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Induced matching, ordered matching and
Castelnuovo-Mumford regularity of
bipartite graphs

A. V. Jayanthan, Seyed Amin Seyed Fakhari, Irena Swanson
& Siamak Yassemi

ABSTRACT Let G be a finite simple graph and let ind-match(G) and ord-match(G) denote the
induced matching number and the ordered matching number of G, respectively. We characterize
all bipartite graphs G with ind-match(G) = ord-match(G). We establish the Castelnuovo-
Mumford regularity of powers of edge ideals and depth of powers of cover ideals for such
graphs.

1. INTRODUCTION

Let G be a finite simple graph on the vertex set V(G) = {z1,...,24} and edge
set E(G). Consider the polynomial ring S = K|[zy,...,24], where K is a field. We
identify the vertices of G to the variables of S, and the edges of G to the corresponding
squarefree quadratic monomial of S. For example, the edge {1, 22} will be denoted
by x122. The edge ideal of G is defined as I(G) = (z;x; : ziz; € E(G)) C S. Ever
since the introduction of the edge ideal by Villarreal in [20], researchers have been
trying to understand the interplay between the combinatorial properties of graphs
and the algebraic properties of the associated edge ideals. One particular invariant,
the Castelnuovo-Mumford regularity, has received much of the attention, compared
to other invariants and properties. Several upper and lower bounds for the regularity
of edge ideals were obtained by several researchers, see [1] and references therein.
Whenever there is an upper and a lower bound for an invariant, it is natural to ask
what are some necessary conditions and sufficient conditions for these two bounds
to coincide, and structurally understand those objects for which these two bounds
are equal. In this article, we address this question for the upper bound of ordered
matching number and the lower bound of induced matching number.

Computing or bounding the Castelnuovo-Mumford regularity of the associated
edge ideal and its powers, in terms of combinatorial data associated with G, has
been a very active area of research for the past couple of decades. Bounds using
several matching numbers have been obtained for the regularity. For a graph G, let
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ind-match(G), ord-match(G), min-match(G) and match(G) denote induced matching
number, ordered matching number, minimum matching number and matching num-
ber, respectively (see Section 2 for the definitions).

It is known that

ind-match(G) < reg(S/I(G)) < {ord-match(G), min-match(G)} < match(G),

where the first inequality was proved by Katzman [13], the second inequality can be
found in [21] (for min-match(G)) and [5] (for ord-match(G)) and the third inequal-
ity follows from the definition. A graph G is said to be a Cameron-Walker graph
if ind-match(G) = match(G). This is a class of graphs which is well studied from
both combinatorial and algebraic perspectives [4, 9, 11]. In [10], Hibi et al. studied
graphs with ind-match(G) = min-match(G). They gave a structural characterization
of graphs satisfying ind-match(G) = min-match(G). In this article, we study graphs
satisfying ind-match(G) = ord-match(G).

Besides the combinatorial reasons for understanding graphs G with ind-match(G) =
ord-match(G), there is also an algebraic motivation to understand graphs with this
property. It was proved by Cutkosky, Herzog and Trung [6], and independently by
Kodiyalam [14], that for a homogeneous ideal I in a polynomial ring, reg(I®) is a
linear polynomial for s > 0. In the case of edge ideals, there have been extensive
research in understanding this function and the polynomial in terms of combinatorial
data associated with G, (see for example [1] and the references within). It was shown
in [2, Theorem 4.5] and [17, Theorem 3.9] that for every integer s > 1,

2s + ind-match(G) — 2 < reg(S/I1(G)®) < 2s 4 ord-match(G) — 2.

If ind-match(G) = ord-match(G), then this gives an explicit expression for the regu-
larity of powers of the edge ideal.

Classifying all graphs G with ind-match(G) = ord-match(G) would be an extremely
hard problem in general, and in this paper we concentrate on classifying bipartite
graphs satisfying this property. Another important reason for restricting our attention
to the bipartite case is the behavior of the depth function of the cover ideal, see the
end of Section 2.

For smaller values of induced and ordered matching, it is easier to handle the
corresponding bipartite graphs. First we give graph theoretic characterization for
graphs G with ind-match(G) = ord-match(G) = 1 (Theorem 3.4). We then move on
to understand the structure of graphs in terms of the connectivity between the bipar-
titions. This gives us a classification of all bipartite graphs G with ind-match(G) =
ord-match(G) (Theorem 3.8). To illustrate that this class of graphs is very different
from the class of graphs G with ind-match(G) = min-match(G), we construct a class of
graphs, Gy m, 2 < r < m, with reg(S/I(G, ,)) = ind-match(G) = ord-match(G) = r
and min-match(G) = m.

The paper is organized as follows. We collect some graph theory essentials in Sec-
tion 2. Characterizing the equality of induced and ordered matching numbers is done
in Section 3.

2. PRELIMINARIES

In this section, we provide the definitions and basic facts which will be used in the
next sections.

Let S = K[x1,...,24] be the polynomial ring over a field K and let M be a finitely
generated graded S-module. Suppose that the minimal graded free resolution of M is
given by

0— - = @S(—j) M 5 @ S(—j)Pi M) 5 M — 0.
J J
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The Castelnuovo-Mumford regularity (or simply, regularity) of M, denoted by reg(M),
is defined as

reg(M) = max{j — i | 5, ;(M) # 0}.
Also, the projective dimension of M is defined to be

pd(M) = max{i | 8;;(M) # 0 for some j}.

For a vertex z; € V(G), the neighbor set of z; is Ng(z;) = {z; | v;z; € E(G)}.
Moreover, the closed neighborhood of x; is Ng[x;] = Ng(x;) U {z;}. The cardinality
of Ng(z;) is the degree of x; and is denoted by degq(z;). A vertex of degree one is
called a leaf of G. The graph G is a forest if it does not have any cycle. The distance
between z; and z; in G is defined to be the length of the shortest path between x;
and z; in G. For a subset W C V(G), G ~ W denotes the induced subgraph of G on
the vertex set V(G) ~ W. A subset A of V(G) is said to be an independent subset
of G if there are no edges among the vertices of A. The graph G is called unmized (or
well-covered) if all maximal independent sets of G have the same cardinality.

A matching in a graph is a subgraph consisting of pairwise disjoint edges. The
cardinality of the largest matching in G is the matching number of G and is denoted
by match(G). A matching in G is said to be a maximal matching if it is not properly
contained in any matching of G. The minimum matching number of G, denoted by
min-match(G), is the minimum cardinality of a maximal matching in G. A matching
is said to be an induced matching if none of the edges in the matching are joined by an
edge in G. The largest size of an induced matching in G is called the induced matching
number of G, denoted by ind-match(G). A graph G is called a Cameron- Walker graph
if ind-match(G) = match(G).

A set A={zpzi2 € E(G)|1<i<r}issaid to be an ordered matching [5], if

(1) A is a matching in G,
(2) {x;1]1 <4< r}is an independent set,
(3) if Ti1Tj2 € E(G), then 7 < 7.
The ordered matching number of G, denoted by ord-match(G), is defined to be
ord-match(G) := max{|A|: A is an ordered matching of G}.
As already written in the introduction,
ind-match(G) < reg(S/I(G)) < {ord-match(G), min-match(G)} < match(G),

There are several examples with inequality min-match(G) < ord-match(G) and other
examples with inequality ord-match(G) < min-match(G).

A graph G is said to be Cohen-Macaulay (resp. sequentially Cohen-Macaulay)
if S/I1(G) is Cohen-Macaulay (resp. sequentially Cohen-Macaulay).

A bipartite graph G is a graph with V(G) = XUY and E(G) C X x Y. If | X| =m
and |Y| =n and E(G) = X x Y, then we say that G is a complete bipartite graph,
and we denote G' by K, ,. If G is a bipartite graph, then GY, called the bipartite
complement, is the bipartite graph with V(G%*) = V(G) = X UY and for € X
and y € Y, we have zy € E(G*) if and only if zy ¢ E(G). A subgraph H of a
graph G is said to be a spanning subgraph if V(H) = V(G). If G = K,,, »,, then the set
of connected spanning subgraphs of G is precisely the set of all connected bipartite
graphs on X UY| where |X| =m and |Y| =n.

It was proved by Brodmann [3] that for any homogeneous ideal I in a graded
ring R, depth(R/I*) is a constant for & > 0. One consequence of the equality of
induced matching number and ordered matching number is that the depth function
of powers of the cover ideal J(G) =, , e (c) (%i, ¥;) of G is constant from the start,
as we prove next.
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THEOREM 2.1. Assume that G is a bipartite graph with ind-match(G) = ord-match(G)
and suppose d = |V (G)|. Let J(G) denote the cover ideal of G. Then for every inte-
ger k > 1, we have

depth(S/J(G)*) = d — ind-match(G) — 1.

Proof. Since reg(I(G)) = ind-match(G) + 1 by inequalities in the Introduction,
it follows from [8, Proposition 8.1.10] that the projective dimension of S/J(G)
is equal to ind-match(G) + 1. Thus, Auslander-Buchsbaum formula implies that
depth(S/J(G)) = d — ind-match(G) — 1. On the other hand, it follows from [12,
Theorem 3.2] that

d—ind-match(G) — 1 = depth(S/.J(G)) > depth(S/J(G)?) > depth(S/J(G)?) > - -

Moreover, we know from [12, Theorem 3.4] (see also [16, Theorem 3.1]) that
depth(S/J(G)¥) = d — ord-match(G) — 1 for any k > 0. Since ord-match(G)
ind-match(G), the assertion follows from the above inequalities.

o

3. EQUALITY OF INDUCED AND ORDERED MATCHING NUMBERS

In this section, we characterize all bipartite graphs G without isolated vertices and
with ord-match(G) = ind-match(G). Before proving our general characterization
(Theorem 3.8), we restrict ourselves to a special family of bipartite graphs for which
the characterization has simpler formulation comparing with the general case. More
precisely, we consider the class of sequentially Cohen-Macaulay bipartite graphs G.
In [7, 18, 19], the authors studied the sequential Cohen-Macaulayness of S/I(G) in
terms of the combinatorial properties of G. Here, we study it in terms of the matching
numbers. In the following theorem, we show that for a bipartite sequentially Cohen-
Macaulay graph G, the equality ord-match(G) = match(G) holds. As a consequence
of this equality, we are able to characterize sequentially Cohen-Macaulay bipartite
graphs G with ord-match(G) = ind-match(G).

THEOREM 3.1. Let G be a bipartite graph. If G is sequentially Cohen-Macaulay, then
ord-match(G) = match(G). In particular, for a sequentially Cohen-Macaulay bipartite
graph G, we have ind-match(G) = ord-match(G) if and only if G is a Cameron- Walker
graph.

Proof. We prove the equality ord-match(G) = match(G) by induction on |V(G)|.
If |[V(G)| = 2, then ord-match(G) = match(G). Assume by induction that if H
is a sequentially Cohen-Macaulay bipartite graph with |V(H)| < |V(G)|, then
ord-match(H) = match(H). By [19, Corollary 3.11], there is a leaf © € V(G) such
that G ~\ Ngz] is sequentially Cohen-Macaulay. Using [15, Lemma 2.1] and the
induction hypothesis we have

ord-match(G) > ord-match(G \ Ng[z]) + 1 = match(G \ Ng[z]) + 1 = match(G)

where the last equality follows from the fact that z is a leaf of G. Thus,
ord-match(G) = match(G). The second assertion follows by observing that G is
Cameron-Walker if and only if ind-match(G) = match(G). O

The converse of the above theorem does not hold. In fact, the following exam-
ple shows that for each integer k£ > 3, there is a non-sequentially Cohen-Macaulay
bipartite graph G with match(G) = ord-match(G) = k.

ExAMPLE 3.2. For any integer k > 3, let Gy be the graph obtained from a 4-cycle
graph by attaching a path of length 2k — 3 to exactly one of its vertices. Using induc-
tion on k, we show that Gy, is not sequentially Cohen-Macaulay and ord-match(Gy) =
match(Gy) = k. It is easy to see that ord-match(G3) = match(G3) = 3. Moreover,
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let z be the unique leaf of G3 and let y be the unique neighbor of 2. Then G3~ N¢,[y]
is the 4-cycle graph that is not sequentially Cohen-Macaulay. Hence, by [19, Corol-
lary 3.11], the graph G is not sequentially Cohen-Macaulay. Now, suppose that k > 4.
Let z be the unique leaf of Gj. Then Gj \ Ng,[2] is isomorphic to Gi_1 that is not
sequentially Cohen-Macaulay by induction hypothesis. Moreover, since z is a leaf
of G, we have match(Gj) = match(Gr—1) + 1 = k. On the other hand, using [15,
Lemma 2.1] and the induction hypothesis, we have

ord-match(Gy) > ord-match(Gr_1) + 1 = k.
Thus, ord-match(Gy) = k.

In Example 3.2, we showed that for each integer k > 3, there is a non-sequentially
Cohen-Macaulay bipartite graph G with match(G) = ord-match(G) = k. The follow-
ing proposition shows that we cannot expect such an example when k < 2.

PROPOSITION 3.3. Let G be a bipartite graph with match(G) = ord-match(G) < 2.
Then G is a sequentially Cohen-Macaulay graph.

Proof. Suppose that G is not sequentially Cohen-Macaulay. It is known that any for-
est is sequentially Cohen-Macaulay (see for instance [19, Theorem 1.3]). As a conse-
quence, G is not a forest, and therefore has a cycle C. Since match(G) < 2, the length
of C is equal to four. Suppose V(C) = {w,x,y,2} and E(C) = {wz,zy,yz, wz}.
Since match(C) = 2 and ord-match(C) = 1, we conclude that G # C. This implies
that there is an edge say wv connected to C, where v is a vertex in V(G) \ V(C).
As G is a bipartite graph, v is not adjacent to the vertices = and z. If there is a ver-
tex u € V(G) N\ V(C) such that uz € E(G) or uz € E(G), then the matching number
of G would be at least three, which is a contradiction. Thus, degq(z) = degs(z) = 2.
If G has a vertex t € V(G) \ V(C) whose distance from w or y is at least two, then
again, the matching number of G would be at least three, which is a contradiction.
Hence, V(G) = Ng|w] U Ngly]. Since G is a bipartite graph two distinct vertices be-
longing to N (w)UNg(y) cannot be adjacent. Hence, V(G) = {w, y}U(V(G)~{w,y})
is the bipartition for the vertex set of G. Consequently, G is a subgraph of Ks ,,, for
some integer m > 3. If G = Ka,,, then ord-match(G) = 1, which is a contradic-
tion. Thus, G # Kj,,. So, G has a leaf, say s. Then the unique neighbor of s is
either w or y. Without loss of generality, we may assume that ws € E(G). Then
the graphs G \ Ng[w] and G ~ Ng[s] are forests (as they do not contain the ver-
tex w and so, the cycle C'). Therefore, using [19, Theorem 1.3], the graphs G \ Ng[w]
and G \ Ng[s] are sequentially Cohen-Macaulay. Hence [19, Corollary 3.11] implies
that G is a sequentially Cohen-Macaulay graph, which is a contradiction. O

In the following result, we give a characterization of bipartite graphs without iso-
lated vertices and with ord-match(G) = ind-match(G) = 1. A classification of bipar-
tite graphs with ordered matching number and induced matching number being equal
to an arbitrary positive integer strictly bigger than 1 is in Theorem 3.8.

THEOREM 3.4. Let G be a bipartite graph with no isolated vertices. Then we have that
ord-match(G) = ind-match(G) = 1 if and only if G is a complete bipartite graph.

Proof. Let {z1,...,zm}U{y1,...,yn} be the bipartition for V(G) for some m,n > 1.
If G = K, », then clearly ind-match(G) = 1 = ord-match(G). Conversely, suppose
that G is not complete bipartite. Since G has no isolated vertices, necessarily m,n > 2,
and by permuting the vertices we may assume that x1y1 ¢ E(G), z1y2, 2211 € E(Q).
Then {z2y1, 21y} is an ordered matching in G. Hence ord-match(G) > 1. O
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DEFINITION 3.5. Let G be a bipartite graph with bipartition V(G) = X UY . For every
subset I of X, let C be the set of all vertices in'Y that have an edge to all the vertices
in I and to none in X N\ I. Set ¢; = |Cy].

If I, J are distinct subsets of X, then C; and C; are disjoint. In fact, each y € Y
belongs to exactly one Cy. If I contains an isolated vertex of X, then C; = @. If Y
does not have isolated vertices, then Cy = &.

In order to characterize bipartite graphs G with ind-match(G) = ord-match(G),
we need the following two propositions.

PROPOSITION 3.6. Let G be a bipartite graph with bipartition V(G) = X UY and let r
be a positive integer. Then the induced matching number of G is at least r if and only
if there exist subsets Jy,Jo, ..., J. of X such that none of the J; is contained in the
union of the others and such that cjcy, ---cj. > 0.

Proof. Suppose that ind-match(G) is at least r. Then there exist a1,...,a, € X
and b1,...,b, € Y such that a1by, asbe,...,a,b,. is an induced matching. For each
ielr]={1,2,...,7}, let J; be the set of all z € X with an edge to b;. Then a; € J;,
a; € J; for all j # i, and b; € Cj,. The conclusion follows for these Ji, ..., J,.
Conversely, suppose that there exist subsets Ji, Jo, ..., J, of X such that none is
contained in the union of the others and such that ¢y, ¢y, - -+ ¢, > 0. For each i € [r],
let a; € J; that is not in the union of the other J;. Since c;j, > 0, there exists b; € C,.
Then by the definition of these sets, a1b1,asbs, ..., a,b, is an induced matching, so
that ind-match(G) is at least r. O

PROPOSITION 3.7. Let G be a bipartite graph with bipartition V(G) = X UY and let r
be a positive integer. Then the following are equivalent:
(1) ord-match(G) > r.
(2) There exist subsets Jy, Ja, ..., Jr of X such that cj ey, ---cy. >0 and for all
i € [r], J; is not contained in Jy U---U J;_1.
If the union of Jy, ..., J, equals the set of non-isolated vertices in X for all Jy,...,J.
with the properties as in (2), then ord-match(G) < r.
Moreover, if ord-match(G) < r, then for all possible sets Ji,...,J. with the prop-
erties as in (2), their union equals the set of non-isolated vertices in X.

Proof. (1) = (2): Suppose that ord-match(G) is at least r. Then there exist
ai,...,a, € X and by,...,b,. € Y such that a1by,asbhs,...,a,b, is an ordered match-
ing. For each i € [r], let J; be the set of all x € X with an edge to b;. Then a; € J;,
@it1,---,ar & Ji, and b; € Cy,. Thus (2) follows for these Jp,..., J,.

(2) = (1): This is trivial for » = 1, so we may assume that r» > 1. Let Jq, Ja, ..., J;
be subsets of X as in (2). For each i € [r], let a; € J; ~ J; U---UJ;_1. Since ¢z, > 0,
there exists b; € C,. By definition of these sets, ai1b1,asbs,...,a-b, is an ordered
matching. This proves (1).

Observe that the sets J; cannot contain any isolated vertices.

If ord-match(G) is at least r + 1, then by the equivalence of (1) and (2), for some
Ji,...,Jr, their union cannot be the set of non-isolated vertices of X.

Now let ord-match(G) < r. Let Jy,...,J. be as in (2) and let ay,...,a, and
b1,...,b, be the vertices defined in the proof of (2) = (1). If there exists a non-
isolated vertex a € X ~\ Jy U ---U J,., then there is a vertex b € Y that is adjacent
to a. By definition of the sets C,, there is no edge between a and by,...,b,.. Thus
a1by, asbs, ..., a.b.,ab is an ordered matching, contradicting that ord-match(G) < r.
Thus J; U ---UJ, is the set of all non-isolated vertices of X. O

Using Propositions 3.6 and 3.7, we can classify all bipartite graphs for which ordered
matching number and induced matching number are equal.
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THEOREM 3.8. (Classification) Let G be a bipartite graph with bipartition V(G) =
X UY andlet r > 1 be a positive integer. Let Jy,...,J, be all the subsets I of X
for which ¢y is positive. Then ind-match(G) = ord-match(G) = r if and only if the
following conditions are satisfied:

(1) z>r.

(2) There exist distinct ji,...,Jr € [z] such that none of the J;, is contained in
the union of the remaining Jj, .

(3) For any distinct j1,...,Jr € [z] such that for all i € [r], J;, is not contained

inJ; U---UJj,_,, the union J;, U---UJ; equals the set of all non-isolated
vertices of X.

Proof. Observe that the existence of Jj,,...,J;, in (2) implies that for all ¢ € [r], Jj,
is not contained in J;, U---UJ;,_,.

First suppose that ind-match(G) and ord-match(G) equal . Proposition 3.6 implies
(1) and (2) and Proposition 3.7 implies (3).

Now suppose that the three conditions are satisfied. Then by Proposition 3.6,
induced matching number of G is at least r, and by Proposition 3.7, ord-match(G) is at
most r. But ord-match(G) is greater than or equal to ind-match(G). So, ind-match(G)
and ord-match(G) are both equal to r. O

We can say more in case ord-match(G) and ind-match(G) are both equal to 2, and
for simplicity we state it only for graphs with no isolated vertices:

THEOREM 3.9. (Classification for r = 2) Let G be a bipartite graph with bipartition
V(G) = X UY and with no isolated vertices. Let Jy,...,J. be all the subsets I of X
for which ¢y is positive. Then ind-match(G) = ord-match(G) = 2 if and only if the
following conditions are satisfied:
(1) z>= 2.
(2) There exist distinct i,j € [z] such that neither J; nor J; is contained in the
other.
(3) For any two distinct i,j € [z], J;UJ; = X.
Furthermore, if some J; and J; are disjoint, then z equals 2 or 3; the latter exactly
when the graph is connected and in this case cx > 0.

Proof. Suppose that ind-match(G) = ord-match(G) = 2. Then Theorem 3.8 implies
conditions (1) and (2). For distinct ¢, j € [2], the sets J; and J; are distinct, so one of J;
and J; is not contained in the other, whence Theorem 3.8 implies condition (3) since
V(G) has no isolated vertices. This proves that ind-match(G) = ord-match(G) = 2
implies the three conditions. The converse follows from Theorem 3.8.

Now suppose that J; N J; = @. Let k € [2] \ {4, j}. By condition (3), Ji contains
the complements of J; and of Jj, so that Jj contains X and hence equals X. Thus
either z = 3 and G is connected, or else z = 2 and G is not connected. O

As a consequence of the above theorem, we obtain an explicit graph theoretic
characterization of bipartite graphs G with ind-match(G) = ord-match(G) = 2.

COROLLARY 3.10. Let G be a bipartite graph with no isolated wvertices. Then
ind-match(G) = ord-match(G) = 2 if and only if the bipartite complement G®°
of G 1is the disjoint union of complete bipartite graphs Hy,...,Hs with s > 2 such
that at least two of the H; are not isolated vertices.

Proof. Let Ji,...,J, be all the subsets I of X for which c¢; is positive. Then for
any pair of distinct integers 4,5 € [z], we have J; U J; = X if and only if for any
choice of vertices y € Cj, and 3’ € Cy;, the equality Ngee(y) N Ngue(y') = @ holds.
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Thus, Condition (3) of Theorem 3.9 (and in fact, by Proposition 3.7, the inequality
ord-match(G) < 2) is equivalent to say that G is the disjoint union of complete bipar-
tite graphs. Moreover, note that ind-match(G) > 2 if and only if ind-match(G%¢) > 2.
Since G’ is the disjoint union of complete bipartite graphs, we deduce at least two
of these components are not isolated vertices. O

Let G be a bipartite graph. It is known that if G is either unmixed or sequentially
Cohen-Macaulay, then reg(S/I(G)) = ind-match(G). In the following theorem, for
every pair of integers r, m with 2 < r < m, we construct a bipartite graph G, ,,, which
is neither sequentially Cohen-Macaulay nor unmixed, moreover, reg(S/I(G,m)) =
ind-match(G, ,,) = ord-match(G, ,,) = r and min-match(G, ,,) = m. Hence, the
class of graphs we study in this paper is not contained in two general classes of
bipartite graphs for which the regularity of edge ideals is known. Furthermore, The-
orem 3.11 shows that the family of graphs G with ind-match(G) = ord-match(G) is
far from the class of graphs considered in [10].

THEOREM 3.11. Let 2 < r < m be positive integers. Then there is a connected bipartite
graph Gy ., such that:
(1) reg(S/I(Gyrm)) = ind-match(G, ,) = ord-match(G,.,) =7;
(2) min-match(Gy ) = m;
(3) Gy does not have any leaf (and hence Gy, is not a sequentially Cohen-
Macaulay graph);
(4) Gy is not an unmized graph.

Proof. Set X = {z1,...,2my1} and Y = {y1,...,Ym+1}. Let G, be the bipartite
graph with bipartitioned vertex set V(G,..,) = X UY and edge set
E(Grm)= U Amyj,zjnaytu U {2yt U{zy; [r+1<i<m+13)
1<j<r—1 r<j<m
U{ZiYms1 | 1 <i<m+ 1}
For the convenience of the reader, we illustrate the graph G, ,, with a sample picture
below:

FIGURE 1. G2 4

It follows directly from the definition that

{z1, 25401}, I<yj<r—1
Ng,.,..;) = S {zrg1, o Tmpr f Uz}, 7 <j<m;
X, j=m+1.

Clearly, G, is a connected bipartite graph that does not have any leaf. Therefore
using [19, Corollary 2.10], it is not a sequentially Cohen-Macaulay graph. Moreover,
it is easy to check that the set {xa,..., %, Yr,...,ym} is a maximal independent set
of Gy, with cardinality m < |X|. Thus, G, ,, is not an unmixed graph. Hence, we
only need to verify conditions (1) and (2) of the statement of the theorem.
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Set
Ji = NGT,m (yl)a Jy = NGr,m (yQ)’ vy dr = NGr,m (yr)a Jrp1 =X,
Note that for a subset J C X, we have ¢y > 0 if and only if J € {J1,...,J41}. Then
it follows from Theorem 3.8 that

reg(S/I1(Gr m)) = ind-match(G,.,,) = ord-match(G;.,,) = 7.
Now, we compute min-match(G, ). It is obvious that

{92963, Y34y -y Ym—1Tm, Ym 1, ym+1$2}

is a maximal matching in G, ,,, of size m. Hence, min-match(G, ) < m. Suppose M
is a maximal matching in G, ,, with |M| < m — 1. Thus, there are two distinct
vertices y;,y; € Y N\ V(M). Without loss of generality, we may assume that ¢ < j. We
consider the following cases.

Case 1. Suppose 4,7 < r — 1, then at least one of the vertices x; 41 and x;41 does
not belong to V(M), as otherwise the edges ym+12i+1 and ym412;41 belong to M,
which contradicts the definition of a matching. For example, suppose z;+1 ¢ V(M).
Then M U {y;z;4+1} is a matching in G, ,,,. Thus, M is not a maximal matching.

Case 2. Suppose 1 < i< r—1and r < j < m. Since M is a maximal matching
in Gy, we deduce that Ng, . (v:) U Ng,. . (y;) € V(M). This implies that

{z1, i1, @rg1, o, Bmg1 } S V(M).

Since z;41 € V(M) and y; ¢ V(M), the edge ymt12:+1 must belong to M. Then
since Tyy1,...,Tme1 € V(M), we conclude that y,,...,y, € V(M). This is a con-
tradiction, as y; € Y N\ V(M) and r < j < m.

Case 3. Suppose r < 4,57 < m. Since M is a maximal matching, we must
have Ng, . (yi) U Ng,,,(y;) € V(M). In particular, {z,1,...,Zms1} € V(M). So,
in G, there are at least m —r 41 vertices other that y; and y;, which are adjacent
to at least one of the vertices x,41,...,%nt1. But this is not the case according to
the construction of Gy .

Case 4. Suppose j = m + 1. Since M is a maximal matching, Ng, . (y;) € V(M).
Therefore, X C V(M). This implies that |M| > m + 1, which is a contradiction. O
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