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Cluster monomials in graph Laurent

phenomenon algebras

Guilherme Zeus Dantas e Moura, Ramanuja Charyulu
Telekicherla Kandalam & Dora Woodruff

ABSTRACT Laurent phenomenon algebras, first introduced by Lam and Pylyavskyy, are a gen-
eralization of cluster algebras that still possess many salient features of cluster algebras. Graph
Laurent phenomenon algebras, defined by Lam and Pylyavskyy, are a subclass of Laurent phe-
nomenon algebras whose structure is given by the data of a directed graph. In this paper, we
prove that the cluster monomials of a graph Laurent phenomenon algebra form a linear basis, as
conjectured by Lam and Pylyavskyy and analogous to a result for cluster algebras by Caldero
and Keller. We also prove that, if the graph is a bidirected tree, the coefficients of the expansion
of any monomial in terms of cluster monomials are nonnegative.

1. INTRODUCTION

Fomin and Zelevinsky [4] introduced cluster algebras, which have since been recog-
nized as rather ubiquitous in mathematics. Originally introduced as a combinatorial
model for total positivity, cluster algebras are relevant to Teichmiiller theory [2],
triangulated surfaces [3], Lie theory, representation theory of quivers, and Poisson
geometry [5], to name some examples.

Broadly, in a cluster algebra, a set of generators called the cluster variables are
organized into sets called clusters. A seed consists of a cluster and an exchange poly-
nomial for each cluster variable in the cluster. These exchange polynomials are always
binomials in the variables of the cluster and define a procedure for mutating a seed
into a different seed.

The Laurent phenomenon is a remarkable property of cluster algebras. It states
that any cluster variable can be expressed as a Laurent polynomial when written as a
rational function in any cluster. Motivated by this property, Lam and Pylyavskyy [6]
defined Laurent phenomenon algebras. Laurent phenomenon algebras are generaliza-
tions of cluster algebras in which the exchange polynomials are no longer required
to be binomials. Lam and Pylyavskyy [6] show that in their setting, the Laurent
phenomenon still holds.
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Lam and Pylyavskyy [7] also studied a specific class of Laurent phenomenon al-
gebras called graph Laurent phenomenon algebras. In a graph Laurent phenomenon
algebra, the exchange polynomials are linear polynomials determined by some directed
graph I'. Lam and Pylyavskyy [7] provided an explicit combinatorial description of
the cluster variables and clusters of a graph Laurent Phenomenon algebra A, (see
Subsection 2.8).

The main result of this paper is Theorem 1.1, which confirms a conjecture by [7,
Conjecture 7.3a] that the cluster monomials form a linear basis of Ap.

THEOREM 1.1. Let I' be a graph. The cluster monomials of the graph LP algebra A
with coefficient ring R form a linear basis of Ar over R.

Theorem 1.1 is motivated by an analogous fact about cluster algebras: Caldero
and Keller [1] proved that cluster monomials form a linear basis in finite type cluster
algebras.

The proof of Theorem 1.1 is split into two parts. First, we establish the linear
independence of cluster monomials in a graph LP algebra, as stated in Theorem 3.1.
Second, we demonstrate that cluster monomials in a graph LP algebra form an R-
linear spanning set, as stated in Theorem 4.1.

Lam and Pylyavskyy [7] also propose Conjecture 1.2, a stronger version of The-
orem 1.1 that states not only that any monomial of Ay is a linear combination of
cluster monomials over R, but also that the coefficients are nonnegative. This stronger
conjecture is also motivated by analogous results in the case of cluster algebras, by
Lee and Schiffler [8].

CONJECTURE 1.2 ([7, Conjecture 7.3b]). Each monomial of Ar is a linear combination
of cluster monomials over R with nonnegative coefficients.

We prove Conjecture 1.2 for the special case when the graph I is a bidirected tree,
as stated in Theorem 1.3.

THEOREM 1.3. Assume that I' is a bidirected tree. Then, each monomial of Ar is a
linear combination of cluster monomials over R with nonnegative coefficients.

The article is organized as follows. In Section 2, we establish notation and recall
definitions and results from [7]. In Section 3, we prove that cluster monomials in a
graph LP algebra are linearly independent over R. In Section 4, we prove that cluster
monomials in a graph LP algebra form an R-linear spanning set. Finally, in Section 5,
we prove the nonnegativity result for trees.

2. PRELIMINARIES AND NOTATIONAL CONVENTIONS

2.1. MULTISETS. A multiset S is a sequence of sets S 5 ) 5 ... indexed by
the positive integers. We say that = has multiplicity m in S if m + 1 is the smallest
positive integer such that z ¢ S+ In this case, if m > 0, it follows that z € S(™).
Therefore, S is the set of elements with multiplicity at least 7 in S. A set S is
naturally identified with the multiset given by the sequence S O @ D @ D ---, that
is, we interpret a set as a multiset with all multiplicities equal to 1.

Given multisets S and T, we say that S and T are disjoint if SV and T are
disjoint. We say that S is contained in T, denoted by S C T, if S c T for all i.
The sum of two multisets S and T is the multiset .S + 7 with the multiplicity of each
element x being the sum of its multiplicities in S and 7. If S is contained in 7', the
subtraction of S from T is the multiset T'— .S with the multiplicity of each element x
being the subtraction of its multiplicity in S from its multiplicity in 7.

We may define a multiset by simply listing its elements, with the multiplicity of each
element being the number of times it appears in the list. For example, S = {1, 1,2, 3}
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is the multiset with elements 1,2,3 and multiplicities 2,1, 1, respectively, in which
case we have S = {1,2,3}, S©® = {1}, and S® = & for all i > 3.

2.2. DIRECTED GRAPH. Let I' be a directed graph with vertex set V' and edge
set E. We maintain this notation throughout the document. Examples of directed
graphs are given in Figure 1.

a‘:’e e‘}a

(A) A directed graph with four vertices, 1, (B) A directed graph with four vertices, 1,
2, 3, and 4, and ten directed edges, 12, 13, 2, 3, and 4, and six directed edges, 12, 13,
14, 21, 23, 31, 32, 34, 41, and 43. 23, 31, 34, and 41.

FIGURE 1. Two directed graphs. An undirected edge represents two
directed edges, one in each direction. An undirected graph will mean
a graph in which all edges are undirected.

In general, whenever we refer to an undirected graph, we mean that every edge is
bidirected.

2.3. NESTED COLLECTIONS. A subset I C V is strongly connected if the induced
subgraph on [ is strongly connected, that is, if for all vertices v,u € I, there is some
directed path contained in I from v to u.

For example, taking I" to be the directed graph in Figure 1a, the strongly connected
sets of vertices are @, {1}, {2}, {3}, {4}, {1,2}, {1,3}, {1,4}, {2,3}, {3,4}, {1,2,3},
{1,2,4}, {1,3,4}, {2,3,4}, and {1,2,3,4}. Taking I" to be the directed graph in
Figure 1b, the strongly connected sets of vertices are @, {1}, {2}, {3}, {4}, {1,3},
{1,2,3}, {1,3,4}, and {1,2,3,4}.

Note that any subset U C V is uniquely partitioned into maximal strongly con-
nected subsets, called strongly connected components of U.

A (multi)set N with elements from P(V'), where P(V') denotes the powerset of V,
is a nested (multi)collection if

(N1) for every pair I,J € N, either I C J, JCI,or INJ =@, and
(N2) for any R C N such that I NJ = & for all distinct I, J € R, each I € R is
a strongly connected component of the subgraph induced by (J; . /-

Note that (N2), applied to R = {I}, implies that each I € N is strongly connected.
Note that a multiset A is a nested multicollection if and only if the set () is a nested
collection. We usually disregard the empty set when considering nested collections.

For example, consider I" to be the directed graph in Figure 1la. The set

{12}, {4},{2,3,4},{1,2,3,4}}

is a nested collection. The set

{141,830 {1,433

is not a nested collection because {1,3} and {1,4} do not satisfy (N1). The set
{{2,4},{2,3,4},{1,2,3,4}}
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is not a nested collection because R = {{2,4}} does not satisfy (N2), since the strongly
connected components of {2,4} are {2} and {4}. The set

{13, {3},{1,2,3},{1,2,3,4}}

is not a nested collection because R = {{1}, {3}} does not satisfy (N2), since the only
strongly connected component of {1,3} is {1, 3}.

LEMMA 2.1. The map N +— > ;o5 I is a bijection between the set of nested multicol-
lections N and the set of multisets T with elements from V.

The proof of Lemma 2.1 is split into two parts: surjectivity and injectivity.

Proof (surjectivity). Let T be a multiset with elements from V. We construct a nested
multicollection N such that T'= ",/ I.

Recall that T denotes the set of elements of 7" with multiplicity at least i. Note
that 7MW > T2 5 ... Let N be the set of strongly connected components of the
subgraph induced by 7. Let N = > iez., Ni- Then,

T=>Y T0=3% YT1=>1

i€Z~0 i€Z~0 IEN; IeN

First, we show that A satisfies (N1). Let I, J € N. Then, I € N; and J € N for
some 7,j € Z~qo. Recall that I is a strongly connected component of the subgraph
induced by T, and J is a strongly connected component of the subgraph induced
by T . Without loss of generality, i < j, therefore, T) > T(). Therefore, there
exists a strongly connected component K of the subgraph induced by 79 such that
J C K. Moreover, since I and K are strongly connected components of the subgraph
induced by T, I = K or IN K = @. In the first case, I C J, while in the second
case, I NJ = &, as desired.

Now we show that N satisfies (N2), that is, for any R C N such that ITNJ = & for
all distinct I, J € R, each I € R is a strongly connected component of the subgraph
induced by R = |J ;. J. We prove by induction on the number of elements of R. If
R = @, then the statement is vacuously true. Suppose that R has at least one element.
Let ¢ € Z~o be the minimum index such that R NN; # &, and let I € RNN;. Then,
all J € R are subsets of TV and consequently, R = Ujer J is a subset of 7,
Therefore, I € R € T®™. Since I is a strongly connected component of the subgraph
induced by T it follows that I is a strongly connected component of the subgraph
induced by R. The connected components of the subgraph induced by R different
from I are the connected components of R ~ I. Applying the induction hypothesis
to R \ {I}, we obtain that each J € R \ {I} is a strongly connected component of
the subgraph induced by R ~ I, and therefore, each J € R is a strongly connected
component of the subgraph induced by R, as desired.

Therefore, N is a nested multicollection and T'= > ren 1, as desired. O

Proof (injectivity). Let T be a multiset with elements from V. We prove that there
is a unique nested multicollection A such that T' =} ren I- The proof is by induc-
tion on the number of elements of T. If T = &, then N' = & is the unique nested
multicollection such that T'= 3,/ I.

Suppose that T' has at least one element. Let N be a nested multicollection such
that T'= >, 1. Let T(™) be the set of elements of T with multiplicity at least 1.
Let R be the set of maximal elements of V. Note that, for all v € T}, there exists
a unique I € R such that v € I. Therefore, T = > rer 1. Since N is nested and
INJ = @ for all distinct I, J € R, it follows that each I € R is a strongly connected
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component of the subgraph induced by 7). Hence, R is the set of strongly connected
components of the subgraph induced by 7).

Let 7" =T —TW, and let N" = N = R. Since T =3, .\ T and TV =3, -1,
it follows that 7" = > ;.\~ I. Since N is nested, N’ is nested. By the induction
hypothesis, N’ is unique, and consequently, A is unique. O

For our discussion of bidirected trees in Section 5, we naturally consider nested
collections of bidirected graphs. In this context, condition (N2) of a nested collec-
tion can be simplified, as stated in Lemma 2.2. This lemma is used in the proof of
Proposition 5.16.

LEMMA 2.2. Assume I' is a bidirected graph. A multicollection N is a nested multi-
collection if and only if

(N1) for every pair I,J € N, either [IC J, JCI, orINJ =0,

(N2') for every pair I,J € N such that I N J = &, there are no edges between [
and J, and

(N3) every I € N is connected.

Proof. Note that, when I is a bidirected graph, strongly connectedness is equivalent
to connectedness. Let A be a multicollection satisfying (N1). We show that condi-
tion (N2) is equivalent to conditions (N2’) and (N3’).

First, assume that (N2) holds. Then, applying (N2) to R = {I} for each I € N,
we obtain (N3’). Moreover, applying (N2) to R = {I, J} for each pair I, J € N such
that I NJ = &, we obtain (N2).

Second, assume that (N2’) and (N3’) hold. Let R C A be such that I NJ = & for
all distinct I, J € R. Then, (N2’) implies that there are no edges between any pair
of distinct elements of R, and (N3’) implies that each I € R is connected. Therefore,
the set of connected components of the subgraph induced by |J ;. J is R, and (N2)
holds. O

2.4. LAURENT POLYNOMIAL RING. Let the coefficient ring R be a ring over Z
containing elements A, for each v € V which are algebraically independent. For
example, R could be Z[A, : v € V]. Let L denote the Laurent polynomial ring
over R in the independent variables X, for v € V, that is, £ = R[XF!:v € V].

The monomials in £ in the variables X, and X! for v € V are called Laurent
monomials. Any Laurent monomial can be written as

(U, Ty =] Xv/ I1 x..
velU veT

where U and T are disjoint multisets with elements in V. As a module over R, the
Laurent polynomial ring £ has a basis consisting of all Laurent monomials.

2.5. MULTIFUNCTIONS. Let I be a multiset with elements from V. A multifunc-
tion f (of I') on I is a directed multigraph with vertex set V' and edge multiset E
such that

(F1) for each vertex v € V, the outdegree of v in f is its multiplicity in I, and
(F2) each edge in Ey is either a loop or an edge in E.

The notation f : I means that f is a multifunction on I. If I is a set, then a mul-
tifunction on I is naturally identified with a function from I to V, explaining the
chosen nomenclature.

A multifunction f is acyclic if the only cycles in f are loops. Given two multifunc-
tions f and g on multisets I and J, respectively, we define their sum f + g as the
multifunction on I + J obtained by taking the sum of the edge multisets of f and g.

Algebraic Combinatorics, Vol. 8 #4 (2025) 1001



G. Z. DANTAS E MOURA, R. C. TELEKICHERLA KANDALAM & D. WOODRUFF

For example, take I" to be the directed graph in Figure la. Examples of multifunc-
tions of I" are given in Figure 2. The multifunctions in Figure 2a and Figure 2b are
acyclic, and the multifunction in Figure 2c is not acyclic.

@ O . ©, 9§9

(A) A multifunction on {1, (B) A multifunction on (¢) The sum of the mul-
1,1,2} with edge multiset {3,4} with edge multiset tifunctions in Figures 2a
{(1,1),(1,2),(1,2),(2,3)}. {(3,4), (4,1)}. and 2b.

F1GURE 2. Multifunctions of the directed graph in Figure 1la.

Given a multifunction f and a subset W C V, the restriction of f to W, denoted
by flw, is the multifunction whose edge multiset consists of the edges in E; with
source in W.

2.6. WEIGHT OF A MULTIFUNCTION. The weight of a multifunction f on I, denoted
by wt(f), is the non-Laurent polynomial in £ given by

Wt(f) = H X(v,w)7

(v,w)EES

X(vw): Xw %fw;év,
’ A, ifw=w.

where

For example, the weights of the multifunctions in Figures 2a, 2b, and 2c are, respec-
tively,
A1 X3 X3, X1X4, and A X1 X5X3Xy.
The normalized weight of a multifunction f on I, denoted by nwt(f), is the
Laurent polynomial in £ given by

X’Uw
nwt(f)HWt(If))( - e
ve v v

For example, the normalized weights of the multifunctions in Figures 2a, 2b, and 2c
are, respectively,
A1X22X3 A1X2X3 X1X4 X1 d A1X1X22X3X4 A1X2
= 5 = <, an =
X3 X, X3 X3Xy X3 X3 X2X35X, X?

We remark that the nomenclature of “weights” and “normalized weights” is not
used by [7], although the concept is present in their work.

Note that both weights and normalized weights are products over edges of the
multifunction, and therefore, if f and g are multifunctions, then

wi(f +g) = wt(f)wi(g)  and  nwt(f +g) = nwt(f) nwt(g).

Note that the normalized weight of a cycle is 1. This is an important observation that
is used in Lemma 4.6 and Proposition 5.6.

(v,w)EEf
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2.7. THE Y LAURENT POLYNOMIALS. Let I be a subset of V. We define the Laurent
polynomial Y7 € £ by
ac
Hiel Xi
where the sum is over all acyclic multifunctions f on I. We write Y7 in terms of
normalized weights as Y7 = Z}q} nwt(f).
Recall that, since I is a set, a multifunction on I is naturally identified with a
function from I to V.
For example, taking I" to be the directed graph in Figure 1la, the Laurent polyno-

mial Yy oy is

A1X1 +X3X1 +X4X1 +A1A2 +X2A2 +X3A2 +X4A2 +A1X3 +X2X3 +X§ +X4X3
X1Xo ’

Note that the eleven terms in the numerator correspond to the eleven acyclic multi-

functions on {1, 2}, which are all twelve multifunctions on {1,2} by assigning one of

the possible four edges to 1, and one of the possible three edges to 2, except for the

assignment of the edge (1,2) to 1 and the edge (2,1) to 2 which is not acyclic.

2.8. GRAPH LP ALGEBRA AND CLUSTERS. The central algebraic structure of our
research is the graph Laurent phenomenon algebra A over R associated to I,
defined by [7]. Lam and Pylyavskyy [7] proved that A is the algebra over R generated
by X, for v € V and Y for strongly connected I C V. The reader who is new to
graph LP algebras can take this as the definition of Ap.

Although only the Laurent polynomials Y; for strongly connected I C V are gen-
erators of Ap, the Laurent polynomials Y; for I C V are in A as well, as guaranteed
by Lemma 2.3.

LEMMA 2.3 ([7, Lemma 4.2]). Let I be a subset of V.. Then, Y1 =[], Y, where the
product is over the strongly connected components J of the subgraph of I' induced
by I.

The monomials in Ay in the elements X, for v € v and Y7 for I C V are simply
called monomials. Any monomial in A, can be written as

m(U,S) =[] X [] 7.
velU IeS

where U is a multiset with elements in V" and S is a multiset with elements in P(V).
The set of monomials in A is a spanning set of Ar as a module over R. The mono-
mials in Ar in the elements Y7 for I C V are called Y-monomials, which can be
written as m(3,S) = [[;cs Y7 where S is a multiset with elements in P(V').

The elements X, for v € V and Y7 for strongly connected I C V are grouped
into sets called clusters. We refer to [7] for the definition of clusters. Lam and
Pylyavskyy [7] proved that the clusters of Ap are the sets of the form

{Xy:veUU{Y;: T e N}

where U C V and N is a maximal nested collection on V'~ U. The reader who is new
to graph LP algebras can take this as the definition of the clusters of Ap.

The monomials in Ay in the elements of a given cluster are called cluster mono-
mials. Any cluster monomial can be written as

m(U,N) = H Xy H YI7
velU IeN

where U is a multiset with elements in V and A is a nested collection on V ~ UM,
The monomials in Ap in the elements Y; for I C V of a given cluster are called
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cluster Y-monomials, which can be written as m(&,N') = [],., Y7 where N is a
nested collection on V.

Recall that Lemma, 2.1 provides a bijection between nested multicollections N and
multisets T' with elements from V. Therefore, we can reindex the cluster monomials
by a pair (U,T) where U and T are disjoint multisets with vertices from V', and the
cluster monomial indexed by (U,T) is m(U,T) = m(U,N'), where N is the unique
nested multicollection such that 7' =37, \ I

3. LINEAR INDEPENDENCE

In this section, we show that the cluster monomials in a graph LP algebra are linearly
independent, as stated in Theorem 3.1.

THEOREM 3.1. The set of cluster monomials of a graph LP algebra is linearly inde-
pendent over R.

The overview of the proof of Theorem 3.1 is as follows. The key observation is
that the cluster monomial m(U,T') is a linear combination of the Laurent monomials
LU, T") with U’ C U and T" DO T. This observation induces a triangular structure
on the coeflicient matrix relating cluster monomials to Laurent monomials, with the
diagonal entries being nonzero. From this triangular structure, the linear indepen-
dence of the cluster monomials follows from the linear independence of the Laurent
monomials.

Lemmas 3.2 and 3.3 establish the triangularity condition, and then we prove The-
orem 3.1. Recall that £(U,T) denotes the Laurent monomial [, Xo/[T,er Xo-

LEMMA 3.2. Let Uy, Us, T1,T> be multisets with vertices from V such that Uy N1y =
UsNTy, =@. If Uy ¢ Us, then, when expanding m(Uy,T1) as a linear combination
of Laurent monomials over R, the coefficient of €(Uz,T3) is 0. If Ty 7 Ts, then,
when expanding m(Uy,T1) as a linear combination of Laurent monomials over R, the
coefficient of £(Us, Ts) s 0.

Proof. Let N7 be the unique nested multicollection such that T} = 3 ren, 1 Recall
that

m(Uy,T) = [ X [] YI=M 11 > wth)

vel; IeN, HveTl Y o\Ien f: T

Since [[;cp, 227, Wt(f) is a polynomial, the numerator of any term of m(Uy, T1)
is a multiple of HUGU1 X,. Hence, if Uy ¢ Us, then the coefficient of

HUEU XU
U, Tp) = =2 —
( ? 2) Hv€T2 Xv
in m(Ul,Tl) is 0.
Since [[;cn, 2. 1 wt(f) is a polynomial, the denominator of any term of m (Uy, Ty)
is a divisor of ] X,. Hence, if T1 p T5, then the coefficient of

HveUz X”
Hv€T2 Xv

veT
LUz, To) =

in m(Uy,Ty) is 0.

LEMMA 3.3. Let U, T be multisets with vertices from V. When expanding m(U,T)
as a linear combination of Laurent monomials over R, the coefficient of £(U,T)

i8 [[per Av-
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Proof. Let N be the unique nested multicollection such that T = > ren 1. Recall
that

mU,T) = [[ X [[ v = Hoey Xo 11> =t
HUETXU

velU IeN IeN f: 1

Note that J], .\ Z;C:yl wt(f) is a polynomial with constant term [[, ., A., ob-
tained from the constant acyclic function on each I € A/. Therefore, the coefficient of

(U, T) inm(U,T) =[],cv XU/HveT Xy is [[,er Ao O
We are now ready to prove Theorem 3.1.

Proof of Theorem 3.1. Suppose that there exists a nontrivial linear combination of
cluster monomials that equals 0. Explicitly, suppose that there exists coefficients
¢(U,T), not all zero, such that

> (U, TYm(U,T) = 0.
UT

Pick (Uy, Tp) with ¢(Uy, Tp) # 0 such that |Up| — |Tp| is minimized. This implies
that, for all (U, T") # (Uy, Tp) such that ¢(U,T') # 0, it holds that |U|—|T| > |Uo|—|Tol,
and consequently, U & Uy or T' 5 Tp.

Hence, by Lemma 3.2, the coefficient of ¢(Uy,Tp) in ¢(U,T)m(U,T) is 0 for all
(U, T) # (Uy, Tp) such that ¢(U, T) # 0; and, by Lemma 3.3, the coefficient of ¢(Uy, Tp)
in the expression ¢(Uo, To)m(Uo, Tv) is ¢(Uo, To) [ [, ez, Av- Therefore, the coefficient
of £(Uo, To) in 3y 7 (U, T)m(U,T) is ¢(Uo, To) [ [,eq,, Av # 0, & contradiction. [

We remark that the triangularity argument used to prove linear independence
does not directly imply that the cluster monomials form a spanning set. In finite-
dimensional vector spaces, any order of the indices of the basis has a minimal element,
and the triangularity argument would imply that the linear combinations of the basis
elements form a spanning set. However, this intuition does not fully carry over to
infinite-dimensional vector spaces. In our context, the issue arises from the absence of
a minimal element in the ordering of pairs (U, T) of multisets with vertices from V.

4. SPANNING SET

In this section, we show that the cluster monomials in a graph LP algebra form a
spanning set, as stated in Theorem 4.1.

THEOREM 4.1. Any monomial is a linear combination of cluster monomials over R.

The overview of the proof of Theorem 4.1 is as follows. We show that any Y-
monomial can be expressed as a linear combination of cluster Y-monomials over Z.
This involves establishing a relation on the normalized weights of tuples of functions
on multicollections with equal sum. Using the fact that the normalized weight of a
cycle is 1, we derive a corresponding relation on acyclic functions, which we then
translate into a relation on Y-monomials. We then use [7, Lemma 4.7], a result on
the product of an X-variable and a Y-variable, to show Theorem 4.1.

4.1. PRODUCT OF AN X-VARIABLE AND A Y-VARIABLE. Let p: v — w denote the
statement that p is a vertex non-repeating directed path from v to w with intermediary
vertices in I. Let I \ p denote the set of vertices in I that are not in p. Lemma 4.2
allows us to rewrite the product of X, and Y; whenever v € I.
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LEMMA 4.2 ([7, inferred from Lemma 4.7)). Let I € P(V) and v € I. Then,

v Tw v 1w

XYr=) > YiuXe+) Y Yi,A

wel p wgl p

Any monomial only in the X-variables is already a cluster monomial, and
Lemma 4.2 essentially gives us a way to multiply an X-variable with a Y-variable. It
remains to understand how to multiply Y-variables.

Thus, our proof strategy is to focus first on Y-monomials. We show first that
cluster Y-monomials span Y-monomials. Then, we use Lemma 4.2 to deduce that
cluster monomials span all monomials.

4.2. INTEGER EXPANSION OF Y-MONOMIALS. In this subsection, we show that cluster
Y -monomials span Y-monomials, as stated in Theorem 4.3.

THEOREM 4.3. Any Y -monomial is an integer linear combination of cluster Y -
monomials.

Before proving Theorem 4.3 in its generality, we discuss a special case that moti-
vates the proof. Consider the Y-monomial m(2,{l,J}) = Y;Y; where I and J are
disjoint subsets. Note that

YiYy,= ant(f +9),
f9

where the sum is over acyclic functions f on I and g on J. Given such a pair f,g,
their sum f + g is a function on I U J. However, f + g may not be acyclic, as cycles
that are not entirely contained in I or in J may appear in f + ¢g. Since the normalized
weight of a cycle is 1, removing these cycles do not affect the normalized weight of
f + g. With this in mind, one might expect that

YiY; = ZYIUJ\Ca
c
where the sum runs over families C' of disjoint cycles in I U J that are not fully
contained in I or J (including the empty family), and V' (C') denotes the set of vertices
in the cycles in C. Finally, the right-hand-side is the sum of a cluster Y-monomial
Yrus and lower order terms Y, 5 c that can be dealt with inductively.

The more general setting has two complications: the monomial m (&, S) might have
|S| > 2; and the sets in S have nontrivial intersections. Nevertheless, the core idea
is roughly the same: study the sum of acyclic functions on the sets in S, how they
relate to functions on the sum of the sets in &, and use induction to handle lower
order terms.

Given a tuple of multifunctions, we define its normalized weight as the product of
the normalized weights of its elements.

LEMMA 4.4 (Preimages Lemma). Let Fi, F2,G be sets of tuples of multifunctions.
If ¢1: F1 — G and ¢2: Fo — G preserve normalized weights, and |¢7 " (9)| = |o3 ' (9)]

forall g € G, then
> awt(f) = > nwt(f).

feF feFa

Proof. For i € {1,2}, apply the weight-preserving property and double-count pairs
(f,9) € F x G such that ¢;(f) = g to obtain

ant(f) = ZHW'E(@ Z|q§ 9)| nwt(g).

feF feF 9eg
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Therefore,
> oawt(f) = o7 (9)|nwt(g) =Y |é5 " (9)|nwt(g) = Y nwt(f). O
feEF geg geg fEF2

LEMMA 4.5. Let S be a multiset with elements in P(V). Let T = >, 51 be the
multiset containing the vertices that appear in the sets of S, counting multiplicities.
Let T be the multiset whose elements are T, T2 ... € P(V). Then,

11D owt(r) = [ D nwt(f).

Ses f:8 T'eT £:T"
Proof. Let S1,53,...,5|s| be the elements of S. Let T1,T5, ..., T}r| be the elements
of 7. Note that T' = Zgl S; = Z‘jzll T;. Define the sets

Fir={(f1, f2,---, fis)) ¢ fi is a multifunction on S;},
Fo=A{(f1, fo,---, fy7))  f; is a multifunction on Tj},
G = {g: ¢ is a multifunction on T},

and the nwt-preserving functions ¢1: F1 — G and ¢o: Fo — G defined by
¢1(f1, f2s-- 5 fis) = fi+ fat o+ fis) and @a(f1, fo, oo fir) = fr+ ot A+ fi7)-

Fix ¢ € §. Let’s count the number of (fi,f2,...,fis)) € JF1 such that
&1(f1, f2,---, fls)) = g Fix v € V. Let g, denote the multiset of edges in g
from v. Note that |g,| is the multiplicity of v in T', which is the number of sets S; in
S that contain v. Hence, the number of ways to appropriately assign the edges of g,
to the functions f1, f2, ..., fis is

90! .
1’95}1)‘ .2|g'5)2)| _3‘95/3)|

Therefore, the number of (f1, f2,..., fis|) € F1 such that ¢1(f1, f2,..., fis|) = g is

_ |go]!
|¢1 1(9)| = H 55 (2?’ <3>| :

vev 119° -2|g“ -3|9“
The same argument applies to ¢, and we obtain, for all g € G,
- g0 |! —1
o1 (9)] = = [¢5 ' (9)]-
’ 1 ‘ ulg/lg”gl) .2‘91(,2)| .3|g£3>|“. ‘ 2 ’

Hence, by Lemma 4.4, we obtain

> awt(f) = > nwt(f). O

feF feFs

Given S € P(V), we denote by Cg the set of families of vertex-disjoint simple
directed cycles in the restriction of I" to S. Given a family C € Cg, we denote by
V(C) the set of vertices that appear in the cycles in C. For example, if S = {1,2,3, 4}
and I' is as in Figure la, then Cg contains 14 elements: 1 empty family, 4 families
of a single 3-cycle, 2 families of a single 4-cycle, 5 families of a single 2-cycle, and 2
families of two 2-cycles. These 14 families are shown in Figure 3.

LEMMA 4.6. Let S € P(V). Then,

ZHWt(f) = Z Ysv(o)-
f:S

CeCs
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FIGURE 3. The families of vertex-disjoint simple directed cycles in
Cs for S ={1,2,3,4} and I as in Figure la. In order, the set V(C)
of vertices in each family C is @, {1, 2,3}, {1, 2,3}, {1, 3,4}, {1, 3,4},
{1,2,3,4}, {1,2,3,4}, {1,2}, {1,3}, {14}, {2.3}, {3.4}, {1.2,3,4},
{1,2,3,4}.

Proof. Given a multifunction f on S, since S is a set, the outdegree of a vertex
in f is at most 1 and, consequently, no two cycles in f share a vertex. Therefore,
each multifunction f: .S can be uniquely decomposed as the sum of a family C' of
vertex-disjoint cycles and an acyclic function g: S \ V(C). Similarly, given a family
of vertex-disjoint cycles C' and an acyclic function g: S\ V(C), a function f: S can
be obtained by taking the sum of g and the cycles in C'. Thus, there is a bijection
between the set of functions f: S and the set of pairs (C, g) where C is a family of
vertex-disjoint cycles in S and g is an acyclic function on S\ V(C). Moreover, if this
bijection associates f to (C,g), then the normalized weight of f is the product of
the normalized weight of g and the normalized weight of the cycles in C. Since the
normalized weight of a cycle is 1, it follows that nwt(f) = nwt(g). Finally, we have
acy

ZDWt Z Z nwt ): Z YS’\V(C)~ ]
f:S

CeCs g:S\V(C) CeCs

LEMMA 4.7. Let T be a multiset of vertices. Let T be the multiset whose elements are
TW 7 ... ¢ P(V). Then, the Y -monomial m(3,T) is a cluster Y -monomial.

Proof. Let N; be the set of strongly connected components of the subgraph of I’
induced by T for each i € Z~, and let N' = 3. N;. Lemma 2.1 implies that A/

is a nested multicollection. Finally, Lemma 2.3 implies that Ypu) = [] JEN; Y;, and
consequently
HYTU_HHYJ_HYJ_ N). O
i JEN; JeN

With these lemmas in hand, we can prove the main result of this section, Theo-
rem 4.3.

THEOREM (Theorem 4.3, repeated). Any Y -monomial is an integer linear combination
of cluster Y -monomials.

More precisely, for any multiset S with elements in P(V'), the Y -monomial m(<,S)
is an integer linear combination of cluster Y -monomials. Moreover, a cluster Y -
monomials m(2,N') appearing in the integer linear combination of m(2,S) satisfies
that all vertices in a set of N are vertices in a set of S.

Proof. We apply strong induction on ‘Z res !
of S, counting multiplicities. Assume, by induction hypothesis, that the result holds
for any multiset R with elements in P(V) such that | ;cx J| < |3 es |-
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Let T = } ;.s 1, the multiset containing the vertices in a set of S, counting
multiplicities. Let 7 be the multiset whose elements are T T®) ... € P(V). By
Lemma 4.7, the Y-monomial m(&,T) is a cluster Y-monomial.

If T =S8, then m(@,S) = m(@,7T) is a cluster Y-monomial, and we are done.
Otherwise, 7 # S. From Lemma 4.5, we know that

H ant(f) = H ant(f).

Ses f:S TeT f:T
Applying Lemma 4.6 to each term of both products, we obtain
II > Yseo=1] > Yron
SeS Cs€eCs TeT CreCr

Rewriting the equation above in terms of Y-monomials, we obtain

S ome sy, = Y me TV oW, ).

el (e
C(Sl)xc(;)xm C<T1)><C(T2)><~~
Note that for @ = C’él) = C?) = - .-, the term in the sum in the left-hand side is the

Y-monomial m(&,S). Therefore, the Y-monomial m(2,S) is equal to

(1) S ome {TW W, - Y me s~ .

(e (e
m m
(D, ~(2) M), ~(2)
Cr/XCp X Cyg/XCg7 X
except all &

Note that each term in (1) is of the form +m(@,R), and satisfies either that
R =T or that |>,.r I| < |3 ;cs!|- Hence, by Lemma 4.7 and by the induction
hypothesis, each monomial m(&, R) in (1) is an integer linear combination of cluster
Y-monomials, and therefore, the Y-monomial m(&,S) is an integer combination of
cluster Y-monomials.

Moreover, note that each monomial in (1) of the form +m(&, R) have the property
that all vertices in a set of R are vertices in a set of S. Consequently, by the induction
hypothesis, the cluster Y-monomials m(&, N) in the expansion of m(@,S) are such
that all vertices in a set of A/ are vertices in a set of S.

Therefore, by induction, the result holds. g

4.3. EXPANSION OF MONOMIALS. We proceed to the proof of the main result of this
section, Theorem 4.1.

THEOREM (Theorem 4.1, repeated). Any monomial is a linear combination of cluster
monomials over R.

More precisely, for any multiset U with elements in V and any multiset S with
elements in P(V'), the monomial m(U, S) is a linear combination of cluster monomials
over R.

Proof. We apply strong induction on }Z res! }, the number of vertices in a set of S,

counting multiplicities. Assume, by induction hypothesis, that the monomial m(T, R)

is a linear combination over R of cluster monomials whenever }Z Jerd | < |Z res! |
Assume there exists v € U such that v € S for some S € S. We can write

m(U,8) =m({U — {v},§ — {S}) - X, - Ys.
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Apply Lemma 4.2 to X, and Yg to obtain

vV—rsw V—>sw
XYs =Y 3 Yo, Xu+ > > YoAu.
weS p w¢gS p
Therefore,
vV—rsw
m(U,8) =Y Y mU - {v}+{w},8—{S} +{S~p})
weS p
v—rsw
+ Z Z Awm(U_ {’l)},S+{S\p} - {S})
wgS P

This implies that we can write m(U,S) as a linear combination over R of mono-
mials of the form m(T, R), where |Y ;. J| < |3 ;cs I|- Therefore, by the induction
hypothesis, m(U, S) is a linear combination over R of cluster monomials.

Otherwise, assume all v € U satisfy v ¢ S for all S € S. In other words, § €
P(V N\ U). We can write m(U,S) = m(U, g)m(2,S). Apply Theorem 4.3 to obtain
that m(@,S) is a linear combination over R of cluster Y-monomials of the form
m(2,N), where N is a nested multicollection such that the vertices in sets of N are
a subset of the vertices in sets of S. Explicitly,

m(2,8) = Zc(/\/’)m(@,/\/')7
N
where the sum is over all nested multicollections AN such that the vertices in sets of
N are a subset of the vertices in sets of S. Multiplying by m (U, &), we obtain

m(U,8) = e(N)ym(U,N).
N
Since § € P(V~\U), it follows that N' € P(V~\U) for all N in the sum above, and con-
sequently, m(U, ) is a cluster monomial. Therefore, m(U, S) is a linear combination
over R of cluster monomials. (]

5. NONNEGATIVITY FOR TREES

In this section, we prove Theorem 1.3, which is the special case of Conjecture 1.2 where
I is a bidirected tree. Throughout this section, we assume that I" is a bidirected tree,
that is, a directed graph such that vu € E(I") <= wv € E(I") and whose underlying
undirected graph is a tree.

THEOREM (Theorem 1.3, repeated). If I" is a bidirected tree, each monomial of Ar is
a linear combination of cluster monomials over R with nonnegative coefficients.

The outline of the proof of Theorem 1.3 is as follows. First, in Proposition 5.2, we
explicitly expand Y;Y; as a sum of Y ;YA and lower order terms of the form Y Y7,
with K C TUJ and L C INJ. This is done similarly to the proof of Theorem 4.3, but
the restriction to bidirected trees and to the product of two Y-variables allows us to
derive an explicit formula that guarantees nonnegative coefficients. Then, using that
I" is bidirected, it follows that the Y-monomials of A are nonnegative integer linear
combinations of cluster Y-monomials. Finally, Theorem 1.3 follows using Lemma 4.2.

We remark that in order to prove Conjecture 1.2 where I" is a bidirected graph
that is not necessarily a tree, the only missing step is to generalize Proposition 5.2 by
showing that, if I" is a bidirected graph, then Y;Y; is a sum of Y;,;Y;n; and lower
order terms.
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5.1. NONNEGATIVE FORMULA FOR THE PRODUCT OF TWO Y-VARIABLES. Lam and
Pylyavskyy [7, Theorem 6.1] give a Ptolemy-like formula for expanding Y7Y7 into a
positive integer linear combination of cluster monomials in the case where I” is a path.
In order to extend their formula, we introduce the notion of a path from I to J.

DEFINITION 5.1 (Path from I to J). Let I" be a bidirected tree. Let I,J C V. A path
P =wiws ... wy of I' is said to be a path from I to J if wy € INJ, wo, ..., wx_1 €
INJ, andwg € J N I.

Let Wi(P), Wy;(P), Wius(P), and Wi (P) be the sets of vertices of P that are
I, inJ,imIUJ, and in I N J, respectively. Fxplicitly,

W](P) = {wl,wz,wg,...,wk_l}, WJ(P) = {wg,wg,. . ,wk},
WIUJ(P) = {w17w27w37' . 'awk}7 WIQJ(P) = {’UJQ,U)g,. .. 7wk—1}-

Given a family P = {Py, P,,..., P;} of disjoint paths from I to J, define Wx (P) =
Ule Wx (PF;) for X € {I,J, 1UJ, INJ}, that is, the set of vertices of the paths in P
that are in X for X e {I,J, IUJ,INJ}.

Note that the empty set is a family of (zero) disjoint paths from I to J.

O—0—0— -+ —O0—0—0
O—0—0— -+ —O0—0—0

FIGURE 4. Tlustration of a family P of (two) disjoint paths from I
to J. The vertices of the blue region are in Wi (P), the vertices of the
red region are in W;(P), the vertices of blue or red regions are in
Wius(P), and the vertices of blue and red regions are in Wyn ;(P).

Proposition 5.2 gives an explicit formula for expanding Y;Y; into a positive integer
linear combination of cluster monomials.

PROPOSITION 5.2. Let I be a tree. Let 1,J C V. The expansion of Y;Y; into cluster
monomials is given by

YiY; = Z Yivrswio, ) Yins wins (P)
P

where the sum is taken over all families P of disjoint paths from I to J.
Before proving Proposition 5.2, we give two examples.

EXAMPLE 5.3. Let I = P,, the path graph with vertices {1,2,...,n}. Figure 5a shows
the path graph Ps. Let I = {1,2,...,k}and J = {I,I+1,...,n}. If k < [—1, then there
is no path from I to J and Proposition 5.2 implies that Y;Y; = Y7y, which is a cluster
monomial. If k > [ — 1, then the only path from [ to Jis P ={l—1,{,...,k,k+ 1}.
Therefore, Y7Y; is expanded into two cluster monomials: one corresponding to the
empty family of paths, and the other corresponding to the family containing only P.
Explicitly, we recover [7, Theorem 6.1]’s Ptolemy-like formula:

Yo, oYy =Y oy Yo Y, 2642, 0}
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(A) The path graph Ps, with six vertices, 1, e e 6

2, 3,4, 5, and 6, and five edges, 12, 23, 34, (B) The tree with six vertices, 1, 2, 3, 4, 5,
45, and 56. and 6, and five edges, 23, 12, 45, 56, and 52.

FIGURE 5. Two examples of trees.

EXAMPLE 5.4. Let I' be the tree with vertex set V = {1,2,3,4,5,6} and undirected
edge set F = {23,12,45,56,52}, as shown in Figure 5b. Let I = {1,2,4,5} and let
J =1{2,3,5,6}. There are six families of disjoint paths from I to J,

o, {(1,2,3)}, {456} {1,256} {4523} {(1,23),(4,56)}.
Therefore, Proposition 5.2 implies that Y;Y7 is expanded into six cluster monomials,
one for each family of disjoint paths. Explicitly,

Y1245 Y2356 = Y(1,234561 Y25+ Y(a561 Y5+ Y1231 Y2y + Y (a3 + Y16 +1
For organizational purposes, the proof of Proposition 5.2 is divided into multiple

lemmas. Before we proceed with the lemmas, one more definition is salient.

DEFINITION 5.5 (Multifunction along path). Let P = wjws ... w; be a path from T
to J. The multifunction along the path P is the multifunction p on the multiset
{wl,wg,wg, . ,wk} = W](P) L WJ(P) = W]UJ(P) [ WIQJ(P)

with directed edges
W1 W2, W2W3, . - -, W—1 Wk, WWk—1, Wp—1Wk—2, - . ., W2W].

Let P ={Py,..., Py} be a family of disjoint paths from I to J. The multifunction
along the family of disjoint paths P is the sum of the multifunctions along each
path in P, that is, p =~ pi.

GO -+ OO0
GO - OO0

FIGURE 6. Hlustration of the multifunction along the family of dis-
joint paths P from I to J in Figure 4.

Since a multifunction along a path from I to J consists of a sum of 2-cycles, whose
normalized weight is 1, we have the following proposition:

PROPOSITION 5.6. The normalized weight of the multifunction along a family of dis-
joint paths from I to J is 1.

Assume I is a directed subgraph of a bidirected tree. Let I,J C V. Let F be the
set of pairs (f, g) such that f is an acyclic function on I and g is an acyclic function
on J. Hence, Y1V =32, »crnwt(f + g).

The outline of the proof of Proposition 5.2 is as follows. After proving some prop-
erties of multifunctions along paths, we partition F into sets Fp for each family P
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of disjoint paths from I to J, so that the multifunction p along P is a submultiset of
the sum f + g. Then, we show that Fp is in a nwt-preserving bijection with the set
Hp of pairs (f’,g’) such that f’ is an acyclic function on (I U J) ~ W,y (P) and ¢’
is an acyclic function on (I NJ) \ Wins(P). Finally, aggregating over all families of
disjoint paths, we obtain the desired expansion.

5.1.1. Properties of multifunctions along paths. Note that ITUJ = (TUJ)+ (INJ).
That is, vertices v € INJ have multiplicity 2 in TUI.J, while vertices v € (IUJ)~(INJ)
have multiplicity 1 in I LI J.

PROPOSITION 5.7. Let h be a multifunction on a submultiset of IUJ. Let W C TU J
be a strongly connected component of h. Assume that W is not entirely contained in I
or J. Then, the restriction h|w to edges with source in W is a multifunction along a
path from I to J.

Proof. Let k = |W/|. Since W is not entirely contained in I, there exists w; € W such
that wy € I ~ J. Since W is not entirely contained in J, there exists wi € W such
that wy € J 1.

Consider the undirected graph ~y obtained from the subgraph of I" induced by W
by removing the directions of the edges. Since W is a strongly connected component
of h C I', the undirected graph ~ is connected. Since I" is a subgraph of a bidirected
tree, the undirected graph -~ is a tree. Each vertex w € W has multiplicity 2 in I U J,
except for wy and wy which have multiplicity 1. Therefore, each vertex w € W of v
has degree at most 2, and the vertices w; and wy have degree 1.

A walk from w; to wy in v exists, since v is connected, and passes through
all vertices of W, since the degree of each vertex is at most 2. Therefore, W =
{wy,wa, ..., wr}, where wy, wo, ws, ..., wr_1,wy are the vertices of a walk from w;
to wy, in 7.

For each i € {1,2,...,k—1}, the undirected edge w;w;+1 is an edge of . Therefore,
at least one of the directed edges w;w;1+1 and w;11w; is an edge of h|y . If only one
of w;w;+1 and w;1w; is an edge of h|w, say w;w; 11, then there is a (simple) directed
path from w;11 to w; in hly . Since W is a strongly connected component of h, there
exists a (simple) cycle in h|y of length at least 3. Since I' is a directed subgraph of
a bidirected tree, this is impossible. Therefore, both w;w;4+1 and w;4qw; are edges

Since this gives the total count of edges in h|y, these are the only edges of h|w,
and h|y is the multifunction along the path wy, we, ws, ..., wk_1,wy from I to J. O

Note that the edges of h|y are uniquely determined by W and ~.

PROPOSITION 5.8. Let p be a multifunction along a path P = wiws . .. wy from I to J.
Then,

(i) there exist unique acyclic functions py on Wi(P) and py on W;(P) such that
U =pr+pJ,

(i) there does not exist acyclic functions pruy on Wiy s (P) and prny on Win;(P)
such that w = pruy + prnJ-.

Proof (existence of (i)). Define p;y on W;(P) as the multifunction consisting of the
edges wyws, waws, ..., Wp_1wWk, and define p; on W;(P) as the multifunction con-
sisting of the edges wowq, waws, ..., wrwg_1. Then, p = pr + py. O

Proof (uniqueness of (i)). Let pr and p; be acyclic functions on Wy and W such

that w = pr + py. Note that wywy € py. If wyw; 1 € pr for alli € {2,...,k—1}, then
we obtain the construction above. Otherwise, let i € {2,...,k — 1} be the smallest
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OOl - Z2Oad0

F1cure 7. Illustration of construction of py on W;(P) (in blue) and
py on W;(P) (in red) for which p = f + g.

index for which w;w; 1 ¢ pr. On the one hand, since w; sends an edge in p;, we obtain
w;w;—1 € pr. On the other hand, by minimality, we have w; _1w; € p;. Hence, py is
not acyclic, a contradiction. Therefore, the only acyclic functions p; and p; on Wy
and W such that p = p;y + ps are the ones constructed above. O

Proof (nonezistence of (ii)). Assume there exist acyclic functions pryy on Wiy and
prng on Winy such that p = prys+prns. Note that wiws € pryy and wrwi—1 € pruJ.
Leti € {1,2,...,k—1} be the largest index such that w;w; 1 € prys. If i = k—1, then
Wg_1Wk, WgWE—1 € Prug SO prug is not acyclic, a contradiction. Assume 7 < k — 1.
Then, w;w;+1 € prus. By maximality, w;riw;yo & prus. Since w;11 sends an edge in
pruJg, we obtain w;1w; € pruy. Hence, prys is not acyclic, a contradiction. Therefore,
there do not exist acyclic functions pyyy; and prny on Wiy, and Wyn; such that

P =DpruJs +PIinJ- O

The previous proposition can be stacked to obtain analogous proposition for mul-
tifunctions along families of disjoint paths.

COROLLARY 5.9. Let p be the multifunction along a family P of disjoint paths from I
to J. Then,
(i) there exist unique acyclic functions pr on Wi(P) and py on Wy;(P) such that
p=pr+ps, and
(i) there does not exist acyclic functions pruy on Wiz (P) and pray on Win;(P)
such that p = prug + PrnJ-

5.1.2. Partition of F into Fp. Given a multifunction p along a family of disjoint
paths P from I to .J, define Fp to be the set of pairs of acyclic functions (f,g) such
that
e f is an acyclic function on I ~ W (P),
e g is an acyclic function on J \ W;(P), and
e f-+ g has no strongly connected components which are not entirely contained
in I nor entirely contained in J.

S oawt(f+g) =Y Y. awt(f +3),

(f.9)eF P (f.9)eFr
where the sum is over all families of disjoint paths P from I to J.

LEMMA 5.10.

Proof. Tt suffices to construct a nwt-preserving bijection between

Fooand | |Fp.
P

Define a: F — | |p Fp as follows. Given (f, g) € F, consider the strongly connected
components of f + g. By Proposition 5.7, each strongly connected component that is
not entirely contained in I or J has an associated path from I to J. Let P be the family
of disjoint paths associated with these components, and let p be the multifunction
along P. Recall the existence of unique acyclic functions p; on Wj(P) and p; on
W;(P) such that p = p; + ps from Corollary 5.9. Since the p C f+ g, we have p; C f
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and py C g. Define a(f, g) = (f —pr,9—p.s), which are acyclic functions on I~ W;(P)
and J ~ W;(P). The map is well-defined, since f — pr + g —p; = f + g — p has no
strongly connected components which are not entirely contained in I nor entirely
contained in J. Moreover, since nwt(p) = 1,

nwt(f —pr+g —ps) =nwt(f + g — p) = nwt(f + g),
and consequently « is nwt-preserving.
Define B: | | Fp — F as follows. Let (f,g) € Fp for some family P of disjoint
paths from I to J. Let p be the multifunction along P. Define 3(f, g) = (f+pr,g+pJ).
Note that, since nwt(p) = 1,

nwt(f +pr + g+ ps) = nwt(f + g+ p) = nwt(f + g),

and consequently 8 is nwt-preserving.
Direct computation shows that o and § are inverses of each other. Therefore, « is
a nwt-preserving bijection between F and | |, Fp, as desired. d

5.1.3. Bijection between Fp and Hp. Given a multifunction along a family of disjoint
paths P from I to J, define Hp be the set of pairs (f’,¢’) such that f’ is an acyclic
function on (I U J) ~ Wiy (P), and ¢’ is an acyclic function on (I N J) ~ Wins(P).
From Corollary 5.9, f’ + ¢’ has no strongly connected components which are not
entirely contained in I nor entirely contained in J. By definition, we have

Yivswio, ) Yinoswin, p) = Z nwt(f' +g').
(f".9")eHP

PROPOSITION 5.11. Let P be a family of disjoint paths from I to J. Then,

o oawt(f+g) = D, awt(f +4).

(f.9)€FP (f".9")EMP

To prove this proposition, we define a nwt-preserving bijection between Fp and Hp.

Proof of Proposition 5.11. We define the map ¢: Fp — Hp as follows. Given
(f,9) € Fp, partition the vertex set (I U .J) ~ Wy (P) into strongly connected
components of f + g. Let V; be the set of vertices in components entirely contained
in I, and let V; be the set of vertices in components entirely contained in J but not
in I. By definition of Fp, there are no components of f + g which are not entirely

contained in I nor entirely contained in J. Hence, V; and V; form a partition of
(TUJ) N Wius(P). Define ¢(f,g) = (f',g') where

f/:f|VI +g|‘/.l and g/:f|VJ +g|V1'
CLAIM 5.12. The map ¢ is a well-defined nwt-preserving map from Fp to Hp.

Proof. Note that f'+ ¢’ = f+ g. Hence, ¢ is nwt-preserving. We check that ¢ is well-
defined, that is, (f’, g') € Hp. First, we check that f’ and ¢’ are functions on (JUJ)~\
Wi,y (P) and on (I N J)~ Winy(P), respectively. Assume v € (I NJ)~\ Win;(P).
If v € V7, then v has exactly one outgoing edge in f’ as part of f|y;, and exactly one
outgoing edge in ¢’ as part of gly,. If v € V;, then v has exactly one outgoing edge
in f’ as part of g|y,, and exactly one outgoing edge in ¢’ as part of f|y,. Assume
ve(TUJ)NINJT)NWius(P). If v € Vi, then v has exactly one outgoing edge
in f" as part of f|y,, and no outgoing edges in ¢'. If v € V;, then v has exactly one
outgoing edge in ¢’ as part of g|v,, and no outgoing edges in f’. Therefore, f" and ¢’
are functions on (I U J) ~\ Wiy (P) and on (I NJ) ~\ Wins(P), respectively.

Now, we check that f’ and ¢’ are acyclic. If ¢ C f’ isa cycle, thenc C f'+¢ = f+g.
Since f + g has no strongly connected components which are not entirely contained
in I nor entirely contained in J, then c is entirely contained in I or J. If ¢ is entirely
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contained in I, then f’ = f|v, +g|v, implies that ¢ C fly,, a contradiction because f is
acyclic. By an analogous argument, if ¢ is entirely contained in J, then ¢’ = f|v, +glv,
implies that ¢ C g|y,, a contradiction because g is acyclic. Therefore, f’ is an acyclic
function on (I U J) \ Wi,y (P). By an analogous argument, ¢’ is an acyclic function
on (INJ) N Wins(P). Therefore, (f',g') € Hp. O

Moreover, define the map ©: Hp — Fp as follows. Given (f’,¢’) € Hp, partition
the vertex set (IUJ)\ Wi (P) into strongly connected components of f'+¢’. Let V;
be the set of vertices in components entirely contained in I~ W;(P), and let V; be the
set of vertices in components entirely contained in J ~ W;(P) but not in I ~ W;(P).
Recall that there are no components of f’ + ¢’ which are not entirely contained in I
nor entirely contained in J. Hence, V; and V; form a partition of (IUJ)~ Wy ;(P).
Define ¥ (f’,¢') = (f, g) where

f=1flv+dlv, and g =f'lv, +¢'ln;.
CLAM 5.13. The map ¢ is a well-defined nwt-preserving map from Hp to Fp.
The proof of Claim 5.13 is analogous to the proof of Claim 5.12.
CLAIM 5.14. The maps ¢ and ¢ are inverses of each other.

Proof. Let (f,9) € Fp,and let (f',¢') = ¢(f,g) € Hp. Since f+g = f'+ ¢, the sets

of strongly connected components of f + g and f’ + ¢’ are the same, i.e., V; and V;

are the same in the definitions of ¢ and . Therefore, if (f”,g"”) = ¥(f’,¢'), then
"= f/|V1 +g/|VJ = (f'VI +g|VJ)|VI + (f'VJ +9‘V1)|VJ = f|VI + f‘VJ = f

Therefore, 1o ¢ = idx, . By an analogous argument, ¢ o1 = idy,. Therefore, ¢ and
are inverses of each other. g

Finally, the map ¢ is a nwt-preserving bijection between Fp and Hp. As a conse-
quence, we have

Z nwt(f +g) = Z nwt(f' +¢'). O
(f.9)€Fp (f',g")EHP

5.1.4. Aggregating over all families of disjoint paths. We are finally ready to prove
Proposition 5.2.

PROPOSITION (Proposition 5.2, repeated). Let I, J C V. The expansion of YiY into
cluster monomials is given by

YiY; = Z Yioswio, ) Yinswin, (P)s
P
where the sum is taken over all families P of disjoint paths from I to J.

Proof of Proposition 5.2. Proposition 5.11 implies that, for each family P of disjoint
paths from I to J,

Z nwt(f + g) = Yo wio, P) YInI < Wins (P)-
(f,.9)€FP
Adding over all P € P and using Lemma 5.10, we obtain
YiY; = Z nwt(f+g) = Z Z nwt(f+g) = ZYIUJ\WIUJ(P)YIOJ\WIQJ(P)

(f.9)eF P (f.9)eFp
O
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5.2. NONNEGATIVE EXPANSION OF Y-MONOMIALS. In this subsection, we show that
cluster Y-monomials span Y-monomials with nonnegative coefficients when I" is a
bidirected tree, as stated in Proposition 5.16. This is the analogous result to Theo-
rem 4.3 in the context of nonnegativity for bidirected trees.

DEFINITION 5.15 (Dominance order). Let A and B be two multisets whose elements
are positive integers, and have equal sum. We say that A dominates B, denoted A > B,
if for all k € Z~q, the sum of the k largest elements of A is at least the sum of the k
largest elements of B. (If k is larger than the size of a multiset, then the sum of the
k largest elements is the sum of all elements.)

For example, {4,4,1} > {4,3,1,1},since 4 > 4,4+4 > 4+43,4+4+1 =9 > 443+1,
and4+4+1>4+3+1+1. It is known that the dominance order is a partial order
on multisets whose elements are positive integers and have a fixed sum n.

Dominance order is useful because, given a multicollection & with sets I and J of
vertices, if 7 is the nested multicollection obtained by replacing I and J by /U J and
I N J, then the multiset of sizes of sets in T is dominated by the multiset of sizes of
sets in S, that is, {|T'|: T € T} > {|S] : S € S}, where equality holds if and only if
{I,J}={IUuJ,InJ}, thatis, I C Jor J CI.

Finally, note that both the dominance order and the reverse dominance order are
well-founded on multisets of positive integers with a fixed sum, meaning that any
non-empty set of multisets with a fixed sum has a minimal element with respect to
the dominance order and a maximal element with respect to the reverse dominance
order. This means that we can apply induction on the dominance order and the reverse
dominance order on multisets of positive integers with a fixed sum.

PROPOSITION 5.16. Assume I is a bidirected tree. Then, each Y -monomial of Ap is
a nonnegative integer linear combination of cluster Y -monomials.

More precisely, the Y -monomial m(2,S) is a nonnegative integer linear combina-
tion of cluster Y -monomials m(@,N), where N is a nested multicollection such that
the vertices in sets of N are a subset of the vertices in sets of S.

Proof of Proposition 5.16. We apply strong induction on |ZS€SS|, the number
of vertices in a set of S, counting multiplicities; and then we apply induction
on {|S]: S € S}, the multiset of sizes of sets in S, with respect to reverse dominance
order.

Let S be a multicollection. Assume, by induction hypothesis, that the result holds
for all nested multicollections R such that |Z RER R} < ‘Z ses S | Also assume, by
induction hypothesis, that the result holds for all nested multicollections R such that
> rer B| =Y ges S| and R S.

Recall Lemma 2.2, which states that a multicollection A is nested if and only
if it satisfies conditions (N1), (N2’), and (N3’). We split into whether S satisfies
conditions (N1) and (N27).

If (N1) or (N2’) fails, then there exist I,J € S such that I ¢ J and J ¢ I.
This implies that {I U J, I N J} # {I,J}. Given a family P of disjoint paths from
I to J, let Rp denote the nested multicollection obtained by replacing I and J
by (U J)\ Wius(P) and (I NJ)~ Wins(P). By Proposition 5.2,

m(2,8) => m(a,Rp).
P

For each non-empty P, the nested multicollection Rp has fewer vertices than S,
that is, ZRGRP R’ < |ZS€SS’. Therefore, by the induction hypothesis, each
m(2,Rp) is a nonnegative integer linear combination of cluster Y-monomials.
For P = @, the nested multicollection Ry has the same number of vertices as S,
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that is, > per, R‘ = |Zses S’, but additionally it satisfies Ry > S. Therefore, by

the induction hypothesis, m(&, Ry) is a nonnegative integer linear combination of
cluster Y-monomials. Hence, it follows that m(@,S) is also a nonnegative integer
linear combination of cluster Y-monomials.

Otherwise, assume that conditions (N1) and (N2’) hold. Let N be the multicol-
lection obtained from S by replacing each set I € S with the connected components
of I. Now, N satisfies (N3’), while (N1) and (N2’) are preserved from S. Therefore,
by Lemma 2.2, N is a nested multicollection. Moreover, by Lemma 2.3, we have
m(2,8) =m(a,N), so m(&,S) equals to a cluster Y-monomial, as desired. O

5.3. NONNEGATIVE EXPANSION OF MONOMIALS. In this subsection, we prove Theo-
rem 1.3 as a corollary of Proposition 5.16. This is very similar to the proof of Theo-
rem 4.1 as a corollary of Theorem 4.3, with the additional care of making sure that
the coeflicients are nonnegative.

THEOREM (Theorem 1.3, repeated). Assume that I" is a bidirected tree. Then, each
monomial of Ar is a linear combination of cluster monomials with over R with non-
negative coefficients.

The proof of Theorem 1.3 is completely analogous to the proof of Theorem 4.1: re-
place all instances of “integer linear combination” to “nonnegative integer linear com-
bination”, replace all instances of “linear combination over R” to “linear combination
over R with nonnegative coefficients”, and replace the application of Theorem 4.3 to
an application of Proposition 5.16.
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