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A tableaux formula for ¢g-rook numbers

Tirtharaj Basu & Aritra Bhattacharya

ABSTRACT We provide a formula for the Garsia-Remmel g-rook numbers as a sum over standard
Young tableaux. We connect our formula with the coefficients in ¢-Whittaker expansion of
unicellular LLT functions.

1. INTRODUCTION

The Garsia-Remmel ¢-rook numbers Ry (\; ¢) € Zx>[q| for k € Z>( counts the number
of ways to place k non-attacking rooks on a Ferrers board of a partition A with certain ¢
weight. We provide a tableaux formula for Ry ()\; ¢), which we describe now.

Let 7 be a Dyck path of semilength n and let A(7) denote the partition formed by
the shape above 7 inside the nxn grid. For 1 <i < j < nleti <, jif (4,5) ¢ Area(r),
i.e, the cell (i,7) is above the Dyck path m. The set SYTJ, is the set of standard
Young tableaux of shape p such that if ¢ is above j in the same column then i <, j.
For T' € SYTY, let

Y(T) = #{(b,¢) € u x p|coleg(b) > coleg(c) and (T'(c),T (b)) € Area(n)}
be the number of pairs of boxes (b, ¢) such that ¢ is in some row above b in the Young
diagram (English notation) and T'(¢) < T'(b) but T'(c) £ T(b).
We can now state our main result.

THEOREM 1.1. Let n € Zsg, A € Par and © € D, is such that A\(m) = X. Then
fO?" ke Z}O,

(1) Ru(hq) = Y gri)=#heam N 0@ T Jarme 7 (up(b)) + 1,

ukn TeSYT], bep
ni=n—=k coleg(b)>0

A more detailed explanation of all the notations used above is given in §3.6.
In fact, for n = N > Ay + A}, the above formula only runs over the partition
(N — k, k) and so (Proposition 6.3)

Ry (X;q) = gV =Rk Z g H [arm<_7(p) (up(b)) + 1.
TeSYTT be
(N=hR) coleg(ll:)>0

In [1], [5] and [14] relations between g-rook numbers and symmetric functions
appearing in the Macdonald functions universe are explored. We use the formula

Manuscript received 8th July 2025, revised and accepted 24th October 2025.

KEYWORDS. g-rook numbers, unicellular LLT functions, g-Whittaker functions, symmetric functions,
Dyck paths.

ISSN: 2589-5486 http://algebraic-combinatorics.org/


https://doi.org/10.5802/alco.466
http://algebraic-combinatorics.org/

TIRTHARAJ BASU & ARITRA BHATTACHARYA

above to make yet another such connection. By using result of [8], we can relate our
formula to the coefficients of unicellular LLT functions x.(gq) for a Dyck path 7 in the
basis of ¢-Whittaker functions (Wx(q) : A € Par). For 7 € D,, and partitions u F n,
let ¢ . (¢) € Q(q) be defined by

X(@) =D (1= )" " eru(@)Wala).
pnEn
Then (Corollary 5.2)
o qr#Areame () = Re(A(m)sq).

pEn
p1=n—=k

The recent paper [12] obtains another proof of the above identity.

Based on the formula for e-expansion for unicellular LLTs obtained in [2], we also
connect the last g-rook number of certain partitions to the e-expansion coefficients in
Proposition 7.1.

2. NOTATIONS
2.1. We denote by [n] the integer interval {1,...,n} for n € Z~¢. This is not to be
confused with the g-numbers [n], which will always have a ¢ in the subscript, and
also should be clear from the context. Unless otherwise mentioned, n is some positive
integer in this paper.
2.2. ¢-NUMBERS. For n,k € Z>o with 0 < k < n,
nly=1+...+¢"" and [n],!=[n],...[1],

Let (a;q); = (1 —a)(1 —ga)...(1 —¢'~'a), for j € Z>o. Then

nl_ (Ga)n [0l
) Mq (G DG Dk [Klg![n— K]

) qu _ (¢ 597 _ B+3-0) Hq _ MR [J’L_

(Y Drle a7k

2.3. DYCK pATHS. A Dyck path of semilength n is a lattice path from (0,0) to (n,n)
consisting of unit length north steps N and unit length east steps E such that the
path always stays weakly above the diagonal x = y. We will write a Dyck path as a
word in N and E. We write the cell co-ordinate of each box in the n x n grid from
(0,0) to (n,n) inside Zx( x Zx¢ as the co-ordinate of its north-east corner. Area(m)
is the set of cells below 7 above the diagonal. The set of Dyck paths of semilength n
is denoted by Dy,, and D = Uyez.,Dy, be the set of all Dyck paths of any semilength.
For m € D, let |7| denote its semilength. Figure 1 gives an example.

2.4. DYCK PATH TO POSET. For a Dyck path 7 of semilength n, define a poset on [n]
where the strict inequalities are given by i <, j if ¢ < j and (i, ) ¢ Area(n), i.e, (4,7)
is above the Dyck path.

For the Dyck path in Figure 1, 1 <, 4 <, 6,1 <; 5,2 <, 4,2 <, 5,and 3 <, 4,
3 <, b. Note that if 1 < i <, j < k < n implies that ¢ <, k.
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0
6
_ A > L7
9) /,
4 A
NN 2 7 =N3EN2ENE? € Dg,

A7 T 7
3 7 Area(m) = {(1,2),(1,3),(2,3),(4,5), (5,6)},
5 4 M) = (4,3,3).

A
T -

1 2 3 4 5 6

FiGURE 1. Example of a Dyck path

2.5. PARTITIONS. The set of all integer partitions is denoted by Par. We think of the
Young diagram in the English convention, as in Macdonald’s book [13], and follow
Macdonald’s definition and convention throughout the paper concerning partitions.
In particular, for a partition ), its conjugate is denoted X, the weighted size

s
\) = ‘.
w0 =3 (5)
i>1
The arm, leg, coarm, coleg of a box in the Young diagram is denoted a,l,a’,l’ respec-

tively in [13]. In particular, the cell co-ordinates of a box b is (coleg(b)+1, coarm(b)+1)
and

arm(b) 4 coarm(b) + 1 = Acoleg(b)+1, and leg(b) + coleg(b) +1 = A ourm(p)+1-
For a box b € A, we denote by up(b) the box directly above it in the previous row,
if coleg(b) > 0. So,

coarm(up(b)) = coarm(d) and coleg(up(b)) + 1 = coleg(b).

Let A € Par. Denote by A te; = (A1,...,Ai—1,\; =1, \j41,...) the composition
obtained by adding or removing a box in the ith row of A\. If \;_1; > \; then \+¢; € Par
and if A\; > A\; 1 then A — ¢; € Par.

2.6. DYCK PATH TO PARTITION. The boxes in n x n grid above w € D, is the shape
of a partition, read row-by-row from top to bottom, which we denote by A(w). It is
contained inside the staircase shape partition p, = (n — 1,...,0). Figure 1 gives an
example.

Then i <, jif j > n — A\(n)}.

2.7. m-TABLEAUX. The set of standard Young tableaux of some partition shape A
will be denoted by SYT). This is the set of fillings T : A — [|\|] such that the value
increases left-to-right along a row and top-to-bottom along a column.

For m € D,, and p - n let

(4)  SYT] ={T € SYT, |T(up(b)) <r T(b) for all b € p with coleg(b) > 0},
i.e, SYTZ is the set of standard Young tableaux of shape u such that if the number ¢

appears above j in the same column then i <, j.
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For the path in Figure 1,

()

_ 1]2]3 .
SYT(&S) = 4 5 6 5 SYT(372,1) ==

3

}, and SYT?&ls) =J.

BEEE

2.8. DYCK PATH TO HESSENBERG FUNCTIONS. Let n € Z~. A Hessenberg function
m : [n] — [n] is a non-decreasing function such that m(i) > ¢ for every i € [n]. For a
Dyck path 7 € D,,, define a Hessenberg function m(7) : [n] — [n] by

m(r)(i) =n — \(7);, for i € [n],
i.e, the value of 7 is the distance between the (n — i)th E step and the line y = n, or
in other words, m(7) in reverse is the complementary partition of A(7) in the n x n
square.

For the path in Figure 1, m(7) = (2,3, 3,6,6,6), where the ith component denotes
the value at 7.

3. ¢-ROOK NUMBERS

In this section, we recall the definition and recursion of g-rook numbers as defined by
Garsia and Remmel in [6]. We then provide a proof of our main result, a standard
tableaux formula for the g-rook numbers.

3.1. DEFINITION OF ¢-ROOK NUMBERS. Given a partition A and k € Z3¢, a rook
placement with k rooks on A is the the number of ways to select k cells called rooks
from the Young diagram of A, such that no two rooks lie in the same row or column.
Denote the set of rook placements with & rooks on A by Cp(A). Given such a rook
placement C' € Ci(A), [6] defines inv(C) to be the number of cells remaining after
cancelling all the cells in the same column above and in the same row to the left of
the rooks. Then

(6) R(hg)= >, ¢™9.
CeCr(N)

Figure 2 gives an example of a rook placement with the inv statistic.

FIGURE 2. C € C5((6,4,4,2,1)) with inv(C) =6

Since conjugation interchanges cells in the same column above with cells in the
same row to the left of a given cell,

(7) Ri(X;q) = Re(N5q).

Because two rooks can not lie in the same row or in the same column, Ry (\;q) =0
for k > Ay or k > £(N).
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3.2. RECURSIONS FOR ¢-ROOK NUMBERS. For A = (A1, A2, As,...) € Par, let \ =
(A2, Az, .. .) be the partition obtained by removing the first row. The g-rook numbers
Ry ()\; q) for 0 < k < Ay are determined by the recursions [6, Theorem 1.1]

(8) Ri(Nq) = ¢ RN @) + M — b+ 1R (X ),

with initial conditions Ro();q) = ¢l*.

3.3. ¢-STIRLING NUMBERS. Let n € Z>o and p, = (n — 1,n — 2,...,1,0) be the
staircase partition. Then
9) Ry_1(pn; q) = Sq(n, k) for 0<k<n

are the ¢-Stirling numbers of second kind [6, (1.9)]. They satisfy the recursions
Sy(n k) = ¢" 1S (n — 1,k — 1) + [k]4S,(n — 1,k) for 0 < k < n,
and S4(0,0) =1, Sy(n, k) =0 for k <0 or k > n.

3.4. RECTANGULAR ¢-ROOK NUMBERS. Let a,b € Z>¢ and 0 < ¢ < min(a,b). [5,
Proposition 2.15] gives

a a—iyb—i)_Lalq" [b
(10) Ri((b");q) = ¢~ )[a[]i]q!H

i
q
3.5. £(A\)TH ¢-ROOK NUMBERS. For A € Par with ¢(\) = ¢, [5, Proposition 2.2] says

4
(11) Re(Niq) = [ [Pemin — i+ 1,

i=1

3.6. TABLEAUX FORMULA FOR ¢-ROOK NUMBERS. Let w € I, for some n € Z~q and
p b n. Let T € SYT]. Recall that

(12)  ~(T) = #{(b,c) € p x p|coleg(b) > coleg(c) and (T'(c),T(b)) € Area(n)},
and for a box b € p, let

(13) Y(T,b) = #{c € p|coleg(b) > coleg(c) and (T'(c),T(b)) € Area(r)},
then

AT) = S A(T,h).

bep

For a box b € p, denote by arm._;(b) the number of boxes ¢ in the right of b in the
same row such that T'(c) < j, i.e,

(14) armc_;(b) = #{c € p|coleg(c) = coleg(b), coarm(c) > coarm(b), T'(c) < j}.
Let

(15)  wi(T;q) = @)= #Area@+D T Jarm__p, (up(b)) + 1,

bep
coleg(b)>0

where recall that #Area(r) is the number of cells below 7 strictly above the diagonal
and n(p') =3, (%).

We restate Theorem 1.1 from the introduction here.

THEOREM 3.1. Let A € Par and m € D, is such that \(w) = A. Then for k >0,

(16) Reha)= Y, Y. wi(T;q).
pkn TESYT]
p1=n—Fk
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3.7. ExaMPLE. For the Dyck path in Figure 1, n = 6, and let £ = 3. Then by (5),
the sum in (16) runs only over two tableaux,

1
213
T = 5 6 S SYT?3,3) and S == 4 5 S SYT7(T3’2’1)7
6

with
~(T) =0 and ~v(S) =1,
and using #Area(w) = 5, the weights are
wt (T q) = q[2]¢[3]q and wt(S;q) = q_1Q[2]q[3]q = [2]4[3]q-
So,
R3((4,3,3);9) = Q[Q]q[B]q + [2}q[3]q = [3]11[2]«21'
3.8. PROOF OF THEOREM 3.1. We now prove Theorem 3.1 by showing that the right

hand side of (16) satisfies the recursions (8) for the g-rook numbers.

LEMMA 3.2. Let 7 € D,,. If (i,n) € Area(nw) then i is a mazimal element with respect
to <, order, i.e, there is no j € [n] such that i < j.

Proof. If (i,k) € Area(w) then (i, ) € Area(n) for all j € {i+1,...,k}. In particular,
(i,n) € Area(m) means that (¢, j) € Area(nw) forall j € {i +1,...,n}. O
LEMMA 3.3. Let m € Dy, and pt-n. Let T € SYT}. If b € p is such that (T'(b),n) €
Area(m) then leg(b) = 0.

Proof. By Lemma 3.2, T'(b) is maximal with respect to <,. Hence there can be no
box below b, so leg(b) = 0. O

Let 7 € D,, with A(m) = X and 7’ € D,,_1 be the path obtained by removing the
first row of m, i.e, 7’ is obtained from 7 by removing the last occurrence of NE in .
For the path 7 from Figure 1, the path 7’ is shown in Figure 3.

S
5 .
A ,//
4
A 4 > > ’
3 ' = N3E3N?E? € Ds,
// / _
A - Area(n’) = {(1,2),(1,3),(2,3),(4,5)},
- . A7) = (3,3).
A ///
|
1 2 3 4 5

FIGURE 3. Removal of last occurrence of NE from 7

Then A(rn’) is obtained by removing the first row of A(w), which we denote by
A= (Az,...). If T € SYT}, for some p = n then if we remove the box with entry n

from T we obtain an element of SYTZ/_&, where i is the row of the box with entry n

and n—&; = (,u1,. ey Mi—1, Mg — 17,U,i+1,...).
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Note that
#Area(r) — #Area(r') =n—1— .

Let T € SYT’VT/ for some v = n — 1. Let T7™% be the tableau obtained by adding a
box with entry n in the ith row of T, if v + ¢; € Par and T is a valid tableau in
SYT), ...

LEMMA 3.4. Let T € SYT’: and i is such that T*™" € SYT] . For j > 1, let
(17)  N() = #{b € v|coleg, (b) = j — 1, leg, (b) = 0 and T(5) <4 n},
and N(0) = 0. Then

wt(TH; q)

(18) W _ qu17n+1+)\1 .qf(N(1)+...+N(i71))[N(i o 1)]q
Proof. Using Lemma 3.3,
N(j) = #{b in row j of T with leg, (b) = 0 and T(b) <, n}
= armc ,((J, V41 +1)) +1
(19) =v; —vjt1 — #{binrow j of T with (T'(b),n) € Area(n)}.
Then
i—1
YT = A(T) = AT, (v + 1) = > (v — v = N(j))
j=1
=1 —v;i—(N1)+...+ N@GE—-1))
Using
#Area(m) — #Area(n') =n — 1 — Ay, and n((v+e))—nl) =y,
then
(n((v +&:)') = #Area(m) +4(T™)) — (n(v') — #Area(n’) + 7(T))
=V; — (’I’L —1- )\1) + ’7(T+"’i, (Z, v; + 1))
:Vi—(n—l—)\1)+V1—Vi—(N(1)+...+N(i—1))
=rn—(Mn—-1=-X)—(N1)+...+ N —-1)),
and

[I [arm__pin.i ) (up(b)) + 1
beEv+te;
coleg, o, (b)>0

[[ [arme,re(up(b)) + 1],
colegl,e(yb)>0

= [arm<7,T+":i((i,ui+1))(UP((ia vi +1))) +1]q

= Jarme o ((i — 1,05 + 1)) + 1]y = [N(i — 1)],. O

LEMMA 3.5. Let T € SYT;T’ where @' € D,,_1 is obtained from w € D, by deleting the
rightmost occurrence of NE. Then with the notations from abouve,
(20)

) wi(T*" )

wt(T; q)

Wt(T+n71;q) vi—(n—1-A1)

M —n -+ +1], and wt(T:q) q

i>1
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Proof. We use the same notation as before from (17). Using (19),

ZN Z —vjp1 — #{b in row j of T with (T'(b),n) € Area(m)})

=1y — #{b € v with (T(b),n) € Area(m)}
=v; —#{1 <j<n-—1with (j,n) € Area(n)}

:Ul—(n—1)+)\1-

Then using (18),

t T+n,'i. .
Z w ( ,Q) _ qV1—”+1+/\1 Zq—(N(1)+...+N(z—1))[N(7; _ 1)]q

— wi(T;q) -
. 1— N(i—1)
= qul—’n"rl"r)\l Zq—(N(l)—‘r-‘,-N(z—l))qi
i>1 1- q
_ qul—n+1+>\1 Z q—(N(1)+...+N(z—1)) _ q_(N(1)+---+N(1—2))
; 1—¢
i>1
T N
= qVI*”JFlJF/\qu:m—_]' _ qV17n+1+)\1 q Artnon—l

1—g¢q 1—gq

Z[/\l—n+V1—|—1]q.

This gives the first statement of (20). (18) for ¢ = 1 gives the second statement
of (20). O

Now we can finish the proof of Theorem 3.1. Denote by R} (X;¢) the right hand
side of (16). To show that R} ();q) = Ri(};q), we show that R} ()\;q) satisfies the
determining recursions from §3.2.

Let 7’ € D,,—; be the path obtained by removing the first row of 7. Then A\(7’) = h
is obtained by removing the first row of A(7). Then by Lemma 3.5,

Ri(Xiq)

= D T YT Wi+ Y Pandmtdls Y wiTie)

vEn—1 4 vEn—1 4
TeSYTT TeSYTT
vi=n—k—1 es v vi=n—k €S v

= q”_k_l_(”_l_)‘l)R;c(X; @+ M—n+n—Fk+ l]quc,l(X; q)
= RN q) + [\ — k1R (M),

which matches with the Garsia-Remmel recursions (8). When k = 0, the sum in the
right hand side of (16) only runs over the partition g = (n). There is only one tableau

in SYT,), which is 7' = . Since #Area(r) = (5) — |A| = n((n)’) —|A|, then
wt(T;q) = ¢"((M)~ #Area(”) = q|’\‘. This proves that R)(\;q) = ¢/*. Thus R()\;q)
satisfies the recursions with the initial conditions, hence R} ();q) = Ri(X; q).

4. UNICELLULAR LLT FUNCTIONS

In this section we recall the definition and some basic properties and examples of
unicellular LLT functions, following the exposition in [4]. We follow standard notations
and conventions regarding symmetric functions and plethysm. In particular, for a
symmetric function f, f[X] denotes f(x1,xa,...).
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4.1. DYCK PATH SYMMETRIC FUNCTIONS. Let # € D,. For any word w =
(Wi,...,wy) € ZZ, let
inv(m,w) = #{(i,j) € Area(n) |w; > w,}.

The unicellular LLT symmetric function corresponding to 7 is a symmetric function
denoted x,(q), defined by

XW(Q)[X]: Z qinv(ﬂ-,w)xw’

wELY,

where for a word w as above, let x,, = [[; Zw,. A proof of symmetry of x.(¢) can be
found in [4, Proposition 3.2]. [4, Remark 3.6] also explains the connection with the
definition of unicellular LLT functions using skew diagrams and diagonal inversions.

The maximum value of inv (7, w) for w € Z2 is obtained when all boxes in Area(m)
contributes 1, in which case it equals to #Area(w). This means the highest power of
q in x-(q) is #Area(w). The reverse polynomial is denoted X, (q), defined by

(21) Xr(q) = g™y (g7 ).

4.2. EXAMPLES. Let n € Z~g.
(1) For m € Dy,
Xx(1) = hy'.

(2) Suppose 7 € D,, and 7 does not touch the diagonal line from (0,0) to (n,n)
except at the two ends. Then

XW(O)[X]: Z mw:hn[Xy

weZY

Hence, if m € D meets the line © = y at points (a3 + ... + o, 1 + ... + ay)
for ¢ € Z~( for some composition «, then,

Xx(0) = hq.
(3) Let m = (NE)™ € D,,. Then Area(n) = @ and so

X(NE)» (q) = et

(4) Let m = N"E™ € D,,. Then Area(m) = {(4,75) |1 < i < j < n} is the maximum
possible. Then for any word w € ZZ, inv(w,w) = inv(w) is the usual number
of inversions of the word, and since inv is Mahonian ( [11, Theorem 1.3]),

n
wvpn(a) = 3 [ } My = Wia(@),
ukn 5 q

where the right hand side denotes the ¢-Whittaker functions.

(5) Let rev : D — D be the map that takes a Dyck path to its reverse, i.e, the
path obtained by reading the Dyck path from right to left and interchanging
the N and E steps. [4, Proposition 3.3] says

(22) X (Q) = Xrev(m) (q)

(6) Suppose m,nm € D and let 7 - n denote their concatenation, then

Xrn(@) = X=(q) - Xn(q)-
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4.3. CHROMATIC QUASISYMMETRIC FUNCTIONS. For a Dyck path 7 € D, let X (q)
be the chromatic quasisymmetric function of the graph with vertex set [n] and edge
set

{{i,j} |[l1<i<j<nand(ij) € Area(ﬂ)}.
The chromatic quasisymmetric function X, (¢) is in fact a symmetric function given
by

X, (Q) [X] — Z qinv(mw)xw.

weZY
(¢,j)EArea(m)=w; Zw;

[4, Proposition 3.5] says

(23) Xx (@) [X] = (¢ —1)"X=(q) [q)_(l]

where the plethystic substitution on the right hand side can be computed via

Z QDA LJXJ = Z a,\ﬁ, for ay € Q(q).

178\ .
AePar AePar Hiif(‘f\l - 1)

4.4. w-INVOLUTION. Recall from [13, Chapter I] that the ring of symmetric functions
has the involution w that interchanges the elementary and complete homogeneous
symmetric functions. [4, Proposition 3.4] says that

(24) w(xx(q)) = e x(¢71) = X (q)-

5. W-EXPANSION OF UNICELLULAR LLT

In this section, we connect our formula for g-rook numbers with the results of [§],
showing in Proposition 5.1 that our tableaux weights are essentially the same as cer-
tain specializations of the tableaux weights from [8], thus they give the coefficients
of unicellular LLT functions in the g-Whittaker basis. Therefore, it follows in Corol-
lary 5.2 that the g-rook numbers are sum of W-coefficients (for a fixed first row length)
of the unicellular LLTs.

5.1. Let H A(g,t) for A € Par be the modified Macdonald functions, with notations
same as [9]. The ¢-Whittaker functions are [3]

Wi(q) = qn()\/)wg[,\(qfl,()) for \ € Par.

Let

(25) Wa(q) = "™ Wi(g™),

then

(26) w(Hx(g,0)) = Wi(q).

The first equation of §4 of [8] says

(27) (™| 2] = @0

where Qy (¢) is the same as in [13, Chapter III].
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5.2. For m € D, and partitions p - n, let ¢ ,(q) € Q(g) be defined by
(28) Xn(@) =D (1= )" " er u(@Walq)-

pukEn
Let

(29) Crnlg) = AL (g7h).
Recall from (21) and (25) that

Xo(g) = ¢y (™) and  Wi(g) = "M Wi(gh).
Then

(30) Xnl0) =) (1= )" e u(@)Wa(a),
pEn

or applying w, using (24) and (26) and the fact that w is an involution,
(31) xe(a) = Y (1= )" "% (0) Hu(a, 0).
pkEn

PROPOSITION 5.1. For m € D, and pt n,

Crp(q) = g " HOTHEAR R T (T g)

TeSYT],
(32) = @ [ e (ap(®) + 1,
TESYTE bep
coleg(b)>0

In particular, Cﬂ—ﬂu(Q) € Z)o[Q}-

Proof. The proposition is just a restatement of [8, Theorem 4.1]. We now explain the
changes required from their notations to our notation. Note that their x. is our X,
and our Y, is their F;

First, since X (q) = Xrev(r)(q), We have changed their order < to our <., where
in the notation of [8], for 1 < i < j < mn, i < j if (i,5) ¢ Area(rev(w)) and in our
notation i <, j if (¢,7) ¢ Area(m).

In [8], the authors use another partial order < on [n], defined by i < j if (i,7) €
Area(rev(m)), which with our conventions then translate to ¢ < j if (¢,7) € Area(m).

For a tableau T € SYTZ, let T denote the fillings in the first row of T', for 1 < 7 < n,
let T; be the skew shape with fillings < i, and T«; be the skew shape with fillings < 1.
Let ¢ appear in row s + 1 of T and d(T,i) = sh(T<;)s — sh(T<;)s+1, L(T,7) is the
coarm of the leftmost element in row s of T<;, m(T, ) is the number of elements that
are at least 2 rows above the box with filling < i.

Let
wi(T5q) = [[¢@0400 I @@ ol,  [1 [T = sh(T<i)srilqs
i¢T1 i¢T1 i:(T<i)57f@
(T<i)s=2

where the notations assume that ¢ appears in row s + 1 of 7. Then [8, Theorem 4.1]
says that

BRG]

Xﬂ(q)Z( > “AIVt(T;q)>q(q_1)mQ

pkn Y TESYT]

w (7).
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Note that |A(m

~—

| = (3) — #Area(r). Then using (23) and (27),

n+#Area(7r 1 X
X (q) = ( wt(Tq ) (g—1)"Qu(q )[_ J
pukn TGSYT7r 4
n rea(m n— - X
= ( Wt T q )q it Area(r) '(q—l) MIQM’(Q 1)|:_1:|
pukn TGSYT7r 4
_ ( Wt T q )qn+#Arca(7r . (q _ 1)n7u1qfnq7n(u’)j—v[u(q’ O)[X]
pkn STESYT]
_ ( SH(Tiq )q#Arcaw ) (1= ) (g, 0)[X)
pkn STESYT]
Comparing with (31),
() = gFAream—n =i N (T ),
TESYTT
or, using (29),
(33) Crplq) =" > wi(Tig ™).
TESYTT

Suppose that i appears in row s + 1 in the box T, If (T;), = @ then d(T,17) is
one plus the number of boxes ¢ in row s in the arm of up(7'?)) whose value T'(c) < i.
Since T'(¢) 4 4, this means T'(¢) <, i. On the other hand, if T'(¢) < ¢, then T'(¢) < i
and T'(c) 4 i. So

d(T7l) = arm<wi(up(T(i))) +1, if (T-<i)s =o.

Suppose (T<;)s # @. If j < i then (j,7) € Area(w) and if k > j, then (k,4) has
to be below the path as well, so k ¢ i. Then L(T,i) — coarm(T()) is one plus the
number of boxes ¢ in the arm of up(7*) such that T'(c) <, 4. So

L(T,i) — sh(T<;)s41 = arm._;(up(T?)) 41, if (T)s # @.
Then ‘ . ‘
Tiq) = [ a0 T farme o(up(T)) + 1,
i¢T i¢T
Note that
d(T,i) = arm<¢(up(T(i))) +1
and
wt(T;q7") = J] ¢4 [arme i (ap(T™)) + 1]
’L¢T1
m 7)+arm<;(u () —arm i (u (%) 7
- H g (T i) Farm<; (up(TH7))+1 <es (TN arm . (up(TW)) + 14,
i¢T)

and arm; (up(T®)) —arm__;(up(T®)) is the number of boxes in row s with fillings
< i. So m(T,i) + arm;(up(T®)) — arm<_;(up(T?)) is the number of boxes with
fillings < ¢ which are above ¢ (such a filling must occur to the right of 7). Then m(T, i)+
arm_;(up(T®)) — arm.._,(up(T®)) = (T, TO).

Then comparing with (15),

wi(Tiq ) = ¢ [ @7 larmei(up(TO)) + 1, = g0 F#ARD (7).
i¢Ty
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Then by (33),

Crlg) = q MO TENEAD ST (T ), 0
TESYT;:

COROLLARY 5.2. Let m € D, with A(m) = X. Suppose

Xa(@) =D (1= )" "er(@Wula) and Xx(q) =D (1—q )" " (@) Wo(q)-

pkn ubn
Then
Re(hg)= Y ¢"¢#Nee () and  Ri(Ng )= D Eeula):
pEn pEn
p1=n—Fk pi=n—=k

The recent paper [12] obtains another proof of Corollary 5.2.

6. ABELIAN DYCK PATHS

In this section we first provide a condition for which partitions appear in (16). Then
we focus our attention to Abelian Dyck paths, which are paths 7 such that if A = ()
then |7| > A1 + Aj. We show that in the case of Abelian Dyck paths the sum in (16)
only runs over a single partition. We then provide another proof of a result of Guay-
Paquet that says in the case of Abelian Dyck paths, the unicellular LLT functions
are sum of unicellular LLT functions with rectangle shapes, where the coefficients are
given by certain g-hit numbers, which are closely related with the g-rook numbers.

6.1. A CONDITION FOR SYT}, # @. Recall that a subset of a poset P is a chain if
any two elements are comparable, and it is an anti-chain if any two distinct elements
are incomparable.

For w € D, let P(mw) F n denote the Greene shape of the poset determined by <,
on [n], i.e, P(m)1 + ...+ P(m); is the maximum number of elements in a union of &k
anti-chains in [n] with respect to <,. By [7, Theorem 1.5], P(7)} + ...+ P(m)}, is the
maximum number of elements in a union of & chains in [n] with respect to <, where
P(7)’ denotes the conjugate partition of P(r).

For the path 7 from Figure 1, P(7) = (3,2,1). For example, the sets {1,2,3},
{4,5}, and {6} are antichains of length 3, 2, and 1, respectively, and the sets {1,4,6},
{2,5} and {3} are chains of length 3, 2, and 1, respectively.

LEMMA 6.1. Let m € Dy, and p = n be such that SYT), # &. Then pu > P(w) in the
dominance order.

Proof. Since entries in each column increase according to <, the entries in each
column consists of a chain in [n], therefore pf + ... + pj, < the maximum number
of elements in a union of k chains with respect to <, = P(n)} + ...+ P(m)}. So,
' < P(m), or p > P(7) in dominance order. O

6.2. ABELIAN DYCK PATHS. For n,m € Zx, denote by (m”™) the rectangular par-
tition (m,...,m) with n rows with all parts equal to m. A partition p C (m") if
p1 < m and p) < n.

For p C (m™), denote by ©#™™(u) € Dy 4y, the path with A(7™™(p)) = p.

PROPOSITION 6.2. Let A € Par, A C (m") and m = 7™ (X). Then P(m)} < 2.

Proof. Suppose 1 < ¢ <, j < k<m+mn. Then i < j < k and (i,j) ¢ Area(n) and
(4, k) ¢ Area(r). Now, (i,j) ¢ Area(w) implies that j > m+n—X\, 2 m+n—n=m,
but then for any k > j, (j,k) € Area(r), a contradiction. Then the maximum length
of an chain in ([m+n], <) has to be < 2. Therefore, Lemma 6.1 proves the claim. O
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PROPOSITION 6.3. Let A € Par and let N > A\ + N|. Suppose m € Dy is such that
Am) = A. Then

(34) R(X\iq) = ¢M= N "Rke v (@)

Proof. Taking m > A1 and n > A| such that m+n = N in Proposition 6.2, P(7)] < 2
and if SYT}, # @ then p/ < P(r)’, thus g} < 2. Then the summands in Rx();q)
from (16) runs over u F N with pu; = N —k, there is only one possibility of y, namely,
pw= (N —k, k). Using #Area(n) = (g) — ||, and

(N — b, k)') — #Area(r) = (N; ’“) 4 (’;) - (JQV) A= Al = (N — Rk

in Corollary 5.2 gives the statement. U

6.3. PROOF OF [5, THEOREM 1.3]. In this subsection we provide another proof of [5,
Theorem 1.3], where it is attributed to Guay-Paquet’s unpublished work. It says that
for abelian Dyck paths, the unicellular LLT functions are a sum of the corresponding
functions for rectangle shaped paths, with coefficients ¢-hit numbers.

Let A C (m™) be a partition with n < m. Recall from [5, Definition 2.3] the ¢-hit
numbers of A are defined for k£ € Zx, by

AL i o
m,n i+k _mi—
(35)  H{"(Ng) = m_n.Einq 1[J5—n ),
and the reverse relation is [5, (2.3)]

(36) Ru(yq) = gk =l ZH’"" (Aiq [ }

[m — k]!

-1

PROPOSITION 6.4 ([5, THEOREM 1.3]). Let A C (m™) with n < m. Let 7 = m(\) =
7™(A) € Dyym be the Dyck path such that M(w) = A, and for 0 < j < n, let
m(m?) € Dyt be the Dyck paths for which X(m(m?)) = (m?). Then

m

Xr(n) (@) = [[m]n,]q' D H(A5q) - Xn(mo (0)-
A —

Note that the version in [5] is about chromatic symmetric functions, which is equiv-
alent to the statement above by using (23).

Proof. Using Proposition 6.3 and (10),

Cr((mi)),(man—kk) (@) = g MITTTRER ((m7); q)

_ it man—kk | (i=k)(m—F) lg! [m
[‘ - k}q' k q

_ (n—5)k []]q' m
37) =4 UHJ{J;

In particular, ¢x((mi)),(m4n—kk) = 0 if & > j. By (28) and Proposition 6.2,

J

(38) X () (@) = D (1= @) er(m)).(mtn—te) (QWimtn—ii) (@)
k=0
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Using Proposition 6.3, (36), (3), (2) and (37),
Ca(n)(mtn—k) (@) = ¢ MTFTRRR, (X q)

_ qfl)\\Jr(ernfk)k . q|)\\f

m: "ZH;"”

l o,

<.

[m— ] 'j k k ¢
_ (n—k)k [m — mn —k(j—Fk) 74!
e H 'JZkH S R
_ (n— [m — n]q' m,n gy, —k(j— []]q' [m]q'
— g(n—k)k T j_ZkHj (A q)g = o0 — R, T A1
— [m_n mn (n—j)k []q' m
] ZkH v ]

ZHm’ (X5 Q) Cr((mi),(mtn—k.k) (@)-

Therefore, using (38),

m-+n
Xa(n)(9) = Z (1= @) crn), (metn—to ) Wimtn—tek) (@)
k=0
m—+n m—
= Z (1-q) ( q ZHmn (X q)e ) (mA+n—kk) (@ ))W(m+n—k,k)(4)
k=0
- m —n,! _—
Z ([m],qZHj ’ ()‘;Q)Cﬂ((mj)),(m+nk,k)(Q)>W(m+n—k,k)(Q)
_ q: j=
[m - n] - m,n !
= [m] | ZH )‘ q Z Tr(mJ) (m+n—k k)( )W(ernfk,k)(Q)
7 =0 k=0
[m B n] ! - m,n
= ] SEN T HTM (A G) X (9)- O
q §=0

7. nTH ROOK NUMBERS FROM e-COEFFICIENTS

In this section, we show that if A C (n™) is a partition with n —i+1 < A\; < n for
every i € [n], then the n-th g-rook number R, (}\; q) can be obtained from taking sums
of coefficients from the e-expansion of certain unicellular LLT functions.

For m € D, and p F n, define b, ,(q) € Q(q) by

> (g = 1" Wby (g)ey.

pEn

(39) X=(q) =

A formula for by ,(g) is obtained in [2, Theorem 1.3], where it is also shown that
br.u(q) € Zxolq] for all m, 1. We do not need the precise formulas here. The following
is our main result in this section.
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PROPOSITION 7.1. Let m € D, with A(m) = A and let A\ = A(m)¢ = (n — Ap,n —
An—1, .., — A1) denote the complimentary partition of \ inside (n™). Then

(40) Z q"fe(“)bmt(q) = H[n — A — i+ 1], = Ru(X5q).
pkn j=1

(11) is the second equality above. To show the first equality, we prove that both
sides of (40) are multiplicative and satisfy the modular laws of Abreu and Nigro
from [1] and [2]. [1, Theorem 1.2] says that such functions are completely determined
by their values on the paths N"E™ for n € Z3, and we show that two sides of the
first equality in (40) are equal for these paths.

For 7,n € D, let w-n denote the concatenation of two Dyck paths. For an algebra A,
a function f: D — A is multiplicative if f(7-n) = f(x) - f(n) for any 7,7 € D.

Taking the generators v,, = ¢~ 'p,, for n € Z+( of the ring of symmetric functions
in [2, Definition 3.1] we get

IF (m) = Z b (@)™ Mpy for T € D,.
pukn

Taking specialization at (1,0,...), and multiplying by ¢!l

(41) ¢"TF(m)[1] =Y q" Wb u(q) for 7 € Dy,

pkn
which is the left hand side of (40). By [2, Proposition 3.3, 3.4] 7 — IF(w) is multi-
plicative and satisfies the modular laws. Then so is 7 +— ¢"IF(7)[1].

Lemma 7.2 says that the two sides of the first equality in (40) agree on paths
N"E™ for n € Zso and Lemma 7.3 and the above discussion says that both of
them are multiplicative and satisfy modular law. Hence their equality is proved by [1,
Theorem 1.2].

We now provide the details concerning the product side of (40).

A similar result has been proved in [2, Proposition 3.8], which says for 7 € D,, and
A= \m),

n

S beul) = [+ 1= A — dla).

pkn =1
7.1. ¢-STIRLING NUMBERS OF FIRST KIND. The ¢-Stirling numbers of first kind
sq(n, k) are defined by [2, page 4]

n

2(@ = [Ug)(z = [n = 1)) = Y _(=1)" Fs4(n, k)a*.

k=1

Putting 2 = —2z~! and multiplying by (—2)", we get

n n—1
(42) Z 5q(n, k)zn_k = H(l + [i]q2).
k=1 =0

In other words,
sq(n, k) = en—k([0]q,...,[n—1]y).

7.2. EQUALITY FOR N"™E™. Now we prove (40) when 7 = N"E™.

LEMMA 7.2. For n € Z~y,

(43) > " by gy = [0l = Ru((n"); q)
AFn
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Proof. By (11),

[2, Corollary 3.7] says that
Z bN”E"",)\ = Sq(n, ]f).

AEn
L(N)=k

Then by (42),

Zq" t) anEn,\—Zq" ks (n,k) = [n]y. O

AFEn
7.3. MULTIPLICATIVITY AND MODULAR LAW.
LEMMA 7.3. Define G : D — Zlq| by

n

G(m) = H[n —XNm); —j+ 1] for m € Dy,

j=1
Then G is multiplicative and satisfies the modular law.

Proof. For showing that G is multiplicative, let 7 € D,,,n € D,,, and 7 - denotes the
concatenation of those two Dyck paths. Then

Am-n); = {A(W)j for 1 < j

<
A)j—n+n forn+1<j<n+m.

)

Then

G(w)-G(n):H[n—)\ Vi —i+1], H )j — 3+ 1],

=[]ln+m—Aa)i — (i +m) + 1. [[Im+n = (An); +n) —j +1],

,,:13

i=1 j=1
m—+n

= [[in+m—Aa-m);—i+1, =G n).
7j=1

Hence, G is multiplicative.

Let 7% .72 be Dyck paths satifying conditions (1) or (2) of modular law of [1,
Definition 2.1] with A(7(V) = A(® for i € {0,1,2}. Using the transformation given
by §2.8, one of the following is true

(1) AXO = D 4 e, and A®) = AV — ¢, for some s € Z,

or,

(2) @ =20 — ¢ A0 = XU 1 ¢ ) and AW )\521 = 1 for some r € Z~y,
To show that modular law holds we need to show that for any three Dyck paths

70, 7!, w2 with associated partitions A9, XD A2 satisfying (1) or (2) as above,

(1+q)G(rM) = ¢G(7 V) + G(z@).
Both of these cases are proved by using

(44) (1+q)lalqg = gla—1]4 + [a + 1]4, for a € Zx.

Assume that condition (1) is true. In this case, since the difference is only on one
component s, taking
a=n—-AY—s+1
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gives
n—)\go)—s—f—l:a—l, andn—)\f)—s—i—l:a—&—l,
so using (44) shows that modular law holds true in this case.
Next, assume that condition (2) is true. Let

a:n—)\gl)—r+1:n—)\gl—(r+1)+1andb: H [n—)\g-l)—j—&-l]q.
Jj#r,r+1
Then using
n-X¥—r41=n- Y -1)—r+1=0a+1,
n—)\fi_l (+1)+1:n—)\521—r:n—)\gl)—r—i—l:a,
nf)\(o)fr+1:nf)\,(})fr+1:a,
=AY ) +1=n- QA+ ) -+ ) +1=a—1,
we get,
gG(r ) + G(@®) = b ([a+ 1ylaly + glalgla = 1]g) = b- (1 +g)lalylal,
= I =2 =i+t 4@l =AY =+ tgln = X2 — (r 1) + 1
JjF#r,r+1
— (1+)G(x).

Hence, G satisfies the modular law. O

8. FURTHER COMMENTS

8.1. A FORMULA FOR THE ¢-STIRLING NUMBERS. Recall from (9) that the ¢-Stirling
numbers of second kind are S¢(n,k) = R,—r(pn;q), where p, = (n—1,...,0) is the
staircase partition. Theorem 3.1 in this case becomes a sum over the usual standard
Young tableaux.

PROPOSITION 8.1. Let n, k € Z~q, the q-Stirling numbers of second kind has the

formula
k) = Z i Z H [arm 7 p) (up(b) + 1)]q-

ukn TeSYT, bep
1=k coleg(b)>0

Proof. Forn € Zsg, let A\=p, = (n—1,n—2,...,1,0). Let 7 = 7(\) € D,,. Then
#Area(m) = 0 and 4,5 € [n], i < j if and only if i < j. So for = n, SYT], = SYT,
and for T'e SYT,, and b € pu, v(T,b) = 0. Then

wt(T;q) = q"(”/) H [arm o7 (up(b)) + 1]4,

bep
coleg(b)>0

so Theorem 3.1 gives the result. O

8.2. MATRIX COUNTING OVER Fy. Let 7 € D,, and A = A(7), Pi(;¢) be the number
of n x n matrices over I, of rank k such that all non-zero entries appear above 7.
Then by [10, Theorem 1]

Pi(m;q) = (¢ — )FqP*R(Ajq7) = (1= ¢ ) M RN ¢ 7).
Then using Corollary 5.2,
45)  Pumag)=ad"1—g ) > Gu@)=d" > Wa@)Xx(9),

pkn pkEn
p1=n—k p1=n—=k
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where [’W#(q)]f(,r (¢) denotes the coefficient of Wﬂ(q) in the W-expansion of Xr(q)-
Since Zk>0 Py(m; q) is the total number of matrices such that all non-zero entries

lie above 7, which is simply ¢/, we get

> Wau(@)Xx(q) = 1.

pEn
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