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Tropical trigonal curves

Margarida Melo & Angelina Zheng

ABSTRACT We prove that the existence of a divisor of degree 3 and Baker-Norine rank at least 1
on a 3-edge connected tropical curve is equivalent to the existence of a non-degenerate harmonic
morphism of degree 3 from a tropical modification of it to a tropical rational curve. Using the
second description, we define the moduli spaces of 3-edge connected tropical trigonal covers and
of 3-edge connected tropical trigonal curves, the latter as a locus in the moduli space of tropical
curves. Finally, we prove that the moduli space of 3-edge connected genus g tropical trigonal
curves has the same dimension as the moduli space of genus g algebraic trigonal curves.

1. INTRODUCTION

A smooth curve C is said to be d-gonal if it admits a g, i.e. a line bundle of degree d
with non-trivial space of sections. The gonality of C is the smallest d € Z~y such
that C is d-gonal. Since the datum of a g} on C is equivalent to the existence of a
morphism of degree d from C to P!, the gonality of C is also the smallest degree of
such a morphism.

The moduli space M, of smooth projective genus g curves admits a stratification
by gonality, for g > 3:

1 1 1
M, C My C... M., C - C M,

where M, ; := {[C] € M, : C has a g;} is an irreducible variety of dimension 2g +
2d — 5 when d < (g +2)/2 and M, ; = My when d > (g +2)/2 (see [6]).
Understanding the geometry of the locus of M, of curves with fixed gonality is a
very natural problem, as the use of the additional data of the gcll carries important
information about the curve itself. Indeed, the locus Hy, = M 91,2 of hyperelliptic curves
is among the most studied loci of M. We know a lot about the geometry of this locus,
e.g. its rational cohomology is completely known and it is tautological. The rational
cohomology of the moduli space Hy ,, of n-pointed genus g hyperelliptic curves is also
known for n < 2 by work of Tommasi in [27], and its S,-equivariant Hodge-Euler
characteristic for n < 7 has been computed by Bergstrom in [11]. Furthermore, the
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rational Chow ring of Hy ,, has been completely determined for n < 2¢ + 6 in [15] by
Canning and Larson.

In recent years, there have been several works exploring connections between the
topology of algebraic moduli spaces and their tropical counterparts. Such connections
have been first explained for the moduli space of curves by Abramovich, Caporaso
and Payne in [1], where the authors prove that the dual boundary complex of the
Deligne-Mumford compactification of M, is isomorphic to the moduli space of tropical
curves M ;mp. Exploring this relation and applying Deligne’s theory of weights, Chan,
Galatius and Payne in [20] were able to prove breakthrough results for the cohomology
of M, by studying a complex of graphs to compute the homology of Mgmp .

In the same spirit, Brandt, Chan, and Kannan have given in [13] a formula for the
Sp-equivariant weight zero compactly supported Euler characteristic of Hy ,,. This has
been done by studying a graph complex defined by the dual complex of the boundary
of the normal crossing compactification of Hy ,, via pointed admissible Z/2Z-covers,
interpreted as a tropical moduli space.

The next natural case to consider is the case d = 3: it is well known that the
moduli space Ty, = M, 91’3 \ H, of genus g trigonal curves is irreducible of dimension
2g + 1, for g > 4, or of dimension 6 if g = 3. Currently, much less is known about the
geometry of Ty; for instance, while it is known that H, has the rational cohomology of
a point, the rational cohomology of T} is only known for g < 5, [26],[27],[30], while its
rational Chow ring and stable cohomology, which turns out to be tautological, have
been computed in [14] and [31], respectively.

In [20, Theorem 1.1] it has been proved that the top-weight cohomology of My does
not vanish. From the description of the rational cohomology of T computed in [30]
and the spectral sequence determined by the inclusion M§73 C M5, one can deduce
that the top-weight cohomology of M5 is a non-zero multiple of that of T5. We wonder
if this phenomenon generalizes to higher genera, and in order to do so it is natural to
understand the boundary of M, g1,3, as a tropical moduli space.

In algebraic geometry, the moduli of stable trigonal curves T, is the moduli space
parameterizing stable trigonal curves, i.e., stable curves which are the stabilization of
a nodal curve, which admits a degree 3 admissible cover to a rational curve.

In this work, we study the analog of the boundary of Tg in Mg, in the moduli
space M gmp. For combinatorial graphs, the divisor theory has been introduced in [8]
and shown to have remarkable similarities to divisor theory on curves; namely, there
is a well-defined notion of rank for which the Brill-Noether theorem holds. Likewise,
there is a notion of harmonic morphism of graphs, introduced by the same authors
in [9].

Based on these two notions, there have been introduced (at least) two different
definitions of gonality for graphs, namely geometric gonality and divisorial gonality.
A graph is geometrically d-gonal if it admits a non-degenerate harmonic morphism of
degree d to a tree, and it is divisorially d-gonal if there exists a divisor on the graph of
degree d and rank 1, see [16] for the precise definitions. However, unlike the algebraic
geometric case, the equivalence between the two definitions is known to hold only for
d=2,[19], or d = 3, [2], in the 3-edge connected case.

Notice that unlike the algebraic case, when defining a (divisorally) d-gonal graph,
it might also be (d — 1)-gonal. This is because we want to describe the boundary of
the closure of the locus of algebraic d-gonal curves, which contains curves of lower
gonality. However, we will also see that 3-edge connectivity provides a lower bound
on the gonality of graphs, hence this difference will not play a role when studying
trigonality for 3-edge connected graphs.
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Both the divisor theory and the notion of harmonic morphism have been generalized
to metric graphs. For degree 2, Melody Chan showed in [19] that both notions still
coincide for metric graphs; more precisely, a metric graph admits a divisor of degree 2
and rank 1 if and only if it admits a non-degenerate harmonic morphism of degree 2 to
a metric tree; such metric graphs are therefore called hyperelliptic. However, it is not
difficult to find examples that show that this is not true for degree 3, see Example 2.11.

In the present work, we consider analogous definitions of gonality for metric graphs
and we give a precise relation between the two for the case d = 3. More precisely, we
show that the result for hyperelliptic curves proved in [19] generalizes to d = 3 for
3-edge connected metric graphs, if we allow tropical modifications:

THEOREM 1.1. Let I be a 3-edge connected metric graph with canonical loopless model
(G_,1_). The following are equivalent.

A. |[V(G_)| = 2,3 or there exists a non-degenerate harmonic morphism of degree
3 from a tropical modification of I' to a metric tree.
B. T is divisorially trigonal.

In the special case of loopless 3-edge connected metric graphs (i.e. there is no loop
in any model of the graph), the equivalence in Theorem 1.1 is actually stronger as
we show that I itself admits a non-degenerate harmonic morphism of degree 3 from
I to a tree (see Theorem 3.3). In general, whenever ' has loops we might need to
perform tropical modifications at I' by inserting trees at suitable vertices in order to
guarantee the existence of the morphism: the case of 3—edge connected graphs with
loops is considered in Theorem 3.15.

Even though the restriction to 3-edge connected graphs is natural, one may ask
if Theorem 1.1 holds if we remove this connectivity condition. The answer is no in
general: see for instance [4, Example 5.13], where the authors exhibit an example of a
divisorially trigonal 2-edge connected metric graph, which admits no non-degenerate
harmonic morphism of degree 3 to a tree, even if we allow tropical modifications.
However, the theorem can be extended in many cases, even though the situation can
be combinatorially much more complicated. For instance, some metric graphs may
be hyperelliptic or contain hyperelliptic subgraphs which might be used to perform
tropical modifications of the curves which admit a harmonic morphism of degree 3 to
a metric tree. We will give a generalization of Theorem 1.1 with no restriction on the
edge connectivity of the graph in a follow-up to this paper.

On the positive side, for any d € Z~( and any metric graph " (with no assumptions
on its edge-connectivity), the existence of a non-degenerate harmonic morphism of
degree d from T (or a tropical modification of it) to a tree always determines a divisor
on I' of degree d and rank at least 1, see Lemma 2.10.

Notice that we can think of the statement of Theorem 1.1 as a tropical analog of the
description of the stable trigonal locus Tg C Mg. Indeed, in Harris-Mumford’s theory
of admissible covers, it is allowed to modify the original curve by adding rational tails
(see [24]): the tropical modifications we perform can be interpreted as tropical analogs
of those modifications.

Based on the correspondence described in Theorem 1.1 we construct the moduli
spaces H;fgp’@) and T, gtmp’(?’), of 3-edge connected tropical trigonal covers and 3-edge
connected tropical trigonal curves, respectively, as generalized cone complexes. In
particular, the moduli space T,;mp’(?’) has pure dimension 2g + 1 for g > 4, and 6 for
g = 3, as expected in analogy with the classical algebraic case. In order to prove that

Tgtmp’(g) has the expected dimension, we give an explicit construction of its maximal

T;rC‘p;(?’)

cells, called 3-ladders and prove that is also connected through codimension 1.
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Finally, as a consequence of our construction, we will also show that 3-ladders,
together with a suitable morphism, are in fact tropical admissible covers, as defined
by [18].

Regarding the connection with the situation of algebraic curves, the hope would
be to relate T;mp’(s) with the boundary of MQI’S in M;’g and use it to understand
part of the topology of T,. Notice that the homology of the trigonal locus is expected
to coincide with its restriction to 3-edge connected graphs due to the presence of
separating vertices, or multiple edges. Indeed, as shown in [3], the restriction of the
(link of the) moduli space of tropical curves to the locus of curves with bridges,
cut vertices, loops, weights or multiple edges is contractible. Therefore, studying the
topology of T;mp’(?’) should be enough to obtain results on the topology of T}, itself.
This would also be significant in understanding the cohomology of M,.

In Section 2, we recall the definitions and main properties of harmonic morphisms
of graphs and metric graphs, along with tropical modifications of these. Moreover,
we also recall the divisor theory on metric graphs and discuss possible definitions of
d-gonality for metric graphs. For d = 2, we recall the results obtained by Melody
Chan in [19] and we observe similarities and differences between the cases d = 2 and
d=3.

In Section 3, we prove Theorem 1.1 first in the case of loopless graphs and then in
the case with loops.

Finally, in Section 4 we construct the moduli spaces of 3-edge connected tropical
trigonal covers and 3-edge connected tropical trigonal curves. For the latter, we will
also provide a construction for the maximal cells which will allow us to compute
the dimension of the moduli space, which coincides with that of the moduli space of
algebraic trigonal curves.

2. PRELIMINARIES

Let us recall the definitions of the main objects we will discuss. We will mostly fol-
low [19].

2.1. Grapas. Given a graph G, we denote by V(G), E(G) the sets of vertices and
edges, respectively, and by F,(G) the set of edges incident to a given vertex v € V(G).
Given an edge e € E(G), we will abuse notation and write e = uv to indicate that
uw and v are the endpoints of e. The valence of a vertex v € V(G), val(v), is the
cardinality of F,(G), with loops counted twice. Our graphs are assumed to be finite
and connected.

A weighted graph is a pair (G, w), where G is a graph and w is a weight function
w : V(G) — Z>o. Given a graph G, we will often consider G to be a weighted graph by
endowing G with the trivial weight function 0. Given a (weighted) graph G = (G, w),
the genus of G is set to be

9(G) = Y w(v)+h(G) =g,

veV(G)

where b1 (G) = |E(G)| — |[V(G)| + 1 is the first Betti number of G.
Given an edge e in a weighted graph G = (G, w), the weighted contraction of e is
the weighted graph G/e = (G/e,w/e) such that:

e the edge e, together with its endpoints u,v € V(G), is identified with a vertex
ve € V(G/e) of weight w(u) + w(v) if u and v are different, and w(u) + 1 if
u=wv (i.e., if e is a loop-edge).

e G and G/e are identified outside of e.
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It follows immediately from the definition that a weighted contraction preserves the
genus. Given a set S = {ey,...,e,} C E(G), the contraction of S is obtained by
composing the single edge contractions of ey, ..., e,.

A graph G is said to be stable if Vv € V(G) with w(v) = 0, we have that val(v) > 3
and if w(v) = 1, we have that val(v) > 1. It is easy to see that weighted contractions
preserve stability.

Given a graph G, the stable model of G is the graph G obtained by contracting
all leaves and then, for any vertex of weight 0 and valence 2, contracting one of the
two adjacent edges.

We denote by G_ the loopless model of G, obtained by adding in G a vertex in
the interior of each loop. Notice that if GS* has loops, then G_ is not stable.

Finally, to any (weighted) graph (G, w) we can associate a weightless graph (G™, 0)
obtained by attaching loops at each vertex v € V(G). The weighted contraction of all
added loops in G¥ yields again (G, w).

2.2. METRIC GRAPHS.

DEFINITION 1. A metric graph I is a metric space such that there exists a graph G
and a length function [ : E(G) — Rsg so that I' is obtained by gluing intervals [0, (e)]
for any e € E(G) at their endpoints, as prescribed by the combinatorial data of G.
We write I' = (G, 1) and we say that (G, ) is a model for T'.

The valence val(x) of a point x € I' is the number of connected components
in U, \ {z}, where U, is a small neighborhood of z. In particular, notice that all but
finitely many points 2 € T have valence 2. The distance d(x,y) between two points
x,y € I is the length of the shortest path between them.

DEFINITION 2. The canonical model T’y = (G, ly) of a metric graph I' = (G, 1) with
9(G) > 2 is the unique model obtained by iteratively removing all vertices in V(G)
of valence 1 and their adjacent edges and all vertices of valence 2 and replacing their
adjacent edges e1, es by an edge e of length ly(e) = I(e1) + I(e2).

Notice that the canonical model Ty = (Go,lp) of T = (G, 1) is such that Gy = G**.
Moreover, if G has leaves, then T'g C I'.

DEFINITION 3. Let GG be any graph. A refinement G’ of G is a graph obtained from G
by inserting vertices in the interior of some edges. We say that (G’,1) is a refinement
of (G,1) if G’ is a refinement of G and, for any e € E(G), l(e) = >, 1'(e;), where {e;}
are the edges in G’ whose union gives e. Observe that (G’,1’) and (G,!) coincide as
metric spaces.

The canonical loopless model (G_,I_) of a metric graph (G, 1) is a refinement
of the canonical model (Go, ly) where G_ is the loopless model of G and the vertices
are added at the midpoint of each loop.

DEFINITION 4. An abstract tropical curve is a triple (G,w,l) where (G,1) is a
metric graph and (G, w) is a stable graph.

DEFINITION 5. Two metric graphs are tropically equivalent if they have the same
canonical model. A tropical modification of a metric graph I is a metric graph I"
tropically equivalent to I', obtained by gluing trees at some points. In particular, T" is
a topological retraction of any tropical modification.

REMARK 2.1. Notice that if IV is a tropical modification of I', then both have the
same canonical model.
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2.3. HARMONIC MORPHISMS OF GRAPHS AND METRIC GRAPHS.
DEFINITION 6. A morphism of graphs ¢ : G — G’ is a map of sets
0:V(G)UE(GQ) = V(G")UE(G)

such that

(1) »(V(G)) € V(G);

(2) if e =2y € E(Q) is such that p(e) € V(G’), then ¢(e) = p(z) = ¢(y);

(3) if e = 2y € E(G) is such that p(e) € E(G’), then ¢(e) = ¢(z)p(y).
An indexed morphism is a morphism ¢ : G — G’ that assigns to each e € E(G) a
non-negative integer p,(e) with p,(e) = 0 if and only if p(e) € V(G').

An indexed morphism is harmonic) if for any = € V(G) the quantity

my(z) = Z 11y (€)
e€E,(G)
wle)=¢
is constant for any e’ € E,,)(G’). If the sum is taken over the empty set, we set
my(x) = 0. Moreover we say that the morphism is non-degenerate if it contracts
no loops and if my,(z) > 1 for any « € V(G). The degree of a harmonic morphism ¢

is
degp =Y pple)
e€cE(G)
p(e)=¢’
for any ¢’ € E(G'). Note that for a harmonic morphism the degree is independent of
the choice of €', [28, Lemma 2.12].

DEFINITION 7. Let I' = (G,1) and I'' = (G’,1’) be metric graphs. Suppose that ¢ is
an indexed morphism of graphs with

Uele) ¢ 7, if p(e) € B(G")
e)={ 1@
(1) /’LLP( ) {0, if @(e) c V(G/)

for any e € F(G). We say that ¢ induces a morphism of metric graphs, as
topological spaces,

¢ (G,1) = (G1),
which is continuous and linear along each edge e mapping to an edge e’. Such a
morphism of metric graphs is non-degenerate, resp. harmonic, if the morphism of
graphs ¢ is. We also define its degree deg ¢ to be equal to deg ¢ and the horizontal
multiplicity at z € T" as

my(z), x€V(GQ)
(2) mg(z) =< 0, x € ép(e) e V(G

te(e), € éple) € E(G).
REMARK 2.2. Notice that the definition of harmonic morphism on metric graphs de-
pends on the choice of a model. Let us stress that given an indexed morphism of
graphs ¢ : G — G’ and a metric graph TV = (G’,l'), we can always find a metric
graph I' = (G, 1) and a morphism ¢ : (G,1) — (G',1") such that if ¢ is non-degenerate
(resp. harmonic of degree d), then ¢ is non-degenerate (resp. harmonic of degree d).
Indeed, from the definition, it follows that the length function I : E(G) — Ry is
uniquely determined by the indices p,(e) at the edges which are not contracted by ¢.

However, if we fix a metric graph I' = (G, 1) and an indexed morphism ¢ : G — G/,
it may be impossible to find a metric graph with underlying graph G’ with an induced

(DThis coincides with the definition of pseudo-harmonic morphism in [16, Definition 6(B)].
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morphism of metric graphs ¢ : (G,1) — (G',1’) : the relations (1) between the indices
of the morphism and the lengths of the models have to be satisfied.

EXAMPLE 2.3. Here are some examples of morphisms of (metric) graphs. If not spec-
ified, all indices are 1 (edges of the same color are sent to edges of the same color and
they all have the same length).

>—]

|

FIGURE 2.1. A non-degenerate non-harmonic morphism.

FIGURE 2.2. A degenerate and harmonic morphism of degree 3.

=

FIGURE 2.3. A non-degenerate harmonic morphism of degree 2.

DEFINITION 8. Let ¢ : (G,l) — (G',1') be a harmonic morphism of metric graphs.
A tropical modification of ¢ is a harmonic morphism of metric graphs ¢ : (G, 1) —
(G, 1) such that (G, 1), resp. (G',1'), is a tropical modification of (G, 1), resp. (G',1),
and the following diagram is commutative.

(G’ l) A (G’ ~)
J{s@ l@
(GI) +— (G”,Z’)
Notice that the horizontal arrows in the diagram induce topological retractions of the
associated metric spaces.

PROPOSITION 2.4. Given a non-degenerate harmonic morphism of metric graphs ¢ :
(G, 1) = (G",l') of degree d > 2, there is a tropical modification ¢ : (G,1) — (G',1")
which is non-degenerate, harmonic of the same degree but with no contractions.
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Proof. Let e = uv € E(G) be such that ¢(e) = v € V(G’). By non-degeneracy,
my(z) > 1 for any o € V(G). Define the graph (G.,l.) by adding a vertex w in the
mid-point of e and by adding m(z) leaves of length I(e)/2 at any = € (p~(v") N
V(G)) ~ {u,v} and my(x) — 1 leaves of the same length at + = u and =z = w.
Define (G.,1’) by adding only one leaf incident to v’, again with the same length.

Finally define @, : (Ge,l.) — (GL,1.) as the morphism which coincides with ¢ over
(V(G) ~{u,v}) U E(G) \ {e} sending w and all the added vertices of valence 1 to the
endpoint of the leaf added in G%, and all the adjacent edges and the added leaves in
G, to the added leaf in G. By construction, for any z € (¢;1(v") N V(G)) ~ {u, v},
the quantity my, (x) = my(z) is equal to the number of added leaves at , therefore
it is constant for any e’ € E(GL). For x € {u, v}, the number of edges sent to the leaf
is again m,(z) : we added my(x) — 1 edges plus the edge whose other endpoint is w.

Thus by construction, the morphism ¢, is again harmonic. No contraction has
been added, therefore the resulting morphism is also non-degenerate. Repeating the
construction for any e € G such that p(e) € V(G’) yields metric graphs (G, 1), (G', 1)
and a morphism @ : (G,1) — (G',1") which is non-degenerate, harmonic with the same
degree of ¢ and with no contractions. O

i ! P

FIGURE 2.4. A non-degenerate harmonic morphism of degree 3 and
a tropical modification without edge contractions.

2.4. DIVISOR THEORY ON METRIC GRAPHS.

DEFINITION 9. Let I be a metric graph. A divisor of I is a formal sum

D := Z D(z)z,
zell
where D(z) € Z and D(x) # 0 for finitely many x € I'. The support of D is the set
Supp(D) = {z € | D(x) # 0}.
We denote by Div(T") the group of all divisors in T
The degree of D is deg(D) = > . D(x). The divisor group decomposes as

Div(T) = Ugez Div¥(T),

where Div?(T') stands for divisors of degree d.

We say that D is effective, and write D > 0, if D(x) > 0, for any « € T

A rational function on I' is a continuous and piecewise linear function f : I' — R,
with integer slopes along its domains of linearity.
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A divisor D is principal if D = div(f), for some rational function f, where div(f)
is the divisor with div(f)(z) equal to the sum of all slopes of f along edges emanating
from z. Principal divisors have degree 0 and form a subgroup Prin(I") of Div(I").

Two divisors are linearly equivalent if their difference is principal. In particular,
linearly equivalent divisors have the same degree.

The Jacobian of T is the quotient Jac(T") = Div(T")/ Prin(T"). It also has a decom-
position

Jac(T) = Ugez Jac(T),
with Jac(I") = Div¥(I")/ Prin(T").

The rank of D is set to be rk(D) = —1 if D is not equivalent to an effective divisor;
otherwise

k(D) = max{k € Zx¢ : VE > 0 with deg(F) = k,3E’ > 0 such that D — E ~ E'}.
Finally, we define the (r,d) Brill-Noether locus of T
Wi (T) = {[D] € Jac’(T)| tk(D) > r}.
For simplicity, we will refer to D € WJ(T'), with r > 0, to be always effective.

REMARK 2.5.In the following, we will also make extensive use of Dhar’s burning
algorithm, [22], as a sufficient condition to determine when a divisor cannot have
rank > 1.

Given an effective divisor D € Div(I") and a point w € T", Dhar’s burning algorithm
consists of starting a fire at w, which spreads along each edge incident to w. Any z € T’
with D(z) > 0 can control the fire in D(z) directions: if the D(x) is bigger or equal
than the number of burnt edges incident to z then the fire stops at x, otherwise it
burns x and continues to spread along all remaining edges incident to x. Following [10],
if the entire graph burns, then D — w is a w- reduced divisor with rk(D — w) = —1,
which implies that it cannot be linearly equivalent to an effective divisor; therefore
r(D) < 1.

REMARK 2.6. Given a tropical modification I of T', the natural inclusion of metric

spaces i : I' < I" induces a morphism i, : Div(I') — Div(I”) which preserves the
rank. Indeed, it is easy to see that the Jacobian of a metric tree is trivial.

A harmonic morphism induces a map on rational functions and on divisors.

DEFINITION 10. Let ¢ : T' — I be a harmonic morphism of degree d.

(1) Given a rational function f : I’ — R, the pullback of f via ¢ is the function
©*(f) : T — R such that ¢*(f) = g o ¢. One may check that ¢*(f) is again
rational.

(2) The pullback ¢* : Div(I") — Div(T') is the map that, given a divisor D’ in
IV, defines a divisor ¢*D’ € Div(T"), with (¢*D’)(x) = my(z) - D'(¢(x)), for
any 2 € I'. One can easily check that ¢*(Div¥(I")) C Diviee®P) (1),

REMARK 2.7. It follows from [9, Proposition 4.2(ii)] and [19, Proposition 2.7] that the
pullback morphism on divisors respects linear equivalence; therefore, it induces a map
o* : Jac(IV) — Jac(T).

2.5. GONALITY OF GRAPHS AND METRIC GRAPHS.

DEFINITION 11. We say that a graph is k-edge connected if, by removing any k — 1
edges, we still get a connected graph.

DEFINITION 12. We say that a metric graph is k-edge connected if its canonical
model is k-edge connected.
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DEFINITION 13. A k-edge cut of a graph is a set of k distinct edges such that their
removal disconnects the graph, but the removal of any proper subset of it does not.
A 1-edge cut is called a bridge. A k-edge cut of a metric graph is a k-edge cut of its
canonical model.

REMARK 2.8. Recall that a graph is k-edge connected if and only if given any pair
of distinct vertices u,v € V(G), there are at least k edge-disjoint paths connecting
uw and v. By Menger’s theorem on edge connectivity (see [12, Theorem 9.7]), k-edge
connectivity is equivalent to the following property: an edge cut separating v and v
must have cardinality at least k.

Here are different definitions of gonality for graphs and for metric graphs.

DEFINITION 14. A graph G is d-gonal if there is a non-degenerate harmonic morphism
of degree d from G to a tree.

DEFINITION 15. A metric graph T' is d-gonal if there is a non-degenerate harmonic
morphism of degree d from a tropical modification IV of T', to a metric tree. We will
say that I' is strictly d-gonal if the tropical modification I' coincides with T, i.e.,
there is a non-degenerate harmonic morphism of degree d from I" to a metric tree.

DEFINITION 16. A metric graph is divisorially d-gonal if W;(I') # &.

In the following we will say that a (metric) graph is hyperelliptic, respectively
trigonal, if it is 2-gonal, respectively 3-gonal. Similarly, a metric graph is divisori-
ally hyperelliptic, respectively divisorially trigonal, if W4 (') # @, respectively
W3 (T) # @.

Hyperelliptic metric graphs have been intensively studied in [19] and [25], where
such objects were shown to share several similarities with (algebraic) hyperelliptic
curves. In the trigonal case, some of those features don’t hold anymore, as we now
explain.

In [25, Theorem 3.6] it has been proved that, given a (divisorially) hyperelliptic
metric graph T, all divisors of degree 2 and rank 1 are linearly equivalent. This is a
tropical version of Martens’ theorem, [7, Theorem 5.1], for algebraic curves.

Notice that this is in contrast with the trigonal case. A smooth irreducible non-
hyperelliptic algebraic curve of genus g > 5 cannot have two distinct gi’s but instead
this is not true for divisorially trigonal metric graphs: we include an example to
illustrate this phenomenon in Figure 2.5. The figure shows infinitely many divisors
of degree 3 and rank 1 which are not linearly equivalent to each other. In Figure 2.6
we also provide an example, of genus 4, where the divisors are finite, up to linear
equivalence. This is not in contrast with the smooth algebraic case; indeed, a smooth
irreducible non-hyperelliptic algebraic curve of genus 4 whose canonical model lies on
a smooth quadric surface has two gi’s.

Let us also recall Chan’s main result on hyperelliptic metric graphs.

THEOREM 2.9 ([19, Theorem 3.12]). Let I' be a metric graph with no points of va-
lence 1, and let (G_,1_) denote its canonical loopless model. Then the following are
equivalent:
(i) T s divisorially hyperelliptic.
(ii) There exists an involution i : G_ — G_ such that G_/i is a tree.
(iii) There exists a non-degenerate harmonic morphism of degree 2 from G_ to a

tree, or |[V(G_)| = 2.

This shows that a metric graph is (divisorially) hyperelliptic if and only if the
underlying graph of its canonical model is hyperelliptic, but we can actually say more
on the non-degenerate harmonic morphism ¢ of degree 2 from G_ to a tree T.
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FIGURE 2.5. A divisorially trigonal metric graph of genus 5 with
two non-linearly equivalent divisors of degree 3 and rank 1. Edges
of the same color have the same length and d(z,y) > 1 + lo. The
top 2 red points and any point p € xy such that d(z,p) > l; and
d(y,p) = ly yields a divisor of degree 3 and rank 1. In particular
there are infinitely many such divisors.

S — 3o

FIGURE 2.6. A divisorially trigonal metric graph with two non-
linearly equivalent divisors of degree 3 and rank 1. Up to linear equiv-
alence, there are the only two divisors of degree 3 and rank 1.

From [19, Theorem 3.2, Claim 3.3], the involution ¢ is an isometry, therefore edges
sent to the same edge of the tree have the same length on the metric graph. Then we
can define a length function I7 on E(T), such that 7 (p(e)) = lp(e) for any e € E(G_)
with ¢(e) € E(T).

In particular, this shows that, given a metric graph I' with a canonical loopless
model (G_,1_) such that |V (G_)| > 2, the following holds:

I is divisorially hyperelliptic < I is strictly hyperelliptic.

We would like to extend this relation to the trigonal case. In the case of (loopless)
graphs, this problem has been considered by Aidun, Dean, Morrison, Yu and Yuan
in [2], where the authors prove that, for a 3-edge connected graph G, the existence
of a non-degenerate harmonic morphism of degree 3 from G to a tree is equivalent to
the existence of a divisor in G of degree 3 and rank at least 1(2. However, things are
much more complicated when we consider metric graphs, as we will now discuss.

On the positive side, we can prove that the easier implication holds in general for
metric graphs and any d; i.e., a metric graph that is strictly d-gonal is also divisorially
d-gonal.

LEMMA 2.10. Let T' = (G,1) and T'r = (T,lr) be metric graphs with T a tree and let
v : (G,l) = (T,lr) be a non-degenerate harmonic morphism of degree d. Then, for
any point t € Ip, D = ¢*(t) € W}(T).

Proof. The proof follows the same ideas of [19, Proof of Theorem 3.2].

Let t € 'y and D := ¢*(t) = Zle x; for some z; € I'. The divisor D has clearly
degree d. It suffices to prove that it has rank greater or equal to 1. Let w € T'. Since
Jac(T) =1, we have p(w) ~ t and D ~ ¢*(p(w)) = my(w) - w+ E for some effective
divisor E.

If w e V(G) or w € é, for some e € E(G) such that ¢(e) € E(T), then, by (2) in
Definition 7, my,(w) > 0 and D — w ~ E’ for some effective divisor E’.

(2)Divisors on graphs are supported at the vertices and their ranks coincide with the ranks of the
associated metric graphs with all edges of the same length (see for instance [8] and [5]).
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If instead w € é, for some e € E(G) such that ¢(e) € V(T'), then m,(w) =0, but

@) ew) = Y myx)-a

zelsp(x)=p(w)

= Z me(x) - .

2V (@)ip(a)=p(w)

Let 7,7’ be the endpoints of e, then y + ¢y ~ w + w’ for some w’ € e and we have
that also in this case D — w ~ E"” for some effective divisor E”, which concludes the
proof. O

From Remark 2.6 then it follows that a d-gonal metric graph is also divisorially
d-gonal.

Here is instead an important example that shows that the opposite implication is
trickier.

EXAMPLE 2.11. Consider the metric graph (Go, ly) in Figure 2.7. The figure represents
a graph in 3D, where the dashed edges do not intersect the interior of any other edge
and the lengths [1,15, 15 are all distinct. The red points define a divisor of degree 3
and rank 1. Observe that there exists a non-degenerate harmonic morphism of graphs
of degree 3 from Gq to the tree T' = K5, namely the one sending the three horizontal
edges eq, €2, e3 to the same edge and contracting everything else.

However this morphism does not induce a non-degenerate harmonic morphism of
degree 3 from (Gy,lp) to any model (T, lr) : by Remark 2.2, any length function I1
on T would require lg(e1) = lp(e2) = lo(e3), which is a contradiction.

We do obtain instead a morphism of metric graphs which is non-degenerate, har-
monic and of degree 3 if instead we consider the models (G, 1), (T", l7) as in Figure 2.8.

GO l3
\ 1
\ /
\
\ l2 /,
\ [
\ /
\ /
\ ll /

FIGURE 2.7. A metric graph (Gp,lp) with a divisor of degree 3 and
rank 1.

This example suggests that the divisorial trigonality of a metric graph I' is not
always equivalent to graph trigonality of its canonical model Gy, but instead it might
be equivalent to the trigonality of a graph defining a metric graph which is a tropical
modification of T'.

DEFINITION 17.Let D € W}(T), and let (Go,ly) be the canonical model of I'. An
admissible representative for D with respect to x € V(Gy) is a divisor D, ~ D

such that D, = x + Z?:_ll Z;, With z;,2; not in the interior of the same edge of Gy
for i # j.

It follows from the following remarks that, given D € W1 (T'), we can always find
an admissible representative for D.
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T/

FIGURE 2.8. A non-degenerate harmonic morphism of degree 3, from
a refinement (G, 1) of (Go,lp) to a metric tree (T7,17/).

REMARK 2.12. Let D be an effective divisor of degree d > 2. We can always write
D~ Z;i:l yi, with y; € T" such that no two points belong to the interior of the same
edge of Gy. In fact, if D ~ 2?21 x;, then for any pair of points x;, z; both contained
in the interior of the same edge e, we can consider the following rational function.
Denote by v;,v; the endpoints of e, where v; is closest to x; and v; to x;, and let f
be the rational function with slope —1 from both of x;, x; towards v;, v;, respectively,
on a path of length min{d(x;,v;),d(z;,v;)}, and constant everywhere else. This gives
x; + x5 ~ y; +y; where at least one of the points y;,y; is a vertex.

REMARK 2.13.Let D € W} (T'). Then, for any = € T, we can always assume D ~
T+ Zg:_ll x;. Indeed, since D has rank at least 1, we have D — x ~ FE, with E
effective. Therefore it is sufficient to pick Z,Ltll x; as the support of F.

Let us conclude the section with a remark on the rank of a divisor of degree d.

REMARK 2.14.In [5, Theorem 3.6] and [25, Theorem A.1], respectively, Riemann’s
theorem and Clifford’s theorem have been generalized to metric graphs. In particular,
given a metric graph T' of genus g and a divisor D € Div(T"), with d > 1,

(1) (Riemann’s theorem) if deg(D) > 2g — 1 then rk(D) = deg(D) — g;

(2) (Clifford’s theorem) if deg(D) < 2g — 2 then 2rk(D) < deg(D).
From (1), if g = 1 then rk(D) =d — 1 and if g = 2 and d > 3 then rk(D) = d — 2.

It follows also from (2), that if d = 3 and g > 3 then rk D < 1. From now on we

will assume g > 2 and therefore W3 (T') = W4(T') ~ W2(T).

3. TRIGONAL AND DIVISORIALLY TRIGONAL METRIC GRAPHS: THE 3-EDGE
CONNECTED CASE

Let us consider 3-edge connected metric graphs. We first observe that none of such
graphs can be hyperelliptic. In fact, it was proved in [9, Lemma 5.3] that the edge
connectivity of a hyperelliptic (combinatorial) graph must be at most 2, and, by the
correspondence in [19, Theorem 3.12], the same holds for metric graphs.

Here is an alternative proof for metric graphs, using Dhar’s burning algorithm.

LEMMA 3.1. Let T' = (G, 1) be a metric graph with canonical model T'g = (G, lo) such
that |V (Go)| = 3. If T is 3-edge connected, then it is not (divisorially) hyperelliptic.

Proof. By contradiction, assume H € W3 (') # &. From Remark 2.12, we can consider
H = = + y, with =,y not in the interior of the same edge. Start Dhar’s burning
algorithm from any vertex w € V(Gy); w # x,y. By 3-edge connectivity, there are
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three distinct paths from w to z. Even if one of such paths stops at y, the other two
will then reach x and again y, burning the whole graph. O

REMARK 3.2. This also shows that if a 3-edge connected metric graph I' is trigonal,
then its tree gonality [21],[23], i.e. the minimum degree of a tropical morphism from
a tropical modification of I' to a metric tree, is 3. In fact, they define a tropical
morphism as an harmonic morphism with no contractions satisfying the Riemann-
Hurwitz inequality at any point. We can indeed replace the harmonic morphism with
its tropical modification with no contractions as in Proposition 2.4, which is of degree
3 and thus satisfies the Riemann-Hurwitz inequality, as observed in [16, Remark 6].

In Lemma 2.10, we proved that a non-degenerate harmonic degree 3 morphism
¢ : (G,1) — (T,lr), with T a tree, determines a divisor in W3 (T'), where I’ = (G, ).

Instead, to determine a trigonal graph from a divisor in W3 (I") is more difficult. We
consider first the case without loops and then extend our construction to the general
case with loops.

3.1. THE LOOPLESS CASE. The relation between the definitions of gonality that we
want to prove is the following.

THEOREM 3.3. Let I be a loopless 3-edge connected metric graph with canonical model
(Go,lo). The following are equivalent.

A. |[V(Go)| = 2,3 orT is strictly trigonal.

B. T is divisorially trigonal.

REMARK 3.4. The above result has already been proved in terms of combinatorial
graphs in [2], for a 3-edge connected graph G. In the metric case, one needs to consider
also edge lengths, which adds a layer of complexity. However, if we restrict to the
loopless case, the results in the metric and non-metric case are comparable. We will
indeed see in this section that when I' is a 3-edge connected metric graph without
loops, if it is trigonal, then the tropical modification IV, from which a non-degenerate
harmonic morphism of degree 3 to a tree exists, is such that IV =T, i.e. no trees are
added in this case.

Proof of Theorem 3.3, A. = B . The proof of this first implication when |V (Gg)| > 3
and I is trigonal follows from Lemma 2.10.

Instead, if |V (Gp)| = 2, define D := x + 2y, s.t x,y € V(Gp) and = # y. Then, for
any w € I, set d = min{d(z, w),d(y,w))} and define f,, : I' = R with slope —1 from
both z,y along a path of length d over the edge containing w and constant everywhere
else. This gives D — w 4 div(fy,) = z + w’, with z € {z,y} and w’ € T which proves
that D has rank 1.

Finally, if |[V(Gy)| = 3, define instead D := z + y + z, s.t z,y,2 € V(Gp) and
T # y # z. By a similar procedure as the above, we can check that also in this case
D has rank 1. 0

We will now focus on the implication B. = A. and explain the strategy of the
proof. Throughout the rest of the section, I' will be a 3-edge connected metric graph
with canonical model (G, lo) with |V (Go)| > 3.

Take D € W4(T) and let us recall that given z € V(Gy), an admissible representa-
tive for D with respect to x is a divisor D, = x+x1+ x> with x1, 22 not in the interior
of the same edge of Gy. We will start by proving that such admissible representatives
are unique in the 3-edge connected case.

LEMMA 3.5. Let D € W(T), with T a 3-edge connected metric graph. For any x €
V(Go) there is a unique admissible representative D, for D.
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Proof. Fix x € V(Gy) and assume by contradiction that D, = x + x1 + x2 is linearly
equivalent to x 4+ x| + x4 with {z1, 22}, {2, 24} disjoint and 2/, 25 not in the interior
of the same edge. If z + x1 + 22 ~ x + x| + 24 then z1 + 29 ~ 2} + 2z}, which means
that there exists a rational function f such that div(f) = x1 + z9 — 2} — 2.

Let us denote by m C I';, M C I, the set of points of I' over which f is minimized
and maximized, respectively, and by dm, OM their boundaries.

Notice that 3-edge connectivity implies 2-edge connectivity. Therefore by [19,
Lemma 3.1. (i)] 0m = {x1, 22} and OM = {2, x4} and there are precisely 2 edges
leaving Om one at each z;, and precisely 2 edges leaving OM one at each z}. The
minimizing and maximizing sets m and M cannot be disconnected, otherwise these
edges would be disconnecting, which is impossible by our connectivity assumption.

Notice that the loci m and M must contain vertices, otherwise the two pairs x1, 22
and 2, x4 are all contained in the same edge, which is not possible by the definition
of admissible representative.

By 3-edge connectivity, there must be a path connecting a certain vertex in m to a
certain vertex in M, not passing through the above mentioned edges. However, such
path cannot exist because by the continuity of f, it should pass through points in dm
and OM. O

REMARK 3.6. As a consequence of the proof of Lemma 3.5, any two distinct admissible
representatives D, D, of D are such that Supp(D,) N Supp(D,) = @. Indeed, in the
proof, the fact that =,y € V(Gy) does not play any role.

Take D € W4 (T') and consider the set of admissible representatives for D :
Ap :={D,| D, ~ D and D, is admissible with respect to x € V(Gy)},

i.e. the set of all divisors which are linearly equivalent to D and of the form D, =
x + x1 + 22 with € V(Gy) and x1, 25 not in the interior of the same edge of Gy.

Clearly, since V(G)) is finite, the above lemma also yields that Ap is finite.

Given D € W4 (T'), we want to construct a model (Gp,lp) which is a refinement
of the canonical model (Gy,lp) and a morphism ¢p : Gp — Tp where T is a tree.
Furthermore we will define a length function I, on F(Tp) such that ¢p induces a
morphism of metric graphs ¢p : (Gp,lp) = (Tp,lT,).

Let us construct first (Gp,Ip). Define Gp as the refinement of Gy obtained by
adding a vertex at x; and xo (if they were not already vertices) for any admissible
representative x 4+ x1 + x2 of D, and define the lengths of the new edges accordingly,
as in Figure 3.1.

For any admissible representative D,, we define a vertex t, € V(Tp) and set
vp(z) = ¢p(x1) = ¢p(r2) = tz. From Remark 3.6, the supports of distinct admis-
sible representatives are disjoint, therefore the map ¢ply (g, : V(Gp) — V(Ip) is
well defined and |V(Tp)| = |Ap|.

In order to define the edges of the tree and the morphism over them, we need the
following definition.

DEFINITION 18. Let D,, D, € Ap, such that D, # D,,. We say that they are consec-
utive if there exists an edge in E(Gp) with an endpoint in Supp(D,) and the other
in Supp(Dy).

For any pair of vertices t,,t, € V(Ip), we set t,t, € E(Tp) if and only if the
corresponding admissible representatives D, and D, are consecutive. This defines the
graph Tp. We will later prove that T is a tree.

Finally, let us construct the morphism ¢p over the edges of G p. First of all, we set
vpl(e) =t € V(Tp) for any edge that has both endpoints in the support of the same
admissible representative, which is sent to ¢ via ¢|y (g ). For any pair of consecutive
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FiGURE 3.1. Examples of refinements G of Gy, defined by all admis-
sible representatives of D € W4 (T'). In both cases, the divisor D is
defined by red points, and the admissible representatives by triples,
with multiplicity, of the same color.

admissible representatives D,,D,, we set ¢p(e) = t,t, for any e € E(Gp) such
that e has an endpoint in Supp(D,) and the other in Supp(D,). By construction the
morphism ¢p is a well defined morphism of graphs.

The fact that ¢p is non-degenerate follows immediately from the following result.

LEMMA 3.7. For any x € V(Gy), there exists y € V(Gq) such that Dy, D, are consec-
utive admissible representatives for the same divisor D.

Proof. If D, were not consecutive to any D,, then the subgraph of Gp with vertices
in Supp(D,,) would be a union of connected components of Gp, which is absurd. O

LEMMA 3.8. Let D, D, be two consecutive admissible representative of D. There are
exactly three distinct edges with an endpoint in Supp(D,) and the other in Supp(D,).
Moreover, the three edges form a 3-edge cut and have the same length in (Gp,lp).

The proof relies on the following generalization of [19, Lemma 3.1. (i)], of which we
will not include a proof since it would follow word by word from the proof in loc. cit.

LEMMA 3.9. Let T be a 3-edge connected metric graph and let f be a rational function
on ' such that
div(f) = z1 + 22 + 23 — Y1 — Y2 — Y3,

with {Ii}izl}”wg C F, {yi}i:17...,3 C F, such that {xi}izlw,,g, n {yi}i:17...,3 = J.
Let m, M denote the sets of points in I' over which f is minimized, mazimized, respec-
tively, and by Om,OM their boundaries. Then Om = {x;};=1,. 3, OM = {y;}i=1._3
and there are precisely three edges leaving Om, one at each x;, and precisely three
edges leaving OM, one at each y;.

Proof of Lemma 3.8. Write D, = x + 21 + 22 and Dy = y + y1 + y2. From the
linear equivalence D, ~ D,, there exists a rational function f such that div(f) =
T+ x4+ X2 — Yy — Y1 — Yo, where the sets {z, 21,22}, {y, 1,92} are disjoint from
Remark 3.6. Since D,,, D, are consecutive, the three edges leaving Om, defined as in
Lemma 3.9, are precisely the three edges leaving 0M. These three edges have to be
a 3-edge cut: they are the unique edges over which f is non-constant therefore their
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removal has to disconnect the graph. Finally, they also have to have equal length
because f is continuous. ]

REMARK 3.10. Let D, = = + x1 + x5 be an admissible divisor, and consider the 3-
edge cut defined by any other admissible divisor that is consecutive to D,. It is a
consequence of Lemmas 3.7, 3.8 and 3.9 that the number of edges in such a 3-edge
cut and incident to z € Supp(D,) is equal to D,(z).

We assign to any edge e not contracted via ¢p the index p,(e) = 1. We also set
Ir,(p(e)) = Ip(e) for any e € E(Gp) such that ¢(e) € E(Tp). Then by Lemma 3.8
we have that for any ¢/ € E(Tp) the edges in ¢~ !(e’) are precisely three and they
have same length in I". This means that the relations (1) are always satisfied and we
have an induced morphism ¢p : (Gp,lp) = (Tp,lry).

Let us now conclude with the proof of Theorem 3.3.

Proof of Theorem 3.3, B. = A . Let D € W}(T), where Wi(I') = W}(T) ~ W(T)
by Remark 2.14.

We use the above construction to construct a refinement (Gp,lp) of (Go,ly) and
a morphism of graphs ¢p : Gp — Tp which induces a morphism of metric graphs
vp : (Gp,lp) = (Tp,lr,). By abuse of notation we use the same notation for the
induced morphism. Let us also recall that, as a consequence of Lemma 3.7, ¢p is
non-degenerate.

What is left to prove is that the graph Tp is a tree and that ¢p is harmonic of
degree 3. By construction, Tp = ¢p(Gp) and hence it is connected since Gp is. Recall
also that a graph is a tree if and only if any of its edge is a bridge. By construction
any e € E(Tp) is such that the edges in ¢}, (e) form a 3-edge cut and therefore the
removal of e must disconnect Tp.

By definition, the morphism ¢p is harmonic if, for any « € V(Gp),

M p (T) = Z Lo (€)
e€cE,(G)
b (e)=¢
is constant for any e’ € E(Tp), where t = pp(x).
Since by construction we have that p,,(e) = 1 for e such that ¢p(e) € E(Tp),
then harmonicity follows if we prove instead that the quantity

{e € Ex(Gp)l¢p(e) = ¢}

is constant for any e’ € E;(Tp).

This is a consequence of Lemma 3.8. In fact, from the construction of ¢p, the
quantity |{e € E,(Gp)|¢p(e) = €'}| is equal to the number of edges in the 3-cut
defined by any admissible representative consecutive to D, where D, is the unique
admissible divisor such that x € Supp(D,). From Remark 3.10, the number of edges
is simply the multiplicity of « in D, , which does not depend on ¢’ € E;(Tp).

Clearly, the harmonic morphism will have degree 3. g

Let us observe that if one considers a loopless graph which is k-edge connected and
divisorially k-gonal for any k& > 3, then one can repeat the above construction step
by step. This yields the following.

COROLLARY 3.11. Let T be a loopless k-edge connected metric graph with canonical
model (Go,ly). The following are equivalent.

A [V(Go)|=2,3,...,k orT is strictly k-gonal.
B. T is divisorially k-gonal.
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3.2. THE CASE WITH LOOPS. Let us now consider a metric graph I' which is still
3-edge connected, but possibly with loops.

Given D € W1(T'), we would like to extend the construction of the non-degenerate
harmonic morphism ¢p in the previous subsection to a metric graph with loops.

In the hyperelliptic case in [19], the two halves of a loop, in the canonical loopless
model, are sent to the same edge. The same construction would not work in our case
since this would yield a morphism of degree 2 over the edges in the canonical loopless
model defined by a loop, and of degree 3 elsewhere, as in Figure 3.2.

€1 €2

FIGURE 3.2. The degree of the morphism is not well-defined: we have

ZGEE(G,) th(e) =3 for i =1,2 but ZGEE(G,) Mtp(e) =2
w(e)=e; p(e)=es

In order to get a morphism which has degree 3 over the edges obtained from a loop,
one could define instead a tropical modification, which is obtained from the canonical
model by adding a vertex in the interior of a loop e, but such that the vertex divides
the loop edge into two edges of lengths @ and %T(e) Unfortunately, this solution
also does not work since the resulting morphism may not always be harmonic. An

example is represented in Figure 3.3.

G’ 1

€1 €2

FIGURE 3.3. We have }__ )., Hel(e) =3 and 30, ), Hele) =
Ze;tp(e):eQ /’Ltp(e) =2

We will prove in this subsection that, in order to extend ¢p over the possible
loops of the graph to a morphism which is still non-degenerate and harmonic, we will
have to consider a tropical modification which is obtained from the canonical loopless
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model by adding a leaf, for each loop, at a point that will be determined by D. An
example is shown in Figure 3.4.

GI

3
r £

F1GURE 3.4. A non-degenerate harmonic morphism of degree 3.

REMARK 3.12. Let D € W4 (T') and denote by I'> C T' the metric sub-graph obtained
by removing the loops in I'. Then we can always find D’ € Wi (I") such that D’ ~ D
and Supp(D’) C T°.

In fact, take D’ admissible for D, then its support contains at most one point in
the interior of a loop e. If by contradiction there is precisely one point in Supp(D’),
contained in the interior of e, we start Dhar’s algorithm from any vertex of valence at
least 3, not contained in Supp(D’). The fire would either burn the other two points
in the support and then the whole graph, or it can be controlled at the endpoint of e,
in at most 2 directions by the two other points in the support of D’. However, by
3-edge connectivity the valence at the endpoint of e is at least 5, which means that
the graph would burn also in this case.

LEMMA 3.13. Let D € W4(T') and let x be the endpoint of a loop e in T'. Then D is
linearly equivalent to an admissible divisor D, = 2x +y for some y € ' \ e.

Proof. As observed in the previous remark, since the valence at z is at least 5, then
z € V(Gy), with (Go, o) the canonical model of T'.

If by contradiction D, = = 4+ y + z with y,2z # x and y,z ¢ e from the above
remark, then, starting Dhar’s algorithm from any point in the interior of the loop,
would burn z and then the whole graph again by 3-edge connectivity. 0

LEMMA 3.14. Let I" be a metric graph with canonical loopless model (G_,1_) such that
|[V(G_)| > 3. Denote by T'° the metric graph obtained from T' removing all loops and
by (G°,1°) its canonical model.

If T is divisorially trigonal and |V (G°)| € {2,3}, then I'° is trigonal.

Proof. Let us first observe that |V(G_)| = |[V(G°)| + k, with k& the number of loops
in I

Consider first the case |V(G°)| = 2, then since |V(G_)| > 3, there are at least 2
loops in T'.

Let D € WJ(T), then, by Remark 3.12, there exists D’ € W4i(I'°) which by
Lemma 3.13 is such that D’ ~ 2x + y for any x which is an endpoint of a loop
inT"and y e I'°.

By 3-edge connectivity and using Dhar’s burning algorithm, it is easy to see that
all divisorially trigonal metric graphs I" with |V(G°)| = 2 have one of the form rep-
resented in Figure 3.5, where all edges of the same color have same length. The
morphism from I'° sending these edges to a tree consisting of an edge of same length
is clearly non-degenerate and harmonic of degree 3.
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F1GURE 3.5. All possible divisorially trigonal and 3-edge connected
metric graphs with 2 loops and 2 vertices in the canonical model.
Graphs with more loops are obtained by adding as many loops at
vertices of valence at least 3. In the left picture, if no loops are added
in the vertex in the bottom, the three edges are also allowed to have
arbitrary lengths.

If instead |V (G°)| = 3 then there is at least a loop in T'.

As in the previous case, given D € W1 (T), then we consider D’ € W4 (I'°) such
that D’ ~ 2z + y for any x which is an endpoint of a loop in I and y € I'°.

Similarly, by 3-edge connectivity and using Dhar’s burning algorithm, it is easy to
see that all metric graphs T with [V (G°)| = 3 are all represented in Figure 3.6. Here
all edges of the same color still have same length and the morphism sending them to
an edge of same length is again non-degenerate, harmonic of degree 3. g

4 A A

F1GURE 3.6. All possible divisorially trigonal and 3-edge connected
metric graphs with a loop and 3 vertices in the canonical model. The
graphs with more loops are obtained by adding as many loops at the
vertices incident to triples of edges of the same color, in the first three
graphs on the left, or by adding loops at the vertices incident to (at
least) two edges of the same color, in the two graphs on the right.

The statement of Theorem 3.3 can now be generalized by dropping the assumption
on the loops.

THEOREM 3.15. Let T be a 3-edge connected metric graph with canonical loopless model
(G_,1_). The following are equivalent.

A, |[V(G-)| =2,3 orT is trigonal.

B. T is divisorially trigonal.

Proof. The proof of A. = B. again follows by Lemma 2.10 if |V(G_)| > 3. If instead
|[V(G-)| < 3, then define D as in the proof of Theorem 3.3 A. = B. and then
statement will follow.
To prove B. = A., instead, let us consider I'° the metric graph obtained from T’
removing all loops. If I' = I'° then the proof just follows from that of Theorem 3.3.
Otherwise, take D € W4 (T') and by Remark 3.12 we may assume Supp(D) C T°.
Repeat the construction of (Gp,lp), (Tp,lr,),¢p in Subsection 3.1 over I'°. Notice
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here from Lemma 3.14 such a morphism exists even if the vertices in the canonical
model of T'° are less or equal than 3.

Construct then the tropical modification (G’,,1)) of I' such that it coincides with
(Gp,lp) over I'° and over the loops it is obtained by placing a vertex at the midpoint
of each loop and adding a leaf. The endpoints of such leaves are determined by the
divisor D.

From Lemma 3.13, for any loop attached to a vertex x, we have D ~ 2x +y. Insert
a leaf at y and set the length of the leaf equal to half of that of the loop.

Define now T, from Tp by adding a leaf ¢’ for any added leaf ! in G’ and set
Ur, (t") = Up(1). Finally extend ¢p over [ and the two edges in G, obtained from the
loop, sending them all to ¢, and denote by ¢, this morphism.

Clearly T7, is still a tree since it has been obtained by adding leaves to a tree.

What is left to prove is that ¢}, : (G'p,1) = (Tp, 17, ) is again non-degenerate
and harmonic of degree 3. The non-degeneracy follows by construction, since no con-
traction has been defined.

To prove that the morphism is again harmonic, it suffices to observe that, as ¢ p, all
edges not contracted have index 1. Therefore, we need to check that for any z € V(G'p)
the quantity

e € Eo(Gp)| @ple) = €'}
is constant for any e’ € E@/D(z)(T]’D), and in particular for = the endpoint of a loop or
any added leaf.

If  is the endpoint of a loop, from Lemma 3.13, we have D ~ D, = 2z + vy,
with D, admissible. From the construction of the leaves, then we have that the above
quantity is 2 if y # x, or 3 if x = y. Thus it is the multiplicity of x in D,. If instead
we consider the endpoint of the added leaf the above quantity would be instead the
multiplicity of y. As in the case without loops, such multiplicities do not depend on
e’ € Eyr (4)(Tp) and therefore the morphism is harmonic, of degree 3. O

4. MODULI OF TROPICAL TRIGONAL CURVES AND TROPICAL TRIGONAL
COVERS

Based on the results obtained in the preceding sections, we now aim to construct the
moduli space of 3-edge connected trigonal tropical curves. Our approach follows the
lines of the construction of the moduli space of tropical hyperelliptic curves in [19],
which we adapt to our situation.

In particular, given a trigonal abstract tropical curve, i.e. an abstract tropical
curve (G, w, ) whose underlying metric graph (G%,1) is divisorially trigonal, we want
to associate to it some combinatorial data, and finally use it to construct the moduli
space.

DEFINITION 19. A 3-edge connected trigonal type is a tuple (G, w, ) such that:

(1) (G,w) is a 3-edge connected stable graph,
(2) ¢: G, — T is a morphism from a graph G, with (G,)* = G" to a tree T,
with ¢ non-degenerate harmonic of degree 3 and, for any ¢ € V/(T'), ¢~ (t) N
V(G) # 2.
Furthermore, for any 3-edge connected trigonal type (G, w, ), we say that the pair
(G, w) is a 3-edge connected trigonal graph.

Notice that given a trigonal type (G,w,¢), a refinement of G would induce a
refinement of G, along with a non-degenerate harmonic of degree 3 from it to a
refinement of 7. However, such a refinement does not define a trigonal type because
condition (2) would not be satisfied.
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REMARK 4.1. Let (G,w, ) be a 3-edge connected trigonal type. The morphism ¢ :
G, — T induces an equivalence relation ~, on E(G,,) : we say that e; ~, ey if and
only if e1,e2 € o~ (e) for e € E(T).

DEFINITION 20. Let (G, w, ¢) be a 3-edge connected trigonal type. A ¢-contraction
of (G, w, ) is the weighted contraction in G, of a set of edges S, which is the union
of equivalence classes of ~, .

In other words, a ¢-contraction of a 3-edge connected trigonal type (G, w,p) is
the weighted contraction of all edges in G, sharing the same image via ¢, or the
contraction of any edge in the pre-image of a vertex in the tree.

Let us now show that 3-edge connected trigonal types are well-behaved with respect
to p-contractions.

PROPOSITION 4.2. Let (G, w, ¢) be a 3-edge connected trigonal type, and let 7 : G, —
Gy, /S, be a p-contraction. The morphism 7 then determines a 3-edge connected trig-
onal type (G, w, p) where (Gy,/S,)™ = (Gg)™.

Proof. Let us first notice that a (p-contraction is the finite composition of contrac-
tions of equivalence classes for ~, . Then we may assume that 7 contracts only one
equivalence class S,.

By definition of trigonal type, ¢ : G, — T'is a non-degenerate, harmonic morphism
of degree 3 from a graph G, such that (G,)*" = G onto a tree T

In each case, we set Sg := S, N E(G) and define (G, 1) as the weighted contraction
of Sg in (G, w).

o If S, = {e} and it is a loop edge, then by our assumption on 3-edge con-
nectivity we have p(e) = v € V(T). Let Gy = G,/S, and ¢ : Gy — T
to be the morphism which coincides with ¢ away from e. Then clearly ¢ is
non-degenerate and harmonic of degree 3.

o If S, = {e} and it is a non-loop edge, we have again p(e) = v € V(T).
Let k be the number of edges which are parallel to e, i.e. sharing the same
endpoints,  and y. The contraction of e then yields k loops at m(e).

Let G‘g, be the graph obtained from G,/S, by adding k leaves at m(e)
if m,(z) +my(y) = 3 or at the other distinct vertex z; ¢(2) = v. Let T
be the tree obtained by adding k leaves at v. We then define ¢ : C{; - T
to be the morphism which coincides with ¢ away from e and all its parallel
edges, and which maps each pair of edges originated from a subdivided loop
at m(e) together with the added leaf to the corresponding leaf added to the
tree T at v. One easily checks that the obtained morphism is non-degenerate,
harmonic of degree 3, and G? = (G)™.

o If S, = {e1,e2,e3}, with (w.l.o.g.) {e1,e2} C G, such that {e;, ez} is obtained
as a refinement of a loop of G. Then necessarily ez is a leaf and we proceed
analogously as in the case S, = {e} is a loop edge. Here G? = G" therefore
the same morphism shows that (G, @, ¢) a trigonal type.

o If finally S, = {ei1,e2,e3}, with {e;,e;} C G, with no {e;,e;} is obtained as
a refinement of a loop of G. Then ¢(e;) = e € E(T) for any ¢ = 1,2,3. Their
contraction might again generate new loops, say k loops. Let C?¢ be the graph
obtained by adding k leaves at G, as in the second case, and contracting
all e;’s, and let T be the tree obtained by contracting e to a vertex v and by
adding k leaves at v. Also in this case the morphism ¢ : Gﬂ; — T, defined as
in the second case, has the required properties and (G@)St =Gv. O
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As a consequence of the above proposition, a ¢-contraction then determines a map
of 3-edge connected trigonal types (G,w, @) — (G, @, @), which by abuse of notation
we will denote in the same way.

Moreover, it is easy to see that, when the @-contraction 7 : (G, w, p) — (G, @, @)
does not produce loops, it is then the datum of the following commutative diagram.

G, == G

l¢ ?

T—T

In particular, a ¢-contraction of an equivalence class of edges whose image via ¢ is
e € E(T) corresponds to the contraction of e, otherwise it is the identity morphism
and T = T. An example is represented in Figure 4.1.

Instead, if the @-contraction produces loops we do not have a similar diagram:
the source space of the morphism ¢ will not be 7(G,,), but a graph C~¥¢ such that
(Ga)® =7(Gy).

el &
T \\
T :
T l‘P T l@l
-
el G
i
—
T l@ Ty=T l@z
-

FIGURE 4.1. Two examples of p-contractions from the same graph.

_In any case, notice that a ¢-contraction between trigonal types QG,w,ga) —
(G,w, @) induces a weighted contraction of stable graphs (G,w) — (G,w) (which
could very well be the identity).

DEFINITION 21. Let (G, w, ) be a 3-edge connected trigonal type and let (G, @, p)
be the 3-edge connected trigonal type obtained via a y-contraction. A trigonal con-
traction (G,w) — (G, ) is the weighted contraction induced by the ¢-contraction.

DEFINITION 22. We denote by ’HTg‘O’), the category whose objects are 3-edge connected
trigonal types of genus g, whose morphisms are ¢-contractions. Moreover, we denote

by 7;(3) the category whose objects are 3-edge connected trigonal graphs of genus g
and whose morphisms are trigonal contractions.
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In particular, the objects of 7}(3) are stable graphs of genus g and the morphisms
are special types of weighted contractions, so 7;(3) is a subcategory of the category of
stable graphs.

Let (G, w,p) be a 3-edge connected trigonal type. We have already observed that
the morphism ¢ : G, — T induces an equivalence relation ~, on E(G,), which in
turn induces an order relation on E(G):

e1 <, ez in E(G) if Jde € E(Gy); e C ey and e ~y, €
e1 =, ez in E(G) if e1,e2 € E(G,) and e1 ~, ez in E(G,).
Here e C e5; means that e is an edge that can be obtained as a refinement of es.

REMARK 4.3. Given a 3-edge connected trigonal type (G, w, ) one can consider the
induced morphism on a metric graph of which G, is a model. We can think of the
equivalence relation ~, as imposing a condition on the lengths of the edges in the same
equivalence class: p,(e;)l(e;) = p,(e;)i(e;) for e;, e; in the same equivalence class and
therefore they have same length. Similarly, we can think of the order relation <, as
imposing an ordering on the lengths of the edges: e; <, ez implies I(e1) < I(e2).

Notice that a 3-edge connected trigonal graph (G, w) might be obtained from two
distinct trigonal types (G,w,¢1) and (G, w,y2), which might yield different order
relations on E(G). An example is given in Figure 4.2.

G G<P1 G@Q
€1 x X
I €2
T
Iy L\
es
To /
Ty i<,01 b iwz T2

FIGURE 4.2. A stable graph G on the left, together with two distinct
harmonic morphisms ¢ : G, — 11 and @3 : G, — Tb.

DEFINITION 23. Let (G, w, ¢) be a 3-edge connected trigonal type. We define a rational

polyhedral cone

B(G)/<
T(Gw,p) :RI>0( s

parametrizing length functions on a stable graph (G, w), hence tropical curves, satis-
fying the constraints given by the order relation <.

The space defined above is clearly a rational polyhedral cone: it is obtained as the
intersection of a rational polyhedral cone with half-planes through the origin with
generators defined by integral vectors. In fact the locus 7(g w0y € 0g = R‘fo(a)l is
defined by all |E(G)|-tuples {z1,...25c)} € o satisfying the constraints given
by the order relation <,. In other words, for all (G,w, ) trigonal type, T(q,uw,e)
is obtained by taking the intersection of o and all the half-planes {z; < z;} for
€; <¢ €j-

The faces of its closure 7(g ) parametrize degenerations of trigonal tropical
curves in T(g w,,) Obtained via a ¢-contraction as in Proposition 4.2.

For instance, let us consider the trigonal type (G,0,¢2) in Figure 4.2. The or-

der relation induced by ¢y gives e1 =, ex <y, €3, lo <, 11 and Iy <y, e3. The
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cone og = R%O parametrizes all possible lengths, also the ones not admitted, of the
edges e, eo,€3,1l1,1l2,91,,-..,y4 of G, where y; denotes the edges with no conditions
on their lengths, and the associated cone 7(g ¢,,,) is given by the intersection of og
with the half-planes {z1 = 2}, {22 < 23}, {z5 < x4} and {5 < xz3}. The faces of
the closure 7 (g 0,,,) are then obtained either by allowing the coordinates to be 0 or
by considering the points in the plane, corresponding to the case where equalities on
the lengths are attained.

Let us consider a p-contraction 7 : (G, w, @) — (G, 10, @). As noticed in the proof of
Proposition 4.2, (G, ) is either isomorphic to (G, w), or it is obtained as a weighted
contraction of it. Therefore a @-contraction always induces an inclusion i, : B(G) —
E(G). These inclusions then naturally yield face morphisms. Notice that the face
morphism associated to 7 induces an automorphism of the cone whenever no edge
in G is contracted.

DEFINITION 24. We define the moduli spaces of 3-edge connected trigonal cov-
ers as the colimit

trop,(3) . . _
Hy ™' = Hm TG )

(Gw,0)eHT)

DEFINITION 25. Given a 3-edge connected trigonal graph (G, w) we define
E(Q)/<e
W U neen= U RO

03(Gw,p) EHT @3 (Gw,p)EHT )

which parametrizes length functions on trigonal graphs (G, w), hence trigonal tropical
curves.

The space 7g is a union of cones and the faces of its closure T¢ parametrize
the degenerations of the tropical trigonal curves in 7¢ obtained through trigonal
contractions as in Definition 21.

DEFINITION 26. We define the moduli spaces of 3-edge connected tropical trig-
onal curves as the colimit

Tgtmp’(?’) = lim 7Tg.

(Gw)eT

The above construction is similar to that of the moduli of (2-edge connected)
tropical hyperelliptic curves H;mp’(z) , which, as remarked in [19, Remark 4.10], is a
subset of M, ;mp, but it is not a stacky subfan because its structure is more refined.

Similarly, T;mp’(g)

t
by Mrop.

The space H;fgp’(?’) has a natural projection to the moduli space M{™P of tropical
Ttrop,(S)
9

cM ;mp as a set and its structure as a fan is not the one induced

curves of genus g. Notice that the moduli space can also be thought as the

image of H;fgp’(?’) via its natural projection to M;mp.

In the theory of algebraic curves, it is well known that the Catalan number C,,
counts the covers C' — P! of minimal degree n+1 from a general curve C of genus 2n.
This was already known to Castelnuovo, [17]. The tropical analog has been proved by
Vargas in [29, Theorem C]. When g = 4, then 3 = [g/2] + 1, which is the gonality
bound computed by Draisma and Vargas in [23, Theorem 2], for tropical curves.

Htrop,(?)) - T;TOP7(3)

0.3 is the 2nd Catalan number

Then, the degree of the forgetful map
Cy =2.
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4.1. MAXIMAL CELLS FOR THE MODULI SPACE OF 3-EDGE CONNECTED TRIGONAL
CURVES. We would like to give a description of the maximal 3-edge connected trigonal
graphs of fixed genus g, i.e. of those graphs which cannot be obtained as a trigonal
contraction of any other trigonal graph of the same genus.

Let T be a non-trivial tree with vertices of valence smaller or equal than 3. Start-
ing with 7', we will construct stable and 3-edge connected trigonal graphs G with
refinement Gr. We will later prove that such graphs are maximal in the above sense.

The graph G constructed from the tree T is constructed as follows. Take 3 disjoint
copies of T : T T?) TG with ordered vertices V(T)) = {"ugi), e ,v,(f)}, i=1,2,3,
such that vj(-l), v§2), UJ(-S) correspond to the same vertex in V(T), for any j =1,...,n.

Then, for any j =1,...,n, add edges as follows.

](-il), vj(-iQ) with an edge.

,© = 1,2, 3 by inserting two non-parallel

e If val(v;) = 2, choose i1, € {1,2,3} and connect v

o If val(v;) = 1, connect the vertices UJ@
edges.

Moreover, if T is a path, if possible, then we require that the added edges over the

vertices of valence 2 cannot have endpoints all contained in the same two copies of

the tree.

DEFINITION 27. Let T' be a tree and G be a graph that arises from the above con-
struction. We call the graph G a 3-ladder.

Notice that the morphism that maps the edges in {T(M), T TG} ¢ Gr to the
corresponding edge in T and contracts the remaining edges is non-degenerate and
harmonic of degree 3. We will denote it by .

An example of the construction of a 3-ladder from a tree T' is shown in Figure 4.3,
together with its stable model G in Figure 4.4.

Gr

lLPT

FIGURE 4.3. A 3-ladder Gr defined by a tree T" with the above
construction, together with a non-degenerate harmonic morphism of
degree 3.

FIGURE 4.4. The stable model G of the 3-ladder G represented in
Figure 4.3 as a refinement.
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REMARK 4.4. Let us remark that, unlike the ladders in [19], given a tree T, a 3-ladder
graph G is not uniquely determined, but different choices of the edges connecting
the copies of vertices of valences 1 or 2 in T might yield different 3-ladders, up to
isomorphism, as in Figure 4.5.

SEEE

T{
FIGURE 4.5. Four non-isomorphic graphs, which are 3-ladders con-
structed from the tree T

REMARK 4.5. Consider the case where 7" is a path. The condition on the edges over
vertices of valence 2 ensures the graph to be maximal with respect to trigonal con-
traction.

We will now show that in fact that if G admits a non-degenerate harmonic mor-
phism of degree 3 from a graph G/, where the above condition is not satisfied, then
it is not maximal, since it also admits another non-degenerate harmonic morphism of
degree 3 from a graph G, which is a trigonal contraction of a 3-ladder.

More precisely, if (G, w, ¢4) is a trigonal type with a morphism ¢/ : G — T with
(G/)** = G such that G’ is constructed as G, without the condition on the edges
over vertices of valence 2 , then G also admits a degree 3 harmonic morphism G; — T}
with (G1)%" = G and such that G is the trigonal contraction of a 3-ladder Gr.

In fact, let us consider G’ whose construction is analogous to that of 3-ladder Gr,
but with the difference that the edges over vertices of valence 2 are all incident to
vertices in the same two copies of T'. Indeed, for any choice of vertical edges made
over the vertices of valence 1, we have two possible morphisms. The first one is the
one that follows from the usual construction, where all vertical edges are contracted.
The second is instead obtained by considering the vertical edges together with their
consecutive horizontal one (glued by a single vertex of valence 2) and contract them
to the same vertex that is the image of the unique vertex of valence 3. For instance we
can assume the graph G/ to be as the graph in Figure 4.6, with a second harmonic
morphism depicted by G§ — Ty, both with stable model as the graph in the left in
Figure 4.2.

It is then easy to check that we can obtain G as the trigonal contraction of a
3-ladder G, as in Figure 4.7.

Recall, from the discussion on the previous section, that any non-degenerate har-
monic morphism @7 : Gr — T of degree 3 induces an equivalence relation ~,,
on |E(Gr)|. Let us now compute the genus and the number of equivalence classes
|E(G7)/ ~pr | in terms of the number of vertices n of the tree T.

LEMMA 4.6. Let T' be a tree with n vertices. Then g(Gr) = n and |[E(Gr)/ ~pp | =
2n + 1.
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T G4
“——
T 1 T 1
FIGURE 4.6.
Gr G
| ™
I
T { T {
FIGURE 4.7.

Proof. From our construction, |V (Gr)| = 3|V (T)| = 3n.

Then, for any edge in T', we have 3 copies in G, but then we also have to add 2
edges for each leaf, and one for any vertex of valence 2.

Let pj denote the number of vertices in T of valence k. We have |E(Gr)| =
3|E(T)| 4+ 2u1 + p2 = 3(n — 1) + 2u1 + uo. Noticing that n = g + po + pz and
w1 = us + 2, gives |E(GT)| = buy +4ps +3us —3 =4n — 1. Then g(Gr) = b1(Gr) =
n—-1-3n+1=n.

The number of equivalence classes, instead, is precisely the number of edges in the
three, plus all the other edges added in the construction. Thus |E(Gr)/ ~g, | =
(n—1) +2u1 + p2 = 3p1 + 2p2 + p3 — 1 = 2u1 + 2p0 + 2p3 + 1 = 2n + 1. U

When we consider the stabilization of G the genus is preserved. Moreover we also
know that the equivalence relation on E(G’) also induced an order relation <., on
the edges of stable graph G = (Gr)®", and thus an equivalence relation =,.. Clearly,
|E(G)/ =pr | < |E(GT)/ ~pr |, but we will prove that actually equality holds, with
an exception for g = 3.

LEMMA 4.7. Let G be such that g(Gr) > 3. Then, if G = (Gr)%, we have
|E(GT)/ ~or | = |E(G)/ =¢r |-
If 9(Gr) = 3, then |E(G)/ =¢r | = |E(GT)/ ~r [ =1 =6.

Proof. Let us count the number of equivalence classes in E(G), with respect to the
equivalence relation induced by ¢r.

For any leaf-edge in T, we have that its pre-image via @ gives precisely three
edges contained in precisely three distinct edges in G.

Then G7., the pre-image in Gp of the tree T obtained by removing all leaves
from T, with the usual construction. The tree T’ will thus have n — pu; — 1 edges.

By construction, the pre-image of an edge incident to a vertex of valence 2 in T’
is either an edge in E(Gr), or an edge which is contained in one edge in G, whose
length is uniquely determined by the lengths of the edges in the tree.

Moreover, the pre-image of the edges incident to vertices in T” of valence 3 and the
vertical edges are edges in the stable graph G.
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Hence if n — pg — 1 > 0 (i.e. T/ containes of at least an edge), we have that
|E(G)/ =¢pr | =31+ (n— p1 — 1) + pio = 3p1 + 2u2 + ps — 1 = 2n + 1. Notice also
that the condition n — u; — 1 > 0 is equivalent to g > 3.

If instead n — pu; — 1 = 0 we have precisely that g = 3, in this case, the tree with
the leaves removed has no edges therefore the above argument cannot be applied. In
this case if suffices to count the number of edges in GG, which is 6, and check that they
all belong to different equivalence classes.

Notice that this is precisely the case where T is a path. Indeed, more generally,
in the case where all vertical edges in T are incident to the same copies of the tree,
then there is an edge mapping the whole tree, as in Figure 4.6. The length of this
edge is then counted twice when we count the pre-images over the leaves, therefore
the dimension would drop by 1. O

REMARK 4.8. We would like to conclude by saying that the dimension of T;mp’(?’) is
determined by E(Gr) and the associated morphism. However, let us recall that a
trigonal graph might allow multiple morphisms, which thus could define a different
dimension. Let us now show that any other morphism, if it exists, would induce a
smaller dimension.

Let G be the stabilization of a 3-ladder G, and assume that there is a second
morphism ¢’ : G — T’, with (G')** = G and T’ some other tree.

Since G has no points of valence greater than 3, the same must hold for 7. By
definition of trigonal type, we also require that ¢’ is such that the preimage of any
t € V(T) contains (at least) a vertex of valence 3. In particular G is 3-regular, i.e.
its vertices have all valence 3. Then, by 3-edge connectivity and 3-regularity of the
stabilization, this means precisely that the pre-image of vertices of valence 2 contains
precisely one edge, and that of vertices of valence 1 contains two of them. Therefore
a similar argument to that of the proof of Lemma 4.6 can be applied. Thus,

|E(G)/ = | S|E(G)/ ~pr | =29+ 1= |E(Gr)/ ~pr |

THEOREM 4.9. Let g > 3. The maximal cells ongtmp’(B) are associated to graphs (G,0)
with G = (Gr)%* with Gt a 3-ladder constructed from T a tree with g vertices.

Proof. Let (G, w) be a trigonal graph and we assume it to be maximal with respect
to trigonal contractions.

First notice that w has to be uniformly 0, otherwise we could write (G, w) as the
contraction of the loops in (G%,0).

Let us then show that |V (G)| € {2, 3}. This is done by showing that in any of these
cases, the graph G can be obtained as the trigonal-contraction of a trigonal graph.
If [V(G)| € {2,3} then G is a graph with g + 1 or g + 2 edges.

Clearly a graph with 2 vertices can always be obtained from a graph with 3 vertices
with two of the vertices connected by exactly one edge e, via the contraction of e, as

shown in Figure 4.8.
AN
e

FIGURE 4.8.

m(e)

If instead |V(G)| = 3 then G can be obtained from a graph G’ with 6 vertices:
v1,v2,v3 € V(G) and a copy of each of them v{, v}, v5, with an edge connecting each
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pair v;, v; and a number of edges between v;, v; and v}, U; such that their sum is equal
to the number of edges between v;,v; in V(G). The morphism sending the three
edge v;v; and contracting everything else yields a harmonic morphism of degree 3 to
T = K> makes G’ trigonal and the contraction of the 3 edges, which is a trigonal
contraction, gives G, as shown in Figure 4.9.

V2 U2
V1 Vs V1 V3

FIGURE 4.9.

Let us now consider the case |V (G)| > 3 and consider the non-degenerate harmonic
morphism ¢ : G’ — T of degree 3 with (G')** = G and T a tree. We want to show
that G’ = G and this will be done using the properties of harmonic morphisms.

We first claim that for any v € V(G’), my(v) = 1. Assume by contradiction
that there is a vertex v with my,(v) = 3. By 3-edge connectivity of G, we have
po(e) =1 for any e € E,(G’) and therefore val(v) > 6. Then we can replace v with
two vertices vy, v2 such that vy is incident to 2 of any of the 3 edges sent to an edge
via ¢, and vy is incident to the remaining ones. Moreover, vy, vy are connected to an
edge whose contraction gives us back G’. Clearly the resulting graph still admits a
non-degenerate harmonic morphism of degree 3 to the same tree.

If instead my(v) = 2, then we are for instance in the previous case whit v = v;
and val(v) > 4. Replace v; with two vertices, v{,v5 as shown in Figure 4.10.

Also in this case, v}, v} are connected to an edge whose contraction gives us back
the previous case and again the resulting graph still admits a non-degenerate harmonic
morphism of degree 3 to the same tree.

v
e
vl vy v
e
T2 ™1
V2 V2
1 4 1

FIGURE 4.10.

Notice that this argument can also be applied to exclude the case where there are
loops in G'.

From the fact that m(v) = 1 for any vertex v, the graph G’ contains three disjoint
copies of the tree T.

The valence of the vertices in T cannot exceed 3. If T' contains a vertex v with
val(v) > 3, then it is sufficient to consider the tree obtained by replacing v with
two vertices vy, v, connected via an edge e, such that val(vy) = 3, and val(vy) =
val(v) — 1 > 3. Then consider the graph where all preimages of v are also replaced
by the above construction and the equivalence relation that is equal to that induced
by ¢ over the edges that where already in G’ and such that the pre-images of the
added edges belong to the same equivalence class, as in Figure 4.11. If val(ve) > 3,
repeat the construction until both vertices have valence 3.
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I
oW

V2
FIGURE 4.11.

Let us now consider all the possibilities given by the valence of the vertices on the
tree, which now we have proved to be at most 3.

If val(v) = 3, then we claim that its pre-image via ¢ does not contain any edge.

If this would be the case, then it would be sufficient to replace any copy of T" with
a graph where v is split into two vertices connected via an edge such that all copied
of the same edge belong to the same equivalence class. Repeat as many time as many
edges are in ¢~ !(v), as in Figure 4.12, and also notice that we can always choose
the vertical edge over consecutive vertices of valence two, such that they connect
distinct copies of the tree. The resulting graph is such that the pre-image of a vertex
of valence 3 via the harmonic morphism does not contain edges.

Rl
B

FIGURE 4.12.

If val(v) = 2, and ¢~ !(v) does not contain any edge, then the graph defines the
same type obtained by contacting one of the two equivalence classes defined by the
incident edge to v. Thus we may assume that ¢ ~!(v) contains at least one edge, and
we show that it is exactly one if the graph is maximal. Similarly to the previous case,
in fact, if there at least two edges in ¢~1(v), then we could just repeat the above
procedure for any additional edge, this is represented in Figure 4.13.

Finally if val(v) = 1, we have at least 2 vertical edges, by 3-edge connectivity, and
we show that they are exactly 2.

Assume by contradiction that the number of vertical edges is 3, then, again by 3-
edge connectivity, not all with the same endpoints. Then we can construct a graph G”
that splits any copy of v into two vertices vy, vo, with vertical edges as in Figure 4.14.

Then G” is again trigonal and it is the contraction of the pre-image of added edge
inT.

If the number of edges over v is bigger that 3, then it is sufficient to repeat the
above procedure.
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N SN N
FIGURE 4.13.
N SN {
U1 (%] v

FIGURE 4.14.

To sum up, for any v € V(T'), we have considered the minimum number of vertical
edges in its pre-image, depending on the valence, and proved that this is precisely
the number of edges allowed in order for G’ to be maximal. Comparing with our
construction of the graph Gt we conclude that G’ = Gr.

The proof also shows that ¢ = o1 and by Remark 4.8 we can conclude (G,0) is a
maximal trigonal graph, since any other morphism would define a bigger number of
equivalence classes. O

Lemmas 4.6, 4.7 and Theorem 4.9 then show that the dimension of the moduli of
3-edge connected trigonal tropical curves of genus g coincides with that of the moduli
of genus g algebraic trigonal curves.

REMARK 4.10. Let us recall that any stable graph is the limit, via weighted contrac-
tions, of a pure and 3-regular graph, which also represents the maximal cells in the
moduli of tropical curves.

Similarly, the proof of Theorem 4.9 also shows that any 3-edge connected trigonal
graph is a graph which has a refinement that is the limit, via trigonal contractions,
of a 3-ladder Gr.

COROLLARY 4.11. The moduli space Tgtmp’(?’) is of pure dimension 6 for g =3 and of
pure dimension 2g + 1 for g > 3.

This also agrees with [21]. Indeed, in Remark 3.2 we have already observed that in
the 3-edge connected case tropical curves of gonality 3 also have tree gonality 3.

If instead we drop the 3-edge connectivity assumption then we need to take also into
account hyperelliptic curves. Therefore, the dimension of the corresponding moduli
space would be the same as the space H, ;’" constructed in [19], which is 3g — 3 and
therefore different from the one of the trigonal locus in the algebraic case.

3)

COROLLARY 4.12. The moduli space Ty ™" is connected through codimension 1.

Proof. In order to prove that T, gtmp’(g) is connected through codimension 1 we need

to show that, for any pair of 3-ladders Gr,,Gr,, there exists a sequence G, =
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GY,...,G* = Gr, such that G*, G**! differ by the contraction of a single class in the
equivalence relation defined by the associated morphism to a tree and G is a 3-ladder
for i even.

Firstly, let us consider the case where 77 = T5. Clearly, over the vertices of valence 3
the two graphs are the same, since there are no vertical edges. If Gr,, Gz, differ by the
vertical edges on any vertex of valence 1, it is sufficient to contract the vertical edge
G, and not in Gr,, and then add the one in Gr,. Instead, if the two graphs differ over
a vertex of valence 2, then one can obtain from G, the corresponding vertical edge
in G, via a sequence of contraction and addition of triples of edges with the same
image via the non-degenerate harmonic morphism to a tree. In fact, let us observe
that any two consecutive vertical edges, not with endpoint in the same copies of the
tree, can be swapped by contracting the 3 edge-cut incident to both vertical edges
and by adding it again with the vertical edges now glued to the opposite endpoints
of the edge-cut, as in Figure 4.15. With more iterations, one can see that this can be
done also if between the two vertical edges there is a vertex of valence 3.

FIGURE 4.15.

Then, using the argument for the vertical edges over the vertices of valence 1 one
can always produce a pair of vertical edges with endpoints not in the same copies of
the tree, such that one is the vertical edge in G, that we one to recover from Gr,,
as in Figure 4.16. Iterating these two operations then yields a sequence from G, to
G, with the desired properties.

FIGURE 4.16.

Let us then consider the case where 17 # T5. By definition, they are trees over
the same number of vertices, which we can make correspond such that they share
the maximum number of edges. Starting from 77 by removing any leaf-edge which is
not in 75 and then add instead the edge in T, connecting the leaf with the common
path and repeating until we obtain 75 defines a sequence between the two trees 71 =
70, ..., T%" = T, such that 7%, T*t! differ by a single edge contraction and T* has
the maximum number of edges for ¢ even. Any contraction of an edge in T3 clearly
corresponds to the contraction of three edges in G, having the same edge as an
image. Moreover, as in Figures 4.11,4.12, 4.13, 4.14, any addition of an edge, also
corresponds to the addition of tree edges which yield a 3-ladder. Therefore given
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Gr,,Gr,, with T} # T5, one can always construct a sequence from Gp, to a 3-ladder
over Ty of contractions and additions of triples of edges in the same equivalence class
and then use the first argument to extend the sequence to Gr,. O

Finally, we would like to relate a 3-edge connected trigonal type (G, w, ¢), with the
dual graph of an admissible cover. The construction of the latter can be found in [16,
Section 2.3].

In particular, nodes map to nodes, therefore no contraction of edges is allowed, but
as we proved in Proposition 2.4 we can consider instead its tropical modification with
no contractions.

We have indeed already observed in Remark 3.2 that such a tropical modification
is a tropical morphism, for which the Riemann-Hurwitz inequality holds, and we will
now prove that equality holds without further tropical modifications.

We conclude by relating the moduli space of 3-edge connected trigonal covers
with that of tropical admissible covers of degree 3, as defined in [18]. In particu-
lar, they define in [18, Definition 16] a tropical admissible cover of tropical curves
¥ : Tae = (Gsres lsre) = Tt = (Gt ligt) as an harmonic morphism satisfying the
local Riemann-Hurwitz equation at any point, i.e. such that for any v € V(Gg)

if v = (v),
3) 2 - 2w(v) = my(v)(2 = 20(W)) = Y (uy(e) = 1).

ec Ev (Gsrc)

PROPOSITION 4.13. Let (G, w, $7) be a 3-edge connected trigonal type with G such
that (Gr)** = G where Gr is a 3-ladder and ¢ : Gr — T its tropical modification
with no contractions of .

Then, the trigonal type (G, w, gr) and any @r-contraction of it is the combinatorial
type of a tropical admissible cover.

Proof. Since the local Riemann-Hurwitz equation is closed by contraction, we can
always assume our graph to be weightless and the stabilization of a 3-ladder Gr.
Then the left hand-side of (3) is 2 while the right hand side is,

2my(v) = > (nple) = 1)

ec E'u (Gsrc)

We also observed, in the proof of Theorem 4.9, that maximal 3-edge connected trigonal
graphs are such that my(v) = 1 for any vertex.

Moreover, from our construction of the harmonic morphism in the 3-edge connected
case we have iy (e) = 1 for any e which is sent to an edge of the tree. Since 1 has no
contraction, then py(e) =1 for any e € E;(Gg.), hence equality holds. O
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