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Multiplicative Inequalities in Cluster
Algebras of Finite Type

Michael Gekhtman, Zachary Greenberg & Daniel Soskin

Abstract Generalizing the notion of a multiplicative inequality among minors of a totally
positive matrix, we describe, over full rank cluster algebras of finite type, the cone of Laurent
monomials in cluster variables that are bounded as real-valued functions on the positive locus
of the cluster variety. We prove that the extreme rays of this cone are the u-variables of the
cluster algebra. Using this description, we prove that all bounded ratios are bounded by 1 and
give a sufficient condition for all such ratios to be subtraction free. This allows us to show
in Gr(2, n), Gr(3, 6), Gr(3, 7), and Gr(3, 8) that every bounded Laurent monomial in Plücker
coordinates factors into a positive integer combination of so-called primitive ratios. In Gr(4, 8)
this factorization does not exists, but we provide the full list of extreme rays of the cone of
bounded Laurent monomials in Plücker coordinates.

1. Introduction
Totally nonnegative matrices are matrices in which each minor is nonnegative. These
matrices appear in a wide range of mathematical areas including higher Teichmüller
theory and the representation theory of quantum groups. In fact, the search for min-
imal sets of minors to guarantee a matrix is totally nonnegative was one of the prob-
lems that inspired the theory of cluster algebras [12]. This search was also related to
describing the dual canonical bases in the representation theory of quantum groups.
Lusztig has shown that the specialization of elements of the dual canonical basis at
q=1 are totally nonnegative polynomials, which are polynomials in matrix entries
attaining nonnegative values on totally nonnegative matrices [22]. To this end, there
is an interest in determinantal inequalities which are a natural source of such poly-
nomials.
Definition 1.1. Determinantal inequalities are inequalities in real linear combi-
nations of products of minors which hold over all totally nonnegative matrices.

Determinantal inequalities have been studied for years, starting with classical re-
sults by Hadamard, Fischer and Koteljanskii [17], [8], [19], [20]. A determinantal
inequality is called multiplicative when it compares two products of minors. The
problem of describing the set of multiplicative determinantal inequalities for totally
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positive matrices was stated by S. Fallat and C. Johnson in [7] in terms of bounded
ratios of products of minors.
Problem A. Describe ratios R of products of minors bounded as a real-valued function
on the locus of totally positive elements in GLn, where R is of the form
(1) det(AI1,I′

1
)det(AI2,I′

2
)...det(AIp,I′

p
)/det(AJ1,J′

1
)det(AJ2,J′

2
)...det(AJq,J′

q
) ,

where Ik, I ′
k, Jk, J ′

k ⊆ {1, 2, . . . , n} with |Ik| = |I ′
k| and |Jk| = |J ′

k|.
In [6], necessary and sufficient conditions were given for a ratio of products of two

principal minors to be bounded over totally positive matrices.
This result was generalized to non-principal minors in [25] by M. Skandera, whose

approach then allowed A. Boocher and B. Froehle to restate the problem in terms
of ratios of products of Plücker coordinates bounded over the totally positive Grass-
mannian [2]. The necessary condition in [6] was generalized in [2] to the case of
non-principal minors and an explicit factorization of ratios of products of two minors
into products of so-called primitive ratios was constructed. It has been conjectured
that all bounded ratios can be factored into products of nonnegative integer powers
of primitive ratios [6]. Recently, it was proved in [26] that for any n × n matrix the
set of bounded ratios is finitely generated. Along with that, some examples of non-
primitive generators were discovered, which disprove the conjecture on factorization
into primitive ratios for matrices of order n ⩾ 4 stated in [6]. Other conjectures on
bounded ratios stated in [2] remain open.
Conjecture 1.2 ([2]). A ratio given by Equation (1) is bounded if and only if it is
bounded by 1.

Both totally positive matrices and elements of totally positive Grassmannian can
be parameterized using the face weights of a weighted planar network [12, 23]. In
this parametrization, any minor (resp. Plücker coordinate) is a polynomial in the face
weights. Furthermore, in the framework of cluster algebras the face weights of [23] are
Y -coordinates of the cluster algebra associated to the totally positive Grassmannian.
Definition 1.3. A ratio p

q is called subtraction-free (in positive weights) if q − p is
a polynomial function in face weights with all positive coefficients.
Conjecture 1.4 ([2]). A ratio given by eq. (1) is bounded if and only if it is subtrac-
tion free.

Recall that every Plücker coordinate belongs to the set of cluster variables in the
cluster structure on a Grassmannian [24, 15]. On the other hand, the totally positive
locus is defined for any cluster algebra of geometric type. Thus, it is natural to extend
problem A to ratios in all cluster variables in a given cluster algebra.
Problem B. Describe the set of ratios of products of cluster variables bounded as
real-valued functions on the totally positive locus.

For brevity, we will simply call a ratio of products of cluster variables (equivalently,
a Laurent monomial in cluster variables) which is bounded on the totally positive locus
a bounded ratio.

In this note, we characterize the cone of bounded ratios in problem B for full rank
cluster algebras of finite type.
Theorem 1.5. Let A be a full rank finite type cluster algebra associated to a Dynkin
diagram D. The generators of the cone of bounded ratios are of the form∏

γ→ω
xω

xγx′
γ

,
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where xγ is the variable at the source of a Dynkin type bipartite quiver that mutates
to x′

γ and the product is taken over all arrows in the quiver with γ as a source.

Corollary 1.6. The generators of the bounded cone correspond exactly to the u-
variables of the cluster algebra defined in [1].

This classification allows us to prove the analogue of Conjecture 1.2 for full rank
cluster algebras of finite type.

Corollary 1.7. Every bounded ratio in cluster variables is bounded by 1.

The analogue of Definition 1.3 for cluster variables is:

Definition 1.8. A ratio p
q is subtraction free (in cluster variables) if q− p can

be expressed as a polynomial function with positive coefficients in the full set of cluster
variables. Note that this implies that when q− p is expressed as a Laurent polynomial
in the cluster variables from a fixed cluster, the coefficients are all positive.

We provide an explicit counter example showing the following natural analogue of
Conjecture 1.4 is false in general (Example 3.20):

Conjecture 1.9. Every bounded ratio is subtraction free in cluster variables.

However we show the following:

Corollary 1.10. Every extreme ray of the bounded cone is subtraction free when
expressed as a polynomial in all cluster variables.

This proves that every bounded ratio that can be factored into integer powers of
extreme rays is subtraction free in cluster variables. Thus the only counter examples
are when the integer powers of extreme rays miss some bounded integer ratios.

In type An−3 every cluster variable can be interpreted as a Plücker coordinate in
Gr(2, n). However in other types there are other kinds of cluster variables. Thus we
provide an algorithm to reduce the full bounded cone to the bounded cone generated
by any finite subset of the cluster variables. Using this we study the cone of Plücker
bounded ratios in Gr(3, 6), Gr(3, 7), Gr(3, 8). We show:

Theorem 1.11. Every bounded ratio of Plücker coordinates in Gr(2, n), Gr(3, 6),
Gr(3, 7) and Gr(3, 8) is bounded by 1 and is subtraction free in face weights. Further-
more every such ratio can be factored into a positive integer combination of primitive
ratios.

As discussed in [26] not every Plücker bounded ratio can be factored into a positive
combination of primitive ratios. In Figure 11 we provide the full list of extreme rays
of the cone. We checked that every such ratio is subtraction free in positive weights
and thus every bounded ratio in Plücker coordinates on Gr(4, 8) is bounded by 1.
It remains open in this case if every such ratio can be factored as a positive integer
combination of these extreme rays.

The paper proceeds as follows. In Section 2 we review basic facts from cluster
algebra theory. In Section 3 we introduce bounded ratios in cluster variables and torus
action which suggests a necessary condition for a ratio to be bounded. Furthermore,
we show that generators of the cone of bounded ratios in cluster variables are in
correspondence with u-variables. In Section 4, we discuss bounded ratios in any fixed
subset of cluster variables along with examples for Gr(3, 6), Gr(3, 7) and Gr(3, 8).

2. Cluster Algebras
In this section we review the definitions of a cluster algebra. For a complete introduc-
tion see [10].
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Definition 2.1. A square matrix B is skew symmetrizable if there is a diagonal
matrix W with positive integer entries such that WB is skew symmetric.

Definition 2.2. A seed of a cluster algebra consists of a pair (B̂, x) where B̂ is
a (n + m) × (n + m) skew symmetrizable matrix called the full exchange matrix
and x = {x1, . . . , xn, f1, . . . , fm} is a collection of n + m commuting variables called
cluster variables. The first n variables x1, . . . , xn are called mutable or unfrozen
and the last m variables f1, . . . , fm are called frozen.

We consider the rows and columns of B̂ to be indexed by the cluster variables.
Thus we call an index i frozen or unfrozen if the corresponding cluster variable is
frozen or unfrozen respectively.

It is convenient to represent B̂ with a quiver Q. When B̂ is skew symmetric, Q has
a node for each row/column and an arrow of weight B̂ij from i to j when B̂i,j > 0.
When B̂ is skew symmetrizable with matrix W , the associated quiver has weighted
nodes. See Section 3 of [27] for full details. We will often borrow terminology of quivers
to refer to exchange matrices. For example, we refer to indices of B̂ as sources/sinks
if the node of the associated quiver is a source or sink of the subquiver of mutable
nodes.

Definition 2.3. The mutable part of a quiver/matrix is the subgraph/submatrix
indexed by mutable variables. This corresponds to a matrix B consisting of the top
left n× n block of B̂. We also consider the extended exchange matrix, B̃, which
is the rectangular n× (n + m) submatrix of the mutable rows of B̂.

Definition 2.4. A Y -seed, (B̂, y), is a pair that consists of a skew symmetrizable
matrix and a list of variables y = {y1, . . . , yn}, called Y -variables. Note that a Y -seed
only has a variable for each mutable index and thus only depends on B.

Definition 2.5. We say a seed is full rank if Rank(B̃) = n.

We note that the property of being full rank depends on the frozen nodes. In fact
every seed can be made full rank by “framing” each mutable node with a corresponding
frozen node attached out from the mutable node.

Example 2.6. In Figure 1 we see a variety of seeds represented as quivers and ex-
change matrices. The two seeds in Figure 1a and Figure 1b have the same mutable
part. As such we refer to these seeds as type A1. Although they are the same type
the seed in Figure 1a is not full rank, while the seed in Figure 1b is. In Figure 1c and
Figure 1d we see two examples with skew symmetrizable matrices. In quivers we use
a large node with an extra ring to represent nodes of weight 2.

x1
[ ]x1 0

x1

(a) A1

x1 f1[ ]
x1 0 1
f1 −1 0

x1 f1

(b) A1

x1 x2 x3[ ]0 1 0
−1 0 −2
0 1 0

x1 x2 x3

(c) B3

x1 x2 x3[ ]0 1 0
−1 0 −1
0 2 0

x1 x2 x3

(d) C3

Figure 1. Seeds as Matrices and Quivers
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Example 2.7. Our key running example will be cluster algebras of type A3. In Fig-
ure 2a we see the version with only mutable nodes. This seed is also not full rank. To
make a full rank seed with the same mutable part it suffices to add one frozen node
attached to either x1 or x3 breaking the symmetry. However it will be convenient to
add more frozen nodes to obtain a quiver for cluster algebra associated to Gr(2, 6) as
in Figure 2b.

x1 x2 x3

(a)

[15]

[14] [24]

[12]
[23]

[34]
[45]

[56]

[16]

(b)

Figure 2. Seeds of Type A3

Example 2.8. Our other key example will be seeds corresponding to the Grassman-
nian Gr(k, n). In [11] Section 6.7 they give a construction of an initial seed with
(k− 1)(n− k− 1) mutable nodes and n frozen nodes arranged in an k× (n− k) grid.
In Figure 3 we give an example for Gr(3, 6). On this seed the cluster variables can be
identified with Plücker coordinates [I] living in the coordinate ring of the affine cone.
See [24, 15, 5, 11] for full details.

[456] [356] [256] [156]

[346]
[236] [126]

[345] [234] [123]

Figure 3. Grassmannian Seed for Gr(3, 6)

Definition 2.9. Given a mutable index k, we produce a new matrix µk(B̂) via matrix
mutation:

(2) µk(B̂)i,j =
{
−B̂i,j i = k or j = k

B̂i,j + [B̂i,k]+[B̂k,j ]+ − [B̂i,k]−[B̂k,j ]− otherwise ,

where [x]+ = max(x, 0) and [x]− = min(x, 0).

Definition 2.10. A (cluster) seed pattern is an n regular tree whose vertices are
labeled by seeds and edges are labeled 1, . . . , n. The seeds (B̂, x) k←→ (B̂′, x′) are related
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via B̂′ = µk(B̂) and

(3) x′
ℓ = µk(xℓ) =


xℓ ℓ ̸= k

1
xk

( ∏
i|Bki<0

x
|Bki|
i +

∏
j|Bkj>0

x
Bkj

j

)
ℓ = k .

Given a seed S0 = (B̂, x) we produce a seed pattern by starting at S0 and performing
all possible sequences of mutations. Note that µk(µk(S)) = S so it makes sense to
consider the edges of the n regular tree to be unoriented.

Definition 2.11. A Y -seed pattern is similarly an n regular tree with vertices la-
beled by Y -seeds. The key difference is the relation between two seeds on an edge,
(B̂, y) k←→ (B̂′, y′). The exchange matrices are still related by matrix mutation, but
the variables are now related by Y -mutation:

(4) y′
i = µk(yi) =


y−1

k i = k

yi(1 + y−1
k )−bik bik > 0, i ̸= k

yi(1 + yk)−bik bik ⩽ 0, i ̸= k .

Remark 2.12. This definition of Y -variable mutation agrees with [1], and [9, p. 9].
However it is the opposite convention to [10, Definition 3.5.2] whose Y -variables cor-
respond to the inverse of the Y -variables defined above.

Definition 2.13. The cluster algebra AQ generated by a seed (Q, x) is the subal-
gebra of the ring of rational functions on x generated by all cluster variables obtained
by performing all possible mutations. Let Π be the set indexing all mutable cluster
variables and Πf be the set of frozen variables. Then A = Z[xi | i ∈ Πf ][xγ | γ ∈ Π]/I
where I is the ideal generated by the X-exchange relation for every possible mutation.
One similarly defines the Y -algebra, AQ = Z[y]/J where y ranges over every Y -
variable in the Y -seed pattern and J is generated by Y -exchange relations.

Matrix mutation preserves the rank of B̃ and thus we consider full rank a property
of a cluster algebra/seed pattern.

Proposition 2.14. Let A and Y be cluster and Y -algebras for the same initial seed.
There is a map p : Y → A given on each seed by

(5) yi 7→
∏

x
B̃ij

j .

Proof. To check the map is well defined one must verify it commutes with X and Y
mutation. See [16],[9] or [10] for the details of the proof. □

Definition 2.15. The localized cluster algebra A[x−1] is obtained by localizing
the set of mutable cluster variables.

Definition 2.16. The R-points of a cluster algebra in a semifield R is the set
Hom(A[x−1], R). Each element can be identified with a choice of element in R for
each cluster variable satisfying the exchange relations.

Example 2.17. In type A1 there are only two distinct seeds. There are two mutable
cluster variables x−γ and xγ . Thus A = Z[x−γ , xγ ]/⟨x−γxγ = 2⟩. In Figure 4a we
plot the real points. The positive points are the hyperbola in the first quadrant. In
this somewhat trivial case the algebra is already localized at xγ and x−γ so the real
points of A and A[x−1] are the same. In Figure 4b we see a contour plot for the A1
cluster algebra with one frozen variable f1. We note that the frozen variable allows
x−γ and xγ to take values at any pair of positive real numbers.
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−5 0 5

−5

0

5

(a) No Frozen

−5 0 5

−5

0

5

(b) Full Rank

Figure 4. Real Points of A1 Cluster Algebra

Let R be a semifield with the additional property that the sum of two nonzero
elements is nonzero (and thus invertible). Then any mutation applied to a seed with
a nonzero element of R chosen for each cluster variable produces a new seed with the
same property. Thus, for every seed a choice of nonzero elements in R for each cluster
variable extends to the unique map A[x−1] → R. In particular, one can specify an
R>0-point of a cluster algebra by choosing a positive number for each cluster variable
in any seed. We call the R>0 points of a cluster algebra the positive points and
write X>0(A) or X>0 if the choice of A is understood from the context.

2.1. Finite Type. Let D be a Dynkin diagram of finite type.

Definition 2.18. A quiver is of Dynkin type if its mutable part is an orientation of
a Dynkin diagram with every node either a source or a sink. We say a cluster algebra
A is of type D if A contains a seed with quiver isomorphic to an orientation of D. A
Dynkin seed is a seed of A whose quiver is of Dynkin type.

Recall that a Coxeter element of the Weyl group associated to a Dynkin diagram
is the product of all the simple reflections. All Coxeter elements have the same order
which is called the Coxeter number .

Proposition 2.19. Let D be a connected Dynkin diagram and h the associated Coxeter
number. The cluster algebra of type D contains h + 2 Dynkin seeds. Each mutable
cluster variable appears at a unique source and a unique sink in this set of seeds.

Proof. This follows from [13]. As a consequence, the set of mutable cluster variables is
in bijection with the set of almost positive roots Φ⩾−1 of the associated root system,
i.e the set of all positive roots and negative simple roots. □

The set of Dynkin seeds can be obtained by starting at any Dynkin seed and
then repeatedly mutating at the full set of sources[13]. This sequence of seeds can be
assembled into the Auslander-Reiten quiver of the associated cluster category ([18]).

While there are typically many more Y -variables than cluster variables, in a finite
type cluster algebra there is a canonical choice of Y -variable for each cluster vari-
able, yγ . We take yγ to be the Y -variable at the node associated to xγ in the Dynkin
seed where xγ is a source. These Y -variables were used by Fomin and Zelivnsky to
prove Zamolodchikov’s conjecture [14]. As a consequence of this proof they established
a Laurent phenomenon analogous to the Laurent phenomenon for cluster variables
for this subset of Y -variables. In particular:

Theorem 2.20. Every yγ is of the form Nγ

pγ where Nγ is a polynomial in pi with
constant term 1 and pγ =

∏
pγi

i and γ =
∑

γiei for {ei} the set of simple roots.
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Proof. This is a rephrasing of [14, Theorem 1.5]. □

The parameters pi are exactly the values of the Y -variables at negative simple
roots −ei. These roots occur in two distinct Dynkin seeds. Usually, the algebra is
parameterized by choosing initial values from a single cluster. To obtain the same
formulas as above from a single Dynkin seed we take the sources to be pi and the
sinks to be p−1

j . Then mutation at each sink produces the Y -variable pi associated to
the root −ei as needed.

Example 2.21. In type A3 there are 6 Dynkin seeds as seen in Figure 5 containing 9
distinct cluster variables. The values of each cluster variable and Y -variable are given
in Figure 6. The exchange matrix for the initial seed without any frozen variables

is

 0 1 0
−1 0 −1
0 1 0

. This matrix is not full rank, it has a null vector (1, 0,−1). However

one can add frozen nodes to make the extended matrix full rank. For example, the
initial Dynkin seed for the cluster algebra associated to Gr(2, 6) is 0 1 0 −1 1 −1 0 0 0

−1 0 −1 1 0 0 1 0 0
0 1 0 0 0 0 −1 1 −1

 .

We observe that the map from Y -variables to X-variables fails to be injective in the
first case. Here the two Y -variables at the sources are:

y[−1,0,0] = y[0,0,−1] = x[0,−1,0].

In the Grassmannian case these variables are distinct:

y[−1,0,0] = y[24] = [14][23]
[12][34] and y[0,0,−1] = y[15] = [14][56]

[16][45] .

[−1, 0, 0] [1, 0, 0] [1, 0, 0] [0, 1, 1] [0, 1, 1] [0, 0,−1]

[0,−1, 0] [0,−1, 0] [1, 1, 1] [1, 1, 1] [0, 1, 0] [0, 1, 0]

[0, 0,−1] [0, 0, 1] [0, 0, 1] [1, 1, 0] [1, 1, 0] [−1, 0, 0]

Figure 5. Auslander-Reiten Walk in Type A3

Definition 2.22. The compatibility degree of two distinct almost positive roots
γ, ω, written ϵ(γ, ω), is given by choosing a new set of simple roots such that −γ is
simple and ω is positive. Then ϵ(γ, ω) is the coefficient of −γ when ω is expressed as
a linear combination of these simple roots. We define ϵ(γ, γ) = 0. The compatibility
degree of two cluster variables, ϵ(xω, xγ), is the compatibility degree of the two roots.
When γ ̸= ω, this corresponds to the power of xω in the denominator of the Laurent
polynomial expression of xγ using the Dynkin seed containing xω as initial seed.

This definition of compatibility degree is due to [4], who prove it is equivalent to
the definition first given in [14, Section 3.1]. In particular a new choice of simple roots
always exists and the compatibility degree is independent of this choice.
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Example 2.23. The cluster algebra of type C2 is full rank with no frozen variables.
It has six Dynkin seeds containing 6 distinct cluster variables. If we take the initial
seed to be x1 → x2 with x1 on the large node, the variables are:

x1 = x[−1,0] = x1 x3 = x[1,0] = 1 + x2

x1
x5 = x[1,1] = 1 + x2 + x2

1
x1x2

x2 = x[0,−1] = x2 x4 = x[2,1] = (1 + x2)2 + x1

x2
1x2

x6 = x[0,1] = 1 + x2
1

x2
.

The variables with odd indices are associated to the node with weight 2, while the
variables with even indices are associated to the node with weight 1. We compute the
compatibility degree of x1 = [−1, 0] with the other five roots:

ϵ(x1, x2) = 0 ϵ(x1, x3) = 1 ϵ(x1, x4) = 2 ϵ(x1, x5) = 1 ϵ(x1, x6) = 0 .

Note that the compatibility degree is only symmetric for simply-laced Dynkin dia-
grams. The non symmetry arises when comparing cluster variables associated to nodes
with different weights. For example ϵ(x4, x1) = 1 ̸= 2 = ϵ(x1, x4).

3. Bounded Ratios
Definition 3.1. The ratio space Vr ⊂ A[x−1] is the set of Laurent monomials
in mutable and frozen variables. We identify this space with an integer lattice of a
real vector space V of dimension N + m where N is the number of mutable cluster
variables in the cluster algebra. The integer vector (v1, . . . , vN+m) corresponds to the
ratio xv =

∏
xvi

i .

We are interested in the subset of bounded ratios.

Definition 3.2. The cone of bounded ratios, C, is subset of V where the corre-
sponding ratio is bounded over positive points of the cluster algebra. Formally

C = spanR+{v ∈ Vr | ∃L <∞ : ∀p ∈ X>0 : xv(p) < L} .

Example 3.3. Consider the cluster algebra for A1 with one frozen variable (Fig-
ure 1b). We identify V with R3 using the basis {x−γ , xγ , f1}. We translate several

Roots [−1, 0, 0] [0, 0,−1] [0,−1, 0]

Cluster Variables x1 x3 x2

Y -Variables p1 p3 p2

Roots [1, 0, 0] [0, 0, 1] [1, 1, 1]

Cluster Variables 1+x2
x1

1+x2
x3

1+x1x3+2x2+x2
2

x1x2x3

Y -Variables 1+p2
p1

1+p2
p3

1+p1+2p2+p3+p1p2+p1p3+p2p3+p2
2

p1p2p3

Roots [0, 1, 1] [1, 1, 0] [0, 1, 0]

Cluster Variables 1+x1x3+x2
x2x3

1+x1x3+x2
x1x2

1+x1x3
x2

Y -Variables 1+p1+p2+p3+p1p3
p2p3

1+p1+p2+p3+p1p3
p1p2

1+p1+p3+p1p3
p2

Figure 6. Cluster Variables and Y -Variables in A3

Algebraic Combinatorics, Vol. 9 #1 (2026) 59



Michael Gekhtman, Zachary Greenberg & Daniel Soskin

vectors into their corresponding ratios:

(−1,−1, 0) = x−1
−γx−1

γ = 1
1 + f1

(1, 0, 1) = x−γf1

(−1,−1, 1) = x−1
−γx−1

γ f1
1 = f1

1 + f1

(1, 1, 0) = x1
−γx1

γ = 1 + f1 .

We observe the vectors in the first row are bounded and thus in C. The vectors in
the second row are unbounded, and thus not in C.

3.1. Torus Action. We now explore a simple necessary condition for a ratio to be
bounded.

Each vector α ∈ ker(B̃) and z ∈ R× induce an automorphism ϕα,z of A ⊗ R
that sends xi 7→ zαixi for each initial mutable and frozen cluster variable. By [15,
Lemma 5.3] when α ∈ ker(B̃), the induced action on all other cluster variables is
multiplication by a power of z as well. We write wtα(xγ) for this power. The weight
extends to the full ratio space in the natural way, wtα(v) =

∑
wtα(xγ)vγ .

As ϕα,z is an automorphism of A⊗R, it induces an action on the R points of the
algebra. In particular, if z ∈ R>0, this action preserves the set of positive points.

Finally we compute the action of ϕα,z on the pairing between any ratio vector v
and R-point p:
(6) v(ϕα,zp) = (ϕα,zv)(p) = zwtα(v)v(p) .

Remark 3.4. This action can be viewed as an algebraic torus T acting by characters
on the ratio space. See [1, 21] for more details.

Lemma 3.5. If there is a vector α ∈ ker(B̃) such that wtα(v) ̸= 0 then v is not a
bounded ratio.

Proof. If wtα(v) > 0 then take z = 2 otherwise take z = 1
2 . Then

v(ϕt
α,z(p)) = (zwtα(v))t · v(p).

As t→∞, (zwtα(v))t →∞ and thus v is unbounded. □

Corollary 3.6. A bounded ratio has weight 0 for any vector α ∈ ker(B̃).

Example 3.7. In A1 with one frozen variable the vector α = (−1, 0) generates the
kernel of the exchange matrix (Figure 1b). The induced map on the cluster algebra is

(x−γ , xγ , f1) ϕα,z7−−−→ (z−1x−γ , z1xγ , z0f1) ,

and the induced weight vector is (−1, 1, 0). We observe that the orbits of this action
are the hyperbolas in Figure 4b.
Furthermore, from Corollary 3.6, the cone of bounded ratios is contained in the sub-
space with equal powers of x−γ and xγ . To illustrate this containment, we compute
the weights of the ratios in Example 3.3:

wtα(−1,−1, 0) = 0 wtα(−1,−1, 1) = 0 wtα(1, 0, 1) = −1 wtα(1, 1, 0) = 0.

We observe the first two bounded ratios have zero weight as expected and the third
unbounded ratio has nonzero weight. However the final ratio is unbounded despite
having zero weight.

Remark 3.8. In the Grassmannian cluster algebra Corollary 3.6 can be rephrased
using the natural algebraic torus action of (C×)n on Gr(k, n) [2]. This ST0 condition
states that each column index appears an equal number of times in the numerator
and denominator. This corresponds to a character given by assigning to every variable
weight αi where αi is the number of times column i appears when expressed as a
polynomial in Plücker coordinates.
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Note that all exchange relations corresponding to the standard initial cluster of
Gr(k, n) are either short Plücker relations

[ikS][jℓS] = [ijS][kℓS] + [iℓS][jkS] ,

where S is a k − 2 element subset of [1, n] and i, j, k, ℓ /∈ S, or are of the form
[ijkS] µ([ijkS]) = [ikfS] [ijdS] [jkeS] + [ikdS] [ijeS] [jkfS],

where S is k − 3 element subset of [1, n], such that i, d, j, e, k, f /∈ S. In each such
relation both monomials in RHS have the same multiplicities for each index i. Thus
the vector αi described above is in the kernel of the exchange matrix.

Lemma 3.9. When the extended exchange matrix has full rank, the cone of bounded
ratios is contained in a space of dimension equal to number of cluster variables, N .

Proof. Since the extended exchange matrix has full rank n, dim(ker(B̃)) = m. Thus
for a ratio to have weight 0 with respect to the entire kernel, v must satisfy m linearly
independent conditions. Thus the cone of bounded ratios is contained in a space of
dimension N + m−m = N . □

3.2. U Variables. In [1], they define the cluster configuration space associated to a
finite Dynkin diagram D. These spaces recover the classical configuration space of n
distinct points on the projective line, M0,n, by taking D to be a Dynkin diagram of
type An. We recall the definitions here.

Definition 3.10. The cluster configuration algebra, UD, associated to a Dynkin
diagram D is the ring Z[u±1

γ ]/ID where ID is the ideal generated by the equations of
the form

(7) uγ +
∏
ω ̸=γ

uϵ(ω,γ)
ω = 1 ,

for each mutable cluster variable γ ∈ Π of the associated cluster algebra AD.

As with the cluster algebra, we can discuss R points of the cluster configuration
algebra. Following [1] we write MD for the C points of UD and M>0

D for the R>0
points.

Surprisingly, the spaceM>0
D is n dimensional where n is the number of nodes in D.

In fact there is a map from X>0 to M>0
D given by

(8) (xγ)γ∈Π 7→ (vγ)γ∈Π =
(

yγ

1 + yγ

)
=
(∏

xω

xγx′
γ

)
,

where yγ is the Y -coordinate in the Dynkin seed at xγ where γ is a source. The final
equality uses the map from Y -coordinates to X-coordinates and the product in the
numerator is taken over all ω that are out neighbors of γ and x′

γ is the X-coordinate
obtained by mutating at xγ in this seed.

Proposition 3.11. When A is of full rank, the map defined in eq. (8) is a bijection
X>0 // T →M>0

D . Given this bijection, one defines an isomorphism UD → AT
D given

on generators by uγ 7→ vγ .

Proof. This follows from Theorem 4.2 of [1]. They describe this isomorphism on the
level of rings and on the level of C points. Since the torus action restricts to the set
of positive points, the isomorphism works in this context as well. □

Example 3.12. The cluster configuration algebra of type A1 is defined by the degen-
erate set of equations

u−γ + uγ = 1 uγ + u−γ = 1 .
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In Figure 7 we see M>0
D . Here we can observe the requirement that A is of full rank.

If we take the A1 cluster algebra with no frozen nodes the map from X>0 to M>0
D is

of the form
(x−γ , xγ) 7→

(
1

x−γxγ
,

1
x−γxγ

)
=
(

1
2 ,

1
2

)
,

and thus does not fill the entire space of positive points. However when we add a
frozen variable to make a full rank cluster algebra the map is now of the form:

(x−γ , xγ , f1) 7→
(

1
x−γxγ

,
f1

x−γxγ

)
=
(

1
1 + f1

,
f1

1 + f1

)
.

0.5 1 1.5 2

0.5

1

1.5

2

u−γ

uγ

Figure 7. Positive Points of the Cluster Configuration Algebra of
type A1

Example 3.13. The cluster configuration algebra of type C2 is defined by the orbit
of the equations

u1 + u3u4u5 = 1 u2 + u4u2
5u6 = 1

under increasing the indices by 2 modulo 6. Using eq. (8) the solutions are parame-
terized by

v1 = x2

x1x3
v3 = x4

x3x5
v5 = x6

x5x1
v2 = x2

3
x2x4

v4 = x2
5

x4x6
v6 = x2

1
x6x2

.

Proposition 3.14. Each variable uγ is bounded over M>0
D .

Proof. This is clear from the form of eq. (7) over the positive reals, each uγ is 1 minus
a positive number and thus is bounded above by 1. □

Theorem 3.15. When A is of full rank and finite type, there is a choice of initial
cluster variables parameterized by t ∈ R>0 such that lim

t→0
vγ = 0 and for ω ̸= γ,

0 < lim
t→0

vω <∞.

Proof. Consider the Dynkin seed where xγ is a source at vertex i. We consider this
seed to be the initial seed and thus can express all other cluster variables in terms of
the initial variables x1, . . . , xn, xn+1, . . . , xn+m.

Assume the initial cluster variables are of the form xj = tβj . Then the initial Y -
variables are of the form yj =

∏
x

B̃jk

k =
∏

tB̃jkβk . Thus the vector of powers of initial
Y -variables as a function of t is y = B̃β. As B̃ is of full rank, the equation ei = B̃β
has a solution. We use this β to define the initial cluster variables. By construction,
the other initial Y -variables are constant with respect to t. By Theorem 2.20 all non-
initial Y -variables are Laurent polynomials in variables p1, . . . , pn whose numerator
has constant term 1. By our choice of initial cluster variables we have that pi = t and
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pj = 1 for j ̸= i, since pi = yi and pj = y±1
j depending on if j is a source or sink. We

then have

(9) lim
t→0

yω = lim
t→0

Cω + o(t)
tϵ(γ,ω) =

{
Cω ϵ(γ, ω) = 0
∞ ϵ(γ, ω) > 0 ,

with Cω a positive constant. As vω = yω

1+yω
we see that lim

t→∞
vω is a positive constant

if ω and γ are compatible and equal to 1 otherwise. □

Corollary 3.16. The ratios vγ correspond to independent vectors in the root space.
In other words there is no vector of powers λ such that vγ =

∏
ω ̸=γ

vλω
ω .

Proof. Assume for contradiction that such a product exists. At least one power λω is
nonzero, otherwise vγ would be identically 1 for all choices of initial cluster variables.
However by Theorem 3.15 there is a choice of initial seed with vγ going to 0 at t goes
to 0.

Now consider the choice of initial seed given by Theorem 3.15 such that only vω

goes to 0 while each other variable is bounded away from 0. Since the set of ratios is
finite, there is a global lower bound lim

t→∞
vη > L > 0 on all other ratios. Note that

as all ratios are also bounded above by 1 (Proposition 3.14) the other product terms
stay finite. If λω > 0 then the entire product is sent to 0. On the other hand vγ is
bounded below by L, contradicting the equality. Similarly if λω < 0 the product is
sent to infinity contradicting the fact that vγ is bounded (Proposition 3.14). □

Theorem 3.17. The cone of bounded ratios C is generated by the set {vγ | γ ∈ Π}.

Proof. From Lemma 3.9 we know that C is contained in a vector space of dimension N ,
the space of weight 0 ratios. Corollary 3.16 states the the set {vγ} is a set of N linearly
independent ratios. As each vγ has weight 0, this gives a basis of the subspace of
weight 0 ratios. Therefore every ratio of weight 0 has the form

∑
λγvγ for some

vector λ. We will show that if λ contains any negative entries the corresponding ratio
is unbounded.

Assume λ is a vector with λγ < 0. Then consider the ray from Theorem 3.15
sending vγ to 0 while keeping all other vω > L for some L > 0. Then v

λγ
γ goes to

infinity while the rest of the ratio is bounded away from 0. Thus the whole ratio is
unbounded along this ray and thus does not belong to the cone of bounded ratios.
Therefore the cone of bounded ratios is exactly the positive linear combinations of vγ

as claimed. □

Corollary 3.18. The cone of bounded ratios in the cluster configuration algebra for
a finite Dynkin diagram D is the positive orthant.

Proof. We can always find a cluster algebra of type D with full rank. In this case
each coordinate uγ of the cluster configuration algebra is exactly parameterized by a
generating ratio vγ . □

Corollary 3.19. A ratio in cluster variables is bounded if and only if it is bounded
by 1. If such a ratio has integer coefficients when expressed in the basis vγ it is also
subtraction free i.e. denominator minus numerator is a polynomial with no negative
signs in cluster variables (not necessarily from the same cluster).

Proof. The extreme rays vγ clearly have both properties from eq. (8). By the cluster
relation we see the denominator minus numerator is simply the product of frozen
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variables coming into node γ. This inductively implies every integer linear combination
is subtraction free as well by the following computation:

a

b

c

d
7→ bd− ac = b(d− c) + c(b− a) . □

Example 3.20. There are bounded ratios of integer powers of cluster variables that
are not subtraction free. In Example 3.13 we computed the extreme rays of the cone of
bounded ratios in type C2. The product √v2v4v6 = x1x3x5

x2x4x6
is an integer combination

of cluster variables. However if we express this ratio in the initial cluster x1 → x2 we
obtain

x2x4x6 − x1x3x5 = x2

(
(1 + x2)2 + x1

x2
1x2

)(
1 + x2

1
x2

)
− x1

(
1 + x2

x1

)(
1 + x2 + x2

1
x1x2

)
=

(1 + 2x2
1 + x4

1 + 2x2 + 2x2
1x2 + x2

2 + x2
1x2

2)−
(
x1 + x3

1 + 2x1x2 + x3
1x2 + x1x2

2
)

x2
1x2

.

If this ratio were subtraction free in cluster variables, then specializing to the initial
cluster should produce a Laurent polynomial with positive coefficients. Since this did
not happen, the ratio cannot be subtraction free in cluster variables as claimed.

Lemma 3.21. Consider the (N + m) × N matrix U , where Ui,j is the power of the
cluster variable xi in the extreme ratio vγj

. If there is a subset of rows I such that
det(UI) = ±1 then every bounded ratio is uniquely expressed as a positive integer
combination of the vγ .

Proof. Consider a bounded ratio represented by the vector v. By construction, the
solution to the equation Uλ = v provides the coefficients λ needed to express v as
a combination of vγ . If we restrict to the I rows we see UIλ = vI . Furthermore
by assumption det(UI) = ±1 and thus by Cramer’s rule U−1

I is an integer matrix.
Therefore λ = U−1

I vI is integer as needed. Since the set of vγ form a basis, λ is
unique. □

Corollary 3.22. The bounded ratios on the cluster algebras for Gr(3, 6), Gr(3, 7) and
Gr(3, 8) are subtraction free.

Proof. All three of these cluster algebras satisfy the condition of Lemma 3.21 by
explicit computation. □

Example 3.23. We now finish our running example of the A1 cluster algebra with
one frozen variable. From eq. (8) we have the two generating ratios are

v−γ = 1
x−γxγ

vγ = f1

x−γxγ
.

From Example 3.7 we know the cone of bounded ratios is contained in the subspace
where the power of x−γ equals the power of xγ . Thus we can draw the cone of bounded
ratios in Figure 8.

Furthermore every bounded ratio is subtraction free by Lemma 3.21 since the
matrix U is −1 −1

−1 −1
0 1

 .
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4. Bounded Ratios on Subsets
The original study of totally nonnegative matrices was concerned with inequalities of
determinants of matrix minors. When translated to Grassmannians, Gr(k, n), these
are inequalities among the Plücker coordinates. The most basic such ratio is the
primitive ratio [26, 2] of the form

[i(j + 1)S][j(i + 1)S]
[ijS][(i + 1)(j + 1)S] ,

where i < i + 1 < j < j + 1 are cyclically ordered and S is a k − 2 element subset
of [n] disjoint from i, i + 1, j, j + 1. It was conjectured in [6] that all bounded ratios
on the Grassmannian can be factored into positive integer combinations of primitive
ratios. However in Gr(4, 8), [26] found extreme ratios that are not primitive ratios.

Using the results of this paper we prove that the bounded ratios in Plücker coordi-
nates on Grassmannians with finite type cluster structure (Gr(2, n), Gr(3, 6), Gr(3, 7),
and Gr(3, 8)) are generated by primitive ratios. To accomplish this we give a concrete
algorithm to reduce the full cluster bounded cone to a bounded cone on a subset of
the cluster variables.

Definition 4.1. Let S ⊂ Π. The S-ratio space, V S
r , is the subset of Vr generated

by the variables in S. The cone of bounded S-ratios, CS, is the cone of bounded
ratios in V S, where V S is a linear subspace of V spanned by V S

r .

Proposition 4.2. The cone of bounded S-ratios CS is the intersection of the full cone
of bounded ratios with V S. Moreover, when A is of full rank, the extreme rays of CS

are the minimal positive linear combinations of the extreme rays of the full cone that
are contained in V S.

Proof. Since every bounded S-ratio is a usual bounded ratio the first statement is
clear. In the full rank case every ratio is uniquely expressed as product of vγ . Thus if
no strict subproduct lands in V S the corresponding ratio cannot be factored in CS . □

Given Proposition 4.2 it is then straightforward to compute the extreme rays of CS .
Let U be the matrix whose columns are indexed by Π and rows are indexed by the full
set of cluster variables without S with Ui,j the power of xi in the extreme ratio vj .

Proposition 4.3. Let λ ∈ ker(M). Then
∏

v
λγ
γ is in V S. Furthermore if every ele-

ment of λ is nonnegative the corresponding ratio is in CS.

Proof. By construction the entries of Mλ are the power of corresponding the cluster
variable not in S in the resulting ratio. Thus if λ ∈ ker(M) all variables not in S
vanish. If the coefficients of λ are all nonnegative the ratio is bounded and thus lies
in CS . □

−5 5
−5

5
xγ

f1

Figure 8. Cone of Bounded Ratios in A1
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Therefore CS is defined by the equations Mλ = 0 and λγ ⩾ 0. Such a system of
linear inequalities can be easily solved by programs like Normaliz [3].

We now return our focus to the Grassmannian and specialize S to the set of Plücker
variables. In Gr(2, n) every cluster variable is a Plücker coordinate. Thus the full cone
is the same as the Plücker cone and we have the following:

Proposition 4.4. A ratio of Plücker coordinates on Gr(2, n) is bounded if and only
if it can be factored into a positive integer combination of primitive ratios.

Proof. The cluster structure on Gr(2, n) is of type An−3. We can see the generator
vij given by Theorem 3.17 is the primitive ratio indexed by {(i−1), (j−1)} since the
Dynkin seeds correspond to the zig-zag triangulations of an n-gon. □

Example 4.5. Consider the cluster algebra Gr(2, n). Let S be the set of Plücker
coordinates with indices in {1, . . . , n−1}, i.e. the set of cluster variables in Gr(2, n−1).
Using Proposition 4.2 we can compute the extreme rays of Gr(2, n− 1) which we call
uij(n− 1) using the extreme rays of Gr(2, n), uij(n). Explicitly we have

u1j(n− 1) = u1j(n) · ujn(n) and uij(n− 1) = uij(n) for i > 1 .

This follow from the following simple computation

u1j(n− 1) = [j(n− 1)][1(j − 1)]
[1j][(j − 1)(n− 1)] = [1(j − 1)][jn]

[1j][(j − 1)n]
[j(n− 1)][(j − 1)n]
[jn][(j − 1)(n− 1)] ,

and the observation that uij(n) ∈ V S if 1 < i and j < n.

This inductive structure of the extreme rays allows us to strengthen Proposition 4.4
to the following theorem:

Theorem 4.6. Every bounded ratio of Plücker coordinates on Gr(2, n) can be fac-
tored as an integer combination of primitive ratios. As such, every bounded ratio is
subtraction free and bounded by 1.

Proof. By Lemma 3.21 it suffices to find a minor of the matrix of U -variables with
determinant ±1. In [26, Theorem 4.2] it is proved that such a minor exists for any
Gr(k, n). We give an explicit construction for Gr(2, n) here.

Consider the minor whose rows are indexed by cluster variables of the form [ij] for
i < j − 1 and j ⩾ 4. By adding the column indexed by [jn] to the column [1j] for
each 3 ⩽ j < n − 1 the column [1j] becomes the column for Gr(2, n − 1) and thus
has no entries in any row labeled by [jn]. The remaining entries of these rows form
an upper triangular matrix of the form

[1(n− 1)] [(n− 2)n] [(n− 3)n] . . . [2n]


[(n− 2)n] −1 −1
[(n− 3)n] 1 −1

...
. . . . . .

[2n] 1 −1
[1n] 1

Continuing inductively this minor reduces to an upper triangular matrix with ±1 on
the diagonal. Each column operation leaves the determinant unchanged and so the
minor has determinant ±1 as needed. □

Remark 4.7. The bounded ratios in Gr(2, n) are both subtraction free as polynomials
in all cluster variables and in the face weights of a weighted planar network. This is
because every cluster variable in Gr(k, n) is a positive function of the face weights.
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Example 4.8. In Gr(3, 6) there are 16 mutable cluster variables and 6 frozen variables.
Two of the mutable variables are degree two polynomials that we call [124|356] and
[135|246] using the tableaux indexing of [5]. To find the bounded Plücker cone we
must find positive linear combinations of the extreme ratios (Figure 9) that eliminate
these variables. If we order the Plücker variables by reverse lexicographic order and
then append e1 = [124|356], e2 = [135|246] we obtain the following matrix for U :

[[356] [346] [256] [246] [245] [236] [235] [146] [145] [136] [135] [134] [125] [124] e1 e2
1 0 0 0 0 0 0 0 0 0 −1 1 1 0 −1 0
0 0 0 −1 1 1 0 1 0 0 0 0 0 0 0 −1

]
.

Clearly the ratios associated to [346], [256], [235], [145], [136] and [124] are already
extreme rays of the bounded Plücker cone. We obtain 12 new extreme rays given by
multiplying the extreme ray at the center of a D4 with one of its three neighbors. In
this way we recover the set of 18 primitive Plücker ratios.

Proposition 4.9. Every Plücker bounded ratio on Gr(3, 6) is subtraction free. Fur-
thermore such a ratio can be factored as a positive integer combination of primitive
ratios.

Proof. By Corollary 3.22 we also know that every Plücker bounded ratio is subtraction
free as a function of cluster variables. Since each cluster variable (including the exotic
variables) is a positive function in face weights this shows Conjecture 1.4 holds as
well.

The factorization into primitive ratios is inductive. Consider a minimal subproduct
of the factorization in vγ such that the result is a Plücker ratio. By Proposition 4.2
this is an extreme ray of the Plücker bounded cone and thus is a primitive ratio. The
remaining product is smaller and so can be inductively factored. □

v[124|356] = [346][256][124]
[246][124|356] =

v[356] = [124|356]
[356][124] =

v[134] = [124|356]
[256][134] =

v[125] = [124|356]
[346][125] =

v[246] = [245][236][146]
[246][135|246] =

v[124] = [246][123]
[236][124] =

v[256] = [246][156]
[256][146] =

v[346] = [345][246]
[346][245] =

v[135|246] = [235][145][136]
[135][135|246] =

v[236] = [135|246]
[236][145] =

v[146] = [135|246]
[235][146] =

v[245] = [135|246]
[245][136] =

v[135] = [356][134][125]
[135][124|356] =

v[145] = [456][135]
[356][145] =

v[235] = [234][135]
[235][134] =

v[136] = [135][126]
[136][125] =

Figure 9. Extreme Rays in Gr(3, 6)
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Example 4.10. In Gr(3, 7) there are 14 non-Plücker variables of the 42 mutable vari-
ables. Via an analogous computation to Gr(3, 6), we compute the cone of bounded
Plücker ratios. We can classify the extreme rays of this cone into 6 orbits under the
action of rotation. One representative of each orbit is factored into extreme ratios of
the full cone in Figure 10. As each extreme ray appears at most once, we can graphi-
cally represent the product by circling the node of the Dynkin seed corresponding to
each ratio. In Figure 10 we observe that the rays of each factorization are adjacent in
the sources-sink walk through the Dynkin seeds.

The same proof as for Gr(3, 6) works in Gr(3, 7) to show:

Proposition 4.11. Every Plücker bounded ratio on Gr(3, 7) is subtraction free. Fur-
thermore such a ratio can be factored as a positive integer combination of primitive
ratios.

[247][123]
[237][124] = v[124]

=
0

[247][157]
[257][147] = v[257]v[246|357]v[256]

=
−1 0 1

[346][256]
[356][246] = v[356]v[124|356]v[246|357]v[146|357]

=
−2 −1 0 1

[256][247]
[257][246] = v[257](v[157]v[246|357])v[146|357]

=
−1 0 1

[346][247]
[347][246] = v[347]v[246|357]v[146|357]

=
−1 0 1

[256][157]
[257][156] = v[257]v[246|357]v[247]v[237]

=
−1 0 1 2

Figure 10. Representatives of Each Orbit of Extreme Plücker Ra-
tios in Gr(3, 7)

Example 4.12. In Gr(3, 8) there are 80 non-Plücker variables of the 128 mutable
variables. Using the computation described above we obtain 10 orbits of 8 extreme
ratios under the cluster modular group. We provide the list of orbit representatives
in Appendix A.1. One orbit contains the 8 ratios in the full cone that are already
Plücker. The other nine orbits consist of products of 6 or 11 extreme rays. As in
Gr(3, 7) these products are adjacent on the sources-sink walk.

Once again, the same proof as for Gr(3, 6) extends to Gr(3, 8) to show:

Proposition 4.13. Every Plücker bounded ratio on Gr(3, 8) is subtraction free. Fur-
thermore such a ratio can be factored as a positive integer combination of primitive
ratios.

Example 4.14. There is a further refinement of the cluster variables in Gr(3, 8).
The 80 non-Plücker variables can be divided into the 56 degree 2 polynomials in
Plücker coordinates and the 24 degree 3 polynomials. If we let S be the set of cluster
variables of degree less than or equal to 2, we obtain a cone CS between the Plücker
cone and the full cone of bounded ratios. Here we find 56 extreme rays of the full
cone already belong to V S . There are 112 new extreme rays consisting of products
of 3, 4 or 5 extreme ratios of the full cone. The list of orbit representatives is given
in Appendix A.2.
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[5678][1467]
[4678][1567]

[3578][1347]
[3478][1357]

[3568][2578]
[3578][2568]

[4578][3678]
[4678][3578]

[4578][1357]
[3578][1457]

[3578][1356]
[3568][1357]

[3568][3478]
[3578][3468]

[4678][1457]
[4578][1467]

[3568][3478][2578][1346][1247]
[3578][3468][2478][1347][1256]

[3578][3468][2478][1347][1256]
[3568][3478][2468][1357][1247]

[3568][3478][2578][1346][1256]
[3578][3468][2568][1356][1247]

[4578][3678][2458][2368][2357][1467][1358]
[4678][3578][2468][2457][2358][1368][1357]

[4578][3678][2458][2368][2357][1467][1358]
[4678][3578][2468][2367][2358][1458][1357]

[4678][4568][3578][2678][2456][2357][2348][2346][1457][1367][1356][1347][1258]
[4578][3678][3568][2578][2457][2358][2356][2347][1467][1456][1348][1346][1267]

[4678][4568][3578][2678][2456][2357][2348][2346][1457][1367][1356][1347][1258][1258]
[4578][3678][3568][2578][2457][2358][2356][2347][1467][1456][1357][1346][1268][1248]

[4678][4568][3578][3468][2578][2456][2357][2348][2346][1457][1358][1356][1356][1347][1347][1267]2[1248][1246]
[4578][3568][3478][2678][2468][2457][2358][2356][2347][1467][1456][1357]2[1348][1346]2[1268][1256][1247]

[4678][4568][3578][3468][2578][2456][2357][2348][2346][1457][1358][1356][1356][1347][1347][1267]2[1248][1246]
[4578][3568]2[2678][2468][2457][2358][2356][2347][1467][1456][1357]2[1348][1346]2[1268][1247][1247](

[4678][4568][3578][3468][2578][2467][2458][2456][2357][2357][2348][2346]
[4578][3568][3478][2678][2468]2[2457]2[2367][2358][2356][2347]

[1457]2[1368][1358][1356][1356][1347][1347][1267]2[1248][1246]
[1467][1458][1456][1357]3[1348][1346]2[1268][1256][1247]

)
(

[4678][4568][3578][3468][2578][2467][2458][2456][2357][2357][2348][2346]
[4578][3568]2[2678][2468]2[2457]2[2358]2[2356]

[1457][1457][1368][1358][1356][1356][1347][1347][1267]2[1248][1246]
[2347][1467]2[1456][1357]3[1348][1346]2[1268][1247]2

)
(

[4678][4568][3578][3468][2578][2467][2458][2456][2357][2357][2348]
[4578][3568][3478][2678][2468]2[2457]2[2358]2[2356][2347]

[2346][1457]2[1368][1358][1356]2[1347]2[1267]2[1248][1246]
[1467]2[1456][1357]3[1348][1346]2[1268][1256][1247]

)
Figure 11. Extreme Plücker Rays in Gr(4, 8)

The next biggest Grassmannian is Gr(4, 8). The corresponding cluster algebra is
not of finite type. It was shown in [26] that the Plücker bounded cone in this case is
finitely generated but has extreme rays that are not primitive. In Figure 11 we give
a full list of extreme rays up to the dihedral action and duality I 7→ [8] ∖ I. We have
verified that each ratio in Figure 11 is subtraction-free in the sense of Definition 1.3,
which proves the following statement:

Theorem 4.15.
(1) Every bounded ratio in Plücker coordinates of Gr(4, 8) is bounded by 1.
(2) A bounded ratio in Plücker coordinates of Gr(4, 8) which is a product of posi-

tive integer powers of generating ratios listed in Figure 11 is subtraction-free
in the sense of Definition 1.3.

Corollary 4.16. Let A be a totally positive 4 × 4 matrix. If a multiplicative deter-
minantal inequality

det(AI1,I′
1
)det(AI2,I′

2
)...det(AIp,I′

p
) ⩽ C · det(AJ1,J′

1
)det(AJ2,J′

2
)...det(AJq,J′

q
) ,
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where Ik, I ′
k, Jk, J ′

k ⊆ {1, 2, 3, 4} with |Ik| = |I ′
k| and |Jk| = |J ′

k| holds for some
constant C > 0 then this inequality holds with C = 1.

While the sets of U -variables for cluster algebras of infinite type are less understood,
the ratios of the form y

1+y are naturally bounded quantities on any cluster algebra.
We observe that some of these new extreme rays can be factored into the simpler
ratios of the form y

1+y for y in Gr(4, 8). For example

[1368][1458][1467][2367][2358]
[1358][1367][1468][2368][2457] = [1467][1458][1368]

[1468][1357|1468]
[1357|2467]
[2457][1367]

[1357|1357|2468]
[1358][1357|2467]

[2367][2358][1368]
[2368][1357|2368]

[1357|2368][1357|1468]
[1368][1357|1357|2468] .

Acknowledgements. The authors would like to thank Thomas Lam for productive
discussions and in particular for his crucial insight on the connection between bounded
ratios and u-variables discussed in [1]. We would also like to thank the anonymous
reviewer for their helpful comments.

Appendix A. Extreme Ratios in Gr(3, 8)
A.1. Extreme Plücker Ratios in Gr(3, 8). Here we give a representative of each
orbit of extreme rays of the Plücker cone in Gr(3, 8) (Example 4.12). For each rep-
resentative we give the factorization into extreme rays of the full bounded cone (U -
variables) and give a graphical representation of the location of the U -variable in the
Dynkin seeds.

[456][357]
[457][356] = v[457] =

0

[258][168]
[268][158] = v[268]v[257|468]v[257|368]v[124|257|368]v[247|368]v[267]

=
−3 −2 −1 0 1 2

[258][124]
[248][125] = v[125]v[124|358]v[124|257|368]v[124|157|368]v[124|357]v[124|356]

=
−2 −1 0 1 2 3

[348][124]
[248][134] = v[134]v[124|378]v[124|368]v[124|357|468]v[124|357|368]

(v[124|358]v[124|367])v[124|257|368]v[124|157|368]v[124|357]v[124|356]

=
−6 −5 −4 −3 −2

−1 0 1 2 3

[267][168]
[268][167] = v[268]v[257|468]v[257|368]v[124|257|368](v[247|368]v[258])

v[147|258|368]v[247|358]v[246|358]v[248]v[238]

=
−3 −2 −1 0 1

2 3 4 5 6
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[357][267]
[367][257] = v[367]v[125|367]v[124|357|368](v[257|368]v[124|367])

(v[124|257|368]v[157|368])(v[247|368]v[124|157|368])v[147|258|368]v[147|368]

=
−4 −3 −2 −1

0 1 2 3

[357][348]
[358][347] = v[358]v[124|357|368](v[124|358]v[257|368])(v[124|257|368]v[157|368])

(v[124|157|368]v[258])v[147|258|368]v[157|268]v[158]

=
−3 −2 −1 0

1 2 3 4

[348][258]
[358][248] = v[358]v[124|357|368](v[124|358]v[257|368])(v[124|257|368]v[157|368])

(v[124|157|368]v[357])(v[124|357]v[356])v[124|356]

=
−3 −2 −1 0

1 2 3

[267][258]
[268][257] = v[268](v[257|468]v[168])(v[257|368]v[157|468])(v[124|257|368]v[157|368])

(v[247|368]v[124|157|368])v[147|258|368]v[147|368]

=
−3 −2 −1 0

1 2 3

[357][258]
[358][257] = v[358]v[124|357|368](v[124|358]v[257|368])(v[348]v[124|257|368]v[157|368])

(v[247|368]v[124|157|368])v[147|258|368]v[147|368]

=
−3 −2 −1 0

1 2 3

A.2. Extreme Ratios in Cluster Coordinates of Degree ⩽ 2 in Gr(3, 8).
Next we provide the same analysis for the cone of cluster variables of weight less
than 3 in Gr(3, 8) (Example 4.14).

[247|358][157|268]
[258][257][147|368] = v[258]v[147|258|368]v[147|368]

=
1 2 3

[158][247|358]
[258][147|358] = v[258]v[147|258|368]v[157|268]
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=
1 2 3

[267][247|358]
[257][247|368] = v[247|368]v[147|258|368]v[147|368]

=
1 2 3

[247|368][157|368]
[257|368][147|368] = v[257|368]v[124|257|368]v[258]

=
−1 0 1

[247|368][124|357]
[247|358][124|367] = v[124|367]v[124|257|368]v[124|157|368]

=
−1 0 1

[248][157|268]
[258][147|268] = v[258]v[147|258|368]v[247|358]v[246|358]

=
1 2 3 4

[357][157|268]
[257][157|368] = v[157|368]v[124|157|368]v[147|258|368]v[147|368]

=
0 1 2 3

[267][158][247|358][147|368]
[247|368][147|358][157|268] = v[247|368]v[147|258|368]v[157|268]

=
1 2 3

[267][258][157|368]
[257|368][157|268] = v[257|368]v[124|257|368]v[247|368]

=
−1 0 1

[348][258][124|357]
[247|358][124|358] = v[124|358]v[124|257|368]v[124|157|368]

=
−1 0 1

[267][248][147|368]
[247|368][147|268] = v[247|368]v[147|258|368]v[247|358]v[246|358]

=
1 2 3 4

[357][158][147|368]
[157|368][147|358] = v[157|368]v[124|157|368]v[147|258|368]v[157|268]

=
0 1 2 3

[357][258][247|368]
[257|368][247|358] = v[257|368](v[157|368]v[124|257|368])v[124|157|368]
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=
−1 0 1

[357][248][147|368][157|268]
[247|358][157|368][147|268] = v[157|368]v[124|157|368]v[147|258|368]v[247|358]v[246|358]

=
0 1 2 3 4
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