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Triangulations of cosmological polytopes

Martina Juhnke, Liam Solus & Lorenzo Venturello

ABSTRACT A cosmological polytope is defined for a given Feynman diagram, and its canonical
form may be used to compute the contribution of the Feynman diagram to the wavefunction of
certain cosmological models. Given a subdivision of a polytope, its canonical form is obtained
as a sum of the canonical forms of the facets of the subdivision. In this paper, we identify
such formulas for the canonical form via algebraic techniques. It is shown that the toric ideal
of every cosmological polytope admits a Grobner basis with a squarefree initial ideal, yielding
a regular unimodular triangulation of the polytope. In specific instances, including trees and
cycles, we recover graphical characterizations of the facets of such triangulations that may be
used to compute the desired canonical form. For paths and cycles, these characterizations admit
simple enumeration. Hence, we obtain formulas for the normalized volume of these polytopes,
extending previous observations of Kithne and Monin.

1. INTRODUCTION

Arkani-Hamed, Benincasa and Postnikov [2] introduced the cosmological polytope Cq
of an undirected, connected graph G = (V, E), where V is the finite set of vertices
(or nodes) of G and E is its finite collection of edges, i.e. pairs ij for some 4,5 € V.
When we would like to emphasize that V and F are, respectively, the vertex and edge
set of G, we may write V(G) and E(G), respectively. We will use ij to denote an
undirected edge between i and j, and (7, j) to denote a directed edge i — j when edge
directions are needed.

We work in the finite real-Euclidean space with standard basis vectors x;
and z, for all i e V| e € E. The cosmological polytope Cq of G is

RIVI+IE]

Co=conv{z; + Tj — Te,T; —Tj + Te,—T; + T+ T : e=ijeE},

where conv(S) denotes the convex hull of S ¢ R™. This is a polytope of dimension
[V]+|E| - 1. It is only required that the graph G is connected and undirected with
a finite set of vertices and edges. For instance, G need not be simple. In [13], the
authors work with a slight generalization of the definition of Cg that allows for G
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to be disconnected. For the purposes of this paper, however, we will consider only
connected G.

In the physical context, the graph G can be interpreted as a Feynman diagram,
in which case the cosmological polytope provides a geometric model for the compu-
tation of the contribution of the Feynman diagram represented by G to the so-called
wavefunction of the universe [2]. Recent works study the physics of scattering am-
plitudes via a generalization of convex polytopes called positive geometries [1]. This
connection arises via a unique differential form of the positive geometry that has only
logarithmic singularities along its boundary. This form is termed its canonical form
[1]. In the case of a cosmological polytope Cg, the canonical form provides a formula
for computing the contribution of the Feynman diagram G to certain wavefunctions
of interest.

One way to compute the canonical form Qp of a polytope P is as a sum of the
canonical forms of the facets Si,..., Sy, of a subdivision of P [14], i.e.

(1) QPZQsl-F'-'-ﬁ-QSm.

This technique has been applied successfully in several situations [5, 8, 9, 12, 17].

In the case of cosmological polytopes, it was observed in [2] for specific examples
of G that special subdivisions of the cosmological polytope correspond to classical
physical theories for the computation of the contribution of a Feynman diagram to a
wavefunction. This observation suggests that subdivisions of the cosmological poly-
tope may correspond to physical theories for the computation of wavefunctions, and
hence motivates a search for nice subdivisions of cosmological polytopes that hold for
any graph G. Such subdivisions have the potential to provide new physical theories
for wavefunction computations. The investigation of subdivisions that hold for any
graph G was left as future work in [2]. In this paper, we provide such subdivisions by
way of algebraic techniques.

The cosmological polytope is a lattice polytope, i.e. the convex hull of a finite
collection of points in Z\VHEl From this perspective, it is perhaps most natural to
investigate its subdivisions into unimodular simplices, i.e. lattice simplices of minimum
Euclidean volume. Such subdivisions have the advantage that each summand in (1)
has the relatively simple form of a rational function

® fifr

where f1,..., f, are the facet-defining equations of the simplex and w is a regular
form on the associated positive geometry [3]. Hence, it is desirable to observe not
only the existence of unimodular triangulations of Cg but also to provide a complete
description of their facets.

In this paper, we initiate the study of this problem via algebraic techniques. We
compute a family of Grébner bases of the toric ideal for the cosmological polytope
Cq for any connected, undirected graph G, each of which has a squarefree initial
ideal. It is known that the initial terms of such a Grobner basis correspond to the
minimal non-faces of a regular unimodular triangulation of Co [19]. Hence, we obtain
the following main result:

w

THEOREM A. (Corollary 2.11) The cosmological polytope Cq of any undirected, con-
nected graph G has a reqular unimodular triangulation.

An analogous result holds for another family of lattice polytopes associated to
graphs; namely symmetric edge polytopes [11, 16]. Interestingly, these are related to
cosmological polytopes, as the symmetric edge polytope of a graph appears as a
projection of a facet of the cosmological polytope of the same graph. Specifically, the
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symmetric edge polytope of G = (V, E) is recovered by intersecting Cg c RIVIYFl with
the hyperplane Y ..p x. =1 and then projecting onto RIVI.

The identified Grobner bases provide the minimal non-faces of triangulations, from
which achieving a facet description is a non-trivial task. One of the contributions of
this article is to obtain such a characterization for the cosmological polytope of notable
families of graphs.

THEOREM B. For specific choices of a term order we obtain a facet description of a
reqular unimodular triangulation of the cosmological polytope Co, when G is:

- a path (Theorem 3.2);
- a cycle (Theorem 4.1);
- a tree (Theorem 5.12).

In the case of paths and cycles these characterizations are of a relatively simple
form that allows for enumeration. We thereby obtain formulas for the normalized
volume of Cq in these two cases. While, for paths, we recover the formula identified
in [13], for the cycle, the normalized volume of Ce was previously unknown. Indeed,
our methods enable us to show the following simple formula:

THEOREM C. (Theorem 4.2) The cosmological polytope Ce, of the n-cycle Cy, has
normalized volume
Vol(Cg, ) =4™ - 2.

While the normalized volume of these polytopes provides us with information on
the number of summands in the formula (1) for computing Qc¢,,, the explicit descrip-
tion of the facets that we obtain for trees and cycles given in Theorems 3.2, 4.1,
and 5.12 allows for the exact computation of this canonical form. Theorem A sug-
gests that such characterizations should be feasible for more general graphs via further
analysis of the Grébner bases identified in this paper.

In Section 2 we define a family of term orders associated to the cosmological poly-
tope Cg, called good term orders (Definition 2.5) and give a Grébner basis for the
toric ideal of Cg with respect to a good term order. The initial terms of these Gréb-
ner bases are all squarefree, and hence they index the minimal nonfaces of a regular
unimodular triangulation of Cg. In the subsequent sections we apply these results to
derive explicit characterizations of the facets of regular unimodular triangulations of
Cq arising from good term orders for special instances of G. In Section 3, we char-
acterize the facets of this triangulation for a specific good term order when G is the
path graph. In Section 4, we show that the techniques in Section 3 can be extended
to yield an analogous characterization of the facets of a triangulation for the cycle.
Finally, in Section 5, we extend the characterization of the facets of the triangulation
for paths to general trees.

2. GROBNER BASES FOR THE TORIC IDEAL OF C¢

In this section, we describe a family of Grobner bases for the toric ideal of a cosmo-
logical polytope with the property that the corresponding initial ideals are squarefree.
First we observe that, other than the 3|F| many points which define C¢, the standard
basis vectors x; and z. are lattice points in Cg. This follows from the convex combina-
tions z; = £ ((w;+x;-xe)+(2;—2;+x,)). It is not hard to see that no other lattice point
is contained in Cg. Indeed, any such point p would be an element of {-1,0,1}"V"¥
with coordinates summing up to 1. The linear inequalities z; +x; <1 and x; + . <1
hold for each of the defining points of Cg, whenever i and j are not connected in a
graph and i ¢ e. This implies that either p has only one coordinate equal to 1 (i.e. it
is a standard basis vector and a lattice point of Cg) or it has exactly two coordinates
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equal to 1 which correspond either to pair of vertices joined by an edge, or a vertex
and an edge containing it. In this case, since the inequality z; +z; +%; je Te < 1 holds
for each of the defining points and for each pair of vertices ¢ and j, p is one of the
defining points.

For any undirected graph G with vertex set V and edge set E, we define a poly-
nomial ring in |V|+ 4|E| variables, each corresponding to a lattice point of Cg. More
precisely, we introduce three families of variables:

- A variable z, for every k € V U E. We refer to these as z-variables.

- Variables y;;. and yjie, for every edge e = ij € E. We refer to these as y-
variables.

- A variable t. for every edge e € E. We refer to these as t-variables.

Let R¢ be the polynomial ring in these |V|+4|E| many variables, with coefficients in
a field K, and consider the surjective homomorphism of K-algebras defined by

vg: Rg - K[wP : peCGﬁZVUE]

ZE P Wi

Yije = WiW; We

Yjie F> w;lewe

te — wiijgl.

The ideal I¢,, =ker(yq) is the toric ideal of Cg. Observe that variables in R corre-

spond to lattice points of Cs. Moreover, it is well known that toric ideals are binomial,

i.e. they have a set of generators in which every element is the difference of two mono-

mials (see for instance [10, Theorem 3.2]). When the graph G is understood from the

context, we may simply write ¢ for pg. We now define some distinguished binomials
in I¢,, which will be elements of a Grébner basis for this ideal.

DEFINITION 2.1. We define two types of pairs of directed subgraphs of G.

(i) Let P be a path in G with at least two edges, with edge set E(P) =
{i142,9283, . ..,ik-1%k }. For any partition (P, Py) of E(P) into two nonempty
blocks we consider Ey = {i; - ij01 : 4ji.1 € E(P1)}, and Ey = {ij11 —
ij * ijije1 € E(P2)}. The pair (E1,Es) is called o zig-zag pair of G.
Moreover, we define the terminal vertices of (Ep,E3) to be vy = i and
V2 =171.

(ii) Let C be a cycle in G, with E(C) = {i142,1213, . . ., ik-1%k, ixt1 }. For any parti-
tion (C1,Cs) of E(C) into two blocks (with one possibly empty) we consider
E1 = {’L'j - ij+1 : ijij+1 € E(Cl)} and E2 = {ij+1 - ij : ij’ij.,.l € E(Cg)},
where the indices are considered mod k. The pair (E1, Fy) is called a cyclic
pair of G.

DEFINITION 2.2. For every zig-zag pair (E1, Ey) we define the zig-zag binomial
bEl,E2 = Zuq H Yije H Re = Ruy H Yije H 2e € Icg-
e=i—jeb; e=i—jeFy e=i—>jely e=i—jek;
For every cyclic pair (E1, Ey) we define the cyclic binomial
bEl,Ez = H Yije H Ze — H Yije H Ze € ]CG'
6=i—>j€E1 6=’i—>j€E2 G=i—>j€E2 C=’i—>j€E1

In the case that either Ey = @ or E5 = @, we call the resulting cyclic binomial a cycle
binomial. In particular, cycle binomials consist of one monomial containing only y-
variables and one containing only z-variables.
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i1 g

FIGURE 1. A zig-zag pair and a cyclic pair (Ej, F3). The edges in
F are drawn in red.

DEFINITION 2.3. We define the following collection of binomials in I, .
BG = {yijeyjie - Zga yijete - 22'27 yjiete - 232'7

YijeZj = ZiZes YjieZi = ZjZe, teZe — 2izj + €=1j € E(G)}u

{be,.5, : (Er,E2) is a zig-zag pair or a cyclic pair of G}.
We call the 6|E| many binomials contained in the first set the fundamental binomials.

EXAMPLE 2.4. Let G be the complete graph on the vertices V' = {1,2,3}. We observe
that there are precisely 3 zig-zag pairs for G, namely ({(1 - 2)},{(3 > 2)}), {(1 -
3)}1{(2->3)}) and ({(2 > 1)},{(3 = 1)}). These give rise to the zig-zag binomials
23723Y12(12) ~ #1%212Y32(23), 22223Y13(13) — £1213Y23(23) and 23%213Y21(12) ~ #2%12Y31(13)-
Moreover, there are 8 ways to partition the 3 edges of G in two ordered blocks, which
give rise to 8 cyclic binomials. Examples of these binomials are yi2(12)y23(23)213 —

Y13(13)?12223 and the cycle binomial y12(12)Y23(23)Y31(13) — 212223213-

DEFINITION 2.5. A term order on Rg is called a good term order if the leading terms
of fundamental binomials in Bg are the elements underlined in Definition 2.3, and
the leading terms of cycle binomials are the monomials containing only y-variables.

We observe that good term orders exist. For instance we can consider any lexico-
graphic term order for which y-variables and t-variables are larger than any z-variable.
We will now show that, for any undirected, connected graph G, the set Bg is a Grob-
ner basis for I, with respect to any good term order. To do so, we require a few
lemmas.

LEMMA 2.6. Let b = m; —my be a binomial in Ic,, and assume that no variable
divides both my and ms. If telmy, for some edge e = ij of G, then my is divisible
by the leading term of a fundamental binomial in Bg with respect to any good term
order.

Proof. Assume t./m; and recall that ¢(t.) = w;w;w;". Since b € I¢,,, we have that
»(my) = ¢(my). In particular, the variable w, either appears in the Laurent monomial
p(mg) with a negative exponent, or it appears in ¢(my/t.) with positive exponent.
The first case contradicts the fact that b is not the multiple of a variable: indeed,
since t, is the only variable for which the variable w, appears in ¢(t.) with a negative
exponent, this would imply that t.|ms.

In the second case we have that one of the variables v for which w, appears in ¢(v)
with a positive exponent must divide m;. These are either z., yj. Or ¥ije. This
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concludes the proof, since the monomials tcze, yjiete and y;jete are leading terms of
some binomial in Bg with respect to the chosen term order. ]

— —
We now associate to any binomial m; — my a pair of directed graphs (G1,G2) of
G in the following way: For any variable y; ;e which divides m; (respectively my) the

graph C_v'; (respectively 5;) contains the vertices ¢ and j and a number of directed
edges from ¢ to j equal to the degree of y;;. in my (respectively my).

DEFINITION 2.7. For a directed graph G and a verter i e V(E’)) we define
deg (i) = outdegy (i) — indegy (i), where outdegz (i) = [{j € V(Zf) 2 (4,7) € E(a)}|
and indegg (i) = [{j € V(a)) 2 (g,1) € E(a))}| If degg (i) > 0, we call i is positive
vertex of G. If deg (i) <0, we call i a negative vertez of G.

LEMMA 2.8. Let b= m;—mjy be a binomial in Ic,,, and assume that no variable divides

both m; and msy. Let (é—;, E:‘;) be the associated pair of directed graphs. Assume that
no leading term of a fundamental binomial in Bg with respect to a good term order
divides my or my. Then:

(1) If dega(i) <0, then i € V(C—v';) N V(a;) Moreover, if i € V(al)) n V(@),
then dega(z’) = deg@»(i).

(2) Ifi € V(G1)\V(Ga) and degg: (i) > 0 (i€ V(G2) N V(Gr) and deggy (i) > 0,
respectively), then z;lms (z;jmy, respectively).

(3) If e € E(G1) N E(Ga) (e € E(Ga) ~ E(Gh) respectively), then zemy (zc|my
respectively).

Proof. (1) If dega»(i) < 0, then the degree of w; in ¢(m;) is negative. Since b € I¢,,,
the degree of w; in p(my) is also negative. As the only variables v such that w; has
negative exponent in ¢(v) are of the form y;;. for some vertex j and edge e, the claim

follows. Since ¢ € V(CTI ) there is at least one edge incident to 7 in C—il) Since the degree
of w; in p(m;) is negative, we have then that m; is divisible by a variable of the form
Yjie, for some vertex j and edge e. In particular, we conclude that z; does not divide
m; as we assumed that y;;.2; does not divide m;. By symmetry z; does not divide
my. It follows that dega»(i) equals the degree of the variable w; in ¢©(m;) and that

deg@»(i) equals the degree of the variable w; in ¢(msz). Since b € I¢., we conclude
that dega(i) = deg@»(i).
(2) As in the previous case, the number dega(i) is smaller or equal to the degrees

of the variable w; in ¢(m;) and ¢(mgz). Since i ¢ V(@)), the only variable in m,
which contributes to a positive degree in @(ms) is z;.

(3) Again, since b € I¢,, the degrees of w, in ¢(m;) and p(msz) coincide. By
Lemma 2.6 the variable ¢, does not divide neither m; nor ms, and this is the only
variable v such that w, has a negative degree in ¢(v). Hence w, has positive degree

in both p(m;) and ¢(ms). Since e ¢ E(@_;), the only variable which contributes to a
positive degree of we in p(myz) is ze. O

The following lemma collects some simple properties of directed acyclic graphs that
will be of use.

LEMMA 2.9. Let H be a directed acyclic graph, with at least one edge and no isolated
vertices. Then H has at least a positive and a negative vertex. Moreover, for every
positive vertex i € V(H) there exists a negative vertex j € V(H) such that H contains
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a directed path from i to j, and for every negative vertex j € V(H) there exists a
positive vertex i € V(H) such that H contains a directed path from i to j.

Proof. Every directed acyclic graph with at least one edge has at least one sink and
at least one source node. Since sinks are positive vertices and sources are negative
vertices the first claim holds. The second claim follows from the fact that every vertex
in the directed acyclic graph has at least one descendant that is a sink and every
vertex has at least one source node as an ancestor. O

We are now ready to prove the main result of the section.

THEOREM 2.10. The set Bg is a Grobner basis of I, with respect to every good term
order.

Proof. Recall that toric ideals can be generated by binomials which are the difference
of two monomials [10, Theorem 3.2]. In order to show that Bg is a Grobner basis of
Ic, it is then sufficient to show that for any binomial b = m; — mgy be in I¢, there
exists a binomial f € Bg such that 1t(f)|m; or 1t(f)|ms. This shows that any bino-
mial in I¢, can be reduced by an element of Bg. Since this reduction step produces
another binomial and the sequence of reduction w.r.t. a term order terminates, it
must terminate with the zero polynomial. In particular, all S-polynomials obtained
from a generating set of binomials of /¢, reduce to zero, which implies that B¢ is
a Grobner basis. Since toric ideals are prime we can assume that no variable divides
both m; and ms. If the leading term of a fundamental binomial in Bg divides either
m; or my, then we conclude.

Assume that no leading term of a fundamental binomial in Bg divides either m;
or mo. In particular, by Lemma 2.6, no variable of the form t. divides either m; or
m,. Consider the pair (671), CT;) of directed subgraphs of G associated with m; and
mo.

—  —>

If G1 (G2 respectively) has a directed cycle C, which is supported on a cycle
of G, then by construction m; (msy respectively) is divisible by the monomial
Il-_ (i) B(C) Yide which is the leading term of a cycle binomial by definition of good
term origr and so we conclude.

If G1 (G4 respectively) has a directed cycle C' which is not supported on a cycle of
G, then it must be a cycle on 2 vertices ¢ and j. In this case the monomial y;;cyjie,
which is the leading term of a fundamental binomial, divides m; (my respectively).

Assume that both C—¥1> and 52) are directed acyclic. Since no variable divides both
m; and msy, é—l) and é—; do not have any common directed edge, as those would
correspond to y-variables which divide both m; and ms.

Suppose there is a positive vertex ¢ in G such that i € V(CTI) \ V(CT;) Observe
that by Lemma 2.8 (2) this implies that z;/ms. We let 41 = ¢ and j; be a negative
vertex of Z?—l) such that there is a directed path from i; to j;. By Lemma 2.8 (1), j;
is a negative vertex of E; as well. By Lemma 2.9, there exists a positive vertex io of
CT; such that there is a directed path in CT; from io to ji. If ig € V(a), by Lemma
2.8 (1), we have dega(ig) = deg@»(ig) > 0. Otherwise we can find a path from i to a
negative vertex jo, and we can keep looking for negative then iterate this procedure
until one of the following possibilities occurs:

Case 1: i, ¢ V(a) In this case, let F; be the union of the directed edges of the
directed paths from i; to js, for t =1,...,k -1 and E5 be the union of the directed
edges of the directed paths from is4q to ji, fort =1,...,k—1. Hence (E1, E2) is a zig-

zag pair. By definition of the graphs (CT; , CT; ) we have that Il divides m,

~(irj)eB, Jide
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Z=(ing)em, Yide divides my. Moreover, by Lemma 2.8 (2), we have that z;, [m; and
that z;,|ms. Finally, by Lemma 2.8 (3), ng(iwj)e& z, divides m; and ng(i’j)eEl Ze
divides my. In particular, m; and mj are divisible by the two monomials of bg, g,,
the binomial corresponding to the zig-zag pair (E1, Es).

Case 2: iy = iy, for some ¢ < k. In this case, let E; be the union of the directed
edges of the directed paths from i; to j;, fort =¢,..., k-1 and E5 be the union of the
directed edges of the directed paths from i;y1 to ji, for t = £,... k-1 together with
the directed edges from iy to j,. The pair (Eq, E2) is a cyclic pair. Again by definition

— —>
of the graphs (G1,G2), we have that HZ=(i,j)eE1 Yije divides m; and ng(i)j)eEz Yije
divides my. Moreover, by Lemma 2.8 (3), HE’:(z‘,j)eEz ze divides m; and ng(i’j)eEl Ze
divides m,. In particular, m; and m; are divisible by the two monomials of bg, g,,
the binomial corresponding to the cyclic pair (E7, Es). This finishes Case 2.
— — —

If there is a positive vertex ¢ in Gy such that i € V(G2) \ V(G1), we can conclude
by the same argument as above.

—

Suppose now that for all vertices ¢ with degal»(i) > 0 we have that i € V(G2) and

—
for all vertices ¢ with deg@»(i) >0 we have that i € V(G1). We initialize i; to be any
of the vertices with degG—>1 (i) > 0 and, as in the previous case, we start constructing

disjoint directed paths from i; to j; in CZ) and from 4;,1 to j; in CT; Since the graphs
51) and 5; are finite there exists k such that i = i, for some £ < k. Let E; be the
union of the directed edges of the directed paths from i; to j;, for t = £,... k-1
and Fs be the union of the directed edges of the directed paths from 4.1 to j;, for
t=14,...., k-1 together with the directed edges from i; to j,. The pair (E1, Es) is
a cyclic pair. Following verbatim Case 2 we obtain that m; and ms are divisible by
the two monomials of bg, g,, the binomial corresponding to the cyclic pair (E1, E2).

This completes the proof. O
2.1. REGULAR UNIMODULAR TRIANGULATIONS. Given a sufficiently generic vector
h € R™ and a finite collection of lattice points A = {ay,...,a,} € Z%, the vector h
defines a regular triangulation Ty, of A as follows: {a;,,...,a;, } € Ty if there exists

¢ € R? such that
(aj,c):hj iij{?:l,...,Z'k}, and
(aj,c)<hj 1f]¢{7,1,,7,k}

The triangulation Ty is called unimodular if the maximal dimensional faces (i.e. the
facets) of T;, have smallest possible volume over all lattice simplices in the lattice
spanned by A. (When this lattice is Z? this volume is 1/d!.)

The initial ideal of a toric ideal T4 c k[w, ..., wq] with respect to the term order <
is the ideal generated by the leading terms of all f € I 4 with respect to <. By definition,
the leading terms of the elements of a Grobner basis of 4 with respect to < forms a
finite generating set for this initial ideal. In the ring R¢, the variables correspond to
the lattice points in ConZIV*IEl and hence each element of this generating set indexes
a subset of the lattice points in Cg. When the leading terms of the polynomials in the
Grobner basis are all squarefree then these subsets form the set of minimal nonfaces
of a regular unimodular triangulation of C¢ (see [19, Theorem 8.3] or [7, Section 9.4]).
Since by Theorem 2.10 the set B¢ is a Grobner basis of I¢,, with respect to any good
term order with only squarefree leading terms, we obtain the following corollary.

COROLLARY 2.11. Let G be any graph. The cosmological polytope Cq has a regqular
unimodular triangulation.
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Corollary 2.11 provides the existence of the desired subdivisions of Cg for any G.
While the result is constructive, the presentation of the resulting triangulations is in
the form of their minimal non-faces. In order to apply the formula in (1) to compute
the canonical forms (¢, we require a description of the triangulations in terms of
their facets. In the coming sections, we give such characterizations for families of G.
To derive these results we will use some observations that can be seen to hold for all
regular unimodular triangulations derived from good term orders for any graph G. In
this subsection, we collect these results and the relevant notation that will be used
throughout the remaining sections.

We start by introducing some notation. In the following, let us assume that we have
a graph G = (V,F) and a good term order. By Theorem 2.10 a Groébner basis with
squarefree initial ideal is given by the fundamental binomials, the zig-zag binomials
and the cyclic binomials. Since the cosmological polytope Cs has dimension |V|+
|E| - 1, the corresponding regular unimodular triangulation has facets given by all
(V| + |E])-subsets of the variables yije, Yjie, te, Ze, z that do not contain any leading
term of the binomials in this Grébner basis. Recall that every variable corresponds
to a distinguished lattice point in Ce and as such to a vertex of the considered facet.

The fundamental binomials imply that certain 2-subsets of variables cannot be
contained in the facets. These 2-subsets to be avoided for each edge e = ij € E
correspond to the edges of the following graph:

To represent the facets of the triangulation, we introduce a symbol corresponding

to each variable: Let 1 € V and e =ij € E:
e the variable z; is represented by the symbol o. The vertex ¢ is instead repre-

sented by e if z; is not present.
the variable z. is represented by the edge type —,
the variable ¢, is represented by the edge type ~~,
the variable y;;. is represented by the edge type — pointing from ¢ to j, and
the variable y;;. is represented by the edge type « pointing from j to i.

Given a subset S of the generators of Rg, we let Gg denote the graph drawn with
the symbols above according to the elements in S. We also let Z = {z; : i€V},
Zg=SnZand 3s={ieV : z; € Zg}. For example, if G is a path on 3 vertices, we
represent the set of variables S = {z1, 23, y12(12), 212, t23} via the graph Gs:

Oo——@~ 0

1 2 3

For this example, Z = {21, 22,23}, Zs = {21,235} and 35 = {1,3}.

The fundamental binomials imply that if a subset of variables corresponds to a face
of the triangulation, then its associated graph does not contain any of the following
subgraphs, where the corresponding leading monomial (for the edge e = ij) is written
below each subgraph:

~r R L VS O O—— — 0
(3) teze telYije teYjie YijelYjie ZilYjie ZjYije
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We refer to these six subgraph as fundamental obstructions. The following lemma is
immediate.

LEMMA 2.12. Let G be a simple, connected and undirected graph, and let T be a reqular
unimodular triangulation of Cg given by a good term order on Rg. If S is a facet of
T, then Gg contains only single edges and double edges. Moreover, any double edges
are of the form, where the corresponding monomial is indicated for the edge e = ij
below:

P or T

YijeZe YjieZe

Given a subset S of the variables in R¢, we define the support graph of S (or Gg)
to be the graph on vertex set V' and edge set

{6 = ’LJ el Sn {tevzwyi_je)yjie} * @}'

The following statement shows that the support graph of any facet is as large as
possible.

PROPOSITION 2.13. Let G = (V, E) be a connected, undirected graph and let T be a
triangulation of Ca coming from a good term order. Let S be a subset of the variables
of Rg. If S is a facet of T, then the support graph Gg of S equals G. In particular,
the support graph of S is connected.

Proof. Let S be a facet of T and assume by contradiction that there is some edge e =
ij € E such that Sn{te, 2, Yije, Yjie } = @. We note that the variable ¢, does not appear
in any of the zig-zag binomials, the cyclic binomials nor the cyclic binomials. The
only occurrence of t. is in the leading term of the fundamental binomials y;;cte — ziz,
Yjiete — zj2 and t.ze — 2;2;. However, since by assumption, none of ¥;je, yjie and 2. is
contained in S, it follows that S u {t.} is also a face of 7. This contradicts the fact

that S is a facet. O

3. THE COSMOLOGICAL POLYTOPE OF THE PATH

In this section, we give an explicit description of the regular unimodular triangulation
corresponding to a Grébner basis with respect to a good term order of the toric ideal
for the cosmological polytope of the path with n edges I,; that is, the graph with
vertex set V =[n+ 1] and edge set E={ii+1 : i€[n]}.

A combinatorial description of the facets of this triangulation is given that allows
for enumeration of the facets. The resulting formula for the normalized volume of Cy,
agrees with the formula identified in [13]. The combinatorial description of the facets
may also be used to compute the canonical form of the polytope in a novel way, which
may suggest new physical theories for the computation of wavefunctions associated
to such Feynman diagrams.

In the following, we use the variable order

Y12 > Y23 > > Ynn+l > Yn+ln > *° > Y32 > Y21 > 212 > =

> Zpnl > tig > > tnn+1 > 21> > Zngd,

(4)

where for the edge e =i+ 1, we write y;;+1 and y;+1; for the variables y;;+1e and y;+14e,
respectively. It can be checked that the lexicographic term order, with respect to this
ordering of the variables, on the monomials in R; is a good term order according
to Definition 2.5. Since the cosmological polytope Cg for a graph G = (V, E) has
dimension |V|+|E| -1, the corresponding regular unimodular triangulation has facets
given by all (2n+1)-subsets of the variables y;je, Yjie, te, 2, z; that do not contain the
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leading terms of the binomials in this Grébner basis. Our goal is to characterize these
subsets S in terms of the structure of their graphs Gg defined in Subsection 2.1.

By Proposition 2.13, we know that Gg is connected whenever S is a facet. We also
know from Lemma 2.12 that all edges in Gg are either single or double edges and all
double edges are of the form

= or e
Since the path graph contains no cycles, the Grobner basis given in Theorem 2.10
for I, contains only the fundamental binomials and zig-zag binomials. Now that we
have specified a specific good term order on R, we can also identify the subgraphs
forbidden by the leading monomials of the zig-zag binomials.

Namely, if S is a facet of the triangulation then Gg does not contain any partially
directed paths to the right ending in a o; that is, it does not contain any consecutive
edges, undirected or directed to the right, where the last edge is undirected and ends
in a o. For example, if S is a facet it cannot contain the subset of symbols R yielding
the following graph:

® L @ @ L4 @ O.

The following lemma collects some additional useful properties of Gg when S is a
facet.

LEMMA 3.1. Let S be a subset of the variables generating the ring Ry, . If S is a facet
of the triangulation and 3s = {i1 < iy < -+ < inp1-k}, then the induced subgraphs on
[i1], [¢,941] for 1 <j<mn—-Fk and [in+1-k,n + 1] have ezactly as many double edges
as black nodes.

Proof. Since S is a facet we know that |S| = 2n+1. We know also from Proposition 2.13
that the support graph of Gg is connected and equal to I,,. Hence, there is at least
one edge in Gg for all n edges in I,,. Moreover, by Lemma 2.12 we know that Gg only
contains single and double edges. Since |Zs| =n+1-k and |S| = 2n +1, it follows that
Gs contains exactly k& double edges.

Consider now the subgraph between ¢ < j of Gg where z;,z; € S and z; ¢ S for all
1 < { < j. We claim that there are at most j — ¢ — 1 double edges in this subgraph. To
see this, suppose there are j — i double edges instead. It follows that all edges in this
subgraph are double and of the form specified in Lemma 2.12. Since the subgraph
cannot include the fundamental obstruction o «, it follows that the first pair of double
edges is of the form

o—e

) i+1

Since all remaining edges in the subgraph must also be double edges, and since these
sets of doubles must each include the undirected edge £¢+1 (for i < £ < j—1), it follows
that the subgraph contains a partially directed path to the right ending in o, which is
a forbidden subgraph by the leading term of some zig-zag binomial. Hence, we have
a contradiction.

It then follows from the Pigeonhole Principle that each subgraph of Gg given by a
pair of nodes i < j for z;,2z; € S but z, ¢S for all i <£ <k, or z; € S but 2z, ¢ S for all
<, 0rz;eS but z ¢ S for all i < £ contains exactly as many double edges as it does
black nodes. This finishes the proof. O

Based on Lemma 3.1, it can be helpful to consider facets according to their inter-
section with the set Z = {z; : i€ [n+1]}. If a facet S is such that Zg = SnZ =
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{ziy,---,2i, }, where i1 < iz < -+ < i, we can partition the graph Gg into the in-
duced subgraphs on node sets {1,...,41}, {ix,...,n+1} and {i;,3;+1,... 4.1} for all
j € [k—-1], and consider the possible placements of the appropriate number of edges in
each induced subgraph so as to ensure that |S| = 2n + 1. A rule for producing all such
graphs in this way will yield a combinatorial description of the facets of the triangu-
lation. The next theorem gives such a characterization of the graphs that correspond
to facets of the triangulation. In the following we use < to denote that we are free to
choose between either arrow (either < or —).

THEOREM 3.2. Let S be a subset of the generators of the ring Ry, and let Zs =
{Ziyy... 2z, } where iy < - < iy (and possibly, Zs = @. Then S is a facet of the
triangulation of Cy, corresponding to the lexicographic order induced by (4) if and
only if Zg + @ and all three of the following hold:

(1) The induced subgraph of Gs on nodes [i1] is of the form

That is, all edges are double with a <.
(2) For all j €[k—-1], the induced subgraph of Gs on {ij,i;+1,... i1} is of one
of the following forms:

That is, either (1) exactly one edge whose least vertex is a black node is either
~~ or <, all edges to the right of this edge are double with a < and all edges
to the left of this edge are double with either arrow (< or —), except for the
first edge which must have —, or (2) the leftmost edge is either — or ~~ and
all edges to the right are double with a <.

(3) The induced subgraph of Gg on nodes {ix,ir+1,...,n+ 1} is of the form

That is, all edges are double with either arrow (either < or — ), except for the
first edge which must have a —.

Proof. We first observe that any set S such that Gg satisfies the listed properties, is
a facet. Moreover, if S is a facet, then |S| = 2n + 1. Since S can only contain double
edges and I,, has n edges, it follows that Zg + @.

Notice first that any choice of the edges for each of the possible subgraphs does not
contain an induced subgraph excluded by the fundamental binomials. Furthermore,
any partially directed path to the right is either interrupted by a single edge of the
form < or ~~, or it terminates in a black node. Hence, such a Gg also does not
contain any subgraph forbidden by the leading terms of the zig-zag binomials. Since
there is exactly one double edge for every black node, it also follows that |S| = 2n + 1.
Since the dimension of C;, is 2n, it follows that G5 is a facet of the triangulation.

Suppose now that S is a facet of the triangulation, and consider its associated
graph Gg. Since S is a facet, we know |S| = 2n + 1, and by Lemma 3.1 we also know
that Gg is connected and any of the induced subgraphs on node sets {1,...,i;},
{ig,...,n+1} and {4;,i;+1,... 4.1} for j € [k — 1] contains as many black nodes as
it does double edges. It therefore suffices to show that these subgraphs of Gg are of
one of the possible forms specified in the above list.
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Consider first the induced subgraph of Gg on node set [i;]. Since S is a facet, by
Lemma 3.1, we know that every edge in this subgraph is a double edge, and hence of
the form {(4,i+1),4+1} or {(i+1,4),4+1}. Since S cannot contain the leading term
of any fundamental binomial, it does not contain both z;, and ¥;,_1;,. Hence, this
subgraph must contain the double edge {(41,4; —1),41 — 141 }. Similarly, since S' cannot
contain the leading term of any zig-zag binomial, this subgraph cannot contain any
partially directed paths to the right. It follows that all double edges in this subgraph
are of the form {(i+1,7),4i+1}. Hence, Gg fulfills the first criterion in the above list.

Similarly, for the induced graph of G on node set {i;,4; +1,...,%+1}, we know
that the graph must be connected and contain exactly i;,1 —7; — 1 double edges by
Lemma 3.1. Hence, there is exactly one single edge in the graph. Suppose that this
edge is the leftmost edge (i.e. between ; and i; + 1). In this case, the edge may be
either ~~~ or —, but not < or —. To see that it cannot be <, note that this would
mean that the leading term of a fundamental binomial is contained in S. To see that
it cannot be —, note that, since all remaining edges in the subgraph must be doubled
(and hence include a -), it would follow that S contains the leading term of a zig-zag
binomial, which is a contradiction. In a similar fashion, all double edges must be of
the form {(i + 1,4),ii + 1}. Otherwise S would contain the leading term of a zig-zag
binomial.

Suppose now that the single edge in the subgraph is between i; +¢ and i; + ¢ +1
for some t > 1. By the same argument as the previous case, all remaining edges must
be double edges and all double edges to the right of i; + ¢+ 1 must be of the form
{(i+1,i),4 + 1}. We must also have that the double edge between i; and i; + 1 is
of the form {(i;,9; +1),4;i; + 1}, since otherwise S would contain the leading term
of a fundamental binomial. However, all double edges between i; + s and i; + s + 1
for 1 < s <t can be of either form {(¢ + 1,7),4 + 1} or {(¢,% + 1),4i + 1}, since the
single edge will interrupt any partially directed path to the right. Observe further
that the single edge must be of the form « or ~~, since any other option would
combine with the undirected edges and the directed edge between i; and i; +1 to
yield a partially directed path to the right terminating in a o. It follows that if S is a

facet, the corresponding induced subgraphs of Gs on the intervals {i;,4;+1,... %11}
for all j € [k — 1] are of the form in item (2) in the above list.
Finally, for the induced subgraph of G on node set {ig,...,n+ 1}, we know from

Lemma 3.1 that all edges are double edges and hence of the form {(i+1,7),ii+ 1} or
{(i,i+1),4i+1}. To avoid a subgraph forbidden by a fundamental binomial, we must
also have that the double edge between i) and iy + 1 is of the form {(i,7+ 1), + 1}.
However, since the path does not contain any o to the right of node iy, we are free to
choose the direction of the arrow in all remaining double edges. Hence, this subgraph
is of the form given in item (3) in the above list, which completes the proof. O

EXAMPLE 3.3. According to Theorem 3.2, the facets of the triangulation of C;, are
given by the following sixteen graphs:

oO—0—=o0 O~~0—0 O—O~~0 O~NA~ON~O

&—0—o0 <—0O~~~0O o—Cc—3e O~C—9

Oo—¢«—0 O—@~~0 O—e~—0 O~~@<—0
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Each of these graphs encodes the collection of vertices of the corresponding facet
in the triangulation of Cr,, from which we can recover the facet-defining equations of
the simplex and thereby compute the canonical form {2y, .

Since the triangulation is unimodular, it follows that the normalized volume of C;,
is given by the sum over all graphs G g that satisfy the properties listed in Lemma 3.2.
Using the decomposition of these properties into subgraphs, we can recover the for-
mula for the normalized volume of C;, given in [13].

COROLLARY 3.4. The normalized volume of Cy, is 4™.

Proof. We first deduce a formula for the normalized volume of C;, by enumerating the
facets of the triangulation using Lemma 3.2. Then we show that this formula reduces
to 4™,

To enumerate the facets via Lemma 3.2, we first pick a subset {i1,...,ix} of [n+1]
where we assume i1 < -+ < 9. Let S be a facet with Zg = {z;,,...,2;,}. There is
only one possible induced subgraph on node set [41]. The possible number of induced
subgraphs of Gg on node set {ig,ix +1,...,n+ 1} is the following

1, ifip=n+1,
277 if g <n+ 1.

Given an interval {i;,4; +1,...,7j.1}, the possible induced subgraphs on this interval
of Gs must contain a single edge between i; + s and i; + s + 1 for exactly one s ¢
{0,1,...,4j,1-7;—-1}. By Lemma 3.2 we always have two choices for this edge. Further,
by the same lemma, when s = 0, there are exactly two possible subgraphs of Gg on
this interval. For s > 0, there are 2° choices (including the choice of edge type for the
single edge). Hence, there are a total of

ij+1—ij—1 ij+1—ij—1
S S
2+ Y 2°=1+ > 27
s=1 s=0
=1+ (2975 1),
= 9lj+17%5

possible subgraphs for this interval. The number of facets S of the triangulation with
Zs ={41,...,1x} is then equal to

1(1‘1;6:—11 2ij+1—ij).1, if i, =n+1, B 2z’;€—i17 ifig=n+l,
L (M2 2bmi)2n=in . ifdp <m+ 1 |27, ifip<n+ 1.

Summing over all proper subsets of [n + 1], yields

n

Z 2n—min(Z) n Z 2n+1—min(Z) _ Z 2n—€ . 2n—€ i i 2n—€ . 2n+1—€ +1

@+ Ze2ln] Ze2[n] £=1 £=1
n-1 n-1
=Y 4423 4041
£=0 £=0
n-1
=3Y 441
£=0
n
= 34 L +1=4",
4 —
which completes the proof. O
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4. THE COSMOLOGICAL POLYTOPE OF THE CYCLE

We now consider the cosmological polytope C¢, associated with the n-cycle C,, i.e.
the graph with vertex set V = [n] and edge set F = {ii+1 : i€ [n]}, where i +1
is considered modulo n. Via a mild extension of the observations made in Section 3,
we can characterize the facets of a regular unimodular triangulation of C¢,, arising
from a good term order. This yields a method for computing the canonical form
Qc,, . Furthermore, we can enumerate these facets, yielding a closed formula for the
normalized volume of C¢, , which was previously unknown.

We use the notation introduced in Section 3. In particular, we represent sets of
variables S in R¢, with the graphs Gg. For the edge e = ii + 1 we also write y;;4+1
and y;4+1; for the corresponding y-variables. Just as in Section 3, we consider the
triangulation 7 of C¢, induced by a lexicographic term order with respect to the
following ordering of the variables

(5> Y12 > Y23 > Yn-1n > Ynl > Yin > Ynn-1 > """ > Y21 > 212 > -
> 2 in >t > > tlin > 21> > 2y

This term order is seen to be a good term order (see Definition 2.5).

With respect to such a term order, the leading terms of zig-zag binomials corre-
spond again to partially directed paths ending in a o, just as in Section 3. Note that
this is indeed true even more general for facets of the cosmological polytope of any
graph for any induced path (whose internal vertices have degree 2) with respect to
any good term order for which variables corresponding to one direction of the path
are greater than the ones for the other direction.

We must now also avoid the subgraphs corresponding to leading terms of cyclic
binomials. For cycle binomials, this implies that we must avoid subgraphs that are
directed cycles (both clockwise and counter-clockwise), such as

DS

Here, we note that no vertices are chosen. For cyclic binomials that are not cycle
binomials, since y;i+1 > yj41; for every ¢,j € [n] (with addition taken modulo n), the
leading terms will always correspond to partially directed cycles oriented clockwise,

such as
a 1\
6 2

) 3
Hence, we must avoid subgraphs that are partially directed cycles with a clockwise

orientation. The following theorem provides a characterization of the facets of this
triangulation in terms of these forbidden subgraphs.
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THEOREM 4.1. Let S be a subset of the generators of the ring Rc, and let Zg =
{Ziyy. ., 2, } where iy < <i. Then S is a facet of the triangulation of C¢,, corre-
sponding to the lexicographic order induced by (5) if and only if all of the following
hold:
(1) Zs + @,
(2) the induced subgraph of Gs on {is, iy +1,... 4441} is of the form described in
Theorem 3.2 (2) for all t € [k —1], and
(3) the induced subgraph of Gg on {ix,ir +1 mod n,...,i1} is of the form de-
scribed in Theorem 3.2 (2) where the right-most node is i1 .

Proof. Suppose that S is a facet of 7. Then |S| = 2n. If Zg = @, then by the forbidden
subgraphs arising from the fundamental binomials, we know that every edge in Gg is
a double edge consisting of an undirected edge together with a directed edge. This,
however, would imply that Gg contains a subgraph corresponding to the leading term
of a cyclic binomial, which is a contradiction. Hence, Zg # @. The fact that conditions
(2) and (3) hold follows from the specified variable ordering and the arguments given
in the proof of Theorem 3.2.

Similarly, the converse follows from the arguments given in the proof of Theo-
rem 3.2, with the additional observation that the specified paths between any two
white nodes contains a single edge and these single edges prevent the existence of
clockwise partially directed and directed cycles. O

Similar to the results in Section 3, we can use the characterization in Theorem 4.1
to enumerate the facets of the triangulation and derive a closed formula for the nor-
malized volume of C¢,. The resulting formula appears as sequence A020522 in the
Online Encyclopedia of Integers Sequences [18].

THEOREM 4.2. The cosmological polytope of the n-cycle C,, has normalized volume
Vol(Ce, ) =4™ - 2".

Proof. Let S be a facet of the triangulation 7 described above and Zg = {z;,,..., 2, }
where i1 < -+ < ig. Then the induced subgraph of Gg on {ig, ..., %041 mod k) for 1 <€ <k
is of the form described in Theorem 3.2 (2). By the proof of Corollary 3.4 there are
2ie+1 mod k=i pogsible subgraphs for this interval which gives H?;l 2ie+1 mod k—te = on
possible graphs Gg with a prescribed set of white vertices. Varying the latter over
all non-empty subsets of the vertices, we get a total of (2" — 1)2" = 4™ — 2" possible
subgraphs Gg. It remains to verify that none of these subgraphs contains a clockwise
partially oriented cycles or a completely oriented cycle. To see this, it suffices to note
that if any induced subgraph on {is,...,%+1 mod x} for 1 < £ <k is of the first three
types in Theorem 3.2 (2), then the unique single edge already prevents the existence
of such a cycle. However, if all considered subgraphs are of the fourth type then none
of the variables 9,41 mod n is present. Hence, Gg neither contains a clockwise partially
oriented cycle nor a completely oriented cycle. This finishes the proof. O

5. THE COSMOLOGICAL POLYTOPE OF A TREE

The description of the facets for a regular unimodular triangulation arising from a
good term order for the path in Section 3 can be extended to any tree. To do so, we
first specify a good term order associated to an arbitrary tree T on node set [n + 1]
that generalizes the term order used in Section 3.

Fix a leaf node r of T" and consider a planar embedding of T" in which r is located
at the origin and the vertices at distance d from r in T are located at (d,y) for some
y € Z. We let <, denote the total order on the vertices of T' given by reading the
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vertices from left-to-right, top-to-bottom, with the first vertex you read being the
smallest in the order. A total ordering < on the edges of T is analogously given by
reading the edges from left-to-right, top-to-bottom.

Using these orderings, we can then define a total order < of the variables y;;, 2i;,
t;; and z; such that

(1) I (i,5), (s,¢) € E(T) and (i, j) < (s,¢t), then
® Yij > Yst,
® Yis > Yji,
® 2 > zg, and
o tij >y,
—
(2) If (4,5),(s,t) € E(T), then
° yij > Yts,
® Yij > Zst,
® Yji > Zst,
® yij > tst,
(3) If i <, j, then z; > z;.

Yji > tsta ® Zij > Zs,

Yij > Zs, o ;i > zs, and
Yji > Zs,

Zij > tst,

This variable ordering is seen to generalize the variable ordering (4), and the asso-
ciated lexicographic term order on the monomials in Ry is a good term order. Hence,
by Corollary 2.11, we obtain a regular unimodular triangulation 7 of Cr.

Note that the total ordering <, induces a directed version of T in which an edge
between two adjacent nodes 4, j in T is oriented as ¢ — j if and only if i <. j. A floret
in this directed tree consists of a node ¢ and all of its children, i.e. the nodes j such
that ¢ — 7 is an edge of the tree. Using this definition, we note the following property
of the chosen edge ordering of T'.

LEMMA 5.1. Suppose that i <, j, and let = {i1ia,...,ix-1i%} be the unique path in T
between i1 =1 and iy = j. Then (ia,i1) < (4k-1,0k)-

Proof. Note first that since 7 <, j, the distance from r to j in T is at least the
distance from r to ¢ in 7. Suppose that these two distances are equal. Let o =
mine {i1,...,9}, and let 7 and 7o be the unique path between i; and « and i
and o, respectively. We index w1 as w1 = {i0191,1,%1,192,1,--,%¢-1,191,1} and 7o as
o = {io,gil,g,il,gil% e ,it_l,git,g} where 2.0’1 = ’L'()’g =Q, it,l = il and it,2 = ik. Observe
that 71 and w9 have the same length since 7 and j have the same distance from r.

We claim now that i1 <, ;2 for all j =1,...,t. To see this, suppose for the sake
of contradiction that there exists a j for which ¢;; >, i;.2. Then the floret for i; has
its children ordered before that of i; ;. This implies that 4;.+1,2 > ¢j41,1. Iterating this
argument implies that ¢ = ;1 >, ;2 = j, which is a contradiction. Hence, 7;1 <, 7;2
for all j=1,...,t. It follows that

(i2,11) = (G4-1,1,9¢,1) < (4¢-1,2,%¢,2) = (=1, k),

as desired.

Now suppose that the distance from r to j in T is strictly larger than the distance
from 7 to ¢ in T. Then 7 contains only nodes of distance at most ¢ from r and mo
contains a node at distance ¢ + 1 from 7, for minimally chosen t. By the chosen edge
ordering, the edge in 7 from the node at distance ¢ to the node at distance t + 1
is larger than all edges in m;. This edge is also seen to be equal to, or smaller than
(ig-1,%x ), which completes the proof. O

For each edge ij € E(T) the fundamental binomials in By imply that if S is a
subset of the generators of Ry corresponding to a face of 7, then the graph Gg does
not contain any of the subgraphs listed in (3).
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Similarly, the zig-zag binomials in Bp imply that the graph Gg must not contain
certain subgraphs along paths if S is a face of 7. These subgraphs generalize the
partially directed increasing paths from Section 3 and are defined as follows:

Let 41,1 be vertices of T such that iy <, iy, let m = {i142,4i2i3,...,9k-1ik} be the
unique path in T between i1 and ik, and let @ = minc {i1,...,7;}. Further let m; and
mo denote the subpaths of m between i; and « and i and «, respectively. Given the
ordering of the variables above, the leading terms of any zig-zag binomial for a zig-zag
pair on 7 have associated graphs being one of the following:

(1) Partially directed paths toward i; ending in o that include a directed edge on
w1 pointing toward 7.

(2) Partially directed paths toward ij ending in o that include an edge directed
toward 7 on 7, and

(3) Partially directed paths toward i; ending in o with all edges on o directed
and all edges on m; undirected.

Observe that the paths in (2) include the paths excluded by the leading terms of
zig-zag binomials for the path in Section 3 by taking i; = . To see that these three
options contain all possible leading terms of zig-zag binomials, consider a zig-zag
pair (E1, E3) on the path m, where E; are the edges directed toward iy and Eo are
the edges directed toward i,. If either F contains edges on 7o or Fo contains edges
on 71, then under the given variable ordering one of the y-variables represented by
these edges is the largest. Hence, under the given term order the leading term of the
associated zig-zag pair is represented by a graph of type (1) or (2).

On the other hand, if F; is all the edges on m; and Fs is all the edges on o,
then by Lemma 5.1, the leading term is given by the y-variables in E5. Hence, such
a zig-zag pair is represented by the graphs in (3) listed above.

We call these paths zig-zag obstructions. Zig-zag obstructions of the form (i) for
1=1,2,3 are called zig-zag obstructions of type 1.

EXAMPLE 5.2. In Figure 2 we see four graphs. The first three each contain a zig-zag
obstruction of type 1, 2, and 3, respectively, when considered from left-to-right. The
second graph, which highlights in red a zig-zag obstruction of type 2 also contains
three additional zig-zag obstructions (of the same type). These are given by replacing
exactly the one of the directed edges with its undirected version, or alternatively
considering the subgraph of the red edges where we forget the least of the two directed
edges. The rightmost graph depicts a graph that contains no zig-zag obstructions.

For the chosen term order, we can further reduce the Grobner basis identified for
Ir. Consider paths of the form 7 = {i1,...,i;} in which 4y <, i3 < -+ < i,. We define
a simple zig-zag pair of type 1 as zig-zag pair (E1, Ey) where Ey = {i; — iz} and
Es = {it;1 —>i; : t€{2,...,k—1}}. Consider also paths of the form 7 = {i1,42,...,ix}
in which i; <, ¢; for all j =2,..., k-1 but iy <, ix. Let o = min {41,...,4;}, and
take 71 and 7o as before. A simple zig-zag pair of type 2 is a zig-zag pair (F1, Es) on
this path where F; consists of all edges on 7 oriented toward a and Fs consists of
all edges on 7y oriented toward a.

LEMMA 5.3. Let T be a tree. The leading term of any zig-zag binomial under the
lexicographic order on Rp corresponding to < is divisible by the leading term of a
stmple zig-zag binomial.

Proof. Under the given term order, the leading term of the zig-zag binomial for a
simple zig-zag pair is graphically represented by a partially directed path from i, to i
in which the first edge i1 — 75 is directed toward i and all other edges are undirected,
plus a symbol for the variable z;,. Given a zig-zag binomial whose leading term is
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FIGURE 2. The first three graphs are, respectively from left-to-right,
examples of zig-zag obstructions of type 1, 2 and 3 with the obstruc-
tion depicted in red. The rightmost graph is an example of a graph
that contains no zig-zag obstructions. The order <, is the natural
order on the vertex set.

represented by a zig-zag obstruction of type 1, the associated path 7 = {i1,...,ix} is
such that the subpath 7 contains at least one directed edge pointing toward i;. Pick
the edge i5; < 1541 of this form on m; with s minimal. The remaining edges between
this edge and 4; must be undirected, and hence the subpath on {i1,...,is} is the
graphical representation of the leading term of the zig-zag binomial of a simple zig-
zag pair of type 1. Hence, the leading term of this zig-zag binomial is divisible by the
leading term of a zig-zag binomial of a simple zig-zag pair. The same argument shows
that all zig-zag binomials whose leading terms are represented by zig-zag obstructions
of type 2 are also divisible by the leading term of some zig-zag binomial for a simple
zig-zag pair of type 1.

For zig-zag binomials whose leading terms are represented by zig-zag obstructions
of type 3, the subpath {i1,...,% = a,4t41,...,15}, where i5 is the first node on o
larger than 4; under <,, is the graphical representation of the leading term of a zig-
zag binomial for a simple zig-zag pair of type 2. This follows from Lemma 5.1. Hence,
all such zig-zag binomials also have leading terms divisible by the leading term of a
zig-zag binomial for a simple zig-zag pair. This completes the proof. U

Let S be the subset of variables in the leading term of a zig-zag binomial for a
simple zig-zag pair of type 1. We call the graph Gg a simple zig-zag obstruction of
type 1. We similarly define simple zig-zag obstructions of type 2.

EXAMPLE 5.4. The zig-zag obstructions in the first and third graphs in Figure 2 are
both simple (of type 1 and 2, respectively). On the other hand, the zig-zag obstruction
in the second graph is not simple, but contains a simple zig-zag obstruction of type 2
as a subgraph. This obstruction is given by deleting the first of the two directed edges
from the graph. Such subgraph inclusions correspond to the divisibility of leading
terms as seen in the proof of Lemma 5.3.

Since T is a tree on vertex set [n + 1], the dimension of Cr is |V|+ |E| -1 = 2n.
By Lemma 5.3, a characterization of the facets of the triangulation 7 of Cr given by
the specified good term order consists of all subsets S of the variables generating Rp
with |S] = 2n + 1 for which the graph Gg contains no fundamental obstructions and
no simple zig-zag obstructions.
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(a) A tree T. (b) The graph Gs.

FIGURE 3. A tree T and the graph Gg for a subset S of the variables
in the ring Ryp.

In the following, we say that two nodes 4, j in a undirected graph G = (V, E) are
connected given a subset C c V if there is a path m = {i1is,...,ik_1ix} in G such that
i1 =1, i = 7 and is,...,15-1 ¢ C. We say a subset of vertices B of G is mazimally
connected given C' if all vertices in B are connected given C' and there is no pair
of vertices i € B and j ¢ B such that i and j are connected given C. For a tree T
and subset S of variables in Rr, we let 6&1, .. ,551 »m denote the induced subgraphs
of Gs on the maximally connected subsets of T' given 35. We call the collection of
graphs 55,1, .. ,5571\4 the Zg-components of Gg.

REMARK 5.5. One can intuitively think of the Zg-components as the collection of
subgraphs obtained in the following way: Delete all vertices from the set Zg to obtain
a collection of disjoint subgraphs of GG. To each subgraph, add back in any adjacencies
it had to elements in Zg. For the special case that two nodes i, j € Zg are adjacent in
G, we include a graph in our Zg-components that is exactly the edge between i and
J-

Recall from Proposition 2.13 that the support graph of Gg for S a facet of the
triangulation of Cr is the tree T'. Hence, the support graph of each ésyj is a subtree
of T. In the following, we will want to refer to certain subgraphs of Gg; that are
induced subgraphs of és,j on the vertex set of the corresponding induced subgraphs
of T'. For instance, although a vertex ¢ in @5, ; may have degree greater than 1, we will
call it a leaf node of G ; if it is a leaf node in the support graph of G ;. Similarly, we
may refer to a subgraph of 537]' as a path in 537]' if it is the induced subgraph of 657 j
on the node set of a path in its support graph, despite the fact that it may include
multiple edges between the same pair of vertices. This mild abuse of terminology
should, however, be clear from context. As a first example, we call the graph és,j
Zg-bounded if all leaf nodes of és,j are in 3g. Otherwise, we call it Zg-unbounded.

EXAMPLE 5.6. Consider the tree T and the graph Gg depicted in Figure 3a and
Figure 3b, respectively. For Gg, we have that

35 ={6,7,10,11,13,14,21,22, 23,24, 25}.

The natural order on the vertex set is taken for <,., where r = 1, under which we see
that Gg contains no fundamental obstructions and no simple zig-zag obstructions.
From Gg we also see that |S| = 2n+ 1, where n = 24, and so it follows that S is a facet
of the triangulation 7.

The graph Gg has the Zg-components depicted in Figure 4, in which the two
leftmost graphs are Zg-unbounded and the remaining ones are Zg-bounded.

Algebraic Combinatorics, Vol. 8 #4 (2025) 1160



Triangulations of cosmological polytopes

S
Wé‘/

FIGURE 4. The Zg-components of the graph Gg in Figure 3b.

To analyze the graphs Ggs; it will be helpful to have a notion of separation of
vertices by edges. Given a graph G with vertex set V and edge set E, we say that the
subset of nodes A c V are separated by the subset of edges B c E if for every pair of
nodes i, j € A all paths in G from i to j include an edge in B. Note that the set B is a
cut-set for which the associated cuts each contain a single vertex in A. The following
lemma will be used.

LEMMA 5.7. Let T be a tree with set of leaf nodes A. If the set A is separated by B,
then |B| > |A] - 1.

Proof. Note that if B is a set of edges separating the leaf nodes A of the tree T
then deleting the edges in B from T results in a forest with at least |A| connected
components such that no two leaves of T are in the same component. This is because
removing a single edge from a forest always increases the number of connected compo-
nents by exactly 1. Hence, to get |A| connected components that each contain a unique
leaf node we must remove |A| - 1 edges, which proves the desired lower bound. O

LEMMA 5.8. Let T be a tree with set of leaves A and let B be a set of edges in T
that separate A. If |B| = |A| -1, then for each edge e € B there exists a unique pair of
vertices 1,7 € A such that B separates i and j but B\ e does not.

Proof. By Lemma 5.7 the set B is a minimal separating set for A. Hence, removing
a single edge e = st € B from B connects at least one pair of leaves of T'. Suppose we
connect two pairs of leaves, say ,j and k,£. Then, without loss of generality, ¢ and
k and j and ¢ are, respectively, on the same side of the single edge e, i.e. they are in
the same connected component given by deleting the edge e. Say j and ¢ are in the
component containing ¢ and ¢ and k are in the component containing s.

Since T is a tree there is a unique path between ¢ and k, and this path must be
the concatenation of the paths between 7 and s and k and s. Since this path does not
contain e, it must contain another edge e’ € B. Without loss of generality, suppose €’
lies on the path between i and s. This contradicts the assumption that removing e
from the separating set connects ¢ and j, which completes the proof. 0

We say that an edge e critically separates a pair of nodes i and j in a graph
G = (V, E) with respect to B c E if B separates i and j but B\ e does not. Lemma 5.8
states that if G is a tree with set of leaf nodes A and B separates A with |B| =|A|-1,
then each edge in B critically separates a unique pair of leaf nodes in G. For a fixed
tree T, we let m; = |V (Gs,;) N 3s|. The following generalizes Lemma 3.1 to arbitrary
trees.

LEMMA 5.9. Let T be a tree on node set [n+1] and let S be a facet of the triangulation
of Cr. If 35 = {1 <p - <p ins1-k} it follows that
(1) Gs contains exactly k double edges,
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2) Gg.; contains exactly m; — 1 single edges for all j € [M].
J J

Proof. We first show that (1) holds. Since S is a facet and dim(Cr) = |V (T)|+|E(T)|-
1 = 2n, we have |S| = 2n + 1. Suppose now that |3s| = n — k + 1. We know that the
support graph of Gg equals G by Proposition 2.13, and hence Gg contains at least
n edges. Since [3s|+n =2n-k+1 and |S| = 2n + 1, and every edge in Gg is either a
single edge or a double edge, it follows that Gg contains exactly k double edges.

It remains to see that (2) holds. Consider first the case when Gg ; is Zg-bounded.
Let n; = |[V(Gs;)|. We claim that there are at most n; — m; double edges in G j;
equivalently, there are at least m; — 1 single edges in G ;. To see this, note that the
single edges in 55’j must separate all nodes in V(ég’j) N 3s. That is, the edges in
the support graph of éS,j corresponding to the single edges in és,j must separate
the leaf nodes of the support graph. Otherwise, there is at least one simple zig-zag
obstruction in Gg, which would contradict S being a facet.

To see this claim, assume otherwise. Then there is a pair of vertices iy, i, € V(Gg )N
35 such that the unique path = = {i1ia,...,ik-1ir} in T between i; and i, contains
only double edges in és,j- Suppose without loss of generality that i; <, ig. Since
i1,1k € 35, we know these nodes are o nodes in Gg. Let a = ming_{i1,...,i;}, and let
m, and mo denote the subpaths of m between i1 and « and i and «, respectively. If
there is a directed arrow pointing toward i; or iy, respectively on 71 or mo then Gg
contains a zig-zag obstruction of type (1) or (2), and hence contains a simple zig-zag
obstruction of type 1. This, would contradict S being a facet. Thus, all directed edges
on 7w must be directed toward a. However, this implies that Gg contains a simple
zig-zag obstruction of type 2, which is again a contradiction.

Thus, no such paths of double edges exist, and we conclude that the single edges
must separate the nodes in V(Gg ;)N 3s. Since T is a tree, we require at least m; — 1
such single edges in G ; by Lemma 5.7. Similarly, if G ; is Zg-unbounded, we can
consider the induced subgraph of 65, ; by all nodes on the unique paths in T between
the vertices in V(ésﬁj) N 3g, and the same argument applies as in the Zg-bounded
case. Hence, there are at least m; — 1 single edges in G ; and at most n; —m; double
edges.

We now claim that there are exactly m; — 1 single edges in Gg ;. By our choice
of Grobner basis, the graph éS,j also corresponds to a facet of the triangulation of
the cosmological polytope of the support graph T’ of és,j. Since T” is a tree on n;
vertices, and since |V (Gs ;) N 35| contains m; vertices, we know from (1) that G
must exactly contain n;—m; double edges. Equivalently, it must contain exactly m;—1
single edges, which completes the proof. O

In the proof of Lemma 5.9 we use the fact that the set of single edges in a Zg-
component 65’ ;j corresponds to a set of edges in the support graph of the component
that separates its leaf nodes. In the following, we will simply say that a set of edges in
a Zg-component separates a set of nodes A if the corresponding edges in the support
graph separate A.

By definition, each of the Zg-components éS,j has a unique minimal node rg ;
under the vertex ordering <,. This node is the root of the induced subgraph of T on
the vertex set V(Gs,;). A root-to-leaf path in this subtree is a path connecting the
root node rg ; to a leaf node i. We can consider the induced subgraph on the node
set of such a path in the graph @S’j. For simplicity, we refer to such a subpath as a
root-to-leaf path in és,j, noting that it may contain multiple edges. When we refer
to a leaf-to-root path we imagine reading such a root-to-leaf path backwards from the
leaf to the root node.
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For each node i € V(Ggs ;)N (35~ {rs,;}) consider the first single edge encountered
along the leaf-to-root path from i to rs; in Gg ;. By Lemma 5.8, this edge critically
separates a unique pair of vertices s,t € V(Gg ;) N 3s (with respect to the set of
single edges in ésyj). Moreover, it can be seen by applying a similar argument as
in the proof of Lemma 5.8 that one of these two vertices must be i, say s = i. Let
7w = {i142,...,ix-11x} denote the unique path in T between ¢ and ¢, and let o =
mine, {i1,...,ix . We call the path between a and i the threshold path for i. If we
take i =i, and « = iy for some t € [k] in 7, we see that i; <, 111 <, - <, ix; that is, the
threshold path for ¢ is a decreasing path from 7 to o under the ordering <,.. It follows
that the threshold path for i always contains the unique single edge on 7 separating
7 and t as the leaf-to-root path used to define the threshold path is also decreasing.

If i <,. t it follows that the threshold path is the path my, and if ¢ <, 7 it is m5. In
the former case, we say the threshold path is type 1, and we say it is type 2 in the
latter case. A threshold path of type 1 is blocking if the portion of the path between 4
and the first single edge consists only of undirected edges paired with directed edges
pointing away from ¢ and the single edge is a directed edge pointing away from i or a
~~. A threshold path of type 2 is blocking if the portion of the path between i and the
first single edge consists only of undirected edges paired with directed edges pointing
away from ¢ and one of the following holds:

(1) The single edge is undirected and all directed edges on the threshold path
point away from ¢, or

(2) the single edge is ~~, or

(3) the single edge is a directed edge pointing away from ¢ and at least one directed
edge on the portion of the path between a and this single edge points toward
i.

EXAMPLE 5.10. We consider some examples of threshold paths in the rightmost Zg-
component for the graph Gg in Example 5.6. For instance, the threshold path for the
vertex 22 in this Zg component is

The unique edge on the leaf-to-root path from 22 to r = 1 has first single edge the
undirected edge between vertices 13 and 16 depicted here. This edge critically sep-
arates the two nodes 13,22 € 35 (with respect to the set of all single edges in the
Zg-component), and hence the threshold path for 22 is the entire path in the Zg-
component between 22 to 13. Since 13 <, 22, this is a threshold path of type 2. We
see that it is blocking since it satisfies (1).

As a second example, consider the leaf node 25 in the same Zg-component. The
first edge on its leaf-to-root path is a single edge. This edge critically separates nodes
22,25 € 35. The path between these nodes is depicted on the left in the following, and
the threshold path for 25 is depicted on the right:

==
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(a) A Zg-component of the graph Ggs in (b) The Zs-component in Figure 5a with
Figure 3b. one edge direction reversed.

F1GURE 5. Examples and non-examples of partially directed branch-
ings. An example of a partially directed branching appears in red.

Since 22 <,. 25, the threshold path for 25 is also type 2, and we see that it is blocking
by (2).

As a third, and final example, consider the root-to-leaf path from node 21 in the
same Zg-component. As the first edge on this path is a single edge which critically
separates nodes 21 and 22, we have that the path between nodes 21 and 22 is that
depicted on the left, and the threshold path for 21 is that depicted on the right:

e

Since 21 <, 22 this is a threshold path of type 1, which is seen to be blocking since
the single edge is a ~~.

We will use the notion of blocking paths in our characterization of the facets of the
triangulation of Cr. We additionally require one more type of path. Given a node ¢
of the graph T we say that a node j covers i if i <, j and no node along the unique
path from j to r in T is larger than . Let m = {i1ia,...,ik-1ik } be the unique path in
T between i and j and let @ = mine {iy,...,ix}. A partially directed branching from
j to i is a partial orientation of 7 such that all edges along the path between ¢ and «
are undirected and all edges along the path between j and « are directed toward «.

EXAMPLE 5.11. We consider the Zg-component depicted in Figure 5a for the graph
G in Figure 3b. The node 23 is covered by nodes 24 and 25. We see from inspection
of the graph that there are no partially directed branchings in this Zg-component
from 24 to 23 nor from 25 to 23. However, if we were to reverse the direction of the
edge between nodes 16 and 18 we would then have a partially directed branching from
24 to 23, as depicted in red in Figure 5b.

The following theorem characterizes the facets of the triangulation of Cp for T a
tree under the specified good term order.

THEOREM 5.12. Let S be a subset of generators of Ry where T is a tree on node set
[n+1]. Let @5,1, ... ,5571\/1 be the Zg-components of Gg. The set S is a facet of the
triangulation T of Cp corresponding to a lexicographic order induced by the order < if
and only if the following hold:

(1) Gg is connected,
(2) Gg contains only single and double edges, where all double edges are of the
form
= or P
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(3) For all j €[ M]
(a) Gs,; contains ezactly |V (Gs,;) n3s|—1 single edges,
(b) for allieV(Gs,;)n (3s~{rs;}) the threshold path for i is blocking,
(c) forallieV(Gs;)n(3s~{rs}) there are no partially directed branchings
to i from a node that covers i, and

(d) ifrs,; € 3g, then the edges incident to it are either a single ~~, a single
undirected edge, or an undirected edge together with an edge directed away
fromrg;.

Proof. Assume first that S is a facet. By Proposition 2.13 we know that (1) is satisfied.
By Lemma 2.12, (2) is satisfied. By Lemma 5.9 we know that (3)(a) is also satisfied.

To see that (3)(b) holds, consider a leaf-to-root path from i € V/(Gs ;)n(3s~{rs;})
and the portion of this path up to and including its first single edge. We note that this
is a subpath of the threshold path for i. Since S is a facet, all edges before the single
edge are double, and by (2) they are of the specified form above. Since the path is
leaf-to-root, then reading its vertices from the single edge out toward 7 is an increasing
sequence of nodes under the ordering <,.. Hence, if any of these double edges contains
an arrow pointing toward i, then Gg would contain a simple zig-zag obstruction of
type 1, which is a contradiction to .S being a facet.

Consider now the unique pair of vertices in V(Gg ;) n 35 separated by the single
edge on this path, one of which is ¢ and the other of which we denote by . Denote this
path by 7, and consider its associated a-value, and the two paths m; and ms between
«a and 7 and « and t. Here, we let m; denote the path between o and the least of the
two vertices ¢ and ¢ under <,, and 7o denote the path between a and the largest of
the two. Note that the single edge is always on the path m; or 7y that contains .
Since the given single edge is the unique separator of ¢ and ¢, we know that all other
edges on this path are double and of the form specified in (2). If i <, ¢ and the single
edge is on m; (the path from the least of the two nodes i and t to «) then w5 must
consist of only double edge directed toward a. Otherwise, Gg would contain a simple
zig-zag obstruction of type 1. Since all edges on m; are also double edges except for
the single edge, Gs would contain a simple zig-zag obstruction of type 2 if the single
edge were undirected. Since it would contain a simple zig-zag obstruction of type 1 if
the edge were directed toward ¢, the only valid options are a ~~ or an edge directed
toward a. Hence, the threshold path for i is of type 1 and blocking.

On the other hand, if ¢ <, 7, then the unique single edge on the path between i and
t would lie on 7 (i.e. the path from the largest of the two nodes i and ¢ to «). Hence,
all edges on m; are double and directed toward « to avoid simple zig-zag obstructions
of type 1. We note that the single edge cannot be a directed edge toward i as this
would lead to a simple zig-zag obstruction of type 1 as well. If the edge is undirected,
then Gg contains no simple zig-zag obstructions of type 1 only if all directed edges
on mo point toward a. If the single edge is ~~, all directed edges between the single
edge and ¢ must point toward «. Finally, if the single edge is directed toward « there
must be at least one directed edge between a and the single edge pointing toward
i. Otherwise, Gg would contain a simple zig-zag obstruction of type 2. Hence, the
threshold path must also be blocking in this case. Therefore, (3)(b) holds for S a
facet.

To see that (3)(c) holds, note that if there was such a partially directed branching
then Gg would necessarily contain a simple zig-zag obstruction of type 2, a contra-
diction to S being a facet.

To see that (3)(d) holds, note that any other choice of edge configuration at rg ;
would imply that G g contains a fundamental obstruction. Hence, the listed conditions
are all satisfied if S is a facet of the triangulation.
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Conversely, suppose that the listed conditions are satisfied by S. Let |Zg| = n+1-k.
We will show now that (3)(a) implies that Gg contains exactly k double edges. Since
Gy is a connected graph on vertex set [n + 1], it contains at least n edges. If exactly
k of these edges are double then |S| = 2n + 1, which is the correct dimension for S to
be a facet. To see this claim, assume (3)(a) holds, i.e. assume that each G ; contains
exactly m; -1 single edges, where we let m; = |V (Gs,;)n3s|- We induct on the number
M >1 of Zg-components in GGg. The result is seen to hold in the case that M =1, as
in this case mj; —1 = (n+1-k) - 1. Suppose now that the result holds for G with
at most M —1 > 0 Zg-components, and consider Gg with M Zg-components. Since

M > 1, there is at least one Zg-component containing a sink node of T that does not
contain the root node r. Suppose this component is és,j and that its support graph
has n; edges. Note that rg ; is necessarily a o node, as rg ; # r.

We then have that the subgraph of T given by deleting all edges of the support
graph of G ; is a tree containing n—n; edges. Since Gs ; does not contain r and does

contain a sink node of ?7 deleting all vertices in V(és’j )~{rs,;} and all edges incident
to these vertices from Gg, results in a graph ég that contains n+1-k-(m; -1) =
(n+1-k)—m;+1 o nodes. By the inductive hypothesis, Gz contains (n+1-k)—m;
single edges. By assumption, égd- contains m; — 1 single edges. Hence, Gs contains
n — k single edges, or equivalently, £ double edges.

Since |S| = 2n+1, which is the correct size for S to be a facet, it only remains to see
that the set S contains no fundamental obstructions or simple zig-zag obstructions.
The fact that Gg contains no fundamental obstructions follows from (2) together
with (3)(d) and (3)(b) (when we consider the definition of blocking). The fact that
Gs contains no simple zig-zag obstructions follows from (3)(b) and (3)(c), which
completes the proof. O

REMARK 5.13. The graphs characterized in Theorem 5.12 give an explicit vertex rep-
resentation of the facets of a subdivision of Cr. Since each facet is a simplex, this can
be readily converted to a hyperplane representation which gives the denominator of
the canonical form (2). Since each facet is further a unimodular simplex, the numer-
ator of its canonical form is +1 (see [14, Section 1]). Hence, Theorem 5.12 gives an
algorithm for the computation of the canonical form of Cr for any tree T via (1).

6. OPEN PROBLEMS

We conclude with a few problems of interest left open by the article. As we worked out
in the case of cycles and trees, a combinatorial analysis of the Grébner basis presented
in Section 2 reveals an explicit facet description for the corresponding triangulation.
Moreover, one of the features of having a regular unimodular triangulation is that
the computation of the volume can be reduced to counting the facets. It would be
interesting to push this understanding further.

PROBLEM 6.1. Obtain a facet description for a regular unimodular triangulation of
the cosmological polytope of more general families of graphs. Can the volume of the
cosmological polytope of an arbitrary graph be expressed in terms of elementary graph
invariants?

Since the initial release of this paper, additional progress has been made on Prob-
lem 6.1. In [15], a facet description of a good triangulation of Cg for G' the complete
bipartite graph K ,, was deduced and used to compute the normalized volume for-
mula Vol(Cg,,,) = 12™(1 + (m/3)). Facet descriptions for good triangulations and
normalized volume formulas for G a multitree or multicycle were also given in the
follow-up paper [6].
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From a combinatorial viewpoint one is typically interested in finer invariants than
the volume of a lattice polytope. One popular instance is the h*-polynomial; that is,
the univariate polynomial with integer coefficients which arises as the numerator of the
Ehrhart series of a lattice polytope (see for instance [4, Chapter 3]). As an example,
we observed experimentally that the h*-polynomial of the cosmological polytope of
a tree on n + 1 vertices equals h*(¢) = (1 + 3t)™. This has since been proven (and
generalized) in the follow-up paper [6]. However, the following problem remains open
for general graphs.

PROBLEM 6.2. Find formulas for the ~A*-polynomial of a cosmological polytope Cg in
terms of graph invariants of G.

Finally, since, as we commented in the introduction, the computation of the canon-
ical form of a polytope can be reduced to computing the canonical forms of the facets
of any triangulation, we propose the following problem:

PROBLEM 6.3. Describe (lattice) triangulations of cosmological polytopes with the
minimum number of facets.

Corollary 3.4 shows that a unimodular triangulation of Cg for G a path graph with
n edges has 4" facets. However, this number of facets is far from minimal. As described
in the following remark, for any tree G on n edges, there exists a triangulation of Cq
having 2"7! facets. Regarding Problem 6.3, it remains to show there is no (lattice)
triangulation of C with fewer facets.

REMARK 6.4. A tree G can be constructed iteratively, where at each step in the
iterative construction we add a new leaf node j attached by an edge to a node i already
in the tree. Letting G be a tree and G +ij denoting the tree produced by such a leaf
addition to G, we have that Cgy;j = conv(CoU{z,;+x;— i, —Tj+T; +Tij, Tj—Ti+Tij }).
The addition of only the first two of these additional three lattice points amounts to
taking a bipyramid over Cg. Then adding in the additional third lattice point realizes
Cg+ij as a pyramid over this bipyramid (see [13, Proposition 4.1]). A triangulation T¢
of C¢ induces a canonical triangulation of the bipyramid with twice as many facets
as Tg, and this triangulation induces a canonical triangulation of the pyramid, also
with twice as many facets as Tg. Since the cosmological polytope of a single edge is
a 2-dimensional simplex, it follows inductively that for G a tree on n + 1 vertices, Cg
admits a triangulation with 27! facets.
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