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ABSTRACT Let I" be a graph with diameter at least two. Then I' is said to be 1-homogeneous
(in the sense of Nomura) whenever for every pair of adjacent vertices z and y in I, the distance
partition of the vertex set of I' with respect to both x and y is equitable, and the parameters
corresponding to equitable partitions are independent of the choice of  and y. Assume that "
is 1-homogeneous distance-regular with intersection number a; > 0 and diameter D > 5.
Define b = b1/(01 + 1), where by is the intersection number and 6; is the second largest
eigenvalue of I'. We show that if intersection number c2 is at least 2, then b > 1 and one of
the following (i)—(vi) holds: (i) I is a regular near 2D-gon, (ii) I is a Johnson graph J(2D, D),
(ili) T is a halved f-cube with £ € {2D,2D + 1}, (iv) T' is a folded Johnson graph J(4D,2D),
(v) T is a folded halved 4D-cube, (vi) the valency of I is bounded by a function of b. Using this
result, we characterize 1-homogeneous graphs with classical parameters and a; > 0, as well as
tight distance-regular graphs.

1. INTRODUCTION

In this paper, we study distance-regular graphs that have the 1-homogeneous property
in the sense of Nomura [21]. To motivate our results, we recall some preliminaries
and background on 1-homogeneous distance-regular graphs. For more details, refer
to [2, 6, 21].

Throughout this paper, let I' denote a finite, undirected, connected, and simple
graph. Let V(I") denote the vertex set of I'. For two vertices z,y € V(I"), the distance
d(z,y) is the length of a shortest path from x to y in I'. The diameter of T" is the
maximum value of d(x, y) for all pairs of z,y € V(T'). Let D denote the diameter of T.
For an integer 0 < 4 < D and a vertex « € V(I'), let I';(«) denote the set of vertices
in T at distance i from z. Abbreviate I'(x) = I'; (). The subgraph of I induced on the
set I'(x) is called the local graph of T' at . The graph I is called locally P whenever
every local graph of I" has the property P (or belongs to the family P). For example,
we might say that a graph is locally connected or locally a strongly regular graph.
For a pair of vertices x,y € V(T') with d(z,y) = 2, the subgraph of T" induced on the
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set I'(x) NT'(y) is called the u(x,y)-graph of I'. If this graph does not depend on the
choice of x and y (up to isomorphism), then we simply call it the p-graph of T'. For an
integer k > 0, we say that I is regular with valency k (or k-regular) if |I'(z)| = k for
every z € V(I'). For an integer 0 < ¢ < D and for a pair x,y € V(I") with d(z,y) =i
we define

(1.1)
Ci(z,y) :=Ti—1(x)NT(y), Ai(x,y):=Ti(z)NT(y), Bi(z,y):=Ti11(x) T (y),

where Cy(z,y) := @ and Bp(z,y) := &. Observe that I'(y) is the disjoint union of
the vertex sets C;(z,y), Ai(z,y), Bi(z,y). We say T is distance-reqular whenever the
cardinalities

(1.2) ci = |Ci(z,y)l, a; = |Ai(z,y), bi = [Bi(z,y)]  (0<i<D)

are constants and do not depend on the choice of x and y. Note that ¢ = ag = bp =0,
and ¢; = 1. Additionally, T' is regular with valency k = bg, and a; + b; + ¢; = k
(0 < i < D). The numbers a;, b;, ¢; in (1.2) are called the intersection numbers of T,
and the array {bo,b1,...,bp_1;¢1,¢2,...,¢cp} is called the intersection array of T.
We note that a distance-regular graph with diameter D has exactly D + 1 distinct
eigenvalues [6, Proposition 2.6].

NoTATION 1.1. Unless otherwise specified, whenever we denote I as a distance-regular
graph, we use the following notation: I' has diameter D, valency k, and distinct
eigenvalues 6y > 61 > ... > 0p. Moreover, the intersection numbers of I' are denoted
by {c;}2,, {ai} 2, {bi}i’;?)l, as shown in (1.2).

Next, we recall the notion of the i-homogeneous property as introduced by No-
mura [21]. Let ' be a connected graph. A partition 7 = {C1,C5,...,Cp} of V(I') is
called equitable whenever, for all 1 < 4,7 < p, the number of neighbors of a vertex
x € C; in the set C is independent of the choice of x. In other words, for each pair of
subsets C; and C; in 7, the number ¢;; := |I'(x) NC}| is constant for all z € C;. These
numbers {¢;; }1<i,j<p are called the parameters of m. We say I" has the i-homogeneous
property whenever, for every pair of vertices x and y at distance i, the partition
of V(T") according to the path-length distance to both = and y is equitable, and the
parameters corresponding to equitable partitions are independent of the choice of x
and y; see Section 5. Graphs with the i-homogeneous property are simply said to be
t-homogeneous. Note that I' is 0-homogeneous if and only if it is a distance-regular
graph. Moreover, if I" is 1-homogeneous, then it is a distance-regular graph and also
locally strongly regular.

In this paper, we focus on 1-homogeneous distance-regular graphs. Examples of
such graphs include the Johnson graphs J(2D, D), the bipartite distance-regular
graphs, and the regular near 2D-gons. We have some comments about the history
of 1-homogeneous distance-regular graphs. Over the years, the 1-homogeneous prop-
erty has received considerable attention and has been used in the study of distance-
regular graphs across various contexts, including tight distance-regular graphs [14, 17],
distance-regular graphs which support a spin model [4], the Terwilliger algebras [5],
and Q-polynomial distance-regular graphs [19]. Jurisi¢ and Koolen [8, 11, 13] explored
1-homogeneous graphs whose p-graphs are a complete multipartite graph Kix,, n > 1
(i.e., the complement of ¢ copies of the complete graph K, ). In [8], they introduced
the CAB property to study the local structures of distance-regular graphs and used
this property to characterize 1-homogeneous graphs with a; > 0. Also, they classified
1-homogeneous graphs with co > 2 whose p-graphs are K;«1, i.e., 1-homogeneous Ter-
williger graphs. In [11], they classified 1-homogeneous graphs when n = 2, i.e., when
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the p-graphs are K;yo (Cocktail Party graphs). In their subsequent study [12], they ex-
tended this work to distance-regular graphs whose p-graphs are Ky, (n > 2). Jurisié,
Munemasa, and Tagami [15] investigated a more general case, namely, graphs (not nec-
essarily distance-regular) whose p-graphs are Ky ,,. Moreover, several studies exam-
ined distance-regular graphs whose u-graphs are complete multipartite; see [9, 13, 17].
These studies have contributed to the research on classifying 1-homogeneous distance-
regular graphs with complete multipartite u-graphs, which is an important problem.

In this paper, one significance of our result lies in making substantial progress
towards a classification of 1-homogeneous distance-regular graphs with a; > 0. This
result extends to a broader context, covering 1-homogeneous graphs whose p-graphs
are complete multipartite, as discussed in the preceding paragraph. We now present
the main result of this paper.

THEOREM 1.2. Let ' be a 1-homogeneous distance-reqular graph with diameter D > 5
and ay > 0. Define b = by /(61 4+ 1). Then, either co = 1, or b > 1 and one of the
following holds:

(i) T is a regular near 2D-gon.
T is a Johnson graph J(2D, D).
(iii) T is a halved £-cube with ¢ € {2D,2D + 1}.

T is a folded Johnson graph J(4D,2D).
v) T is a folded halved 4D-cube.
(vi) The valency k of T' is bounded by a function F(b) of b, i.e., k < F(b), where

(1.3) F(b) = 166 4 80b° + 1920° + 25657 + 192b° + 72b° 4 20b* 4 240> 4 8b* + 1.
The proof of this theorem appears in Section 5.

REMARK 1.3. (i) We comment on the cases where the diameter is 3 or 4 for 1-
homogeneous distance-regular graphs with a; > 0. For D = 3, the Taylor graphs
are examples of 1-homogeneous graphs with a; > 0, as they are tight distance-regular
graphs. For D = 4, examples include the Patterson graph and the family ATy(p,q,r)
of antipodal tight graphs with parameters p,q,r; see [10, 13]. It remains an open
question whether there exist infinitely many such graphs of diameter 4.

(ii) In the case where T is a regular near 2D-gon as in Theorem 1.2, we can further
refine the classification under additional conditions: if ¢; > 3, then I' is a dual polar
graph; if ¢co = 2 and ¢3 = 3, then I' is a Hamming graph; see [6, Theorem 9.11].

REMARK 1.4.1In [17], Koolen et al. proposed a conjecture stating that for a tight
distance-regular graph with D > 3 and b = by /(1 + 6;) > 2, the diameter D is
bounded by a function of b; see [17, Conjecture 7.5]. We prove this conjecture in
Section 7 using Theorem 1.2.

This paper is organized as follows. In Section 2, we review strongly regular graphs
and their properties. We discuss a classification of strongly regular graphs with small-
est eigenvalue < —2. In Section 3, we discuss distance-regular graphs that are lo-
cally strongly regular. We establish a bound on the intersection number co for those
graphs. We also show that when a distance-regular graph is locally a conference graph,
it is a Taylor graph. In Section 4, we recall the CAB; property of distance-regular
graphs. We focus on the CABy property and examine distance-regular graphs that
possess this property. In Section 5, we discuss 1-homogeneous distance-regular graphs
with a3 > 0. We prove our main result, Theorem 1.2. In Section 6, we discuss 1-
homogeneous distance-regular graphs with classical parameters and a; > 0. Finally,
we conclude the paper in Section 7 with some comments on tight distance-regular
graphs.
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2. STRONGLY REGULAR GRAPHS WITH SMALLEST EIGENVALUE —m

In this section, we review properties of strongly regular graphs with smallest eigen-
value —m, where m > 0, and discuss their classification. First, we recall the definition
of a strongly regular graph. Let I be a k-regular graph with v vertices. The graph I’
is called strongly regular with parameters (v, k, A\, ) if each pair of distinct adjacent
(resp. non-adjacent) vertices has exactly A (resp. 1) common neighbors. Suppose T is
a strongly regular graph with smallest eigenvalue s. It is well known that I' satisfies
s < —2, except in the cases where T is a disjoint union of cliques (with s = —1) or a
pentagon (with s = (—1 — v/5)/2) [3, Section 1.1.10].

Let T be a strongly regular graph with parameters (v, k, A\, 1) and diameter two.
We denote the eigenvalues of I' as k > r > s. It is known that k,r, s are integers
except when T is a conference graph, i.e., a strongly regular graph with parameters
(4pe+1,2p, 0 — 1, ) [7, Lemma 10.3.3]. The parameters v, k, A of I' can be expressed
in terms of r, s, and u as follows:

(2.1) v:(k_T)u(k_s), k=pu—rs, A=p+r+s,
cf. [2, Theorem 1.3.1]. We present two examples of strongly regular graphs that will
be used in this paper.

EXAMPLE 2.1. A transversal design TD(m;n) is a partial linear space with mn points
and m + n? lines, with m lines (called groups) of size n forming a partition of the
point set, and n? lines (called blocks) of size m, each meeting every group in a single
point; cf. [3, Section 8.4.1]. The line graph of a transversal design TD(m;n) with
2 < m < nis called a Latin square graph LS,,(n); cf. [3, Section 8.4.2]. Note that
LS., (n) is isomorphic to the block graph of an orthogonal array OA(m,n). A Latin
square graph LS,,(n) is strongly regular with parameters

(2.2) n*, mn-1), (m-1Dm-2)+n-2, m(m—1))
and eigenvalues m(n — 1) > n —m > —m.

EXAMPLE 2.2. A Steiner system S(2, m,n) is a 2-(n,m, 1) design, that is, a collection
of m-subsets of a n-set in which each pair of elements is contained in exactly one m-
set. In this context, the elements of the n-set are referred to as points, and the m-sets
are referred to as blocks of the system. The block graph of a Steiner system S(2,m,n)
is defined as the graph whose vertices are the blocks of the system, where two vertices
are adjacent whenever they intersect at exactly one point. The block graph of a Steiner
system S(2,m,n) with n > m > 2 is strongly regular with parameters

n(n —1) m(n —m) s n-—1 9
2.3 —1 -2 .
(2:3) (m(m—l)’ m—1 " (m —1) Tt ™
. . m(n—m n—m? .
The eigenvalues of this graph are gn_l IS —T— > —m. In particular, the block

graph of a Steiner system S(2,m, mn +m —n) is called a Steiner graph S,,(n). Note
that a Steiner graph S,,(n) has parameters

((m—l—n(m —1))(n+1)

(2.4)

,  mn, m2—2m—|—n, m2>
m

and eigenvalues mn > n —m > —m.

Next, we recall some known results on the classification of strongly regular graphs
whose smallest eigenvalue is at most —2. For the rest of this section, let I' be a strongly
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regular graph with parameters (v, k, A, ) and integral eigenvalues k > r > s. For our
purposes, we set

(2.5) mi= —s, n=r—s (m>2).

If T is primitive, that is, both I' and its complement are connected, the parameter p
is bounded above by a function of m:

(2.6) < m3(2m — 3).

We call (2.6) the p-bound; see [20, Theorem 3.1]. Let f(m,pu) = sm(m—1)(u+1) +
m — 1. Then, by [20, Theorem 4.7] (cf. [3, Theorem 8.6.3]), the following statements
(i)-(iii) hold:
(i) If p=m(m —1) and n > f(m, p), then I' is a Latin square graph LS,,(n).
(ii) If 4 = m? and n > f(m, p), then T is a Steiner graph S, (n).
(iii) If g # m(m — 1) and p # m?, then

(2.7) néf(m,u):%m(m—l)(u—kl)—i—m—l.

We call (2.7) the claw bound. As a consequence of the p-bound and the claw bound,
the strongly regular graphs with integral smallest eigenvalue < —2 are characterized
as follows.

LEMMA 2.3 (Sims, cf. [3, Theorem 8.6.4]). Let T be a strongly regular graph with
parameters (v, k, \, ;) with integral smallest eigenvalue —m, where m > 2. Then T
belongs to one of the following (1)—(iv):

(i) complete multipartite graphs with classes of size m;
(ii) Latin square graphs LS,,(n);
(iii) Steiner graphs Sp(n);
(iv) finitely many further graphs.

We give a comment on Lemma 2.3. Assume that I is none of a complete multipartite
graph, a Latin square graph, or a Steiner graph.

By Lemma 2.3 and the claw bound (2.7), T satisfies n < gm(m—1)(u+1)+m—1.
Since n = r 4+ m, it follows

(2.8) r < %m(m - (p+1) -1

Note that n # m since I is not a complete multipartite graph. This implies r # 0, that
is, 7 > 1. From the first equation in (2.1), we have v = (k —r)(k 4+ m)/u. Substitute k
with g 4+ rm and simplify the result to obtain

—1)(1
(2.9) U:u—i—m—r—i—Qrm—l—Tm(m I —l—r).

i

Applying inequalities (2.6) and (2.8) to the right-hand side of (2.9) and expressing
the result in terms of m, we obtain
(2.10)

v<m3(2m—3)+m+(2m—1+m2(m_1)2)<

m(m —
2

Let ¢(m) denote the right-hand side of (2.10). Simplify the expression for ¢(m) to
obtain

l (m*(2m —3)+1) — 1) .

9 15 7 1 5 1
(2.11) ¢(m) = mlo—img—i—?mg— §m7—4m6—|—4m5+m4— §m3—§m2—§m+1.

Note that p(m) < m!0 for all m > 2. By these comments, we restate Lemma 2.3 as
follows:
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COROLLARY 2.4. Let ' be a strongly regular graph with parameters (v, k,\, u) with
integral smallest eigenvalue —m, where m > 2. Then one of the following holds:

(i) T is a complete multipartite graph with class of size m,

(ii) T 4s a Latin square graph LS,,(n),

(iii) T 4s a Steiner graph Spy(n),

(iv) The number of vertices of T is bounded by a function in m, i.e., v < p(m),
where o(m) is from (2.11).

3. DISTANCE-REGULAR GRAPHS THAT ARE LOCALLY STRONGLY REGULAR

In this section, we discuss distance-regular graphs whose local graphs are strongly
regular. For such graphs, we give a bound on their intersection number cs. We also
show that if a distance-regular graph is locally a conference graph, then it is a Taylor
graph. We begin by recalling some known results about distance-regular graphs that
will be used, along with references for further discussion.

LEMMA 3.1 (cf. [2, Theorem 4.4.3]). Let T' be a distance-reqular graph of diameter
D > 3 with eigenvalues k = 0y > 6, > --- > 0p and intersection number by. Let
b="5b1/(01+1). Then, b > 0. Moreover, for each vertex x in T, its local graph has the
smallest eigenvalue > —1 — b.

Let T" be a distance-regular graph with diameter at least two. Recall the definition
of the p-graph of I'. Observe that each u-graph has co vertices and that all are
isomorphic. For such I', the p-graph is also called the cy-graph of T'. If each cs-
graph is a regular graph with valency k, then we say that I is co-graph-regular with
parameter . The graph I' is called a Terwilliger graph when it is co-graph-regular
and every co-graph of I' is complete.

LEMMA 3.2 (cf. [9, Theorem 3.1]). Let " be a distance-reqular graph which is locally
strongly regular with parameters (v', k', N, ). Then T is cy-graph-regular with pa-
rameter p'. Moreover, co > p' + 1, with equality if and only if T is a Terwilliger
graph.

A clique in T is a subset of V(I") such that every pair of distinct vertices is adjacent.
A clique of size p is referred to as a complete graph K. A coclique of I is a subset
of V(T') such that no two vertices are adjacent. A complete bipartite graph K, , is a
graph whose vertex set can be partitioned into two cocliques, say a p-set V1 and a ¢-
set V5, where each vertex in V; is adjacent to all vertices in Va. A complete multipartite
graph Ky, is a graph whose vertex set can be partitioned into cocliques {V;}i_; of
size p, where each vertex in V; is adjacent to all vertices in V; (1 < j #¢ < t).

LEMMA 3.3 (cf. [22, Lemma 3.7]). Let T be a distance-reqular graph with valency k,
diameter D > 5 and second largest eigenvalue 01. Assume that I' contains an induced
subgraph Koy for some t > 2. Let b=1by/(01 +1). Then t < 4b* + 1.

We now establish a bound on the intersection number ¢, for distance-regular graphs
that are locally strongly regular.

PROPOSITION 3.4. Let T be a distance-regular graph with diameter D > 5, valency k,
intersection numbers by and co, and second largest eigenvalue 61. Assume I' is locally
strongly regular with parameters (v', k', N, u'). Let b=1b1/(61 +1). Then

(3.1) co < (40 + 1)(1/ +1).

Proof. We assume ¢y > 2; otherwise, it is trivial. Suppose that I' is a Terwilliger
graph. Then, by Lemma 3.2, we have cg = p/ + 1 < (4b? + 1)(1/ + 1). Now, assume
that I' is not a Terwilliger graph. Since ¢y > 2, I' contains an induced subgraph K> ;
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for some ¢ > 2. Applying Lemma 3.3 to I', we obtain the bound ¢ < 4b>+1. Next, as I"
is locally strongly regular, by Lemma 3.2, T" is ¢o-graph-regular with parameter '
Thus, we find that the number of vertices of the co-graph is at most ¢(u’ + 1). By
these comments, it follows that co < (' +1) < (46% + 1)(p' + 1). O

Recall that a conference graph is a strongly regular graph with parameters (4u +
1,2u, 0 — 1, 1), where p > 0. We consider distance-regular graphs that are locally
a conference graph. First, we recall the classification of distance-regular graphs that
satisfy a1 > k/2 — 1, as shown by Koolen and Park [18].

LEMMA 3.5 ([18, Theorem 16]). Let I" be a distance-reqular graph with diameter D > 3
and valency k. If a1 > %k — 1, then one of the following holds:

(i) T is a polygon,

(ii) T is the line graph of a Moore graph,

(iii) T is the flag graph of a regular generalized D-gon of order (s,s) for some s,
(iv) T is a Taylor graph,
(v) T is the Johnson graph J(7,3),
(vi) T is the halved 7-cube.

PROPOSITION 3.6. Let T' be a distance-reqular graph with diameter D > 3. If T’ is
locally a conference graph, then it is a Taylor graph.

Proof. Let A denote a local graph of I'. Then A is a conference graph, and we denote
its parameters by (4p+1,2u, u — 1, ), where p > 0. Thus, T" has valency k = 4p + 1
and intersection number a1 = 2u. We observe that k is odd, a; is nonzero and even,
and I satisfies a; > 1k — 1. By Lemma 3.5, T falls into one of the graphs (i)-(vi)
listed therein. However, we observe that:
e In case (i), a polygon has k = 2 and a1 = 0;
e In case (ii), the line graph of a Moore graph has the intersection array {2k’ —
2,k — 1,k —2;1,1,4}, where k' € {3,7,57}. This implies that a; = k' — 2,
which is an odd number;
e In case (iii), the flag graph of a regular generalized D-gon of order (s, s), a
generalized 2D-gon of order (s, 1), has k = 2s (an even number);
e In case (v), the Johnson graph J(7,3) has {12,6,2;1,4,9} as its intersection
array, so k = 12 (even) and a; =5 (odd).
From these observations, it follows that none of the graphs (i), (ii), (iii), (v) is lo-
cally a conference graph. Moreover, as the halved 7-cube has the intersection array
{21,10, 3;1,6, 15} its local graph has 21 vertices and valency 10, but such a conference
graph does not exist. Therefore, I' is a Taylor graph. O

We finish this section with a comment. The line graph of K, , is called the (p x ¢)-
grid. Note that the square (p x p)-grid, where p > 2, is a strongly regular graph and
is isomorphic to the Latin square graph LSs(p).

LEMMA 3.7 (cf. [11, Proposition 4.1]). Let T be a distance-regular graph with diameter
D > 2. If T is locally the (p X q)-grid and co = 4, then I' is the Johnson graph
J(p+4q,p), orp=q and T is the folded Johnson graph J(2p,p).

4. THE CAB,; PROPERTY

In this section, we recall the definition of the CAB; property for distance-regular
graphs and review related known results. We then focus on distance-regular graphs
satisfying the CABs property.

Let T" be a distance-regular graph with diameter D > 2. For 0 < ¢ < D and
for z,y € V(I') with d(z,y) = i, we recall the subsets C;(x,y), A;(x,y), Bi(z,y)
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of V(T'), as defined in (1.1). We also recall the intersection numbers ¢;, a;, b; of T’
from (1.2). Assume a; > 0. Let A(y) denote the local graph of " at y. Note that
A(y) has k = by vertices and is regular with valency a;. We observe that the set
{Ci(z,y), Ai(z,y), Bi(z,y)} partitions the vertex set of A(y). We denote this parti-
tion by CAB;(z,y) and call it the CAB;(z,y) partition of A(y). Observe that the
CABy(x,y) partition is {I'(x) }, and the CABp(z,y) partition is {Cp(z,y), Ap(z,y)}
if ap # 0 and {Cp(x,y)} if ap = 0. For 1 < j < D, we say that I" has the CAB;
property if, for each ¢ < j and for every pair of vertices z,y € V(') with d(z,y) = 4,
the partition CAB; = CAB;(z,y) is equitable, and its parameters do not depend on
the choice of vertices = and y. If T has the CABp property, then we simply say that
it has the CAB property.

LEMMA 4.1 (cf. [8, Proposition 2.1]). Let T' be a distance-reqular graph with a; > 0
and the CABy property. Then all local graphs of T are either

(i) connected strongly reqular graphs with the same parameters, or
(i) disjoint unions of (a1 + 1)-cliques.

We say the (triple) intersection number « of T' ezists if, for every triple of vertices
(z,y, 2) of I such that z and y are adjacent and z is at distance 2 from both x and y,
the number of common neighbors of x, y, and z is constant and equal to . To avoid
the degenerate case, we assume that there exists at least one such triple (x,y,z) in T’
(i.e., az # 0) when we say v exists. We note that if I' has the CABy property and
as # 0, then the intersection number v exists in I'. In this case, the parameter as,
defined as the number of neighbors in Cy(z,y) of a vertex in As(x,y), is equal to ~
(see Figure 1).

We recall the definition of a regular near polygon. Let I" be a distance-regular
graph with diameter D. For integers s and t, we say that I' is of order (s,t) if it is
locally the disjoint union of ¢ + 1 cliques of size s. The graph T" of order (s, t) is called
a regqular near polygon if a; = c;aq forall 1 < i< D —1. If ap = ¢cpay, wecall T a
reqular near 2D-gon; otherwise it is called a regular near (2D + 1)-gon. We note that
if a distance-regular graph with diameter D > 2 and a; > 0 is locally disconnected
and has the CAB property, then it is a regular near 2D-gon; see [8, Theorem 2.3].

LEMMA 4.2 (cf. [6, Theorem 9.11]). Let T be a regular near 2D-gon with D > 4.
Ifco 23 orc; =i (i =2,3), then T’ is either a dual polar graph or a Hamming graph.

Let T be a distance-regular graph with diameter D > 2 and a; > 0. Suppose I'
has the CAB; property for some 1 < j < D. For each 1 < i < j, @ # D, consider the
parameters of the CAB; partition (see Figure 1). Using these parameters, we define
the matrix Q; by

Y oar — 0
(4.1) Qi=|aia—pFi—a; B (1<i<j, i#D).
0 51 aq 751

We call Q; the quotient matriz associated with the CAB; partition; cf. [8, Theo-
rem 2.4]. Since I" has the CAB; property, it follows from construction and Lemma 4.1
that I' is locally strongly regular with the same parameters. If I' is locally connected,
then the eigenvalues of @; coincide with those of a local graph of T'; cf. [8, Lemma 2.6].

LEMMA 4.3 (cf. [8, Theorem 2.7]). Let T be a locally connected distance-regular graph
with D > 2, a1 > 2, and the CAB; property for some 1 < j < D. Let 09 = 0. Then,
for 1 <4 < j the parameters a;, b;, a;, Bi, Vi, 0; of the CAB; partition are expressed
in terms of the eigenvalues a1 > r > s of a local graph of I' and the parameters §;_1
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C; A; B;

& /(l—z\ b;
ap —7vy; % Bi 0

i ar— o — B ar —9;

FiGURE 1. The CAB; partition and its parameters for 1 <i¢ < D — 1

and ¢; as follows:

(4.2)
_ _ cilar —di—1) Wb (k)
’Y’L - 57,—1a 047, - ]{7 . Ci _ b,L 9 ﬁz - al — 61-717 (51 — al — 57;71 B’L?
(4.3) bi=k—c;— il = 0ia)®

(a1 —di—1)(ar —r —s+0i—1) — p/(k —¢;)’
and a; =k —b; — ¢;, where k = (ay —r)(a1 — s)/u’ and @' = ay +rs.

Proof. For (4.2), refer to the proof of [8, Theorem 2.7]. We will show (4.3) only.
Observe that I' has the CAB; property, so it is locally a strongly regular graph with
parameters (k,a1, N, ') and eigenvalues a; > r > s. Consider the quotient matrix
Q; associated with the CAB; partition for 1 < i < j < D. From (4.1), we have the
trace tr(Q;) = 2a; — «; — B; — ; + ;. Moreover, since the eigenvalues of @; equal the
eigenvalues of a local graph of T, it follows that tr(Q;) = a1 + r + s. From these two
equations for the trace of @Q);, we obtain

(4.4) a1 —1r—8=o0o;+ B +6; — .
Eliminate «;, 8;, d;, 7; in (4.4) using (4.2) and solve for b;. Simplify the result to
obtain (4.3). O

Now, we discuss distance-regular graphs satisfying the CABy property. Let T' be a
locally connected distance-regular graph with diameter D > 2 and a; > 2. We assume
that T" satisfies the CABy property. By Lemma 4.1, every local graph of I is a con-
nected strongly regular graph with the same parameters (v', k', X', ') and eigenvalues
a1 > r > s. Note that v = k and ¥’ = a;. Consider the CAB; partition. By construc-
tion, we have §; = p/. Using this and N = p/ + r + s, evaluate equations (4.2), (4.3)
at 1 = 2. Then the parameters of the CAB, partition are

(4.5)
—u /bg ,U/(]{i—CQ—bQ)
PR _ cala —p) _ 5, = Kk —ca—bs)
Y2 1 M Q2 k_CQ_bQ’ ﬁ2 al_/i” 2 al—u’ 5
and
_ ,\2
(46) b2 =k—- Cy — 02(a1 H )

(a1 +20/ = N)(a1 — ') — W (k —c2)’

With reference to the above discussion, we will express the parameters of the CABo
partition in terms of m = —s and n = r — s when I is locally a Latin square graph
or a Steiner graph. For our convenience, we will use the following notation.

NOTATION 4.4. Let b > 1. We define the polynomial G in the variable b as follows:
(4.7) G(b) = 16 4 32b° 4 48b® + 327 + 16b° + 8b° 4 8b* + 8V +- 1.
Recall F(b) from (1.3). Note that G(b) < F(b) for all b > 1.

Recall the intersection number b; and the second largest eigenvalue 6; of I.
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PROPOSITION 4.5. Let I' be a distance-reqular graph with diameter D > 5, valency k,
ay > 0, and satisfying the CABy property. Let b =b1/(61+1). Assume that k > G(b),
where G(b) is from (4.7). If T is locally a Latin square graph LS,,(n) with m > 2,
then we have

(4.8) ag =m, Ba=(m—1)(n—m?+m), & =m?(m—1),
(4.9) az =m*(n—m), by=(n—-—m)(n—m>+m), cx=m>

Proof. From (2.2), we observe that the parameters (k,aq, A, u') of LS,,(n) are
(4.10) k =n?, a; = m(n—1), N = (m-1)(m—2)+n-2, w=m(m—1).

First, we find the parameters as and co. In equation (4.4) at ¢ = 2, eliminate o
and dy using (4.5), then solve the resulting expression for as to obtain as = a; —
N +2u — (k= c2)/(a1 — ). In this equation, eliminate the parameters k, a1, X, p//
using (4.10) and express the result in terms of n,m, ¢y to have

(m = 1)(ca —m?).

(4.11) ag =m+

n—m
Since ay is an integer, we have either (m — 1)(ca — m?) = 0 or n — m divides
(m —1)(cz —m?). Suppose (m—1)(co—m?) # 0. Since n—m divides (m—1)(ca—m?),
we have
(4.12) n—m < (m—1)(cg —m?).

Apply inequality (3.1) to ¢z in (4.12) and substitute x/ = m(m — 1) into the result to
get

(4.13) n—m< (m—1)((40* + 1)(m(m — 1) + 1) — m?).

Simplify inequality (4.13) to get

(4.14) n<4b2(m—1)(m(m—l)+1)—m(m—l)—|—2m—1.

By Lemma 3.1, we have m < 1+ b. Apply this inequality to (4.14) to obtain
(4.15) n <4 O? +b+1) —m(m —1) +2m — 1.

Moreover, since m > 2 and m — 1 > 0, we have —m(m — 1) < —2m + 2. Apply this
inequality to (4.15) to obtain

(4.16) n <AP (D% + b+ 1)+ 1 = 4b° 4+ 4b* + 4b° + 1.

Recall that k = n? from (4.10). Squaring both sides of (4.16) gives k < (4b° + 4b* +
463 +1)?2 = G(b). This contradicts the assumption k& > G(b). Therefore, we must
have (m — 1)(ca — m?) = 0, which implies that cz = m?2. From (4.11), we conclude
that as = m.

Next, we find fs. In the third equation in (4.5), eliminate by using (4.6) to obtain

7 ' o ca(ar — M’)Q )
(4.17) P2 = ar — i <k €2 (a1 + 21 = N)(a1 — p/) — p/(k — c2)
2

Express the right-hand side of (4.17) in terms of m and n using (4.10) and ¢y = m?=.
Simplify the result to obtain 83 = (m — 1)(n — m? + m). To find bs, evaluate the
right-hand side of (4.6) using (4.10) and ¢z = m?. Simplify the result to obtain
by = (n —m)(n — m? + m). For &2, solve the fourth equation in (4.5) using (4.10)
and by = (n —m)(n — m? + m) to obtain 6o = m?(m — 1). Finally, for as, evaluate
k — by — ¢y using k =n?, by = (n —m)(n —m? +m), c = m? to get az = m?(n —m).
The proof is now complete. O
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PROPOSITION 4.6. Let I' be a distance-reqular graph with diameter D > 5, valency k,
ay > 0, and satisfying the CABy property. Let b=by/(01+1). Assume that k > F(b),
where F(b) is from (1.3). If T is locally a Steiner graph Sp(n) with m > 2, then we
have
(4.18) as=m+1, By = (m—1)(n —m? +1), 5y = m?,
(4.19)

as =m*(n—m), by=(m—1(n—-m)(n—m?*+1)/m, cox=m(m+1).

Proof. From (2.4), we observe that the parameters (k, a1, N, ) of Sy, (n) are

(4.20)
-1 1
k:(m—i—n(m )+ ), a, = mn, N =m?—2m+n, W =m?.
m
In a similar manner to the proof of Proposition 4.5, we have
- 1
(4.21) ap=m 1t m(ca —m(m + ))'
n—m
Since ag is an integer, we have either m(cz — m(m + 1)) = 0 or n — m divides
m(ca —m(m+1)). If co # m(m + 1), then
(4.22) n—m < m(cg —m(m+1)).

Apply inequality (3.1) to cp in (4.22) and substitute x4/ = m? into the result to get
(4.23) n—m <m((4b* + 1)(m® + 1) — m(m + 1)).

Simplify inequality (4.23) to get

(4.24) n < m(4b*(m® +1) — m +2).

Note that 2 < m < 1+ b. Apply this to (4.24) to obtain

(4.25) n < m(4b? 4 8b% + 8b?).

Recall that k = (m +n(m —1))(n+1)/n from (4.20). Apply inequality (4.25) to this
equation, along with 2 < m < 1+ b, to obtain

(4.26)

k= (W) (n+1) < (1+b(46" +8b°+8b%)) (1+ (1+b)(4b" +8b> +8b%)) = F(b).
This contradicts the given assumption that k& > F(b). Therefore, we must have
m(ca —m(m+ 1)) =0, which implies that coc = m(m + 1). From (4.21), we con-
clude that ag = m + 1. The remaining parameters in (4.18) and (4.19) are obtained
similarly to Proposition 4.5. The proof is complete. ]

REMARK 4.7. (i) Let T" be locally a Latin square graph LS3(n) with n > 3. Observe
that LS5(n) has smallest eigenvalue —2 and is isomorphic to the square (n x n)-grid.
By Proposition 4.5, we have co = 4. Therefore, by construction the co-graph of I' is a
quadrangle.

(ii) Let T" be locally a Steiner graph Sz(n) with n > 3. Observe that S3(n) has
smallest eigenvalue —2 and is isomorphic to the triangular graph T'(n + 2). By Propo-
sition 4.6, we have ¢y = 6. Therefore, by construction the co-graph of I is a 4-regular
graph on 6 vertices, i.e., an octahedron.
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5. THE 1-HOMOGENEOUS DISTANCE-REGULAR GRAPHS

In this section, we discuss distance-regular graphs that have the 1-homogeneous prop-
erty. We then prove our main result, Theorem 1.2. We begin by recalling the definition
of i-homogeneous graphs and some known results concerning these graphs.

Let T" be a connected graph with diameter D. For 0 < i < D, fix a pair of vertices x
and y in ' with d(z,y) = i. For 0 < h,j < D, we define the subset D]h(x,y) of V(')
by

(5.1) D} (w,y) = Tj(x) NTh(y).

Let 7(x,y) denote the collection of nonempty sets D;l(a:,y) for 0 < h,j < D. Ob-
serve that 7(x,y) forms a distance partition of V(I'). The graph T is said to be -
homogeneous whenever the partition 7(z, y) is equitable, and the parameters of w(x, y)
are independent of the choice of vertices x and y; see [21]. Our discussion centers on
the 1-homogeneous distance-regular graphs. We note that if I is a 1-homogeneous
distance-regular graph with D > 2 and ay # 0, then the intersection number 7 exists.
Jurisi¢ and Koolen [8] studied these graphs in detail using the CAB property and
characterized them as follows.

LEMMA 5.1 (cf. [8, Theorem 3.1]). Let I" be a distance-regular graph with diameter D
and ay > 0. Then T is 1-homogeneous if and only if it has the CAB property.

We consider 1-homogeneous distance-regular graphs that are locally disconnected.

COROLLARY 5.2 (cf. [8, Corollary 3.3]). Let ' be a locally disconnected 1-homogeneous
distance-reqular graph with diameter D > 2 and a; > 0. Then T is a regular near 2D-
gon.

Proof. Since T" is 1-homogeneous, it has the CAB property by Lemma 5.1. As T is
also locally disconnected with a; > 0, it follows from [8, Theorem 2.3] that I' is a
regular near 2D-gon. O

We have a comment. Suppose that I' is a locally disconnected 1-homogeneous
distance-regular graph with D > 4 and a; > 0, and assume that either co > 3 or
¢; =i for i = 2,3. Then, by Corollary 5.2, I' is a regular near 2D-gon. It follows from
Lemma 4.2 that I' is either a dual polar graph or a Hamming graph.

We now discuss locally connected 1-homogeneous distance-regular graphs. There
are some studies on 1-homogeneous distance-regular graphs whose co-graphs are com-
plete multipartite; cf. [11], [15]. In particular, Juri$i¢ and Koolen [11] classified 1-
homogeneous distance-regular graphs whose ca-graphs are the Cocktail Party graph.

THEOREM 5.3 ([11, Theorem 1.1]). Let T' be a 1-homogeneous distance-reqular graph
with diameter D > 2, whose ca-graph is a connected Cocktail Party graph. Then T is
one of the following graphs:
(i) a Johnson graph J(2D, D),
(i) a halved ¢-cube with £ € {2D,2D + 1},
(iii) a folded Johnson graph J(4D,2D),
(iv) a folded halved 4D-cube,
(v) a Cocktail Party graph Kixo with t > 3.
(vi) the Schlafli graph with intersection array {16,5;1, 8},
(vii) the Gosset graph with intersection array {27,10,1;1,10,27}.

Recently, Koolen et al. [17] studied 1-homogeneous distance-regular graphs that
are locally block graphs of Latin square graphs or Steiner systems. The main result
they showed is as follows:
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LEMMA 5.4 (cf. [17, Theorem 1.2]). Let I be a distance-regular graph with diameter
D > 3, valency k, and a1 > 0 satisfying the CABy property.
(i) If T is locally a Latin square graph with smallest eigenvalue —m for m > 3
and k > m?, then cy # m2.
(ii) If T' is locally the block graph of a Steiner system S(2,m,n) with smallest
eigenvalue —m for m >3 and k > m(m + 1), then ca # m(m + 1).

REMARK 5.5. (i) Let T be a distance-regular graph that is locally a Latin square graph
LS., (n) (resp. the block graph of a Steiner system S(2,m,n)). In [17], it is shown that
if co = m? (resp. co = m(m + 1)), then the co-graph of ' is a complete m-partite
(resp. (m + 1)-partite) graph. This result, along with the findings of [15], is used to
complete the proof of Lemma 5.4.

(ii) The icosahedron has b; = 2, #; = v/5 and hence b = ef’il =1(-1+v5) < 1.
The only locally connected distance-regular graph with the CAB5 property that sat-
isfies b < 1 is the icosahedron. This is because the only connected strongly regular
graph with the smallest eigenvalue greater than —2 is the pentagon, and the only
graph that is locally a pentagon is the icosahedron (cf. [2, p. 35]).

We are now ready to prove Theorem 1.2.

Proof of Theorem 1.2. We assume co > 2. Our proof is divided into two cases: I is
locally disconnected, and T' is locally connected. First, we assume that I is locally
disconnected. Since I' contains a quadrangle, by the result of [23] (cf. [2, p. 170]), we
obtain 61 < by — 1, which implies b > 1. Moreover, by Corollary 5.2 T' is a regular
near 2D-gon. Therefore, we have (i).

Next, we consider the case where I is locally connected. Since T satisfies the CAB;
property, every local graph of I is connected strongly regular with the same parame-
ters. Let —m be the smallest eigenvalue of a local graph of I'. Note that a connected
strongly regular graph satisfies —m < —1 and the only strongly regular graph satisfy-
ing —m > —2 is a pentagon. Furthermore, the only graph that is locally pentagonal
is the icosahedron. However, an icosahedron has diameter 3, which is less than 5.
Therefore, we have —m < —2. By Lemma 3.1, it follows that b > 1.

Now, we show that one of the following (ii)—(vi) holds. We assume that k& > F(b);
otherwise, we fall into the case (vi). Since I' is locally a connected strongly regular
graph with eigenvalues a; > r > s, it follows that either I" is locally a conference
graph or r and s are integers. If I" is locally a conference graph, then it must be a
Taylor graph by Proposition 3.6. However, I' has D > 5 while a Taylor graph has
diameter three. Therefore, a local graph of I" is not a conference graph and hence has
integral eigenvalues r and s. We put s = —m and r = n —m, where m > 2. According
to Corollary 2.4, a local graph of T satisfies one of (i)—(iv) listed therein. However,
Case (iv) of Corollary 2.4 is ruled out as b > m — 1 > 1, and, by assumption, we have
k> F(b) > m'® > ¢(m). Therefore, I is locally either a complete multipartite graph
with classes of size m, a Latin square graph LS,,(n), or a Steiner graph S,,(n). Now,
we consider each case.

First, consider the case where I is locally a complete multipartite graph with classes
of size m, denoted as Kyx,. By [2, Proposition 1.1.5], I" is K (;11)x - This contradicts
the assumption D > 5 since a complete multipartite graph has diameter two.

Next, consider the case where I' is locally a Latin square graph LS,,(n). Since
k > F(b) > G(b), by Proposition 4.5 we have c; = m?, where m > 2. However, by
Lemma 5.4(i), ca cannot be equal to m? for m > 3. By these comments, it follows
m = 2. Thus, T is locally a Latin square graph LSs(n) with smallest eigenvalues —2
and ¢ = 4. Observe that LSs(n) is isomorphic to the (n x n)-grid. By Lemma 3.7, T
is the Johnson graph .J(2n,n) or a folded Johnson graph .J(2n,n).
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Lastly, consider the case where a local graph of T" is a Steiner graph S,,(n). Since
k > F(b), by Proposition 4.6 we have c; = m(m + 1), where m > 2. However, by
Lemma 5.4(ii) ¢ cannot be equal to m(m + 1) for m > 3. Consequently, it follows
m = 2. Thus, T is locally a Steiner graph Sy(n) with smallest eigenvalue —2 and
co = 6. By Remark 4.7(ii), the co-graph of T" is a 4-regular graph on 6 vertices, that is
a Cocktail Party graph K3yxo. Hence, by Theorem 5.3 (also refer to the proof of [11,
Theorem 5.3]) T is a halved ¢-cube with £ € {2D,2D +1} or a folded halved 4D-cube.
The proof is complete. O

6. DISTANCE-REGULAR GRAPHS WITH CLASSICAL PARAMETERS

In this section, we discuss 1-homogeneous distance-regular graphs with classical pa-
rameters. For integers b and 4, we recall the Gaussian binomial coefficient

{z]_{z] )i if b=1,;

1, 1@-1)/0b-1) if b#1.

Let T' be a distance-regular graph with diameter D > 3. We say that I" has classical
parameters (D, b, , B) if its intersection numbers {b;}25! and {c¢;}2, satisfy

@ = ll) -Fleef)

Note that the parameter b is an integer, excluding 0 or —1, since by # 0 and ¢o # 0.
Also, from a; +b; +¢; =k =by (0 < i < D), it follows

e[l [-[5]) een

Observe that a; =0 if and only if =1 — ab [Dl_l]. The eigenvalues of ' are

w ol [] esen

cf. [2, Corollary 8.4.2]. We note that the eigenvalues are in the natural ordering 6y >
0y >--->60p if b > 0. We recall a lower bound on the parameter 3.

LEMMA 6.1 ([16, Proposition 1]). Let I" be a distance-reqular graph with classical pa-
rameters (D,b,a, ) and D > 3. If b > 0, then 8 > 1+ a[Dl_l], with equality if and
only if ap = 0.

We now consider 1-homogeneous distance-regular graphs with classical parameters
and a; > 0, and obtain the following result.

THEOREM 6.2. Let ' be a 1-homogeneous distance-reqular graph with classical param-
eters (D,b,a, ) and a1 > 0, where D > 5 and b > 1. Then one of the following
holds:

)
(i)
iii)
(iv) T is a folded Johnson graph J(4D,2D),
(v) T is a folded halved 4D-cube,

)

Proof. Let {0;}2, be the eigenvalues of I' as in (6.3). Since b > 1, it follows 6y >
61 > --- > 0p. We observe that b = b1/(f; + 1) by evaluating b; in (6.1) and 6;
in (6.3) at ¢« = 1. Moreover, ¢y > 2 since every distance-regular graph with classical
parameters and diameter at least three satisfies ¢; < ¢;41 for 0 < ¢ < D — 1 (cf. [2,
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Theorem 6.1.2]). Therefore, by Theorem 1.2, T is either a regular near 2D-gon or falls
into one of (ii)—(vi) therein.

We consider the parameter a. Evaluating ¢; in (6.1) at ¢ = 2 gives co = (1+4b)(1+«),
which implies that a(1 + b) is an integer. Next, evaluating ¢; in (6.1) at i = 3 gives
c3 = (14+b+b%)(1+a(1+b)). Since 14+b+b? > 0 and c3 > 0, it follows 1+a(1+b) > 0.
As a(1 +b) is an integer, we have a(1 4 b) > 0. Since 1 + b > 0, we obtain o > 0.

We consider the case where o > 0; otherwise, we obtain (i). Since b > 1, we divide
the argument into two cases: either b =1 or b > 2. If b = 1, all distance-regular graphs
with classical parameters (D, 1, «, 3) are known: the Gosset graph (with o = 4), the
Johnson graphs (with @ = 1) and the halved ¢-cubes, where ¢ € {2D,2D + 1} (with
a = 2), the folded Johnson graphs (with o = 1), and the folded halved 4D-cubes
(with a = 2); cf [2, Sections 6.1, 6.3]. However, we rule out the Gosset graph since
it has diameter 3 < 5. Therefore, by Theorem 1.2, T is a Johnson graph J(2D, D), a
halved ¢-cube with ¢ € {2D,2D + 1}, a folded Johnson graph .J(4D,2D), or a folded
halved 4D-cube.

Next, consider the case where b > 2 with a > 0. Since «a(1 + b) is a positive
integer, it follows that o > 1/(1 4 b). Using this together with Lemma 6.1, we have

8> a[Dl_l] > %er [Dl_l]. Note that k = B[?] By these comments, we have

ol - S

Using a computer, we find that % > F(b) for D > 10, where F(b) is
from (1.3)(Y). In other words, for D > 10 we have k > F(b). However, by Theorem 1.2,
the inequality k& < F(b) must hold. Therefore, we have D < 9. The proof is complete.

O

REMARK 6.3. (i) We give a comment on the case (i) of Theorem 6.2. In a subsequent
paper, we will show that if " is a 1-homogeneous distance-regular graph with a; > 0
and classical parameters (D, b, 0, 8) where D > 5, then T is locally a disjoint union of
cliques. Therefore, by Lemma 5.2, T is a regular near 2D-gon. Consequently, according
to [2, Theorem 9.4.4], T' is either a dual polar graph or a Hamming graph.

(ii) The unitary dual polar graphs U(2D, 7)) have two distinct types of classical
parameters:

(6.4) (D,b,e, 8) = (D,¢%,0,q),
_\D
(6.5) (D,b,a, ) = (D,(L q(lquQ)’ q(1 J{E qq) )> |

where ¢ is a prime power and r = ¢?; see [2, Section 6.2]. The graphs U(2D,r) are
1-homogeneous with a; = ¢ — 1 > 0, and as such, when D > 5, they correspond
to instances of case (i) of Theorem 6.2 under the parametrization (6.4). The graph
U(2D,r) with classical parameters (6.5) corresponds to none of the cases of Theo-
rem 6.2 because a # 0 and b < 0.

7. TIGHT DISTANCE-REGULAR GRAPHS

Let I' be a distance-regular graph with D > 3 and eigenvalues k =6y > 61 > --- > 0p.
Jurisi¢, Koolen and Terwilliger established the following so-called fundamental bound

D D-1
(DWe note that the inequality %
D=9 andb> 3.
(2 This family of dual polar graphs is also denoted by 2Asp_1 (7).

> F'(b) also holds for D = 8 and b > 6, and for
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for I':

k k kayb,
7.1 0 ] _— )
(7.1) <1+a1—|—1>(D+a1+1) (a1 +1)2

cf. [14, Theorem 6.2]. The graph I is said to be tight whenever I' is not bipartite and
equality holds in (7.1). We note that if T" is tight, then a; > 0; cf. [14, Corollary 6.3].
We recall some characterizations of tight distance-regular graphs.

LEMMA 7.1 (cf. [14, Theorem 11.7, Theorem 12.6]). Let T be a distance-regular graph
with diameter D > 3. Then the following are equivalent.
(i) T is tight.
(ii) T 4s 1-homogeneous with a; > 0 and ap = 0.
(iii) Ewvery local graph of T' is connected strongly reqular with eigenvalues a1 > r >
s, where
b1 bl
, s=—-1— .
Op+1 0, +1

In the following result, we characterize tight distance-regular graphs with diameter
D >5.

r=-1-—

THEOREM 7.2. Let T' be a tight distance-reqular graph with diameter D > 5. Let
b=01/(01+1). Then b >1 and one of the following holds:
(i) T is a Johnson graph J(2D, D),
(ii) T is a halved 2D-cube,
(iii) T 4s locally connected with k < F(b), where F(b) is from (1.3).

Proof. By Lemma 7.1, the tight graph I' is locally connected, which implies ¢ > 2.
Moreover, I' is 1-homogeneous with a; > 0 and ap = 0. Therefore, by Theorem 1.2,
it follows that b > 1, and I is either a regular near 2D-gon or falls into one of cases
(ii)—(vi) in Theorem 1.2. However, I cannot be a regular near 2D-gon since a; > 0
and ap = 0. Thus, I" belongs to one of cases (ii)—(vi) therein.

Assume that k > F(b); otherwise, it leads to case (iii). By Lemma 7.1, the tight
graph I' is locally a connected strongly regular graph. We note that I has ap = 0. In
a similar manner to the proof of Theorem 1.2, we find that I' is locally either a Latin
square graph or a Steiner graph.

If T is locally a Latin square graph, by Theorem 1.2, I" is either a Johnson graph
J(2D, D) or a folded Johnson graph J(4D,2D). However, we rule out the case of the
graph J(4D,2D) since it has ap # 0. Therefore, T is a Johnson graph J(2D, D).

If T' is locally a Steiner graph, then by Theorem 1.2 I' is either a halved ¢-cube
with £ € {2D,2D+1} or a folded halved 4D-cube. The folded halved 4D-cube cannot
occur since it satisfies ap # 0, and a tight distance-regular graph must have ap = 0.
Similarly, the case £ = 2D + 1 is excluded because the halved (2D + 1)-cube also
satisfies ap # 0. Therefore, the only remaining possibility is that I' is a halved 2D-
cube. This completes the proof. O

REMARK 7.3.In cases (i) and (ii) of Theorem 7.2, we have b = 1. Also, note that,
except for the halved 2D-cubes and the Johnson graphs J(2D, D), all known tight
distance-regular graphs have diameter D < 4.

(if) Suppose T is tight. In [17, Theorem 1.3], Koolen et al. showed that if a local
graph of I' is neither the block graph of an orthogonal array nor the block graph
of a Steiner system, then the valency k (and hence diameter D) of I' is bounded
by a function in b, where b = b1/(1 + 61) > 2. They then proposed a conjecture
that generalizes this result: if I' is a tight distance-regular graph with b > 2, then
the diameter D of T' is bounded by a function in b; see [17, Conjecture 28]. Since
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the diameter of a distance-regular graph is bounded in terms of its valency (cf. [1,
Section 4]), it follows that Theorem 7.2(iii) proves this conjecture.

We finish this section with the following corollary.

COROLLARY 7.4. Let T' be a tight distance-regular graph of diameter D > 5 with
classical parameters (D,b,a, ). Then b > 1 and one of the following holds:

(i) T is a Johnson graph J(2D, D),
(ii) T 4s a halved 2D-cube,
(iii) D<L9, >0, and b > 2.

Proof. By Theorems 6.2 and 7.2. O
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