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The Saxl conjecture and the tensor square

of unipotent characters of GL,(q)

Emmanuel Letellier & GyeongHyeon Nam

ABSTRACT We know from [9] that if for some triple of partitions (A, u,v) of n the Kronecker
coefficient (x* ® x*,x") is non-zero then the corresponding multiplicity (> @ U*,UY) for
the unipotent characters of GL, (Fq) is also non-zero. A conjecture of Saxl says that if p is
a staircase partition, then all irreducible characters of Slul appear non-trivially in the tensor
square x* ® x*. Therefore the Saxl conjecture implies its analogue for unipotent characters, i.e.
all unipotent characters of GLM (Fq) appear non-trivially in the tensor square U* QUM when p
is a staircase partition. In this paper we prove the analogue of the Saxl conjecture for unipotent
characters. In a second part we describe conjecturally the set of all partitions p for which the
tensor square U* ® UM contains non-trivially all the unipotent characters of GLy,|(Fq).

1. INTRODUCTION

For a partition u of n, we let x* denote the corresponding irreducible character of
the symmetric group S,, and we let U* denote the corresponding unipotent character
of GL,(F;) (see §2.3). If x = (n) then x* and U" are the trivial characters and if
= (1"), then x* is the sign character and U* is the Steinberg character St.

Given a triple of partitions pu = (!, u2, u3) of n we consider

gu =" OX" OX" s, Unlg) = <U“1 QU oU”, 1> -
GL, (F,)
The first one is a non-negative integer known as a Kronecker coefficient and the second
one is a polynomial in ¢g. One of the most challenging problem in algebraic combina-
torics (going back to Murnaghan in 1938, cf. [13]) is to describe combinatorially the
set
{p= (" 1", 1) | gu # 0}
The analogous problem for U,(q) is relatively new. As far as we know, it was first
investigated in [5]. Since then, substantial progress was made [10][9][8][4][14].

In [9], it is shown that the two problems are somehow related, namely it is proved
that if g,, is non-zero then U, (q) is also non-zero (the converse is false).

A 10 years old conjecture due to Saxl states that if u! = pu? is a staircase partition
then g, is non-zero for any partition 3. The main theorem of this paper is the
following theorem (as predicted by the Saxl conjecture and the results of [9]), which
is proved in §3.
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EMMANUEL LETELLIER & GYEONGHYEON NAM

THEOREM 1.1 (Analogue of the Saxl conjecture for unipotent characters). If u* = p?
is a staircase partition, then U,(q) # 0 for any partition w3,

In a second part we are interested in the unipotent characters whose tensor-square
contains all the unipotent characters. By the above theorem, the unipotent characters
attached to the staircase partitions do satisfy this property. By [4][9], we know that
the Steinberg characters St also satisfy this property.

We make the following conjecture (see Conjecture 4.1).

CONJECTURE 1.2. Let o = (u1, fi2, - - - ) be a partition of n.
(1) If p1 < [n/2], then for any partition T of n we have

U(M7M7T) (Q) 7é 0.

(2) If p1 > [n/2], then
Ulpuu,1my () = 0.

We verify this conjecture for n < 8 using Mattig’s experimental data [12]. Theorem
1.1 is also an evidence for this conjecture as the staircase partitions do satisfy the
condition on .

The results of this paper and [9] suggests that Conjecture 1.2 could be reduced to a
statement on Kronecker coefficients (see §4). However we could not find a precise rea-
sonable conjectural statement on Kronecker coefficients that would imply Conjecture
1.2.

2. PRELIMINARIES

We denote by P the set of all partitions and for a non-negative integer n, we let
P, be the subset of partitions of size n. For a partition A = (A1, Ag,...,\,) with
A1 = Ay = -+ = A\ we denote by £(\) = r its length and by |\ = Ay 4+ -+ + A, its
size.

2.1. ROOTS OF STAR-SHAPED GRAPHS. Let us start by explaining briefly why root
systems appear in our context.

Crawley-Boevey [1] associated to any k-tuple O = (Oq, ..., Ok) of adjoint orbits of
gl,,(K) (with K an algebraically closed field) a star-shaped graph I'o with & branches
(whose lengths are determined by the Jordan type of the orbits). Using the theory
of quiver representations, he found a very nice solution in terms of the root system
of T'v of the Deligne-Simpson problem which is to determine for which k-tuples of
adjoint orbits O the following equation has a solution

X1+ +X,=0, X1€0q,...,X; € Op.

In [3], we use Fourier transforms to link the counting (over finite fields) of the number
of solutions of the above equation with the multiplicity of the trivial character of
GL,(F,) in a tensor product of irreducible characters of GL,,(IF,). We use this in [9]
to study tensor products of unipotent characters of GL,, (F,).

We now recall some definitions for an arbitrary graph (see [7, Chapter 5] for more
details).

Assume given a finite graph T' = (I, Q) where I is the set of vertices and €2 the set
of edges. We assume that I" has no loops.

For i € I we let e; be the element of Z! defined as

(ei)j = 5z',j
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An analogue of the Saxl conjecture

Denote by € = (¢;5)i jer the Cartan matrix of I, i.e.

2 ifi=j
Cij = .
—n;;  otherwise
where n;; is the number of edges between the vertices ¢ and j. The Cartan matrix
defines a symmetric bilinear form (, ) on Z! by
(el-, ej) = Cij-
For i € I, we have the fundamental reflection s; : ZI — Z1
si(v) =v—(v,e)e;, velzl.
If n;; is at most 1 (which will be our case), then the i-th coordinate of s;(v) equals
O vg) —wi
J
where j runs over the vertices which are connected to ¢ by an edge, and the j-th
coordinate of s;(v), for j # ¢, remains unchanged (i.e. (s;(v)); = v;).
We say that v € Z! is a dimension vector if the coordinates of v are all non-
negative.

ExAMPLE 2.1. Consider the graph

2 4 2
[ | ]

1
[ ]

with vector dimension v whose coordinates are as indicated on the graph. Then if
so denotes the reflection at the central vertex, then the coordinate of so(v) at the
central vertex is 24+ 2+ 1 —4 = 1 and the coordinates at the other vertices remain
unchanged.

The Weyl group W of T is the subgroup of automorphisms Z! — Z! generated
by the fundamental reflections {s;|i € I}. A vector v € Z! is called a real root if
v = w(e;) for some i € I and w € W.

EXAMPLE 2.2. The dimension vector

1 2 1
[ | ]

1

is a real root as it can be obtained from ey (where 0 is the labeling of the central
vertex) by applying first to e the reflections at the other vertices to get the dimension
vector with coordinate 1 everywhere and then by applying the reflection sq.

The set of fundamental imaginary roots M is defined as the subset of v € Z\ {0}
with connected support such that for all i € I we have

(e;,v) <0.

In the next proposition we will give a more explicit necessary and sufficient condition
for a dimension vector to be in M in the case of star-shaped graph.
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Recall that an imaginary root is a vector which is of the form w(v) or w(—v)
for some v € M and w € W. A root is said to be positive if its coordinates are all
non-negative. An imaginary positive root is of the form w(d) with § € M. The Weyl
group W preserves thus the set of positive imaginary roots.

From now we assume that I" is a star-shaped graph with 3 legs as follows

@ ce { L J

[1,1] [1,2] 1,7 — 1] [1,71]
@ @ ce { L J

0 [2’ 1] [27 2] [27 T2 — 1] [27 T?]
o - ® °

[3,1] [3,2] [3,r3 — 1] (3, 73]

where I = {0} U{[i,7]|1<i<3,1<j<r}
The reflection so at the central vertex 0 acts on v = (v;);es € Z' as

so(v); = v[1,1] + V2,1 + V3,1 — Vo ifi =0,
l i otherwise

and the other reflections sj; ;) act on v as

Vi j—1] F V41 — Vg i =[4, 7]
S[i’j](v)r - {v[r o o " otherwise.

with U[i,m-ﬁ-l] =0.

For v = (v;); € Z! define the integer

3
(1) 5(v) :==wvy — Z<UO — V[ 1])-
i=1

For a triple pu = (u', u?, u?) of partitions of n of length respectively ry +1,79+1,r3+1,
we let v, be the dimension vector of I' with coordinate n at the central vertex 0 and
n—-37_, (it at the vertex [, j].

For example if p = ((1%), (1%), (1%)), then the coordinates of v, are as indicated
on the following graph.

We have the following proposition.

Algebraic Combinatorics, Vol. 8 #4 (2025) 1122



An analogue of the Saxl conjecture

PROPOSITION 2.3. [9, Proposition 20] A vector is in M if and only if it is the form
vy for some triple of partitions p and

(2) §(vu) =n—p1 —pi —pi = 0.

Let N’ be the set of dimension vectors of I" and let (N?)* be the subset of dimension
vector with non-increasing coordinates along each leg, and let (NT)** C (N?)* be the
subset of dimension vectors of the form v,,.

We have the following result.

PROPOSITION 2.4.
(i) The subgroup H of W generated by the set of reflections {s;|i € I\{0}}
preserves (NT)*.
(ii) For any v € (NY)*, there exists a dimension vector u € (N')** such that
v = h(u) for some h € H. More precisely for each i = 1,2,3, the sequence

o' (u) = (o — W[, ], Upi1] — U[i,2]s - - - » Ui,ri—1] — Wlir]> Ufiri])
is the non-increasing sequence obtained by re-ordering the coordinates of
al(v).

Proof. (i) It is sufficient to show that s; ;;((N')*) = (N/)* for any [i, j]. Note that v €
(ND)* if and only if the coordinates of o%(v) are non-negative for all 4. Furthermore,
from the definition of sj; ;j, we see that the coordinates of o%(s}; ;1(v)) are obtained
from those of o*(v) by permuting the j-th coordinate with the (j + 1)-th coordinate,
and that o*(s; ;(v)) = 0¥(v) for k # i, hence the result.

(ii) As the effect of the reflection sp; ;; on the sequence o*(v) is to permute the j-th
coordinate with the (j + 1)-th coordinate, we can obtain a vector dimension u such
that the sequences o(u), with ¢ = 1,2, 3, are partitions. O

For a triple pp = (p!, p?, p®) € P2, we denote by I',, the graph with 3 legs as above
and with r; := ¢(u’) — 1. Notice that v,, is then a dimension vector of T',.

2.2. REPRESENTATIONS OF THE SYMMETRIC GROUP AND SYMMETRIC FUNCTIONS.
For a partition p of size n we denote by x* the corresponding irreducible character
of the symmetric group S,, and by X} its value at an element of cycle-type A. The
trivial character is x(™ and the sign character y1").
We denote by R, the Z-module generated by all irreducible characters of S,, and

we consider the ring

“+oo

R=&® R,
n=0

with Ry = Z and with product defined by

fn . fm = Indg:;g’m(fn X fm)
Then R is a commutative, associative, graded ring with an identity element. It is
equipped with the usual scalar product (, ) making the basis of irreducible characters
an orthonormal basis.
Let x = {z1, 22, ... } be an infinite set of variables and let A = A(x) be the ring of
symmetric functions.
For a partition g = (u1, 2, ..) we let

P = Bul) = (7t ) )
be the corresponding power sum symmetric function. It is equipped with a scalar
product (Hall pairing) such that

(Px, D) = Oap2a
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where z) denotes the size of the centralizer in S| of an element of S|y, of cycle-type
A

The Frobenius characteristic map [11, Chap. I, §7] is a ring isomorphism ch : R — A
defined by

ch(f) =Y 2" fupu
lul=n.

for any f € R, where f,, denotes the value of f at the conjugacy class of cycle-type
1. Moreover, ch is an isometry with respect to the scalar products.

Recall also that the Frobenius characteristic map of the irreducible character x*
is the Schur symmetric function s, = s,(x).

Recall that the base change matrix between the two base {s,}, and {p,}, is given
by the character table {ij} of symmetric groups, more precisely

(3) = > gk

z
MEPY "

Given two partitions A and p respectively of size n and m, and a partition v of
n + m, the Littlewood-Richardson coefficient c5, is defined by

(1) St = (X Indg 15, (O B)
(5) = (s, 350)

Choose a total order on the set of all partitions and denote by T the set of non-

increasing sequences of partitions w® = wlw? - --w". The size of w° is defined as

”
Wl =) ||
i=1

and we denote by T¢ the elements of size n.
It will be convenient to write the elements of T in the form (w!)™t (w?)"2 - - - (w*)"s
with w! > w? > -+ > ws.
We will need the following generalization of the Littlewood-Richardson coefficients:
For w® = (w!)™ (w?)"2 .- (w®)" € T? and for a partition v of n, we generalize (4)
as
o = (" mage, ()™ B8 () ) )

where
S

Spo = H(S‘wi‘)ni C Sp.
i=1
For a partition p we denote by V, an irreducible representation of Sy, affording the
character x* and we put

S
Vo = @ (V)™
i=1
This is an S,,0-module.
For a partition p of |w®| we have

i = dimHoms, (V.. Tnd3, (V2,))
= dimHomg_, (V,,,V,,) .

The last equality is by Frobenius reciprocity.
Now the group

Weo = f[ Sh;
i=1

Algebraic Combinatorics, Vol. 8 #4 (2025) 1124
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acts on the space Vo by the permutation action of S,, on (V,:)®" and can be
regarded as a subgroup of the normalizer of S,. in S, (which is the semi-direct
product S,o x Wo).
Therefore it acts on the space
Cl, := Homg_, (V, Vi)
as
w- f(v) = w- fw )
for f € CL., v € Vo and w € Wi
We now explain how to express the term
Tr (w, CL,)

with w € W, in terms of Schur functions.

We consider a total ordering on the set of pairs (d, A) where d is a strictly positive
integer and where A is a non-zero partition. Define T to be the set of types, namely
the set of sequences

(dlvwl)ml (d2a w2)m2 T (ds’ Ws)ms

with (dy,w') > (d2,w?) > -+ > (ds,w?®). The size of a type w = {(d;,w)™}; is

S
lw| == Z n;d;|w'|
i=1

and we denote by T,, the set of types of size n.
Given a family {f\} of symmetric functions indexed by partitions, we define for
any type w = {(d;,w")™ };, a symmetric function

fo = [ fur ety

where x¢ stands for the set {z¢,x4,...}.
Notice that giving w® = (w!)™ .- (w*)™ € T and a conjugacy class of W . (or
equivalently a partition of n; for all 7) defines a type w € T,,.

EXAMPLE 2.5. If w® = (12)4(31)6 € TY4, then W0 = S, x Sg and if we choose the
partitions (2,2) and (3,2, 1), then the associated type is

w=(2,(1%))*(3,(3")(2,(3"))(1. (3") € Tas.
We have the following proposition which generalizes Formula (5).

PROPOSITION 2.6. [8, Proposition 6.2.5] Let w® = (w!)™ .- (w®)" € T and w €
Weo, then
Tr(w, Clo) = (spu, Sw)

where w is the type defined from the pair (W, w).
EXAMPLE 2.7. Consider w® = (1%)(1)? and p = (3,1). Then W,o = Sy since the
unique partition (1) of 1 has multiplicity 2.

Using the above proposition, we wish to compute

(3,1)
Tr <U7 C(l?)(l)?)

where o is the non-trivial element of S5.

Notice that the type w associated to (w°, o) is w = (1, (1?))(2,1) and so

Sw — 8(12) (X)S(l) (X2)

= 8(12)p2(x).

Algebraic Combinatorics, Vol. 8 #4 (2025) 1125
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Using Formula (3) to express py in terms of Schur functions together with
Littlewood-Richardson coefficients, we compute

<5(3’1)(X), Sw> = <S(3’1)(X), 8(12)(X)5(2)(X) — 8(12)(X)S(12)<X>>

= <S(371)(X), 8(3)1)(X) — 8(22)(}() — 8(14)(X)> =1.

This shows that Tr (0, Cgél))(l)2> = 1, equivalently, (CE?’;))(I)Z is the trivial representa-

tion.

2.3. UNIPOTENT CHARACTERS OF GL, (F,). Denote by B the subgroup of GL,, of
upper triangular matrices and denote by C[GL,,(F,)/B(F,)] the C-vector space with
basis the set GL,,(Fq)/B(F,). The group GL, (F,;) acts by left multiplication on the
latter set and so acts on C[GL, (F,)/B(F,)].

The unipotent representations of GL,(F,) are defined as the irreducible con-
stituents of C[GL,,(F,)/B(F,)] and they are naturally parametrized by the irreducible
characters of S,, and so by the partitions of n.

We will denote by U* the unipotent character corresponding to the partition pu.
Then

U™ =lder, @, U =st

where St denotes the Steinberg character of GL, (F,).
Given a triple g = (u!, u?, u®) partitions of size n, we consider the multiplicities

= (" @ @ 1> U(q) = <w1 u” our 1> .
Iu <x ®x" ®x" 1), u(q) ® QuU", L)

n

Recall that the first one is a non-negative integer known as a Kronecker coefficient
while the second one is a polynomial in ¢ with non-negative integer coefficients (see
[9, Theorem 4]).

THEOREM 2.8. (9, Proposition 6] If g, # 0 then Uy(q) # 0. In fact the term g,
contributes to the constant term of U, (q) (i-e. gu < Upn(0)).

The converse of the above theorem is false. For instance if p = ((1™), (1™), (1™)),
then g, = 0 but U, (q) # 0 (see [9, §3.6] for n = 3).

2.4. GENERALITIES ON TENSOR PRODUCTS OF UNIPOTENT CHARACTERS. We con-
sider the set P of triples of partitions of the same size and we repeat what we did in
§2.2 with P instead of P.

Namely we choose a total ordering on P and we denote by TZ the set of se-
quences w® = (w!)™ (w?)"2 - .- (w*)" of elements of P with w! > --- > w* such that

S, nilet| = .
Define

S s S
Swe = [[(Sjwe)™ C Sa, Vo 1= @ (Vi) ¥, Weo =[] Sn,
i=1 i=1 i=1
where for n € N* and p = (!, 2, u3) € P we put
Sn = Sn X Sn X Sn, V,_L = Vul X Vﬂz X Vus.
Define the W,o-module
CL. :=Homsg,_, (Vue,V,).

Algebraic Combinatorics, Vol. 8 #4 (2025) 1126
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REMARK 2.9. Notice that we have a natural map T, — (T9)3,w® — (w?,ws,ws)
where w? is obtained by mapping each w’ € P in w® = (w!)™ -+ (w®)" to its i-th
coordinate.

Notice that the multiplicities of partitions in w{ may be larger than ny,na,...,ng :
For instance if we take w?® = ((12), (21), (21))((21), (12), (21)), then w¢ = w9 = (12)(2})
and wg = (21)2.

As vector spaces, we have

3 i
CZO = ® (Cluj?
i=1

where g = (u', %, 1i?). Via the diagonal embedding of Wee in Wie x Wi X W,
this is an isomorphism of W,.-modules.

We have the following result.

THEOREM 2.10. [9, Corollary 5] Let p = (u',p2,u3) € P be of size n (i.e. |ul| =
|12 = |13 = n). Assume that there exists w® = (W)™ .- (w®)" € T, such that the
two following conditions are satisfied:

(1) The dimension vector v is a root of T for alli=1,... s,

(2) (C&o, Ly, #0.
Then U,(q) # 0.

LEMMA 2.11. Theorem 2.10 implies Theorem 2.8.

Proof. Tf we take w® = ((1),(1),(1))", then the condition (1) of the above theorem
is satisfied as the graph is the Dynkin diagram A; with dimension vector 1 at the
unique vertex.

Moreover S,. = (S1)" is the trivial subgroup of S,,, W,o = S, and V. = C.
Therefore for p = (u', p?, u?) of size n,

CH, = Hom(C, Vs R V,2 R V) = Vs B V,2 K Vs

as Sy-modules (for the diagonal action). Therefore (Cg,o, 1)y, , = gu and so if it is
non-zero then so is U, (q) by Theorem 2.10. O

REMARK 2.12. Theorem 2.10 also implies that if v, is a root then U,(g) # 0 as in
this case we can take p for w®.

EXAMPLE 2.13. Let us give an example where the condition of Theorem 2.10 is satis-
fied but v, is not a root and g,, = 0. Moreover this example will be used later.
Consider

n= ((22)7 (22)7 (3,1)).
Then (T, v,,) is as follows

2 4 2
[ L ]

1

We can check that the corresponding Kronecker coefficient g,, vanishes (and so the
condition of Theorem 2.8 is not satisfied) and that v, is not a root (by applying first
the central reflection to v, and then reflections at other vertices). Let us see that the
condition of Theorem 2.10 is satisfied.

Algebraic Combinatorics, Vol. 8 #4 (2025) 1127
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Take w® = w!(w?)? with w! = ((12), (12),(1?)) and w? = ((1), (1), (1)). Then v,
is the longest root of the Dynkin diagram D4 and w? is the unique positive root of

A;. We have
(2%) o (3,1)
Clinyae =G Ciayye =C-
We need to compute the action of W, = S on these two spaces. Denote by o the
non-trivial element of S, by Example 2.7 we have

Tr (cr, Cg;l))(l)Q) =1.
Therefore the action of Sy on (C(?;l))(l)z is trivial and so Sy acts trivially on
Clo = €y ® T ay © Cliayye
as the tensor square of (C(12) (1)2 must be the trivial Sy-module (in fact a calculation
shows that (ngg(l)z is the sign representation of S3). We thus deduce that
<CZD,1>WMD =1.

The condition of Theorem 2.10 is thus satisfied and so we have U, (g) # 0. The result
of [9] is more precise and tells us that

Un(q) = (C&o, Dy, =1

which is consistent with the experimental data.

3. AN ANALOGUE OF THE SAXL CONJECTURE FOR UNIPOTENT
CHARACTERS
Fix a positive integer d, put n = Zle i and consider the partition §; = (d,d—1,...,1)
of n.
Recall that the Saxl conjecture says that for any partition 7 of n we have

9(&astasT) # 0.
The Saxl conjecture implies the following theorem which is the main theorem of this
paper.
THEOREM 3.1. For any partition 7 of n we have

U(fdéd,‘r)(Q) # 0.

Let us choose a partition 7 = (71, 72,...,7s) of n. The proof of this theorem is
divided into three cases :

()m<n—-dandd>7

(2) m <n—dandd<6,

(3) 1 >n—d.

To ease the notation we will denote the multipartition (£4,&4,7) by 7.

3.1. THE CASE 71 < n—d AND d > 7. The aim of this section is to prove the following
result.

ProproOSITION 3.2. If 1 < n—d and d > 7 then the dimension vector v, is an
imaginary root of T'r.

Together with Remark 2.12, this implies that Theorem 3.1 is true when 7, < n—d
and d > 7.

LEMMA 3.3. If ; < n — 2d, then v, is a fundamental imaginary root of '

Algebraic Combinatorics, Vol. 8 #4 (2025) 1128
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Proof. From Equation (2), we have §(v,) =n — (2d + 7).
If 1 < n—2d, then

0(ve)=n—(2d+mn) =0

from which we deduce that v is a fundamental imaginary root by Proposition 2.3. O

To prove Proposition 3.2 we are thus reduced to prove the following result:

PROPOSITION 3.4. If n —2d < 71 < n—d and d > 7 then the dimension vector v, is
an imaginary root of T'r.

Proof. Let us first explain the strategy of the proof. We assume that
n—2d<tm <n-—d

and we write 71 = n — 2d + k for some integer 1 < k < d.
Notice that

0(ve)=n—-2d—1 =—k

and so v, is not a fundamental imaginary root. To see that v is an imaginary root,
we will construct an element w € W such that

o(w(vs)) =0,

and w(v;) has the form v, i.e. such that w(v,) is a fundamental imaginary root. As
W preserves positive imaginary roots, this will prove that v, is a positive imaginary
root.

To construct such a w we will use the following process. We apply the central
reflection sg to v,,. This will have the good effect of increasing the § value but will
have the wrong effect of creating a dimension vector which is not in the form v,
for some p, anymore. Therefore we will apply reflections at other vertices to get a
dimension vector of the form v, using Proposition 2.4(ii). At the end of the first

step of the process we will have a dimension vector v.(,-l) of the form v, such that

(5(V5—1)) > O(vy). If 5(v.(,-1)) < 0, we repeat the process with v.(,-l) and we keep going
until we get a dimension vector VS-m) with a non-negative 9.
We now explain this in detail. We first assume that d > 8. Notice that (I'y,v,) is

as follows

n—2d+1 n—3d+3 1
L J L {
d—2 d—3 2
n—2d+1 n—3d+3 1
o o e ®
d—2 d—3 2
2d—k—1o 2d—k—1o—73 Tr
® ® e ®
T3 T4 Tr—1

where the black color integers indicate the coordinates of v and the red color integers
on the edges denote the successive differences between the coordinates of v., i.e.
ol(var).

We now apply the central reflection sg and we get (I'r, so(vr))
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n—2d+1 n—3d+3 1
® e ®
d—2 d—3 2
n—2d+1 n—3d+3 1
. e .
d—2 d—3 2
2d—k—m2 2d—k—T12—T13 Tr
o ® e ®
T3 T4 Tr—1

We have so(v,) € (NI)* and §(so(v+)) = 0 but so(v,) is not anymore in (N7)** as
we now see in detail.

Since T is a partition of n we have 71 + 75 < n and so 2d — k > 7. Moreover as
d > 8, we have

d(d+1
(6) n = % > 4d
from which we get n — 2d > 2d — k. Therefore the successive differences between the
coordinates of the dimension vector on the last leg define a partition as n — 2d >
2d — k > T2, ie.
o3(s0(vy)) = (n—2d + k, 72, 73,...,7,)
is a partition. This is not the case for the first two legs if k£ > 1, i.e.
o (s0(ve)) = 02(s0(v2)) = (d— kyd — 1,d = 2,...,2,1)

is not a partition if £ > 1. But we may apply some element in H to obtain a dimension
vector v in (ND)**i.e. move the first d — k to come after d — k + 1, so that the
sequence becomes (d—1,d—2,...,d—k+1,d—k,d—k,d—k—1,...,1) (see proof
of Proposition 2.4(ii)). More explicitly, we apply [z x—1]- - 82,15[1,k=1] - - - S[1,1] tO
so(vy) to get (FT,VS})) with vV € (NL)y**:

n—k—d+1 n—k—2d43 n—k—3d+6 1
® ® R Ce ®
d—2 d—3 d—4 d—k 2
n—k—d+1 n—k—2d+3 n—k—3d+6 1
® ® A A ®
d—2 d—3 d—4 d—k 2
2d—k 2d—k—72 2d—k—79—T3 Ty
® ® . L. ®
T2 T3 T4 Tr—1

As shown just before the graph, in the first two legs there are two consecutive edges
labelled by d — k and we have

S(viY) = —k 4 2.

Therefore if £ =1 or 2 then v.(,.l) is a fundamental imaginary root and we are done. If
k > 3 we keep going with the process, i.e. we apply s first and then use the reflections
of H to re-order the labels of the edges in a non-decreasing way from right to left
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since 80(V5-1)> € (N)*. Then we get a dimension vector v e (NT)** and (1",.7v$2))

as follows

n—d—2k+4n—2d—2k+7 n—3d—2k+11 1
. . e e .
d—3 d—4 d—>5 d—k+1 2
n—2k+2 n—d—2k+4n—2d—2k+7 n—3d—2k+11 1
Py ® Ce A ®
d—3 d—4 d—>5 d—k+1 2
2d—k 2d—k—T1o 2d—k—1o—T3 Tr
® ® Ce Ce T
T T3 T4 Tr—1

Notice that from (6) we have
n—2d—-k+22>22d—-k

and so n —2d — k + 2 > 7 and so the successive differences of the coordinates on the
last leg form a partition, i.e. 0'3(V.(,—1)) =(n—-2d—k+2,79,73,...,7) is a partition.
We have
S(v?) = —k + 4.

So if k£ < 4 then vg) is a fundamental imaginary root and the process stops. If k > 4
we start again the process and for 0 < m < [k/2] we end up, after m iterations of

our labelling algorithm, with a dimension vector v.(,-m) € (N)** which has the form

n—d
—mk+m? 1
® ® .. . °
d—k+m—1
n—d
—mk+m? 1
® ® .. A ®
d—k+m—1 2
D2d—k 2d—k—7s ™
. . e e .
T2 T3 T4 Tr—1

Note that we can check that so(vsf)) € (N)* for all j =0,1,2,...,[k/2] inductively.

The key point in the induction process is that we never need to use reflections in
H on the last leg to re-organise the labels on the edges in a non-increasing way, i.e.
when m < [k/2] we always have

n—2d—(m-1k+m(m-—1)>2d—k > 7o,
equivalently, 0'3(V-(,-m)) =(n—-—2d— (m—1Dk+m(m—1),79,...,7.) is a partition.
Indeed, as the sequence (n —mk +m(m — 1)),<rx/21 is decreasing, we only need to
check the above inequality for m = [k/2], i.e. we need to check that
k? — 6k if k is even,
k? —6k+1 if k is odd.

But these inequalities are true under our assumption 0 < £k < d and d > 8.
We have

(7) 2d* — 14d > {

S(vi™) = —k +2m
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and so for m = [k/2] we get that vim
the theorem for d > 8.

The first part of the proof works as the inequality (6) still holds for d = 7. However
the end of the proof needs to be modified as the inequalities (7) are not verified

is a fundamental imaginary root which proves

anymore for d = 7 and k = 7. We can check this case by hand as follows: § (VS’)) =1
for 7 = (21,7), 5(v£r4)) =0 for 7 = (21,6,1) and §(v.(,-4)) =1forall 7= (21,7,...,7)
such that 75 < 5. O

3.2. REMAINING CASE 71 < n—d AND d < 6. It remains to verify the theorem for
the cases where d < 6 and 71 < n—d. In this range, there exist elements v.- which are
not imaginary roots; rather, they are real roots or correspond to a non-zero Kronecker
coefficient. Recall that if v, is a root (respectively, if g, # 0), then by Remark 2.12

(respectively, by Theorem 2.8), U, (q) # 0.
The findings are summarized in the following table.

(dln] 7=(n,72,...) v, | Ur(q) # 0 because |

6|21 71<15 except (15,6) Imaginary root v, is a root
Under reflections,

6|21 (15,6) equivalent to the real root Vo is a root
((1%).(1%).(2.1))

T1<10 . A

5 | 15 | arcept (9,6),(10,4,1),(10,5) Imaginary root v, 1s a root
Under reflections,

5|15 (10,4,1) equivalent to the real root v, is a root
((12).(1%).(1%))

5115 (10,5) Not a root gr = 141
Under reflections,

5115 (9,6) equivalent to the real root v, is a root

((1%),1%),(2.1))

10

71 <5 except (5,4,1),(52)

Imaginary root

v, is a root

Under reflections,

4

4110 (5,4,1) equivalent to the real root v is a root
((1%),(1%),(1%))

4110 (52) Not a root gr =6

4110 (6,1%) Imaginary root Vv, is a root

Under reflections,

4110 (6,2,1%) equivalent to the real root v, is a root
((1%),(1%),(1?))

4110 (6,22) Not a root gr =39

4110 (6,3,1) Not a root gr = 54

4110 (6,4) Not a root gr =15

31| 6 | m1=1,2 except (22,1%),(2%) Imaginary root v is a root

Under reflections,

316 (22,12) equivalent to the real root v, is a root
((1%),(1%),(1%))

31 6 (2%) Not a root gr =2

316 (3,1%) Not a root gr =4

3|6 (3,2,1) Not a root gr =95

3] 6 (3%) Not a root gr =2

’ 2 \ 3 \ (1%) Not a root \ gr =1 ‘
] 1 \ 1 \ (1) Real root \ v, is a root ‘

3.3. THE CASE 71 > n — d. Recall that the dominance order < is defined as follows:
for two partitions A and p of size n, A I pif Ay +--- 4+ Xy < g + -+ + p; for all 4.

In [6], it is proved that if &4 is comparable with 7, namely 7 < &; or £; < 7, then
the Kronecker coefficient §, # 0 and so by Theorem 2.8, U, (q) # 0.
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Hence in the case 4 > n — d, to prove Theorem 3.1 it is sufficient to prove the
following result.

LEMMA 3.5. If 11 > n —d, then &g < 7.

Proof. We need to prove that
m++nz2d+d-1)+--4+(d—i+1)

for all ¢. By assumption on 7; note that

d(d—-1
LT 2 (n—d+1)+(z’—1):%+i.
Therefore it is enough to prove that
d(d—1) i 1(2d—i+1)
2 2
which is equivalent to

(d—i)*>d—i.
Note that because of the assumption 71 > n — d, the length of 7 is at most d and so
d — i > 0 from which we deduce the above inequality. O

4. THE TENSOR SQUARE OF UNIPOTENT CHARACTERS

In this section we are interested in the unipotent characters of GL,,(F,) whose tensor
square contains as a direct summand all the unipotent characters of GL,,(F,). We
saw in the previous section that this is the case of the unipotent characters attached
to the staircase partitions. We also know that the Steinberg characters satisfy this
property [9, Proposition 33] (see also [4] for other groups). In this section we give a
conjectural necessary and sufficient condition for a unipotent character to verify this

property.

4.1. MAIN RESULT AND CONJECTURE. The aim of this section is to bring some evi-
dences for the following conjecture.

CONJECTURE 4.1. Let p = (p1, 2, - - . ) be a partition of n, then
(1) Ugp,u,ry (@) # 0 for all partitions T of n if and only if py < [n/2].
(i) If 1 > [n/2], then
Ul (1m)) (@) = 0.

We can check that the above conjecture is correct for n < 8 from Mattig’s experi-
mental data [12].

Notice that if 4/ < p and if gy < [n/2] then p} < [n/2] and so the first assertion
of Conjecture 4.1 implies the conjecture below.

CONJECTURE 4.2. If for some partition u of n we have
Uty (@) # 0, for all partitions T,
then for all partitions p' < p, we have

Ul ) (@) # 0, for all partitions .

Notice that the set {u|p1 < [n/2]} has a maximal element ™ with respect to
the dominance order. If n = 2k is even, p™®* is the partition with two parts (k, k)

and if n = 2k + 1 is odd, it is the partition (k + 1, k).
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THEOREM 4.3. For any partition p < p™** we have
Ul (1m)) (@) # 0.

Proof. Put

o {«m, (12), (1)) if n = 2k,
((1%),(1%), (12)*((1), (1), (1)) ifn=2k+ 1L
By Theorem 2.10 it is enough to prove that

8) (cgm 1) 0.
Put
o )k if n = 2k,
YT {(12)k(1) ifn=2k+1
so we have
clen™) — ¢t gt @ CL).

To prove (8) it is enough to prove the following two statements :

(1) For all partitions p of n such that g < ™% we have C. # 0,

(2) Cfff) is the trivial Sg-module.

By Proposition 2.6 we have

o i=dimCl, = (s, Suo) .
Notice that

P (S(p))k ifn= 2]{3,
“r (5(12))k8(1) if n =2k + 1.

We focus on proving (1) and (2) for even n = 2k; the case of odd n will be addressed
briefly, as the method is essentially the same.
By Pieri’s formula, for two partitions A and u of size r we have

CXan #0

if i can be obtained from A by adding r boxes with no two in the same row. In this
case it is of dimension 1.

We now prove (1) by induction on k. The case k = 1,2 are easy to verify. We thus
assume that (1) is true for k < m.

Let us prove it for kK = m. We have

Swe = (i) = 8{iz) 502 = (Z C<T12)mlsr> 1512);

where by induction hypothesis the coefficient c(le)m,l is>0when7d(m—1,m—1).

Let p be a partition of 2m such that g < (m,m). Then p is one of the following
kind :

(i) p = (m,m),

(ii) = (m, o, ..., pe) with ps < m,

(iif) g = (g1, p2y -+« pe—1, phe) with gy < m (in which case ¢ > 3).

Any partition p as above can be obtained from a partition smaller than (m—1,m —
1) by adding two boxes no two in the same row: in cases (i) and (iii), u is obtained from
(1, 2y« oy pre—1 — 1, g — 1), and in case (ii) it is obtained from (m —1,..., pe — 1).
Hence it follows from Pieri’s formula and the induction hypothesis that s, appears
non-trivially in s, .
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When n is odd, for any partition u < (m+ 1, m), u must be of one of the following
forms:

M:(m+17m)v N:(m+1vu27"'vﬂf)With/u’2<ma
or
= (Mhﬂ?a"'a/’éé—lvue) with 1 <m,

in which case £ > 3. As in the even case, each such p can be obtained from a
partition smaller or equal to (m,m) by adding one box: specifically, from (m,m),
(my pay ..oy pe), or (1, fho, -« ., fie—1, pre — 1). Hence, by Pieri’s formula and the induc-
tion hypothesis, it follows that s, appears non-trivially in s...

Let us now prove (2).

Using Pieri’s formula it is clear that s») appears in s, with multiplicity 1 and
SO (CSO") is one-dimensional.

Let us prove that (CS:) is the trivial module. As it is one-dimensional, it can be
either the trivial module or the sign module. To determine whether it is trivial or
sign, it is enough to compute the trace of an odd permutation.

Let us assume that k is even, then k-cycle ¢ = (1,2,3,...,k) € Sy is an odd
permutation. From Proposition 2.6, we have

Tr (O’, Cf}:)) <S(1n )s 8(12)(x k)>
L (P(l?)(xk) - P(21)(Xk))>

<5(1") (x),

= <5<1w>(X)7 5 (P) (%) = Py (X))>
1
2

— N

({sam) (%), per2) (%)) = (317 (%), D) (%)) -
Since for two partitions A and p we have

(5(%), P (%)) = X
we deduce that

T (o, ) =1

and so we proved that (Cf}:) is the trivial module when n = 2k with k even.
If n = 2k with k odd, we take the cycle o = (1,2,...,k — 1). Analogously to the
case when k is even, we have

(o )
= (s0m)(x), s(12)(x k71)5(12)(x)>

(
1
S(1n ’Z P(k 12 12)( X) — p(2k—2,12)(x)_p(k—12,2)(x)+p(2k—2,2)(x))
1

and we proved that CS(,H) is also trivial in this case.
When n = 2k + 1, we again aim to show that

Tr (0, €7) = £ (s (01, pise 1 (6) — {50 (), peak () = 1
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when k is even, and
Tr (0, CSﬁ)

1
= <5(1")(X)» 1 (p(k—12,12,1)(x) —P(2k—2712,1)(x) —p(k—12,2,1)(x) +P(2k—272,1)(x))>
=1

when k is odd.
Note that a partition (pi1,...,pe¢) is even (respectively, odd) if and only if the
partition (p1,...,pe, 1) is even (respectively, odd). This observation implies that

(8(1m) (%)s P sovoypie) (X)) = (S1n+1) (%), P(paa o opie,1) (X))
This shows that the representation (Cfulon) is again trivial. d

4.2. ExAMPLES. From Conjecture 4.2, the assertion
U(ymes ymex 7y # 0, for all T,
is thus an essential case which explains why we will focus on ¢™#* in the next examples.

REMARK 4.4. Notice that in the case of the smallest partition p = (1™), the dimension
vector corresponding to (u, 41, 7) is a root for any partition 7 (see [9, Proof of Propo-
sition 33]) from which we get that U, . r)(¢) # 0 for all 7. We already saw that for
larger partitions p (like the staircase partition) the dimension vector (u, p, 7) may not
be always a root and so one needs to mix with other arguments like Ikenmeyer’s result
on Kronecker coefficients ([6, Theorem 2.1]). We thus observe at a computational level
that the proof of the assertion (for p < p™a*)

U(H,H,T) 3& O7 for all T,

gets more complicated as j gets larger corroborating the idea that y = p™** would
be the essential case.
We put
Mg, = (O™, 1>Wwo .
Recall (see below Theorem 2.10) that M{4y (1),(1yy» is the Kronecker coefficient
g(ﬂv“a"—)'
Example 1 : The case n =4 and p = (2,2)
We have the following table
T @ [B1[E%)](21%)] 07
Mw.m.aps =9@pn |1 ] O J 1] 0 |1
M(a=).02).02)2 oo |t 0 1
Mgy oo | 01 L 10 ) L |0
Mooy | 01 0 | 01 0 )0
Mg .ao.canmmap | 0] 0 | 0] 0 | O
| Uty (9) [t v 2] 1 [2]

REMARK 4.5. In this example the dimension vector associated to (u, s, 7), when 7
runs over the partitions of 4, is never a root. Moreover the Kronecker coefficient
does vanish (second and fourth columns) and so we can not use only Theorem 2.8
and Remark 2.12 to prove the non-vanishing of U, . -(¢) as we did in the case of
staircase partitions.
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All the roots involved non-trivially (i.e. the dimension vectors corresponding to
the multipartitions ((1%), (1%), (1%)) and ((1),(1),(1))) being real we get U, .- (q)
by summing the first five rows (see [9, Formula (17), Proposition 27]). Notice that the
sixth row is consistent with Mattig’s experimental data [12].

We already proved that (see Example 2.13)

(3.1) _
M (2 12,12y (1), 1), 192 = 1+

The computation of the other entries of the above table is similar.

Example 2 : The case n =9 and p = (5,4)

The computation of U, , - (¢) in [12] are available for n < 8. In the example we
push the computation to n = 9 to verify that U, . -(q) # 0 as predicted by our
conjecture.

This example illustrates also the use of Theorem 2.10 for larger values of n : The
following table shows that for any partition 7 of 9, we can find an w® such that
M, # 0 from which we deduce, thanks to Theorem 2.10, that U, , -)(¢q) # 0 for all
partitions 7 of 9 (as predicted by our conjecture).

T M. | Maz,an,02) | Mla2,a2.02p | Mla2),a2),02)
(1).(1).(1)7 (1),(1),(1))° ((1),(1),(1))

(9) 1 0 0 0
(8’ 1) 1 1 0 0
(7,2) 1 1 0 0
(7,1%) 1 2 0 0
(6,3) 1 1 1 0
(6,2,1) 1 3 0 0
(6,13) 1 2 0 0
(574) 1 1 0 1
(5,3, 1) 1 3 1 0
(5722) 1 2 0 0
(5,2,12) 1 4 1 0
(5,19 0 2 0 0
(4%,1) 1 2 0 1
(4’ a2) 1 3 1 0
(4,3,12) 1 4 0 1
(4,22,1) 1 4 1 0
(4,2,1%) 0 3 1 0
(4,15) 0 1 1 0
(3%) 1 1 1 0
(3%,2,1) 1 4 0 1
(32,13) 0 3 0 1
(3,2%) 1 2 0 1
(3,22,1?%) 0 3 1 0
(3,2,1%) 0 1 0 1

To establish the above table we need the decomposition of

(psp,7) (t5p,7) (15,7
Ci12),(2),a2)) (), .)7 C(@2),a2),a2)80).).ap* A4 Ci2) (12) (12))1(1),1),(1))

into irreducible S-modules (where S is respectively S7, S5 x S3, and S;). We need
thus the decomposition of the modules CZ12)(1)77 C(Tlg)3(1)3, (C(le)4(1), for any partition
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T Miww.aape | Miaz)an.a2) | Miaz.an.a2 | Miaz)az.a)

(1-(1).(1)) (1.(1).(1))° (D.(1).(1)
3,19 0 0 1 0
2% 1) 0 1 0 1
(23,13) 0 1 0 1
(22, 1% 0 0 0 1
(2,17) 0 0 0 1
) 0 0 0 i

7, into irreducible modules. This is given by the following table (- means that (C(T*)

has zero dimension).

T Clizyayr Clizyay Clieypa
(87 1) : i )
(7,2) XD
(7, 12) X(7) @ X(G’l) .
(6,3) &2 NN %)
2
(6’ 27 1) X(le) @ X(512) @ X(‘B’l ) X(211) ‘Z X(S)
(6,13) Y& @61 YR .
(5,4) X(4’3) X(3) X X(Zl) X(4)
5,2 4,3 42,1 ORXP)o(xZ DR ™) 3,1
(5, 3, 1) X( ) SY X( ) &® X( ) @(XX(S)gxfzéi)l))e)?x((;,l)gx(z,l)) X( )
2 5,12 42,1 (xR 2,2
(5> 2°) X( )@ X( ) @(X(IS)&X(S))GB(X(Q’U®X(2’1)) X( )
(5.2) gy, (5,12) (X(Slgxm)@ﬂx(u)gxm) 2
(572’ 12) X(4,2.16)9X (4,13) (xR e (xR 1) X(2’1 )
ex' T ex'™ a(xEED)
(5,14 (G.1%) g (1% (®DEX™) %
’ X X EY ) NG NED! X
2 4,3 32,1 O Rx ) 4 3,1
(45,1) X3 @ x @D B(x > VR a (PR ) xW @ x &1
(X(3)‘XX<3))@(X(Q’l)&x(s))
(4’ 3, 2) X(4,2,1) o X(32’1) ® X(S’zz) @(X(g)&x(zl))@z(x(z,nxx(z,l)) 295(3,1) »
@(X(13)gx(m))@(x(m)gx(ﬁ)) EBX( ! )GBX( A9
PR RX®)
9 (3 gy (4:2.1) B2(x P By )33 (x 2 DRy (2 D) B @2y (3D
(4a 37 1 ) @X(Bz,l)@x(3,2,12) @(X(lg)&X(ZVI))@(X(;)‘XX(IBU @X(g,z)@x(g,ﬁ)
@(X(Zl)gx(l ))
By (& CRWE)
3 (X (13>X 23?2()( 3) fz 1>) 3,1 2,2
(4,22.1) x 42D @y (417 (xR e (x PRy 1) XDy (22
o ox 2 px @217 B3> VB D@2 IBY®Y) | @2x® D ox D
B2V R ) (xR D)
ORXN@2(xFDRX )
3 X(4’2'1)@X(4'13) @(X(lg)gx(3))EB(X(3)®X(2’1)) 3D gy (22)
(4,2,1%) oy (3:2.1%) g5 (319) EBS(X(Z*”IXX(Z’;))®2(x(;3)x’x(j’”) B2y 1D @y (0
(2,1) (1) ) (1)
S(x ®z< (3)%@(()3()) Bx)
5 (4,1%) (3,1%) D ) 2 D g (1) (2,1%) "
(4,1°) W) @ x5 B0 VXS VB ) | x5 @ x
®(X(l )&X(Z‘D)@(X(l )gx(l ))

To compute the multiplicity of 1 for instance in

C(N’u’(5»14))

e "
((12),(12),02))((1),(1),1))7 = Cazy)r @ Clazy)r @ C

(5,11

(It

2 3
:x““®x%$®(M“)@x@”)
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T T T
T Clizyayr Clizysaye Clizyqy
(3%) (3.2%) (PR (2,12)
X IR ( D) X
ERMED -
2 XD gy (3:2%) S2(x PR @3(x >V Ry D) @D gy (2,2)
(3%4,2,1) 5.2.12) (231 3 Ry @D Y+ () gy (1) G2 DX
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we use the tables in [2] to see that the trivial character appears with multiplicity 1 in

both

2
X(473) ® X(473) ® X(511 )

and

. (5,1%) —
from which we get M(z) (12),a2)) ()., ap7 = %

3
X(4’3) ® X(473) ® X(411 )’
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