing noncrossing

Algebraic Combinatorics, Vol. 8 #3 (2025) 623
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(23574)
N
(3574)  (234)(57)
AN 2 NS
(34)(57) (234)
3/ NS
(57) (34)

s\ /3

(174)(36)
.
(17634)  (14)(36)
27 e '3
(1764)  (1634)  (1364)
ol 4 I3 4 |t
(164) (134) (364)
4| |t 7
(14) (34)
|3

e

(12453)
NS
(2453)  (123)(45)
s\ /1
(23)(45) (123)
/N A4
(45) (23)

ANIVE

FIGURE 2. Intervals in the Grassmannian—Bruhat order.

Let A, B C [n] be disjoint and suppose that each has at least two elements. If there
exist a pair of elements of A and a pair of elements of B that are crossing, then A
and B are crossing; otherwise they are noncrossing.

A product ¢ - n of two permutations is noncrossing when supp(¢) and supp(n) are
disjoint and noncrossing. A permutation ( is irreducible if it cannot be written non-
trivially as a noncrossing product. Any permutation factors uniquely as a noncrossing
product of irreducible permutations. In [6], s({) counted the number of irreducible fac-
tors in the noncrossing factorization of ¢ for minimal permutations. By [6, Lem. 3.3.1]
we have that s(¢) is the number of cycles (this is also explained in the proof below).
We give a characterization of minimal permutations in terms of peakless chains in the
Grassmannian—Bruhat order.

LEMMA 2.2. Let ¢ be a permutation and ( = (1 --- (s its unique factorization into a
noncrossing product of irreducible permutations.

(1) L(¢) = L(C) + -+ + L(Cs)-
2) [e,¢)x = [e;Qlx x -+ x e, Gs]<.

Algebraic Combinatorics, Vol. 8 #3 (2025) 624
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(2354)
AN
(176) (354) (234)
| /
(16) (34)
| |

(176)(2354)

\

(176)(354)  (176)(234)  (16)(2354)

/

(176)(34) (16)(354) (16)(234) (2354)

\

\
(176) (16)(34) (354) 234
\

e

FIGURE 3. If (-7 is a noncrossing product, then the interval [e, ¢-n]<
is isomorphic to the product of the intervals [e, (]< and [e,n]<, and
the chains in [e, - n]< are shuffles of chains in each of the factors.

(3) [e,(]=< has a peakless chain if and only if each interval [e,(;]< has a peakless
chain.

(4) ¢ is a minimal permutation if and only if each ; is a minimal permutation.

(5) If ¢ is minimal and irreducible, then ¢ is a cycle.

Proof. (1) By [6, Lem. 3.3.1], £L({) = L(¢1) + -+ + L£({s) as this is a noncrossing
product.

(2) [6, Lem. 3.3.3] implies that [e,{]<x =~ [e,C1]< x -+ x [e,(s]<.

(3) If each interval [e, (;] < has a peakless chain +;, then shuffling these chains appro-
priately gives a peakless chain + in [e, {]< by (2). Conversely, if 7 is a peakless chain
in [e, {]<, restricting it to each [e, Q]j gives a peakless chain ;. Figure 3 illustrates
this for the noncrossing product of the two minimal permutations ¢ = (1,7,6) and

= (2,3,5,4). The peakless chains are indicated, and commas in cycles are omitted
for display purposes.

(4) follows from (1) and (2).

(5) Suppose that ¢ is minimal and irreducible. If ¢ is not a single cycle, then
¢ =n-n', where n and n’ have disjoint supports that are crossing. By [6, Lem. 3.3.1],
L(¢) > L(n)+L(n'), which contradicts that ¢ is minimal. This inequality is illustrated
by ¢ = (1,7,4)(3,6). We showed that £({) = 5, but £(1,7,4) =2 and £(3,6) =1. O

PROPOSITION 2.3. A permutation { # e is minimal if and only if the interval [e, (]<
has a peakless chain. The number of peakless chains of height a in [e, (]< is the bino-

mial coefficient ( S((?% )

Proof. We begin by showing that the first statement follows from the corresponding
result for irreducible permutations. Let ¢ = (3 - - - (s be the unique factorization of ¢
into a noncrossing product of irreducible permutations. By Lemma 2.2, ¢ is minimal
if and only if each ¢; is minimal. Since (; is irreducible, ¢ is minimal if and only if each
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interval [e, (;]< has a peakless chain. By Lemma 2.2, this holds if and only if [e, (]<
has a peakless chain.

We now prove the result for irreducible permutations. Suppose that ¢ is minimal
and irreducible. By Lemma 2.2, ¢ is a single cycle. In [8, Lem. 6.7] it is proved that
if ¢ is a minimal cycle, then there is a unique peakless chain in the interval [e, (]<,
which proves the forward direction. Conversely, suppose that [e,(]< has a peakless
chain. Let a be the height of that chain and set b := £(¢)—a+1. Replacing ¢ by a
shape-equivalent permutation if necessary, we may assume that supp(¢) = [n] (so
that ¢ € Sp,) and thus £(¢) = #supp(¢) — s(¢) =n — 1.

Since e < (, there is a k < n and u € S,, such that u <; (u and [e, {]< >~ [u, Culx.
By [6, Thm. 3.1.5], we have

{i|i< ()} C {uil(l),...,ufl(k)} and {i |7 > (i)} C {ufl(kqtl),...,u*l(n)}
so that

ht(¢) = #{ili<C¢@)} <k and n—-ht(¢) = #{i|i>C(@)}<n—k.
Together, these imply that ht({) = k. Since there is a peakless chain in [e, {]< and
le, ¢]< = [u, Culg, it follows from Formula (6) below that the coefficient ci?v((ma,l)’k) is
nonzero. This implies that v((b, 1971), k) < Cu. As Cu € S,,, we have v((b, 1971, k) €
Sp. Thus @ < k < n and b < n—k, so that £({) = a+b—1 < n—1. This implies
that £(¢) = n—1, a = k, and b = n—k. As n = #supp({), we conclude that ( is a
minimal cycle and that [e, {]< has a unique peakless chain. Note that since s({) =1

and ht(¢) = a, we have ( s(9)-1 ) =(3)=1

ht(¢)—a
Finally, suppose that ( = (;--- (s is the noncrossing factorization of a minimal
permutation ¢ into disjoint minimal cycles (i,...,(s. Recall from Lemma 2.2 that

le,C)< >~ [e,Ci]< X -+ x [e,(s]<. We count the shuffles of peakless chains ~; in [e, (;]<
with a given height. We need only consider the sequence of labels, and note that as
the cycles (; have disjoint supports, the set of labels on the chains ~; are disjoint.
Partition a peakless chain (represented by its labels)

(5) li > - > a1 > 1, < la+1 < eee < la+b—1

into three subsets. Call I; > --- > [,_1 the decreasing segment, [, the minimum, and
lo41 < -+ <lg4p—1 the increasing segment.

In a peakless chain (5) of height a in [e, {]<, its decreasing segment contains the
decreasing segments of each -;, and the same for increasing segments. Its minimum [,
is the minimum of all the minima of the ;. The only choices possible are distributing
the remaining s—1 minima between the decreasing and increasing segments of (5),
which may be done independently. Since ht({) = ht(¢1) + - -+ + ht((s), we see that
placing ht(¢) — a of these remaining minima in the increasing segment gives a peakless
chain of height a. This completes the proof. O

2.5. A MURNAGHAN-NAKAYAMA RULE FOR H*F/,. We recall the following special
case of Formula (3), which is [37, Cor. 9].

PROPOSITION 2.4. Let u € S,,, a < k, and b < n—k. Then

(6) Gu(ili) . S(b’la—l)(l'l, e ,Ik) = Z Gend('y) (I) ,
Y

the sum over all peakless chains starting at u of height a and length a+b—1 in the
k-Bruhat order.

Using Proposition 2.3, we can explicitly describe the coefficients appearing in (6).

Algebraic Combinatorics, Vol. 8 #3 (2025) 626
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PROPOSITION 2.5. Let u € Sy, a < k and b < n—Fk. Then
s —1
(7) Su() - sp1a-1) (21,0 TR) = Z (ht((%,a> Seulx),

the sum over all minimal permutations ¢ € Sy, such that u < Cu and L({) = a+b—1.

We use Proposition 2.5 to derive a formula for the product of a Schubert polynomial
and a power sum symmetric polynomial. For r > 0, let p,(21,... 23) := 2] +-- -+ 2},
denote the rth power sum polynomial. Expanded in terms of Schur polynomials [22],
we have
(8)

pr(xh s ,.’Ek) = S(T)(mlv s 7xk)_s(7‘—1,1)(x17 s 7xk)+' : '+(_1)T+18(17')(x17 s 7xk)~

COROLLARY 2.6 (Murnaghan—Nakayama rule for H*F¢,,). Let u € S,,. Then
6u(x) 'pT(xla <o ’xk) = Z(_l)ht(o—HGCu(m) ,

the sum over all minimal cycles ¢ € Sy, such that u <g Cu and L({) =r.

Proof. Expanding the product &,(z) - pr(z1,...,2r) using Equations (7) and (8)
shows that the coefficient of &, for u <; (u is zero unless £(¢) = r and ( is
minimal. When ( is the noncrossing product of s(¢) minimal cycles, this coefficient is

- _ —1 0 if s(¢) #1

B0+ Y ht(g)(S(C) ) _J0 ;

(=1) ;( ) ht(¢) — a (—1)PHOHL - if 5(¢) = 1.
This proof differs from that given in [25, 26].

3. A MURNAGHAN-NAKAYAMA RULE FOR QUANTUM COHOMOLOGY

The (small) quantum cohomology ring ¢H “[F/,, of the flag manifold is a deformation
of the ordinary cohomology ring H*F¢,, whose product encodes the genus zero three-
point Gromov—Witten invariants of F¢,,. We describe this ring and extend the main
objects from Section 2 to the quantum setting.

3.1. QUANTUM COHOMOLOGY RING OF THE FLAG MANIFOLD. As a Z-module, we
have
qH FL, = Zlq1, ..., qn-1] @z H'FL, ,

where ¢1,...,¢,—1 are indeterminates. To simplify notation, write Z[q] for
Zlq1,---,qn-1], and use multiindex notation, for o € N"7! we have ¢* :=
g - g1 The Schubert classes {G,, }wes, in H*F¢, form a Z[q]-basis of gH*F,,.
We write &, « &, for the product of Schubert classes &, and &, in qH*F/{, to
distinguish it from the product &, - G, in H*F¢,,.

The ring structure of ¢H*F¢,, is determined by the quantum Monk formula [13].
For every u € S, and 1 < k < n we have,

(9)  Gu*S(ki1 = > Suij) + > 4i,;Su(i,j)
1<i<k<jg<n 1<i<k<j<n
0(u)+1=0(u(i,5)) C(u)+1=L(u(i,]))+2(—i)

where ¢; j := ¢igiy1-- - gj—1 for i < j. The summand on the left above comes from the
classical Monk formula (4). For example, in ¢H*F{¢, we have,
(10) Gra32 % S(23) = Gza12 + G231 + 261312 + 2461234 -

Givental and Kim [17] proved that ¢H*F¢, ~ Z|q][z]/I2 for a certain ideal IZ,
establishing an analog to Borel’s presentation (1). Fomin, Gelfand, and Postnikov [13]
defined quantum Schubert polynomials &4 () in Z[g][z] so that the quantum product
of Schubert classes satisfies &, xS, — (6% (z)+I2)(&4(x)+I2), for u,v € S,,, under
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this isomorphism. To simplify notation, for f(z) € Z[qg][z], we will write &, * f(z) for
& () f(x) + 11,

As explained in Section 2.1, every Schur polynomial is a Schubert polynomial: more
precisely, sx(21,...,2r) = Gy(a k) (2), where A C Ry ;1. Analogously, we define the
quantum Schur polynomial s§(x1,... zy), for X € Ry p—k, to be s§(z1,...,zx) =
63(/\7,6)(3:). Following Equation (8), for » > 0, the quantum power sum is defined to
be

(11) pi(xy, ..., xE) =

Sty (@1, mk) = sl (@1, @) o (—1)”15?1,.)(931, ey TR -

3.2. QUANTUM k-BRUHAT ORDER. The terms appearing in the quantum Monk for-
mula (9) define a ranked partial order on the (infinite) set

Sulgl = {q¢°u|u€ S, anda e N*"'}.
The quantum k-Bruhat order < on S,[q] is defined by the following cover relations:
(1) w<fu(i,j)ifi <k<jand l(u)+1=L(u(i,j)), so that u < u(i, j);
(2) w<iq u(i,j)ifi <k<jand £(u)+1=~(u(i,j))+2(j—i); and
(3) extend g-multiplicatively: u <} ¢’w if and only if ¢®u <} ¢“Pw for u,w €
Snlq] and any «, 8 € N1,

We will say that covers of type (1) and their extensions by (3) are classical, and covers
of type (2) and their extensions by (3) are quantum. The rank function ¢ on Sy,|[q] is
given by /(¢%u) := 2deg q* + £(u), where deg¢® is the usual degree of the monomial

@ in Z[q]. Figure 4 shows two levels of the quantum 2-Bruhat order on S4[q¢] starting
at the permutation 14/32. We draw the classical covers in green and the quantum
covers in red. Compare the first level to the example in (10).

3421 2134 2341 gp14[32 g231]42 2.413[24
24[31 go13l42 34]12 2.412[34
14|32

FIGURE 4. Two levels of the quantum 2-Bruhat order on Sy[q] above 1432.

As with the k-Bruhat order (see Proposition 2.1), there is an intrinsic formulation
of the cover relations for the quantum k-Bruhat order.

PROPOSITION 3.1. Let u € S,, and ¢°w € Sy[q]. Then u <} q*w if and only if

(1) a=0 and ¢“w =w = u(i,j) for some i < k < j such that u(i) < u(j), and
there does not exist I such that i <1< j and u(i) < u(l) < u(j); or

(2) ¢*w = g; ju(i,j) for some i < k < j such that u(i) > u(j), and
for every I such that i <1< j, we have u(j) < u(l) < u(3).

3.3. MINIMAL INTERVALS. As far as we know, there is no analog of the Grassmannian—
Bruhat order related to the quantum k-Bruhat order, and so rather than speak of
minimal permutations (as we did in the classical case; see Section 2.4), we work in-
stead with certain intervals in the quantum k-Bruhat order. This lack of an analog of
the Grassmannian—Bruhat order necessitates the significant work we do in Section 5.
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Let u,w € S, and suppose that v <} ¢®w in the quantum k-Bruhat order
on S,[q]. We say that the interval [u,q®w]|{ is minimal if its rank ((¢“w) — £(u)
equals # supp(wu™!) — s(wu~'). When ¢* = 1, the interval [u, w]{ = [u, w]) is min-
imal if and only if wu~! is a minimal permutation. In the proof of Theorem 3.2 we
will show that if [u,¢®w]{ is minimal, then wu~! is a minimal permutation in the
sense of Section 2.4.

The interval on the left in Figure 1 is a minimal interval in the quantum 5-Bruhat
order in Sg. Figure 5 displays two minimal intervals in quantum k-Bruhat order
on Ss[q] for k= 2,3.

q1,502,412[354 3,5521[34
42,5521314  q1,5151324 524|I31 q3,5421[35
425511324 15141325 514/32 52341 425|I31
54I3|21 /qL513|425 51342 423l51  415[32
53l421 413[52

FIGURE 5. Two minimal quantum intervals. Note that ¢ 5¢g24 =
— o202
q1,492,5 = 41929394-

3.4. THE MURNAGHAN-NAKAYAMA RULE FOR ¢H*F{,. As for Corollary 2.6, we
derive the quantum Murnaghan—Nakayama formula from an intermediate result de-
scribing the quantum product of a Schubert class &, by a quantum hook Schur
polynomial s?byla,l)(xl, ey TE).

THEOREM 3.2. Let u € Sy, a < k and b <n —k. Then
s(wu~ ) — o
Sy * S?b,la—l)(xl’ k) = Z (ht((wufl))fla) "G,
the sum over all minimal intervals [u, ¢*wl} such that ¢(¢°w) — £(u) = a+b—1.

The proof depends on Theorem 5.1 and Lemma 4.4, which will be proved in sub-
sequent sections.

Proof. For u,w € S, a partition \, k € N with 1 < k and o € N*~!, define quantum

Littlewood—Richardson coefficients Cgfvlé))\,k) € ¢“N by

(12) Gy si(wy, ... op) = C

qweSy[q]

«@
w
(k) Ow -

We must prove that

q° ( s(wu~1)—1 ) , if [U,QQW]Z is minimal and

a ht(wu~1)—a
ctY i ) Uq*w) — L(u) = a+b—1,

wo((b,1e=1) k)
0, otherwise.

Suppose that [u, ¢*w]] is a minimal interval with ¢(¢®w) — ¢(u) = a+b—1. By Theo-
rem 5.1, there exists a hook partition v with |y| = £(¢®w) — £(u) and C’Za;(”v g # 0.
By Lemma 4.4, there exist permutations y, z € S, satisfying

(13) oy iz €x)—ly) = q®w) —0(u) = atb-1, =y~ = wu
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and such that

(14) crY = gk

(k) vw(uky for all partitions p with |u| = a+b—1.

This implies that zy~!

U(z) — U(y) = U(q"“w) — L(u) = #supp(wu™") — s(wu™") = #supp(zy~") — s(zy™ "),

where the middle equality follows from the assumption that [u,¢%w]} is minimal.
Then

“w _ _ s(zy~H)—1 _ s(wu™1)—1
(15) C ((b,1a=1) k) — qaczv”((bvlafl)ak) - qa(ht(zyfl)—a> q (ht(wu 1) a)’

where the first equality follows from (14) and the second equality follows from Propo-
sition 2.5 and that 2y~ is a minimal permutation.

is a minimal permutation, since

Conversely, suppose C’u (b 19-1),k) # 0. By Lemma 4.4, there exist y,z € S,
satisfying (13) and (14). Setting u = (b,171) in (14) gives

(16) Cl baomty gy = G (e b)-

Since the left hand side is assumed to be nonzero, we have that c o((b19=1) k) is

nonzero. It now follows from Proposition 2.5 that zy~!

that
0(q“w) — £(u) = £(2) — £(y) = #supp(zy™ ') — s(zy™*) = #supp(wu™?) — s(wu™r),

where the first and last equalities follow from (13). Thus, [u,¢%w]|} is a minimal

interval such that ¢(¢®w) — ¢(u) = a+b—1. O

is a minimal permutatlon So

The following was conjectured in [25]. It follows from Theorem 3.2 in the same
way that Corollary 2.6 follows from Proposition 2.5, and is the signature result in this

paper.
COROLLARY 3.3 (Quantum Murnaghan—Nakayama Formula). Let u € S,,. Then
Gy *pl(a,... ap) = Y _(~D)IWDHeg,,

the sum over all minimal intervals [u, q*wl]l of rank r such that wu
cycle.

EXAMPLE 3.4. In ¢H*F/g, if u = 68235741, then the product &, * pl(z1,...,z5) is

1 is a single

S 2,357,490 T 62,4,3,57u T 63,5674 — 62,3567 T 45,762,3,4,7,5u
+45,76(3,4,6,7,5)u T 15861673500 T 45.86(1,7,2,35/u — 45,86(1,6,7,5,4)u
—QS,86(1,7,5,3,4)u - (J5,86(1,7,4,3,5)u - Q2,66(2,3,5,7,8)u + (J2,86(1,7,3,5,8)u

+62,86(1,82,3,4)u + 2,86(1,6,7,5,8)u T 42,86(1,7,5,6,8)u — 42,895,765 (1,7,5,4,8)u -

Note that unlike in ordinary cohomology, this is not an identity among quantum
Schubert polynomials &% (x), but rather among their images in the quotient ring

Zlq)[=]/ I3

3.5. REMARKS REGARDING [23, Thm. 15]. Proposition 2.5 may be deduced from a
stronger result of Mészaros, Panova, and Postnikov [23, Thm. 8]. There, they estab-
lish a formula for a ‘lift’ of the Schur polynomial s, 1a-1y(21,...,7%) to the Fomin-
Kirillov [15] algebra &,,, which is a subalgebra (generated by certain Dunkl elements 6;)
of the quotient of a free associative algebra with generators z; ; for 1 < i < j < n
by certain relations, which include z? ;.; = 0. Their paper contains another result [23,
Thm. 15] which is a quantum analog of [23, Thm. 8], giving a formula for a ‘quan-
tum lift’ of s‘gma_l)(zl, ..., x) to the quantum Fomin-Kirillov algebra £ [32]. This
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formula would imply Theorem 3.2. Unfortunately, as we now sketch, there is a gap in
the proof of [23, Thm. 15] (we have communicated this to the authors).

The result [23, Thm. 15] is deduced from the proof of [23, Thm. 8] using a technical
result [23, Lem. 13] which roughly asserts the following: If an identity involving posi-
tive terms holds in &,, and if no relations z? i; = 0 were used to deduce the identity,
then the same identity holds in £I. We are convinced this lemma is correct, but it un-
fortunately does not apply in the case invoked to prove [23, Thm. 15]. The proof of [23,
Thm. 8] uses in a fundamental way [23, Cor. 10], that e, (01, ...,0,)hp(61,...,0,) =0
in E,14 (in their notation). However, this identity can only be proven directly in ;44

using the relations xQJ = 0. For example, when a = b =1, as 01 = x 2, it becomes

0= e1(z1,2)hi(21,2) = 27, ,2¢
4. QUANTUM EQUALS CLASSICAL

A recurring theme in quantum Schubert calculus is that oftentimes the numeri-
cal part N/:* = qfaC;{j}”(e N) of a quantum Littlewood-Richardson number (a
Gromov—Witten invariant) is naturally identified with a related classical Littlewood—
Richardson number ¢}, ,. This is seen in the quantum Monk formula (9) in which
these numerical parts are all 1 as in the classical Monk formula (4). Bertram’s quan-
tum Giambelli formula [9] and the results of Buch, Kresch, and Tamvakis [11] are other
examples. Leung and Li [21] discuss this thoroughly and then establish very general
results, including some that naturally identify different Gromov—Witten invariants
on the same flag variety. Their result is type-free and expressed in the language of
algebraic groups, and they use it to deduce a weaker version of the result we need,
Lemma 4.4. We first state some results from [21] for the type A flag variety using the
notation from Section 3 and extract a useful statement from one of their proofs, from
which we deduce Lemma 4.4.

Fix i € [n—1]. Let ¢; :== (0,...,0,1,0,...,0) be the ith standard basis vector, so
that ¢ = ¢;. Write s; := (4,i41), the ith simple transposition. For o = )", a;e;, we
will also need the linear map tw;: Z"~! — Z, defined by @;(a) := —a;_1 +20; — i1 1,
where ag = a,, = 0. Thus

go.4 = q(01100) = geates 635214s, = 653214, 635214s3 = 632514,
©2(12232) = —1+4-2=1, and w4(12232) = —2+46—2=2.

For i € [n—1], we also define a map sg;: S, — {0,1} which records whether or not
u <; uSq,
s, (u) = 1 if us; <; u  equivalently, if u(i +1) < u(4)
8i 0 if u<; us; equivalently, if (i) <wu(i+1) "~
That is, sg;(u) = 1 when u has a descent at ¢ and it equals 0 when u has an ascent
at 1.
PROPOSITION 4.1. [21, Theorem 1.1] Let z,y,z € S,, and o € N*~ 1,
(1) We have that N7 = 0 unless sg;(z)+w;(a) < sg;(z)+sg;(y) for alli € [n—1].
(2) Suppose that sg;(2) + w;(a) = sg;(x) + sg;(y) = 2 for some i € [n—1]. Then
{Nﬁ;;‘* “if sg,(2) =0,
Nz if sgi(z) =1.
Note that if N,”;* # 0, then by part (1), we have w;(a) < 2 for each i € [n—1]. This

also constrains u, v, w. For example, if N;”U(E/\ py 7 0 and i # k, then sgi(v(\ k) =

N#Y = NZa—€
.y

TSiYsi

and Proposition 4.1(1) becomes

(17) sei(w) + wi(a) < sgi(u) < L.

Algebraic Combinatorics, Vol. 8 #3 (2025) 631



C. BENEDETTI VELASQUEZ, N. BERGERON, L. COLMENAREJO, F. SALIOLA & F. SOTTILE

We first recall two lemmas from [21].

PROPOSITION 4.2. Suppose that o € N~ ! §s a nonnegative nonzero exponent vector.
(1) (]21, Lemma 2.8]) There is an i € [n—1] with w;(a) > 0.
(2) (]21, Lemma 2.10)) If w;(a) > 0 for a unique i € [n—1], then w;(a) > 2.

If N;”;)OEA yy # 0 and i # k in Proposition 4.2(1), then w;(a) = 1 as w;(a) > 1
contradicts (17), and this implies that sg;(u) = 1 and sg;(w) = 0.

Theorem 1.2 in [21] is their “quantum equals classical” result. It states that if

w,a . w, o _ Arw’,0 o
Nuw(/\,k) # 0, then there exist w’,u’ € S,, such that Nuﬂ)(/\,k) = Nu/7v(A7k) = Cg',v(/\,k)'
A consequence of their proof is that wu™! = w’(u/)~!, but we require more than
that. We state and prove the result we will need; this is extracted from the proof of

Theorem 1.2 in [21].

PROPOSITION 4.3. Suppose that u,w € S,,, X is a partition, o € N*~1 is nonzero, and

Nowing) 7 0-

(1) There exists i € [n—1] such that sg;(u) = 1, sg;(w) =0, and
either wi(a)=11ifi#k or wi(a)=21ifi=k.
(2) Let i # 0 be a partition with at most k parts. With i as in (1), we have

Nw,a ws;,x—e;

w,v(p,k) NUSi,“(,U«,k)'
As Nw,o(c)\Jq) 7& O7 we must have 2|a| + f(w) = Z(’u,) —+ ‘)\| Since « 7& O, we have

u,v
A # 0. Consequently, any partition g in Statement (2) with N;”ﬁu gy # 0 must

satisfy |u| = |Al.

Proof. We first prove statements (1) and (2) in the case when u = .

By Proposition 4.2(1), there is an i € [n—1] such that @;(«) > 0. Suppose that i is
not unique with this property. Then we may assume that ¢ # k, from which it follows
that sg; (v(\, k) = 0. As N;”;f?)\ py # 0, Equation (17) implies that sg;(u) = 1 = w@;(c)
and sg;(w) = 0. Thus sg;(ws;) =1 = sg;(v(\, k)s;), so that

sg;(ws;) + wi(a) = sg;(u) + sg;(v(\k)s;) = 2.
By Proposition 4.1(2) with z = u, y = v(\, k)s;, and z = ws;, we have that

WS4 ,0 wsi,oe—e; w,o

w,v(Xk)s; usi,v(Nk) T Nu,')u()\7k) '
(As s? =1 and sg;(z) = sg;(ws;) = 1).
Now suppose that there is a unique ¢ with w;(«) > 0. Then by Proposition 4.2(2),
we have w; () > 2. As N;”’;JO(‘MC) # 0, Proposition 4.1(1) implies that
sgi(w) = 0, wi(a) = 2, and sg;(u) = sg;(v(Ak)) = 1.
Since sg;(v(A, k)) = 1, we must have that ¢ = k, as v(A, k) has a unique descent
at k. As sg;(w) = 0, Proposition 4.1(2) with z = v(\, k), y = u, and z = w implies

that N;“”(’/{X)k)}u = N;‘Ei,g_ues As commutativity implies that N7 = N7, we have
Nws,;,a—ei . Nw»Oé
usi,o (k) = Duu(Ak)”

This proves statement (1) and statement (2), in the case when p = A. As pu # 0,
we have that for all i € [n—1], sg;(v(A\ k)) = sg;(v(w, k)), as v(u, k) has a unique
descent at k. The arguments we gave for N;‘i;}%’k) then also hold for szf(tu,k)’ which
completes the proof.

LEMMA 4.4. Suppose that u,w € S,, X is a partition, « € N*~1 and CZZH()A,k) # 0.
Then there exist y,z € S, with y <y z, £(z) — €(y) = |\|, and zy~" = wu™! such that

for every partition p with |u| = |\|, we have q_O‘C’ZwTE’M,k) = Nzﬁu,k) =€ k)
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Proof. We use induction on |a|. Let o € N*~1. When |a| = 0, a = 0 and C’ZOU%L B =

cﬁv(# k) Suppose that a # 0. Let ¢ € [n—1] be the index guaranteed by Proposi-
tion 4.3(1). By Proposition 4.3(2), if p is a partition with || = ||, then N'"%

w,v(p,k) =
SZZUO(‘;% In particular, wu=! = ws;(us;)~! and Nqﬁilv‘)(‘;% # 0, which implies that
us; <} ¢“~“ws;. This completes the proof. O

EXAMPLE 4.5. We illustrate these results. In Example 3.4, the term ¢5881,6,7,3,5)u
appears in the product &, * p}(z1,...,z5). As 78251|346 = (1,6,7,3,5)u, by Equa-
tion (11), there is a hook partition A C R 3 with |\| = 4 such that Ng:22§5l||$:if?}i5) #£ 0.
Since ¢5,5 = ¢ for a« = (0,0,0,0,1,1,1), we have wr(c) = 1, so that by Proposi-

. 782511346, 782511364,
tion 4.3(2), N. ®s =N a7

a—e7 __ —
» 4V 68235(741,0(),5) 682351714,0(2,5)7 &5 4 = ¢5,7. We may apply Propo

s . _ . 782511364,g5, 7 £,782511634,05,6
sition 4.3(2) again as wg(a—e7) = 1 to obtain that Negassirian(rs) = Nos235174.0(r5)"
If 3 =a—er — e, so that ¢° = g6 = g5, then i = 5 = k is the only index with

w;(B) > 0 and we have ws(3) = 2. By Proposition 4.3(2) again, Ng;;;’;llf?f’gf)\ 5) =

ngggﬂégi,v(kﬁ)' Figure 6 shows the interval [68231/574,78256/134]5, which has one

peakless chain (the vertical one in blue, with labels 6,3, 1, 3).

78256(134 q*78251/346
78236/154 78253||164 78256341  ¢°78231l546  ¢~68251[347
78235(164 78251||364 68253174 78236l541  ¢*68231[547  68257|341
68235174 78231||564 68251374 78235(641 68237/541

68231||574 68235741

FIGURE 6. Two minimal intervals in the quantum 5-Bruhat order on Sg[q].

As this has height 3 (as does the minimal permutation (1,6,7,3,5)), we see that

782561134

682311574,0((2,1,1,0,0).5) — 1, and thus all of the other coefficients considered above

are 1.

Using [6, Prop. 1.1.1] and solving for the partition (2,2) also show that
78256134 _
C682311574,0((2,2,0,0,0),5) 1, and thus

1 — (782560134 — [ 782511634,5,6

= C682311574,0((2,2,0,0,0),5) ~ *'68235/174,v((2,2,0,0,0),5)
782511364, 782511346,
— N qs,7 — N qg5,8

68235/714,v((2,2,0,0,0),5)

by Lemma 4.4. For A # (2,1,1,0,0),(2,2,0,0,0) with |A] = 4, these coeflicients
vanish. o

68235741,0((2,2,0,0,0),5) ’

Observe that the intervals may change when applying a reduction as in Propo-
sition 4.3(2), even though these reductions do not change wu~!. Indeed, the two
intervals in Figure 6 demonstrate this. (In [6], it was shown that the classical interval
[u, w]; depends only on wu~!.) We show that the coefficient qujj;o(é)\,k) depends only
upon wu L.
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THEOREM 4.6. For a partition X\, permutations w,u,w,u in S,, erponent vectors

a,a € N*~! and indices k,1 < n if both coefficients N:;Uf(‘)\ ) and N?;JO(‘A ) are nonzero
1

and wu~! =wu !, then the coefficients are equal.

Proof. Suppose that N;”’UCZA yy # 0. By Lemma 4.4, there exist y,z € S, with y < 2

such that £(z) — £(y) = |Al, zy~' = wu" and N0 = ¢ -

Suppose also that Ngﬁ/\_l) # 0. By Lemma 4.4 again, there exist 3,z € S,, with

Y <i % such that £(z) — £(y) = |\, 25" =@ ' and Ny, ) = & 0
Since wu~! = wu !, we have that zy~! = Z7 . Then [6, Thm. E] implies that

c;v(/\)k) = %,v(&h’ which completes the proof. O

5. LEFT OPERATORS

We will prove the following quantum analog of the first part of Proposition 2.3.

THEOREM 5.1. Let u,w € S, and ¢®w € Sy[q] be such that [u,q*w]] is a minimal

interval. Then there is a hook partition A\ with |\ = ((¢“w) — {(u) such that CZ:‘E’MC)

1S nonzero.

Our proof of Theorem 5.1 is given at the end of this section. We sketch the organi-
zation of this section and that proof. We first extend the approach in [7] (see also [3])
of studying saturated chains in the k-Bruhat order using operators. We introduce
operators v with an action e; on S,[gq] and an equivalence relation in Section 5.1
that encodes saturated chains in the quantum k-Bruhat order as follows: Let v be
an operator, u,w € Sp, and a € N*~! be such that u <} vepu = ¢“w. Elements of
the equivalence class of v are in bijection with chains in [u, ¢*w]{. The operator v is
classical if ¢* = 1, in which case v is an operator from [7].

We show in Section 5.3 that these operators and the equivalence relation exhibit
symmetries that are enjoyed by the quantum k-Bruhat order, the most important
being Postnikov’s cyclic shift [33], which induces a cyclic symmetry of the coefficients
Cgi}”. Relations of degree two are studied in Section 5.5. In Section 5.6 we associate
a graph to an operator v, and show that if v e, u = ¢*w and if the interval [u, ¢®w]}
is minimal, then the graph of v is a (noncrossing) forest. In Section 5.7 we study
operators whose graph is a path. In Section 5.8, we use induction to prove that a
noncrossing forest v is equivalent to a composition RC of what we term a row (R)
and a column (C), and that v (and hence RC) may be cyclically shifted to a classical
operator v/, which is also a composition R'C’ of a row R’ and a column C’ in the
classical sense of [3]. The product R'C’ corresponds to a peakless chain in the classical
interval corresponding to v’. Given this, Postnikov’s cyclic symmetry [33, Thm. 4] and
Proposition 2.4 enable us to deduce Theorem 5.1.

5.1. DEFINITION OF THE LEFT OPERATORS. We first recall the results of [7] con-
cerning saturated chains in the classical k-Bruhat order and then extend part of its
approach to the quantum k-Bruhat order.

5.1.1. Classical left operators. Let F,, be the free monoid generated by the (g) Sym-
bols {v.; | @ < bwith a,b € [n]}. Let S, U {0} be the symmetric group S,, with
an absorbing element 0 adjoined. We often omit the comma between indices, thus
Vab = Va,b-

Both the Grassmannian—Bruhat order and the k-Bruhat order lead to actions of F,,
on S, U {0}. The action of F,, on S, U {0} induced by the Grassmannian-Bruhat
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order is defined on generators v, for a < b in [n] by vg, - 0 =0, and for ¢ € S,,,

B {(a,b)c, if ¢~ (a,b)C,
Vab'C -

0, otherwise,

and extended via composition to JF,,. For k < n, the action of F,, on S,,U{0} induced
by the k-Bruhat order is similarly defined on generators v, for a < b in [n] by
Vab o 0 =0, and for v € S,

(a,b)u, if u <y, (a,b)u,
VapopU = .
0, otherwise.

Let M,, be the monoid with 0 that is the quotient of F,, U {0} by the following
relations.

(i) VabVed = VedVab (b<cora<e<d<b)
(1) VabVed = VedVap = 0 (a<e<b<gd)
(18) (49) VbeVedVae = VbdVabVoe (a<b<e<d)
(10) VacVedVoe = VbeVabVbd (a<b<e<d)
(V) VbeVabVie = VapVpeVay = 0 (a < b < c)

If a composition v is equivalent to 0 (v = 0), then we say that v is zero and if v is
not equivalent to 0, then we say that v is nonzero. We summarize the main results
of [7].

PROPOSITION 5.2. Let e denote the identity element of S,,.
(1) The map F,, U{0} — S, U{0} defined by x — x - e is surjective, factors
through M,,, and induces a bijection between M,, and S, U{0}.
(2) For( €S, the set {x € F,, | x-e = (} is in bijection with the set of saturated
chains in [e, (]<.
(3) For u,w € Sy, and k < n, the set {x € F,, | Xxepu = w} is in bijection with
the set of saturated chains in [u,w].

5.1.2. Quantum left operators. Unlike what we just described, we do not know of
an analog of the Grassmannian—Bruhat order or of the monoid M, for the quan-
tum Bruhat order on S,. Some structure does extend, most notably the two- and
three-term relations in (18) and certain symmetries. With the goal of an analog of
Proposition 5.2(3), we define (left) operators on S, [¢q]U{0} as follows. For 1 < k < n,
{a,b} C [n] with a # b, and u € S,, define

(a,b)u, if a < band u <} (a,b)u,
(19)  vaperu=q ¢ j(a,bu, ifa>bandu<] g ;labu, (ui)=a,u(j)=">)

0, otherwise ,
and extend to S,[g] U {0} by setting v.per(¢®u) := ¢ (v eru). Note that if
Vab ok 4 7 0, then u <z Vab ok U 18 & cover, and all covers in the quantum Bruhat order
occur in this way.

REMARK 5.3. We make a few remarks and definitions about these operators.

(i) The operators vy, with a < b are those of §5.1.1, and are subject to the
relations in (18).
(ii) We say that v,y is classical if a < b and quantum if a > b.
(iii) A composition v of operators is zero (v = 0) if for every u € S, and 1 < k < n,
we have that vegu = 0, using (19).
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(iv) If we do not have v = 0 in this sense, then v is nonzero. In this case, there
exist u,w € S, 1 < k <n, and o € N*! such that ve, u = ¢®w. Note that

u <} q*w.
(v) In the situation of (iv), where veru = ¢*w, if v.= V4 b, * " Vasby Vas by, then
there exist wg = u, wy,...,w, =w in S, and ag = 0,071,...,q, = o in N*~!

such that forall 1 <i<j<r,
(20) Vab;  Vab, ok(¢V T wim1) = Y w;.
In particular, the composition v, p; < - Vb, is nonzero. We also have that
u <} ¢w < ¢Pwy <§ - < ¢*rw, = ¢"w

is a saturated chain in the interval [u, ¢®w]].

(vi) A consequence of the definition (iii) and the observation (v) is that if v =0,
then v’vv’ = 0 for any operators v/, v”.

(vii) In the situation of (iv), with v e; u = ¢®w, suppose that we have an operator
v’ such that v’ e, u = ¢®w. Then we say that the operators v and v’ are (u, k)-
equivalent. We explore this equivalence relation in Sections 5.2 through 5.5.

In this case, by the same reasoning as (v), v/ represents a saturated chain
in [u, ¢*w]}. When v # v/, the operators induce distinct chains. As [u, ¢*w]}
is a ranked poset, v and v’ have the same length, so that (u, k)-equivalence
is ranked.

(viii) Suppose that v <} ¢*w and we have a saturated chain in [u, ¢®w]{,

— e} q e} q (e} q q Qo —
u = q"°wy < ¢“rwy <, ¢Pwy < 0 < ¢CTwr = q7w,

Foreachi =1,...,r, consider an operator v, satisfying v, ex ¢*~'w;—1 =
g% w;. Then we have that (w;—1) tw; = (s,t) with s <k < t, a; = w;—1(s),
and b; = w;_1(¢t). Furthermore, if a; < b;, then ¢* = ¢%*-1, but if a; > b;,
then ¢% = ¢,.q®"~'. Hence, the operator v := vg 4 Vg, is such that
Veru = q*w.

(ix) Finally, suppose that v"’vv’ is a nonzero operator and v"'vv’ e u = ¢®w. If we
write v/ o u = ¢P2 and vv’ o, u = ¢y, then v e, x = ¢7~Py. Suppose that u is
(z, k)-equivalent to v, so that u e 2 = ¢~ Py. Then v/vv’ is (u, k)-equivalent
to v'uv’.

Ttems (vi) and (ix) show that equivalence of operators may be induced by subwords.

o

A consequence of Remark 5.3 is the following generalization of Proposition 5.2(3).

PROPOSITION 5.4. Suppose that u <} ¢*w. Then there is a bijection between saturated
chains in the interval [u,¢“w]} and nonzero operators v such that vepu = ¢*w, and
this set of operators forms a single (u, k)-equivalence class of nonzero operators.

5.2. FLATTENING AND (u,k)-EQUIVALENCE. Equivalence among classical opera-
tors, (18) and Proposition 5.2, depends only upon the relative order of the indices,
and not their actual values. We establish a version for quantum operators. We begin
with some definitions.

Let a = (aq,...,a:) be a sequence of integers and set m := #{aq,...,a:}, the num-
ber of distinct integers in this sequence. The flattening of a is the sequence (cy, ..., ¢t)
where each ¢; € [m] and ¢; > ¢; if and only if a; > a;. For example, the flattening
of (3,6,1,6,8,3,1) is (2,3,1,3,4,2,1). Sequences are shape-equivalent if they have
the same flattening. The flattening of an operator v, b, - - Vayp, 1S Vend, ** Verdy s
where (¢, d,,...,c1,dy) is the flattening of (a,,b,,...,a1,b1). Operators v and v’
are shape-equivalent if they have the same flattening. This extends the notion of
shape-equivalence of permutations ¢ from Section 2.3.
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The support of an operator v .= vq.p, * - Vg, is supp(v) = {ar,by,...,a1,01}.
The operator v is minimal if the factorization of ¢ = {(v) = (a,,b;) - (a1,b1) into
transpositions has minimal length in that r = # supp(¢) — s(¢). As r is the minimal
possible number of transpositions whose product is ¢, we have that supp({(v)) =
{ar,by,...,a1,b1} = supp(v). Furthermore, if ve,u = ¢%w, then as ((v) = wu™!,
the interval [u,¢*w]} is minimal in the sense of Section 3.3. Later, in the proof of
Theorem 5.1 in Section 5.9, we will show that the permutation {(v) is a minimal
permutation in the sense of Section 2.4.

Shape-equivalence preserves equivalence to 0 and for minimal operators, (u,k)-

equivalence.

THEOREM 5.5. Let v be an operator with flattening v'. Then v = 0 if and only if
v =0.

Suppose that v is nonzero and minimal, and that u is an operator that is (u,k)-
equivalent to v for some u € S, and k < n. Then u is minimal and supp(v) =
supp(u). Furthermore, if v' is the flattening of v and u’ the flattening of u, then
there exist © € Sy, and | < m, where m = #supp(v), such that v’ is (z,l)-equivalent
tou’.

We deduce Theorem 5.5 at the end of this subsection after establishing some prelim-
inary lemmas and definitions. Let s € [n]. Define the truncation map 7: [n] — [n—1]
by

. g ifj<s
This extends to operators. For distinct a, b, s € [n], define 7.(v,1) := vV (a),r.0)- Vv
is an operator and s ¢ supp(v), then we may apply 75 to every operator v, 5 in v, and
we define 75(v) to be the composition of the 75(v, ). For example, 75(vasvs1vas) =
V34V41V24.

Foru € S, and r € [n], let u/r € S,,_1 be the permutation obtained by deleting the
rth column and u(r)th row of the permutation matrix of u. In one-line notation, this
is obtained by omitting the rth value of u and then flattening, so that (413652)/3 =
31542. Omitting the sth component of a € N*~! gives a/s € N2 which is the
sequence (Qu,...,Qs—1,Qs41,---,Q,—1). Thus (3,1,2,4,0)/3 = (3,1,4,0).

We also have an expansion map ¢,: [n—1] — [n] defined by

. jifj<s,
1) = {j+1 if j > s.
This extends to operators in the same way as 75 extended to operators. For r, s € [n+1]
and v € S, define a permutation u = &, 4(v) € Sp4+1 by u(r) = s and u/r = v. For
a € N"71 define e, 5(a) := (1, ..., 0p—1,8,Qp, ..., p—1) € N,

LEMMA 5.6. Let v be a nonzero operator with v e, u = qg*w.
(i) For s & supp(v), set r = u='(s). Then r = w™(s) and 75(v)er (5 (u/r) =
q®/mw/r.
(ii) Suppose that r < u~'(a) for all a € supp(v) or r > u=(a) for all a €
supp(v). Then for any s € [n+1], 1s(V) o, (1) €rs(u) = ¢ De, ((w).

Proof. Both statements follow (by composition) from the case when v = vy, is a
single operator. As u <} ¢®w = Vg e u, we have w = (a,b)u = u(i,j), where i =
u(a) < k < u'(b) = j and either ¢® = 1 when a < b or ¢® = ¢;; when a > b.
The statements follow from the definitions of 7y, ¢s, /7, €, 5, and the characterizations
of covers in Propositions 2.1 and 3.1, in a case-by-case analysis depending upon the
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relative positions of s with a,b and r with 4,j. While we omit that analysis, we
illustrate three cases in Example 5.7 below.
Note that when a < b, v,y is classical, which is treated in [6, 7]. O

EXAMPLE 5.7. Let u = 154/32. Then V53 o3 U = ¢2q313452. We illustrate Lemma 5.6(i).
Consider each case of s € {1,2,4} = [5] \ supp(vs3).

o If s=1thenr =1, 74(3) =2, and u/1 = 4321. Thus, we have v43 eo 4321 =

q1QQ2341.

o If s =2 then r =5, 75(3) = 3, and u/5 = 1432. Thus, we have vy o3 1432 =
QQ(]31234

o If s =4 then r =3, 73(3) = 2, and u/3 = 1432. Thus, we have v43 oo 1432 =
121342

For Lemma 5.6(ii), r is either at most 2 or greater than 4.

o r = 1. Let s = 4. Then t4(vs3) = Ves, t1(3) = 4, and €1 4(u) = 416532. We
have Vs o4 4165/32 = ¢3¢4413562.

o 7 =5. Let s = 3. Then t3(vs3) = Vea, t5(3) = 3, and €5 3(u) = 165432. We
have Vs o3 165432 = ¢2¢3145632. o

COROLLARY 5.8. Let v be a composition of operators.

(1) For s € [n] ~\ supp(v), we have that v = 0 if and only if Ts(v) = 0.
(2) For s € [n+1], we have that v = 0 if and only if 1s(v) = 0.
(3) Suppose that v is nonzero and v' is a composition that is (u, k)-equivalent to
v for some u € S, and k < n.
(i) Let s € [n] ~ (supp(v) Usupp(v’)) and set r := u='(s). Then 74(v) and
7s(V') are (u/r, 7-(k))-equivalent.
(i) For any s € [n+1] and any r such that either r < u='(a) for all a €
supp(v)Usupp(v’) orr > u~Y(a) for all a € supp(v)Usupp(v'), we have
that vs(v) and 1s(V') are (g, 5(u), 1 (k))-equivalent.

Proof. The third statement holds by Lemma 5.6. This also proves the (contrapositive
of) the implication < in the first two statements. As in (1), v = ¢4(75(v)) and in (2),
s € supp(ts(v)) and v = 745(¢5(v)), the other directions also hold.

Proof of Theorem 5.5. As flattening is induced by applying truncation operators, the
first statement of Theorem 5.5 follows from Corollary 5.8 (1).

Suppose that v is nonzero and minimal. Let u be an operator that is (u,k)-
equivalent to v. Then there exist w € S,, and o € N*~! such that ve,u = ue,u =
q®w. As ((v) = wu~t, ((u) = {(v). As (u, k)-equivalence is ranked, both v and u
involve the same number of elementary operators v,;. This implies that u is minimal
and that supp(v) = supp(u).

Consequently, any sequence of truncation operators that flattens v also flattens
u. The existence of x and [ in the final part of Theorem 5.5 follows by applying
Corollary 5.8 (3) (i) along this same sequence of truncation operators. U

5.3. DIAGRAMMATIC NOTATION. We introduce a diagrammatic notation for compo-
sitions of operators v,;, which will facilitate our study of relations among them.
Figure 7 depicts the relations among classical operators in (18) using this notation.
Depict a classical operator v, with a < b by a green line segment [a, b] and a quantum
operator v, with a > b by a dotted red line segment [b, a], drawn in a window with
the positions of 1,...,n indicated by vertical dashed lines as follows,
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1 23456 1 23456 1 23456
*—e L ——— [ Py
Voq Vis V63

A composition of operators is depicted by stacking intervals. For example,

12345678 1234561738
P,

— T e
9 "

VEgV42Vi2 V42V57V84V1g

Since the operators act on the left, a composition acts by the rightmost operator first,
which corresponds to reading the associated diagram from the bottom to the top.

REMARK 5.9. We may omit labeling the vertical dashed lines and dashed lines not in
the support. For instance, the diagram [ *""% represents any composition of the form
VeaVbe With a < b < ¢. One reason is that equivalence among classical operators, (18)
and Proposition 5.2, only depends upon the relative order of the indices. The other
reason is that we are primarily concerned with equivalence to 0 and (u, k)-equivalence
for minimal operators. By Theorem 5.5, these equivalences only depend upon the

relative order of the indices. o
—e () g (1) g (D) (1) @) o=\ e @
—e  — lo—o = = = = = —e =
—e = —o —o = ——e —e = (o—o =

FIGURE 7. Diagrammatic notation for the relations (18) among clas-
sical operators.

5.4. SYMMETRIES OF THE QUANTUM k-BRUHAT ORDER. Operations that preserve
the k-Bruhat order (its symmetries) played a role in many results in [6]. We identify
three operations preserving the quantum k-Bruhat order, which are symmetries of
that order. These induce three operations on the operators v,; that preserve equiv-
alence to 0 and (u, k)-equivalence, and which are fundamental to our proof of The-
orem 5.1. We first define these operations and state the main result of this section
before studying the quantum k-Bruhat order.
Let o be the n-cycle (1,2,...,n). For a composition v = v, p, - Va,b,, define

O(V) = U(VarbT s Va1b1) = Vo(ar),o(br) s vo(al),o(bl) .
This cyclically shifts indices. Note that 0(vy,p) = vip41 and 6(Ven) = Vet1,1, inter-
changing classical and quantum operators, while other applications of o preserve the
type of the operator. When n = 3, we have 0 = (1,2,3) and
=0 — [ TP ) — o—0 and -0 i) o——0 i> -0
Va3 V31 Vi2 V32 Vi3 Va1

Each triple cycles back to the original operator with another application of 0. Let wj
be the longest element in S,,, so that wy(i) = n+1—i for ¢ € [n]. Define

U’O(V> = wo(varbr T Vlllbl) = Vug(br),wolar) """ Vwo(br),wo(ar) -
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This replaces an index ¢ by wg(c) = n+1—c and reverses the order of indices on each
Vap. It preserves quantum and classical operators as a < b < n+1-b < n+l—a.
Finally, define p(va b, © Vaib,) = Vaiby " Va,b,, which reverses the order of the
operators.

We introduce notation to quantify how these operations act on monomials in the ¢;.
If ¢@ = ¢{" - ¢0"7", then set wy(¢”) = ¢"0@) = ¢~ ... ¢>,. For o, this re-
quires Laurent monomials in the ¢;. When i < j, we defined ¢; ; to be gigi+1---¢j—1-
When ¢ > j, set ¢;; = quil. For u,w € S,, define ¢°(“*) := Qw1 (n),u1(n), Which
keeps track of how the monomial ¢% in elements of S,,[q] is affected by the cyclic shift.
Note that ¢°(=®) = Q1,u-1(n) * Guw-1(n),1> Which shows that it is multiplicative in that
q° () = goluv) . go(vw) for any u,v,w € S,. Observe that for u € S,, and i < j, if
we set w := (i, j), then

)

qi_’j1 if u(z) =n,
(21) ) = { gy ifu(j) =mn,
1 otherwise.

For u € Sy, we will often write ou for o(u).

LEMMA 5.10. Let u € S,,, 1 <i <k < j <n, and « € N*71. Set w := u(i,j). Then
the following are equivalent:

1) v <} ¢“w, (3) wouwy <!, ¢ wowwy,
(2) ou <? ¢ g%ouw, (4) wwy <%, ¢ @uwy.

That the operator o preserves the quantum k-Bruhat order in this way follows from
results of Postnikov [33]; for the order it is his Corollary 12 and the exponents ¢°(**)
are related to his operator O referred to as “twisted cyclic shift” in loc. cit. This is
also the action of a generator of w1 (PU(n)) ~ Z/nZ on ¢ H*F{,, as constructed by Sei-
del [36]. We deduce the following corollary concerning the action of the operators v .

COROLLARY 5.11. Let u,w € Sy, ¢*w € Sy[q], and a # b in [n]. The following are
equivalent.

(1) u <} vaperu=q*w,
(2
(3

ou < 0(Vgp) e 0u = ° g% ow,

wo (o)

q _
wouwy <p_, wo(Vap) en—k Wolwy = ¢

WoWwo,
wo (o)

)
)
)
)

q _
(4) wwy <] Vapen—k wwo = q UWg.

Proof of Lemma 5.10. We will freely use Propositions 2.1 and 3.1 which characterize
the covers <, and <. Note that if ¢® = 1, then u < u(i, j) = w is a classical cover,
otherwise u <} ¢; ju(i,j) = ¢“w, so that ¢* = ¢; ;.

Suppose first that ¢® = 1, so that u < u(i,j) = w. Thus, if @ = u(i) and b = u(y),
then a < b and if i < < j then either u(l) < a or b < u(l). As wy(c) = n+l—c, we
have that wouwgy <,— wowwy and wwy <,— uwg. Thus (1) implies both (3) and (4)
when ¢* = 1.

Still supposing that ¢* = 1, if u(j) = b < n, then ou(j) = b+ 1 < n and we see
that ou <z ow. As ¢°(“®) = 1, we have ou < ®@Wow. If n = b = u(j), then for
every i <1< j, u(l) < a =u(i). We have that ou(i) =a+ 1> ou(j) = o(n) = 1 and
if i <1< j, then ou(i) = a+1 > ou(l) > 1 = ou(j), which implies that ou <} ¢; jow.
By (21), ¢°(®) = ¢;,; and we again have that ou <} ¢°®ow. Thus when ¢® = 1, (1)
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implies (2). Similar arguments show that (1) implies (2'), which is the statement (2),
but where we use 0~ ! in place of o and replace ¢°(®) by o~ (w).o ™ (w),
Suppose now that ¢ # 1, so that ¢* = ¢; ; and u<}.¢; jw. Then a = u(i) > b = u(j)

and if i < [ < j, then a > u(l) > b. Multiplying by wg on the right shows that
wwy <! Gni1—jnt1—iwwo(n+1 — jin+l —i) = we(g,;) vwo,
and further multiplying by wg on the left shows that
wouwy <X 4 Gnt1—jnt1—iWouwo(n+1 — j,n+1 —i) = wo(g; ;) wowwy .

Thus (1) implies both (3) and (4) in this case.

Let us now consider (2). If a # n, then as before, ou <{ g; jow = ¢°(“"g; jow, as
¢°ww) = 1. If @ = n, then ¢°(“®) = q” by (21).Ifi <1 < j, thenn > u(l) > b = u(y),
and we have n > u(l) + 1 = ou(l) > ou(j) = b+ 1. Thus ou < ou(i,j) = ow =
q°“®g; jow. Thus (1) implies (2). Similar arguments show that (1) implies (2'),

1 in place of 0 and g°(° ' (w),e ™" (w)

which is the statement (2), but where we use o~
in place of ¢°(®w),
These arguments show that if u <} ¢®u(i,j) = ¢®w, then (1) implies each of (2),

(2'), (3), and (4). The implications (3) = (1) and (4) = (1) follow as u — uwy

and u — wouwy are involutions. Similarly, o0~'ou = u and ¢°(*®)g°(w») = 1  thus
(1) = (2') for ou <§ ¢°(“™®)g%ow is (2) = (1). This completes the proof that the four
statements are equivalent. [l

We combine the equivalences of Corollary 5.11 with the interpretation of equivalent
operators corresponding to different chains in intervals of Remark 5.3 (v) and (vii).

LEMMA 5.12. The following statements are equivalent:

a) v and v’ are (u, k)-equivalent with v e, u = v’ o), u = ¢“w.

(a)  k)-eq q

(b) ov and oV’ are (ou, k)-equivalent, with ov ej, 0u = ov’ o ou = ¢°(*“™) g% ow.

c) wov and wov' are (wouwg,n—k)-equivalent with woV en—_p wouwy =

q

WoV' en_k Wouwy = ¢V° (M wowwy.

d) pv and pv' are (wwgy,n—k)-equivalent with pv e,_ wwg = pv’ e,_p Wwg =
p p p p
qwo(a)uwo.

Before proving the lemma, we observe that a composition being nonzero is pre-
served by o0, wg, and p, and the same for being zero.

COROLLARY 5.13. A composition v is equivalent to zero if and only if one (and hence
all) of ov, wov, and pv is equivalent to zero.

Proof of Lemma 5.12. Let u,w € Sn, a € N*~! and v, Vv’ be compositions of left op-
erators such that u <{ veyu = v/ ey u = ¢“w. By Remark 5.3(v), v and v’ each
correspond to a chain in [u,¢“w|}. We apply the equivalences of Corollary 5.11
to each step of those chains. For (¢), we have wouwy <p_k WoV ep_g WoUuwg =
WV’ ep_f WolUWy = qu(a)wowwo. For (d), note that the chain is reversed and this
shows that wwy <,_g pV en_r wWwg = pv’ ep_p Wwo = g0 (@ .

The argument for (b) is slightly more involved as the action of o on monomials
depends upon the cover. Let u <} vu = ¢®w correspond to the saturated chain in
fu, g,

u = ¢*wy <} ¢*rwr <} ¢**wy < - <] ¢"rw, =q¢%w.
By Lemma 5.10(2), applying o to ¢®w; <} g%+ w; 41 gives

qai ow; <Z qo(wiywi+l)qai+1 oWy 1.
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If we set ¢7 = ¢°(Wwig®i then, as ¢°(wwit1) = golwwi)go(wiwit1) e obtain the
saturated chain

ou = ¢®owy <} ¢"rowr < ¢Powy < - <L ¢Prow, = ¢ g%ow
in the interval [ou, q"(“’“’)qaow}z, which completes the proof. O

We have the following corollary. Here op applied to a poset gives the opposite poset,
reversing all inequalities.

COROLLARY 5.14. Let u,w € S,, and o € N*~1 be such that u <§ q®w. Then we have
the following isomorphisms of posets,

[u, ¢®w]f =~ [ou,q*™“*)q%ow]! ~ [wouwo,q " P wowwo]?_,

~ op ([wwo,qwo(a)uwo]fb_k) .

EXAMPLE 5.15. Figure 8 illustrates Corollary 5.14 on the rightmost interval of Fig-
ure 5.

q1,5q3132/45 q1,323l541

q1.4135142  ¢s532l41 531241 q1,513l542

@1,4125143 14134152 3531142 431251 52[341  53[142

q1.4124/53 534|112 ¢s521l43  42I351 51[342  43[152

524[13 411352
q1,3251314

1324315 q1.3150324  ¢1.523[514

013231415 1314|325 ¢1.313[524

q1.313l425 531124

43125

FIGURE 8. Actions of 0, wg, and p on the rightmost interval of Figure 5.

These operators act on each chain in the respective orders. Each row in Figure 9
shows the diagrams for all five chains in one of the four intervals, with the first row
from the rightmost interval of Figure 5 and subsequent rows for the indicated interval
in Figure 8. o

As mentioned in Section 4, we are often able to reduce to the classical (no quantum
operators) case, which is the origin of our interest in these operators o, wg and p.

5.5. DEGREE TWO RELATIONS. Given a composition v involving quantum operators,
in Section 5.1 we developed the notions of equivalence to zero (v = 0), of v being
nonzero (v # 0), and the notion of (u, k)-equivalence for nonzero compositions v. We
do not however have a notion of equivalence of operators similar to the stronger one
of [7] for classical operators.
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—s — —e —s *~—o
—e — —e *—e —a
— — — PO . PY P A 'y
PO ® PR ° PR ® —s —
@ s [ ) @ s [ ) G — @rrenansnnannnn @
— — P S 'S PO 'Y —s
0 — —s —s —s —s
PO ° PO ° PO ° PR S S Py @sserererbennntanas °
—s —s —s —s *—o
—s —s —e *—s —e
wWo —u *—e —u P Py N °
PR ° PO 'y @ rrrrrenninnas 'Y —s —
P ° PRSI 'Y P ° —s —s
— — — @rrehenmntannniannn Py P S S A °
P *—s —o —o o—0 —2
— —s —t —s *—s

FIGURE 9. Actions of 0, wp, and p on chains from the rightmost
interval of Figure 5.

By Theorem 5.5, a composition v being equivalent to 0 only depends upon its
shape-equivalence class. Furthermore, if v is minimal and v e u = ¢®w, then (u, k)-
equivalence to v only depends on shape-equivalence (and not specifically on u or k).
Consequently, we will simply write = for equivalence to 0 and (u, k)-equivalence of
minimal compositions.

A composition v,,veq is minimal when {a,b} # {c,d}. We identify all relations
among minimal compositions that preserve equivalence. These relations are depicted
in Figures 10, 11, 12, and 13. This uses the notion of crossing and noncrossing sets
from Section 2.

LEMMA 5.16. The following describe all relations among minimal compositions of two
left operators; those not of the form v pVpe 0T VapVap-
(1) If{a,b} N{c,d} = @, then the operators commute, VapVed = VedVab-
(i) If {a,b} and {c,d} are crossing, then vopveq = 0.
(ii) Ifa<d<c<bora>b>c>d, then Vegvay and vapveq are both zero,

®-0 = (i o0 .T. o0 ot =0.

(iii) In all other cases when {a,b} and {c,d} are noncrossing, Vqpveq =
VedVab, and both are nonzero.

(2) If #({a,b} N{c,d}) = 1, then the operators vqp and veq do not commute.

(i) For a < b < ¢, each of the six compositions, VeaVac; VebVoa, VaeVebs
VaeVba, VbaVeb, and VepVae 18 equivalent to 0.

(ii) For any distinct a,b,c, both VapVaee and vpaVeq are equivalent to 0.

(iii) The siz remaining compositions with #({a,b} N{c,d}) = 1 are nonzero
and pairwise inequivalent, and are depicted in Figure 14.

REMARK 5.17. The composition vg,vep is zero. When a < b, this is by (18)(4). The
case a > b follows from this by cyclic shift (applying o) and Corollary 5.13.

The composition v, Vp, is nonzero and v, vy Z VpaVap- If @ < b, then vpvy, o 1
equals ggu if u(k) = b and u(k+1) = a and is 0 otherwise. If a > b, then v vy, op u
equals gru if u(k) = a and u(k+1) = b and is 0 otherwise. o

Proof of Lemma 5.16. Consider compositions vq,veq with {a,b} N {c,d} = @. Then
{a,b} and {c,d} form an ordered partition of the four-element set {a,b,c,d}. There
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are 6 = (;1) such. Each operator may be either quantum or classical, there are 24
choices in all.

For (1)(i), the eight compositions v4pveq with {a, b} and {c¢,d} crossing are shown
in Figure 10.

> —e

>—e —— @ rrrunnan ° @ rrrnnnan Y

*>—e *——e @ rrrunnan ° @ rrrnnnan Y
—e @ rrrnnnan ® @ rrnrnnns ® ——n

FIGURE 10. Crossing compositions of (1)(i). They all are equivalent
to 0.

They form a single orbit under the joint action of o and p. Both classical compo-
sitions (in the first column) are zero by (18)(éi). Corollary 5.13 implies the rest are
zero.

The four compositions in (1)(ii) form a single orbit under o by Lemma 5.12, and
it suffices to show that one is equivalent to 0. As in Section 2.1, write permutations
in one-line notation, placing “|” just after the kth position. Thus 526134 € S has
k=2 and (...a...|b...) is a permutation w with w=!(a) < k and w(k+1) = b.

Let a < b < ¢ < d be the values involved in the first composition in (1)(ii) of opera-

tors, [ % . = v Vaeq, and suppose that u € S, is such that v, veg er u # 0. Then

u <, (a, d)u, and writing v := (a, d)u, we have that v has the form (...d...|...a...),
with neither b nor ¢ appearing between d and a. Since v¢, o v # 0, not only must ¢
be left of | and b right of |7 but every value e of v at a position between those of ¢ and b
satisfies b < e < c¢. But this forces ¢ and b to lie between a and d in v, a contradiction.
Thus vveq = 0.

Consider the remaining twelve = 24 — 8 — 4 noncrossing compositions v veq in (1).
If a < band ¢ < d, so that the operators are classical, then by (18)(%), they are nonzero
and VgpVeq = VeqgVap. These are on the left of the two top rows in Figure 11.

—e — —e [P ° — —e

& - *——9 =0 - @srrnnsssnnnnnn o
—e — ————o *—e — *--0

— —e .0 = —

@ssusnsennannns ° — *:-0 —e — &0
@@ - @rrrnnsnsnnnnnn ® @0 - *——0

FIGURE 11. Relations of Lemma 5.16(1)(iii).

The two relations in the first row are mapped to each other by o, the four in
the remaining rows form an orbit under o. As equivalence is preserved by o, this
establishes (1)(iii).

For (2), there are 24 possibilities for v, veq: As #{a,b,c,d} = 3, the indices {a, b}
and {c, d} are an ordered choice of two of the three subsets of {a, b, ¢, d} of cardinality
two. In each of these six, either operator may be quantum or classical, giving 24 choices
in all. Note that they do not commute as (a,b)(c,d) # (c,d)(a,b) when #({a,b} N
{c,d}) = 1.

Figure 12 shows the six compositions in (2)(i).

They form an orbit under the joint action of 0 and p. Consider the leftmost operator
in Figure 12. Writing a < b < ¢ for its support, let u € S,, be such that v, er u # 0.
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FIGURE 12. The six compositions in (2)(i) are all equivalent to 0.

Then t <4 Ve ox u = (a,c)u =: v, so that v =(...c...|...a...), and b is not between
a and ¢ in v. Since vy, o v # 0, b must be left of | and hence left of c. But then ¢ lies
between b and a, so that vy, e v = 0. Hence vy, vee = 0.

The twelve compositions of (2)(ii) are shown in Figure 13.

— —e PR ° — *:--0 [ I )
*~—0 -0 &0 — —e @xunrmnas °
*—e [ . ® *~—e o———0 [ _TIE ] [ EE ]
o——o *:-0 *--0 *—e PO 'Y —o

FIGURE 13. The twelve compositions of (2)(ii) are all equivalent to 0.

They form a single orbit under the joint action of o, wg, and p. As the classical
compositions (first and fourth in each row) among them are zero by (18)(7), all twelve
are zero by Lemma 5.12.

The six remaining compositions in (2)(iii) are shown in Figure 14.

*—e @ nrnnnnns 'Y *—e *—e *—e @ nrnnnnnn 'Y

FIGURE 14. Remaining compositions of two operators.

They form a single orbit under the joint action of o and p. It suffices to show
that one is nonzero and inequivalent to any of the others. To that end, note
that vo3vis ey 1|23 = 3|12. This represents the first composition in Figure 14. As
Va3 09 1|23 = 0, vo3Vie # Vi1aVag, so the first and fourth are inequivalent. A composi-
tion of classical operators cannot be equivalent to a composition involving quantum
operators, which completes the proof. O

5.6. CROSSING PRODUCTS. For a composition v .= vg 4 - Vg,p,, let min(v) and
max(v) be the minimum and maximum elements of its support, {a,,b.,...,a1,b1}.
A composition v defines a (multi)graph whose vertices are its support. It has one
edge between a and b for each operator v, appearing in v. We say that v is connected
if its graph is connected, that v is a path if its graph is a path with a; or b; as an
endpoint and #({a;,b;} N{a;41,b;41}) = 1 for all 4. It is a tree if its graph is tree. A
composition of two connected compositions is crossing if their supports are disjoint
and crossing. Note that noncrossing products of trees are minimal. Indeed, each tree
is minimal, so a noncrossing product of trees is a noncrossing product of minimal
compositions of operators, and hence is minimal. Figure 14 shows all nonzero paths
of length two and Figure 9 shows some compositions that are trees but not paths.
Figure 10 shows all crossing compositions v,,v.q, and all are equivalent to zero.

LEMMA 5.18. A crossing composition of connected minimal operators is equivalent to
zero.

Proof. Suppose that v and v’ are connected compositions whose supports are disjoint
and crossing. Then there exists I < r in supp(v) and I’ < ' in supp(v’) with {I,r}
and {I’,7'} crossing. We may assume that | < I’, which implies that [ < I’ < r < r'.
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As the graph of v is connected, it contains a sequence of edges connecting [ to r.
Similarly, the graph of v/ contains a sequence of edges connecting I’ to r’.

In the sequence of edges connecting I to r, let (a, b) be the first edge with exactly one
endpoint between I’ and r’—this corresponds to an operator v, in v. Thus either I’
is between a and b, or 7’ is between a and b. Suppose that r’ is between a and b.
Let (¢, d) be the first edge in the path from I’ to r’ with exactly one endpoint between
a and b—it corresponds to an operator v.q in v'. Thus {a, b} and {c,d} are crossing.
(If I is between a and b, a similar argument gives an edge (c,d) such that {a,b}
and {c,d} are crossing.)

By Lemma 5.16(1)(ii), Vapveq = 0. As supp(v) Nsupp(v’) = &, each operator in v
commutes with each operator in v/ by Lemma 5.16(1). By Remark 5.3 (ix), these
commutations give equivalent operators. Writing v = Avy,B and v/ = Cv 4D, we
have

vv' = (AvyB)(CveeD) = AC(vaved) BD = 0.
The first equivalence is by commutation of operators and the second is by Re-
mark 5.3(vi). O

We single out a special case of Lemma 5.18.

COROLLARY 5.19. Suppose that u is a connected composition of classical operators
that is minimal, a,b ¢ supp(u), a < b, and uvy, Z 0. If | = min(u) and r = max(u),
then

a<b<li<r or l<r<a<bdb or Il<a<b<r or a<l<r<byd.

Proof. The graphs of u and vy, are connected, as that of vy, is a single edge. Since
they have disjoint supports and uvy, #Z 0, Lemma 5.18 implies their supports are
Nnoncrossing. O

We deduce that a crossing product of a classical tree (no cycle in its graph and no
repeated edges) and a quantum operator is zero.

COROLLARY 5.20. Let T be a composition of classical operators whose graph is a tree.
If a < b with min(T) < a < max(T) and a ¢ supp(T), then Tvy, = 0.

Proof. Note that T is minimal. Suppose that Tvy, #Z 0. Then there exist &k < n and
a permutation u € S, such that Tvy, e u # 0. Suppose that viq e u = ¢; ;. Then
i=u"tb) <k<j=ua)and a = v(i). By Proposition 3.1, if i <[ < j, then
a < u(l) =v(l) <b, and by Remark 5.3(v), T ey v # O.

Since min(T) < a < max(T), a € supp(T), and T is a classical tree, there is an
operator vqq in T with ¢ < a < d. Write T = T"v4T’ and set w := T o, v # 0. As
T is classical, v <; w. By Proposition 2.1, if I < k, then w(l) > v(l) and we have
a =w(i) as a & supp(T’).

We also have v q e w # 0, so that w < (¢, d)w. Consider the position I(< k) of ¢
in w, i.e. ¢ = w(l). As ¢ < a < d and d is to the right of k£ (and i), we cannot have
I < i, by Proposition 2.1. If ¢ < [, then a < v(l) < w(l) = ¢, contradicting ¢ < a.
Thus Tvy, = 0. O

5.7. PATHS. We turn our attention to nonzero paths and simply call them paths from
now on. Thus a composition v = v, p_ - Vap, is a path if it is nonzero, its graph is
a path with a; or b; an endpoint, and #({a;,b;} N {a;11,bi+1}) = 1 for all 4.

REMARK 5.21. As in Figure 15, a yellow (shaded) area in the diagrammatic rendering
of operators highlights an open segment that is contained in all quantum operator(s)
and no classical operators. Such an operator can be cyclically shifted by powers of o
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to a classical operator (see Figures 16 and 17). Theorem 5.22 shows this is always the

case for paths. o
(22) o—:_. ._:—o
(23) Prrr— e [ e " —
*r—e *r—9 *r—9 *r—e
*—e ._:—.

(24) :T.... ........................................ ® *>—e

—e O L N A W o .

._:—. .—:_.

FIGURE 15. Some nonzero paths. Rows are on the left and columns
are on the right.

A composition v = vg,p, - - - Va,p, Of classical operators is a connected classical row
if b = a;41 for all 1 < i < r. That is, if a1 < a2 < ag < -+ < ap_1 < @ < by
so that v = v4.4,.Va, 14, " Vajas- If @ is a permutation whose first r + 1 values are
aias...a;b,, then veyu # 0, s0 v Z 0.

A classical row v = Vg, b, * - Va,b, 1S & noncrossing composition of connected clas-
sical rows. Operators from different connected rows of v commute, by (18)(i). By this
we mean that commuting them gives an equivalent operator. Thus, replacing v by an
equivalent operator, we may assume that a; < --- < a,, when v is a classical row.

A row is a composition of operators that can be cyclically shifted to a classical
row. See Figure 16. A connected row is a particular instance of a path.

—s —e
>—0 >—0
— o’ —
L S A e — —
—e —e
>—0 >—0
—e —e

FicURE 16. The operator on the right is a classical row as it is the
product of two noncrossing connected classical rows. The operator on
the left is a row as it can be cyclically shifted to the classical row.

Similarly, a composition v = vg p, - Va,p, Of classical operators is a connected
classical columnifb; = a;_1 forall1 < i < 1. Thatis,ifa, < a,_1 < -+ <as < ay < by
so that v = Vg 4, , " Vaga, Vayb, - If w is a permutation whose first r» + 1 values are
GrQp_1...a101, then ve,.u # 0,50 v 0.

A classical column v is a noncrossing composition of connected -classical
columns. As with rows, replacing v by an equivalent operator, we may assume
that a3 > --- > a,. A column is a composition that can be cyclically shifted to a
classical column as in Figure 17. A connected column is an instance of a path. Note
that if v is a column, then p(v) is a row.

THEOREM 5.22. Every path is either a row or a column and a path contains at most
one quantum operator. Paths can be cyclically shifted to a classical row or to a classical
column. The only path that can be shifted to both consists of a single operator.

Proof. We split the proof into four parts. Let v be a path, which is nonzero.
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@srrunsnnnnnnnsn Y P—— —
— —e —
o—o 03 o—o o—o
—o — o—=0 = *—e
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o—e — —
*—o — —e

FIGURE 17. The operator on the right is a classical column as it
is the product of two noncrossing connected classical columns. The
operator on the left is a column as it can be cyclically shifted to the
classical column.

(1) Paths consisting only of classical operators. Suppose the path v =v, 4 - Vb,
is a composition of classical operators (for all i, a; < b;). Then every pair of adjacent
compositions Vg, , p,,,Va; b; 1S Nonzero. Suppose that a; is an endpoint. As v # 0,
the relations (18)(é¢) imply that a;41 = b; for all . Similarly, if b; is an endpoint,
then we must have a; = b;41 for all 4. Thus, v is either a connected classical row
or a connected classical column. If v = v, 3, - Va5, With for example, a; < b; and
a1 = b; for all ¢, then we showed that v # 0, and so v is a connected classical row. If
instead a; = b;y1, then applying p or wy shows that v is a connected classical column.
Such paths are shown in (22) in Figure 15.

(2) Composition of a connected classical column/row with a quantum operator.
Suppose that the path v = V4,4, ,** Vaga, Vaib © Vba 1S @ composition of a con-
nected classical column with single quantum operator v;,. Then a, < a,_1 < -+ <
ay < a; < b, a <b and a ¢ {a,,...,az,a;}. By Corollary 5.20, we must have
a < ap<---<aj <b. Such a path is illustrated in (23) on the right in Figure 15.
Applying 0" T1~%" to v cyclically shifts it to a classical column. We illustrate this.

O—@ | 7 | @ureriansminaninns e —— o—o — o—e —
[ S ° *—e — — —e

Ifinstead v = V4,4, Vagay Vaib* Ve 1S the composition of a classical connected row
and a quantum operator v;,, then we may apply wp to convert it to the composition of
a connected classical column and a quantum operator. As wgo = 0" lwy, arguments
for a column imply this for rows.

(8) Paths may contain at most one quantum operator. Suppose that v contains at least
two quantum operators. By Figures 12 and 13, no two quantum operators are adjacent.
Restrict v to two of its quantum operators and the classical operators between them.
This segment remains a nonzero path. Applying wy if necessary, we may assume that
the classical segment is a column, so that v has the form

V = Via, Varar_, ' Vasa; Vayc, Where a, <b, a, <---<az<ay, andc<ay.

Applying Part (2) to the segment omitting vp,, shows that ¢ < a,. Applying p and
then wy to the segment omitting v,,., Part (2) shows that a; < b. Applying o"+1~?
to v gives:

0"V = Vo1 Varai,  Vases Vay s Where 1<y <a, <. <ag<a.
PP R TR . —_—
° 071,+1—l> *—e
e —_ e
*—9 *—9
[ - ° [ °

As 1 < 7 < @, this is zero by Corollary 5.20 and Part (2), thus v cannot contain two
quantum operators.

(4) Paths containing a single quantum operator. Let v be a path containing a single
quantum operator vy, (@ < b). Arguing as above, we may suppose v that takes the
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form
V =Vp bm_1" " Vbobi1 Vb1b Vba Vaa; Vajai—1 * " Vasay

with a < q; < -+ < a3 < ay and b,, < --- < by < b. If a1 < by, then applying
0" t1=bm to v cyclically shifts it to a classical column, which completes the proof in
this case. This is illustrated on the right in (24) in Figure 15.

Suppose that b, < a1. Since the graph of v is a path, b, & {a1,...,a,}. We have
a < by, by Part (2), so there is some i with a;11 < by, < a; (if i =1, then a = a;41).
Then the cyclic shift 0" = v is a path with two quantum operators coming from the

shifts of v, 4, and vy, 5, _,, as illustrated by
— S .
— BN SO N svoe . paii paii
BN SO SO A o o | 0 — 0 —
— — — — — — —
*—e *—e *r—e *r—e
[ —r— J [ —r— J

But this is a contradiction, as a nonzero path has at most one quantum operator. [J

5.8. PRODUCTS OF TREES. A nonzero composition v = Ty ---TyT; is a forest if
each T; is a tree and each pair of trees has noncrossing supports. A forest is minimal,
so that each pair of trees commute, and commuting them gives an equivalent operator.

THEOREM 5.23. Suppose that v is a forest. Let w € S, and k < n be such that
veru # 0. Then v is (u, k)-equivalent to a composition RC of a row R and a col-
umn C. Moreover, there exists r € N such that 6" (RC) = 0"(R)0"(C) is classical,
and 0" (R)o"(C) e, 0" (u) # 0.

The proof is split into two parts.

5.8.1. The classical case. The case of Theorem 5.23 in which all the operators are
classical follows from the study of minimal permutations in [8, Sect. 6.2], and the
discussion in Section 2.4. Recall that £ is the rank function in the Grassmannian—
Bruhat order on S,,.

PROPOSITION 5.24. If v is a composition of classical operators that is a forest, then
it is equivalent to a composition RC of a classical row and a classical column.

Proof. Suppose that ¢ = (a,b.)---(a1,b1) is the product of transpositions whose
corresponding graph is a forest. Using that this graph is a forest, induction on r
shows that supp(¢) = {ar,bp,...,a1,b1}. (A priori, it is only a subset.) The same
induction shows that ( is a product of disjoint cycles, with each cycle corresponding
to a tree in the graph of (.

Now suppose that v = vg, 1, - Va, b, 1S a nonzero tree with corresponding per-
mutation ¢ := (a,,b)---(a1,b1), which is a cycle—so s(¢) = l-and which satisfies
L(¢) = r. Since v is a tree, supp(v) = {ay,by,...,a1,b1}, which equals supp(¢), has
cardinality r+1. Thus £({) = # supp(¢) — s({), and we conclude that ¢ is a minimal
cycle.

When v is a forest, its corresponding permutation ( is a noncrossing product
of minimal cycles, and is therefore a minimal permutation. By Proposition 2.3, the
interval [e, (]< has a peakless chain. Under the identification of chains in [e, (]< with
compositions equivalent to v from Proposition 5.2(2), this peakless chain corresponds
to a composition RC of a classical row and a classical column. O

ExaMPLE. We illustrate Proposition 5.24 with a sequence of equivalences on a clas-
sical tree.

r— *— *— [ ——r— J
>~ — r-— ° °
—— J— o—0 J— [ ] J—
*—e = *—e = *—9 = ([o—0
—e
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5.8.2. Proof of Theorem 5.23. We use induction on the number of operators in v.
Let v.s be its rightmost operator so that v = Fv.y, where F is a forest. As ve,u
is nonzero, v, exu is nonzero. Then there exist o € N*~! and v € S,, such that
Vesopt = ¢q“v, and Feg v is nonzero. By induction, F is (v, k)-equivalent to RC,
where R is a row and C is a column, and there exists r € N such that o"(F) is
(0w, k)-equivalent to 0" (R)o"(C), where the later is classical. Thus

0"(v) is (0"u, k)- equivalent to 6" (R)o"(C)veq,

where 0"(R) is a classical row, 0" (C) is a classical column, and v.q = 0" (vey).

If ¢ < d, then 0"(R)0"(C)v.q is a classical forest and by Proposition 5.24, it is
(0"u, k)-equivalent to the composition of a classical row and a classical column, R'C’".
But then v is (u, k)-equivalent to o~"(R’)o~"(C’), which is a composition of a row
and a column that admits a cyclic shift that is classical.

Suppose now that ¢ > d. Set a = d and b = ¢ so that v.q = v, with a < b, to con-
form to our running notation for quantum operators. Since F is a forest, 0" (R)o"(C)
is a classical forest. Grouping components of 0" (R)o"(C) together gives noncrossing
(classical) trees T1,..., Ty, such that o”(v) is (0"u, k)-equivalent to (T, - - - T1)Vpq.
The proof of Theorem 5.23 follows from Lemma 5.25 below, and since v is a forest,
an application of Proposition 5.24.

LEMMA 5.25. Let a < b and suppose that

(i) Ty,..., Ty, are disjoint, noncrossing, classical trees;
(ii) Ty - T1Vpe Z 0; and
(iii) the graph of Ty, -+ - T1Vpg is a forest.
Then T, - - T1vpe admits a cyclic shift that is a product of classical operators.
Proof. We have three cases according to #({a, b} Nsupp(T,,---T1)).
Suppose that @ = {a,b} N supp(Ty,--T1). Since for each i € [m], we have
T;vp, £ 0, Corollary 5.20 implies that either max(T;) < a or a < min(T;), for

each ¢ € [m]. Hence, 07%(T,, --- T1vp,) is a composition of classical operators. We
present an example.

*— *—
—

*~—e
*—e

*—0
~—o
o——=20

L1

*—0 *—0
*~— *~—

Suppose that 1 = #({a,b} Nsupp(T,, -+ T1)). Applying wy if necessary, we may
assume that b € supp(T,,--T1). As the trees have disjoint supports, b lies in the
support of exactly one tree. As the trees commute, we may replace this operator
by an equivalent operator (obtained by commuting the trees) and assume that b €
supp(T;,). By Corollary 5.20, a < min(T,,) for otherwise T,, vy, = 0, contradicting
that T,, - - - T1Vvp, is nonzero.

Since & = {a, b} Nsupp(T,,—1---T1), the previous argument implies that for i €
[m—1] either max(T;) < a or a < min(T;). Thus 0=%(T,, - - - T1Vy,) is a composition
of classical operators. We present an example.

~—e —e
[ o ] *~—e
—— —
o o
~—e 011 *~—o
*~—o *~—e
*—e *—e
*~—e *~—e
[ e J [ e J
*—e *—e
*—e *—e
@rrsinsssranarannninnnnnnn Ty
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Finally, suppose that {a,b} C supp(T,,---T1). As the trees are disjoint, each
of a and b lies in the support of a unique tree. These cannot be the same tree,
for if a,b € supp(T;), then the graph of T;vy, is not a tree, contradicting that
T,, - T1vy, is a forest.

As the T; commute, we may replace this operator by an equivalent operator and
assume that a € supp(T,,) and b € supp(Ty,—1). Let i € [m—1]. As T;vp, # O,
Corollary 5.20 implies that either max(T;) < a or a < min(T;).

If max(T;) < a, then as a € supp(T,,), we have max(T;) < max(T,,).

If @ < min(T;), then as a € supp(T,,) and the trees T; and T,, are noncrossing,
we have max(T,) < min(T;).

Since a < max(T,,) < b, this implies that o max(Tm)(, ... T1Vpe) is a composi-
tion of classical operators, which completes the proof. We present an example.

*— *—
—o —o
o—0 o—o
G— G—
*—e 7 *—e
o—o o~ o—o
o—0 s o—o
*—e *—e
G—— C——
o—0 o—0
*—9 *—9
*>—e *>—e
S S °

O

5.9. PROOF OF THEOREM 5.1. Let [u,¢®w]|{ be a minimal interval, and consider a
composition v corresponding to some saturated chain in [u, ¢*w]f. Then v e u = ¢®w.
As explained in Section 3.3, as [u,¢*w]{ is a minimal interval, ¢(¢®w) — f(u) =
# supp(wu~!) — s(wu™!). This implies that the graph of v contains no cycles, and is
therefore a forest. As v is nonzero, it is a forest.

By Theorem 5.23, v is (u,k)-equivalent to a composition of operators of the
form RC where R is a row and C is a column, and there exists a suitable cycle
shift o” such that applying it to [u,¢®w]} gives a classical interval with a classical
chain 0"(R)0"(C) that is peakless. Let a be its height and a + b — 1 = £(¢“w) — £(u)
its length.

By Postnikov’s cyclic symmetry [33, Thm. 4] (and using the notation of [33]),

p— e q6(7.7u7w) C

B(r,u,w
Cv()\,k),u,wow = dq ( )Cv(k,k),oru,o*’”wgw - o"u,v(\k),woo"w »

where ¢?("%®) is some monomial in the ¢;’s determined by u, w and the power r
in o”. Translating the notation of [33] to our notation gives

«
_ E o pTW,00 2 : q“w
Cu7’U,’wa - q Nuﬁ; - Cu,v .
« [eY

Thus if A = (b,1%71) is the hook partition, then the peakless chain o”(R)o”(C) in
the classical interval [0"u, 0"w];, implies that

7% w B g gegry ”
Coving) = Coruwinm) = Corioirk) 70,
by Proposition 2.3 and Proposition 2.5. This completes the proof. O
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