ALGEBRAIC
COMBINATORICS

Jack Allsop

Isotopisms of quadratic quasigroups
Volume 9, issue 1 (2026), p. 75-94.
https://doi.org/10.5802/alco.467

© The author(s), 2026.
This article is licensed under the

CREATIVE COMMONS ATTRIBUTION (CC-BY) 4.0 LICENSE.
http://creativecommons.org/licenses /by /4.0/

and is a member of the Centre Mersenne for Open Scientific Publishing

Algebraic Combinatorics is published by The Combinatorics Consortium 4
www.tccpublishing.org Wwww.centre-mersenne.org ‘. >

e-ISSN: 2589-5486
MERSENNE


https://doi.org/10.5802/alco.467
http://creativecommons.org/licenses/by/4.0/
https://www.tccpublishing.org/
www.tccpublishing.org
www.centre-mersenne.org
http://www.centre-mersenne.org/

Algebraic Combinatorics
Volume 9, issue 1 (2026), p. 75-94
https://doi.org/10.5802/alco.467

[sotopisms of quadratic quasigroups

Jack Allsop

ABSTRACT A quasigroup is a pair (Q, *) where @ is a non-empty set and * is a binary operation
on Q such that for every (u,v) € Q? there exists a unique (z,y) € Q2 such that uxx = v = yxu.
Let ¢ be an odd prime power, let F; denote the finite field of order g, and let R4 denote the
set of non-zero squares in Fy. Let (a,b) € ]Fg be such that {ab,(a —1)(b—1)} C Ry. Let Qg1
denote the quadratic quasigroup (Fg, *q.) where x, 3 is defined by

{:E—i—a(y—x) ify —xz € Ry,

T *q b Y = .

z+ by —x) otherwise.

The operation table of a quadratic quasigroup is a quadratic Latin square. Recently, it has
been determined exactly when two quadratic quasigroups are isomorphic and the automor-
phism group of any quadratic quasigroup has been determined. In this paper, we extend these
results. We determine exactly when two quadratic quasigroups are isotopic and we determine
the autotopism group of any quadratic quasigroup. In the process, we count the number of 2 x 2
subsquares in quadratic Latin squares.

1. INTRODUCTION

Throughout this paper, p will denote an odd prime, d will denote a positive integer,
and ¢ = p? will be an odd prime power.

A quasigroup is a pair (Q, x) where @) is a non-empty set and x is a binary operation
on @ such that for every (u,v) € @Q? there exists a unique (z,y) € @? such that
u*xx = v =y *u. We will often refer to the quasigroup (@, *) simply by Q. If @ is
finite, then |Q| is the order of Q. We are only concerned with finite quasigroups in
this paper.

Let n be a positive integer. A Latin square of order n is an n X n matrix of n
symbols, each of which occurs exactly once in each row and column. In this paper,
we will assume that the rows and columns of any Latin square are indexed by its
symbol set. With this convention, Latin squares are combinatorial equivalents of finite
quasigroups, in the sense that the operation table of any quasigroup of order n is a
Latin square of order n and any Latin square of order n can be interpreted as the
operation table of a quasigroup of order n.

Let F, denote the finite field of order g, let R, denote the set of quadratic residues

in the multiplicative group Fy, and let N, denote the set of quadratic non-residues
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in F}. Let (a,b) € F2 be such that {ab, (a—1)(b—1)} € R,. Define a binary operation
* = % on Fy by

x ifex=y,
zrxy=< zc+aly—z) ify—zeRy
r+bly—z) ify—zelN,.

The pair (Fy, *) defines a quasigroup, called a quadratic quasigroup, which is denoted
by Q.. The operation table of a quadratic quasigroup is a quadratic Latin square.
The operation table of Q, 3 is denoted by L[a, b]. Note that the operation *,; can be
defined for any (a,b) € F2, but the condition {ab, (a —1)(b— 1)} C R, is necessary
and sufficient for (Fy,*45) to be a quasigroup [16].

Quadratic quasigroups have previously been used to construct perfect 1-
factorisations [2, 18, 30], anti-perfect 1-factorisations [1], mutually orthogonal Latin
squares [16, 17], atomic Latin squares [30], anti-atomic Latin squares [1], N2 Latin
squares [1], Latin trades [8], Falconer varieties [2], and maximally non-associative
quasigroups [13, 15, 25].

Let X be a set. Let Sym(X) denote the group of permutations of X and let Alt(X)
denote the group of even permutations of X. Let ¢ € Sym(X) denote the identity
permutation of X. Whenever we use the symbol €, the set that it is acting on will be
clear from context. In this paper, f o g denotes the function x — f(g(x)).

Let (@, *) and (@', ) be quasigroups. If there exist bijective maps «, 8,v: Q — Q'
such that a(z) - B(y) = y(x * y) for all (z,y) € Q% then Q and Q' are isotopic and
(a, B,7) is an isotopism from Q to Q. If there exists a bijective map 6 : @ — @’ such
that 0(z) - O(y) = 0(z * y) for all (x,y) € Q2, then Q and Q' are isomorphic and @ is
an isomorphism from Q to @Q’. An autotopism of () is an isotopism from @ to itself
and we denote the group of autotopisms of @ by Atp(Q). An automorphism of @ is
an isomorphism from @ to itself and we denote the group of automorphisms of @ by
Aut(Q). We will also refer to a triple (0, 6,6) € Atp(Q) as an automorphism of Q.

Let n be a positive integer and let (Q,*) be a quasigroup of order n. We can
identify @ with the set of n? triples {(z,y,x *y) : (z,y) € Q*}. A parastrophe of Q
is a quasigroup obtained from @ by uniformly permuting the elements of each of its
triples. Every quasigroup has six, not necessarily distinct, parastrophes. The notions
of isotopisms, isomorphisms, and parastrophes extend naturally to Latin squares.

Drépal and Wanless [14] determined the automorphism groups of quadratic quasi-
groups and also determined exactly when two quadratic quasigroups are isomorphic.
Before stating their results, we need to give some definitions.

Let K be a subfield of F,. A permutation ¢ € Sym(Fy) is additive if Y(z +y) =
U(x) +P(y) for all (z,y) € F2 and ¢ is K-linear if 1 is additive and ¢ (kz) = ki ()
for all k € K and = € Fy. For c € Fy, let 7. : F; — F, be defined by  — z + ¢ and
let A\; : F, — F, be defined by = + cz. Define 7, = {7. : ¢ € F,}. We can identify the
general linear group GL4(p) with the set of additive permutations in Sym(F,) and we
can identify the affine general linear group AGL4(p) with the set of permutations in
Sym(F,) of the form 7. o o where ¢ € GL4(p) and c € F,.

Denote the automorphism group of Fy by Aut(F,) and denote the group of automor-
phisms of F, which fix a subfield K of F, pointwise by Gal(F,|K). Define AI'*L, (F,|K)
to be the group of all mappings of the form x — v6(z) + p for some v € Ry, p € Fy,
and 0 € Gal(F,|K). Suppose that |K| = ¢? for some integer ¢. Then we can define
ATLYY(F,|K) to be the group consisting of all mappings in AT?L; (F,|K) along with
all mappings of the form x + v0(z¢) + u for some v € Ny, u € Fy, and 0 € Gal(F,|K).

The following two theorems were shown in [14].
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Isotopisms of quadratic quasigroups

THEOREM 1.1. Quadratic quasigroups Qg p» and Qg v of order q are isomorphic if and
only if there exists some 6 € Aut(F,) such that {a,b} = {6(a’),0(V')}.

THEOREM 1.2. Let Q = Q, be a quadratic quasigroup of order q and let K be the
subfield of F, generated by a and b. Then Aut(Q) = ATL; (F,|K) up to these excep-
tions:

o Ifa=>b, then Aut(Q) = AGL,(|K|) where k = [F, : K]. Every automorphism
of Q is of the form 7, 0 o for some u € Fyq and some K-linear map o €
Sym(F,).

o If|K| = (2 for some integer ¢ and b = aS, then Aut(Q) = ATL{"(F,|K).

o Ifq="7 and {a,b} = {3,5}, then Aut(Q) = PSLo(7).

We prove the analogous result to Theorem 1.1 for isotopisms and to Theorem 1.2
for autotopisms.

THEOREM 1.3. Quadratic quasigroups Qqp and Qg of order q are isotopic if and
only if one of the following holds:
o There exists some § € Aut(F,) such that {a,b} = {6(a’),0(V')},
ea=banda =V.

THEOREM 1.4. Let Q = Q,p be a quadratic quasigroup of order q.

o Ifa =0, then Atp(Q) is isomorphic to the semi-direct product T2 x GLqg(p)
with multiplication defined by

((Tua Tv); 9) : ((Twa Tz)v ¢) = ((T¢*1(u)+w7 T¢71(v)+z)a 6o (b)

Every autotopism of Q is of the form (A\[*,0007,0\1_a, Ay LofoT,0)q, 00Ty 1)
for some 6 € GL4(p) and {u,v} CTF,.

o Ifa # b, then every autotopism of Q is an automorphism and so Atp(Q)
Aut(Q).

Theorem 1.3 and Theorem 1.4 rely on a special case of a theorem of Li [23] which
classifies the primitive permutation groups that contain an abelian regular subgroup.
The proof of Li’s result relies on the classification of finite simple groups, thus so too
do the proofs of Theorem 1.3 and Theorem 1.4.

Let Q@ = Q,p and Q' = Q4 be quadratic quasigroups with @ # b and o’ # b'.
Theorem 1.3 tells us that @ and Q' are isotopic if and only if they are isomorphic.
This statement was predicted in [2] in the case where Q and Q' are of prime order.

Theorem 1.3 and Theorem 1.4 are easy to verify in the case where a = b.
In the proof of [14, Theorem 1.3], it is shown that any quadratic quasigroup
Qq.q of order ¢ is isotopic to (Fg,+) and any quadratic quasigroup Qgp with
a # b is not isotopic to any group. Theorem 1.3 now easily follows in the
case where a = b. The autotopism group of an abelian group (G,+) is iso-
morphic to the semidirect product G? x Aut(G) with multiplication defined by
((gla gQ)ﬂ 0) ' ((h17 hQ)’ ¢) - ((Qbil(gl) + hla (72571(92) + h2)7 6o ¢) Furthermorev every
autotopism of G is of the form (a, 8,v) where a(z) = 0(x + u), f(z) = 6(z + v),
and y(x) = 0(z + u + v) for some {u,v} C G and 6 € Aut(G) [3]. The claim of
Theorem 1.4 in the case where a = b now follows, since (A1_q, A, €) is an isotopism
from Q,, to (Fy,+) and the automorphism group of (Fy,+) is GL4(p). It remains
to prove Theorem 1.3 and Theorem 1.4 in the case where a # b.

a4

In order to prove Theorem 1.3 and Theorem 1.4, we will need to use some results
about the structure of quadratic Latin squares. Let L be a Latin square with symbol
set S. An intercalate of L is a subset {ri,73} C S consisting of distinct rows and
a subset {c1,co} C S consisting of distinct columns such that L,, ., = Ly, ., and
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Ly, ey, = Ly, c,. There has been lots of work done counting intercalates in Latin
squares [9, 11, 19, 20, 21, 22, 27, 29]. Particular focus has been given to Latin squares
that have no intercalates. Such squares are called Ny. Asymptotically almost all Latin
squares of order n contain ©(n?) intercalates and so Ny Latin square are rare [20, 21].
In [1], it was determined exactly when a quadratic Latin square is N.

THEOREM 1.5. Let L = L[a,b] be a quadratic Latin square of order q. If b €
{—a,2 —a,a/(2a — 1)}, then ¢ = 1mod4 and L contains an intercalate. If b ¢
{—a,2 —a,a/(2a — 1)}, then L contains an intercalate if and only if

(1) (2ab—a—->b)(a+b)(a—1) e R,y and {2(a+b—2)(a—1),2a(a+b)} CN,.

We generalise Theorem 1.5 by counting the number of intercalates in quadratic
Latin squares.

THEOREM 1.6. Let £ = L[a,b] be a quadratic Latin square of order q¢ and let N be the
number of intercalates that L contains.
o IfbZ {—a,2—a,a/(2a —1)} and (1) is not satisfied, then N = 0.
o Ifb¢{—a,2—a,a/(2a—1)} and (1) is satisfied, then N = q(q — 1).
o Ifbe{—a,2—a,a/(2a — 1)}, then
(¢ —1)(g + 11¢"/* +70)

q(g —1)(¢ — 11¢"/> — 38) cn<! _
32 32

Let £L = L[a,a] be a quadratic Latin square of order ¢ and note that a &
{—=a,2—a,a/(2a — 1)} since a ¢ {0,1}. Since L is isotopic to the Cayley table of
(Fy,+), it follows that £ is Ny. Furthermore, 2(a +a —2)(a — 1) = 4(a — 1)? € Ry,
thus (1) is not satisfied. Therefore, Theorem 1.6 is true when ¢ = b. It remains to
verify Theorem 1.6 in the case where a # b.

Let n be a positive integer. The maximum number of intercalates in a Latin square
of order n is n%(n — 1)/4 and there is a Latin square of order n that achieves this
bound if and only if n is a power of 2 (see, e.g. [19]). On the other hand, there is
a Latin square of order n with at least (n — 1)(n — 3)(n — 15)/8 intercalates [5]. By
Theorem 1.6, a Latin square L]a, b] of order ¢ with b € {—a,2 —a,a/(2a —1)} (which
exists whenever 9 < ¢ = 1 mod 4) has at least ¢(¢ — 1)(q — 11¢*/? — 38)/32 = O(¢?)
intercalates, which is within a constant factor of the maximum number of intercalates
that a Latin square of order ¢ can contain.

A species of Latin squares is a maximal class of Latin squares that is closed under
applying isotopisms and taking parastrophes. It is known [1] that there are 7¢%/32 +
O(q3/ 2) quadratic Latin squares of order ¢ that are Ny. Since the Ny property of a
Latin square is a species invariant, it would be useful to know the number of species
that contain an Ny quadratic Latin square of order q. Theorem 1.3 allows us to deduce
that there are at least Q(q?/log(q)) species that contain an N quadratic Latin square
of order ¢g. Counting problems such as this (see also [2]) partly motivated the study
of when quadratic quasigroups are isotopic.

We now outline the structure of the remainder of the paper. In §2, we prove Theo-
rem 1.6. After that, our next goal is to prove Theorem 1.4 for quadratic quasigroups
Qu.p with a # b. For a quasigroup @ and i € {1,2,3}, denote by Atp,;(Q) the pro-
jection of Atp(Q) onto the i-th coordinate. Let Q = Q,; be a quadratic quasigroup
of order ¢ with a # b and let ¢ € {1,2,3}. In §3, we prove that any autotopism
of @ whose components all lie in AGL4(p) is an automorphism of Q. In §4, we prove
that Atp,(Q) € AGLg4(p) if Atp,(Q) is not 2-transitive and in §5, we prove that
Atp;(Q) C AGLy(p) if Atp,;(Q) is 2-transitive. In §6, we combine the results proved
in §3, §4, and §5 to prove Theorem 1.4 and then we prove Theorem 1.3. Finally, we
give some concluding remarks in §7.
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2. INTERCALATES IN QUADRATIC LATIN SQUARES

In this section, we prove Theorem 1.6. We start with some definitions and simple
facts.

Let L be a Latin square with symbol set S and let < and j be distinct elements
of S. The permutation mapping row i of L to row j, denoted by r; ;, is defined by
ri,;(Li k) = Lj 1 for each k € S. Such a permutation is called a row permutation of L.
Every row permutation of L is a derangement. When writing a row permutation in
disjoint cycle notation, every cycle is called a row cycle. A row cycle of length two is
a transposition. A transposition in r; ; is equivalent to an intercalate in L involving
rows ¢ and j.

Let £ = L[a,b] be a quadratic Latin square of order ¢. Let x : F, — {-1,0,1}
denote the extended quadratic character on F,. Define a map ¢ = ¢[a,b] : F, — F,

by
_Jax if x(x) =1,
wla) = {bm otherwise.

Then %4y =z + @(y — x) = Ly, for all (z,y) € F7. Let (i,7) € F2 with i # j. The
row permutation r; ; of £ satisfies
(2) Tij =Tj0@OTi_jop 0T ;.

The cycle structure of a permutation is a sorted list of the lengths of its cycles.
The following lemma regarding row permutations of quadratic Latin squares, which

was essentially proved in [30], is a consequence of the large automorphism groups of
quadratic quasigroups.

LEMMA 2.1. Let £ = L[a,b] be a quadratic Latin square of order q and let i and j be
distinct elements of Fy.

(i) If g = 3 mod 4, then the row permutation ; ; of L has the same cycle structure
as the row permutation o1 of L.

(ii) Ifqg =1 mod 4, then the row permutation r; ; of L has the same cycle structure
as the row permutation ro1 of L if x(j —i) = 1 and it has the same cycle
structure as the row permutation ro1 of L[b,a] if x(j — i) = —1.

Fix any two distinct rows ¢ and j of a Latin square L. The number of interca-
lates of L involving rows ¢ and j is exactly the number of transpositions in the row
permutation 7; ; (or 7;;) of L. Therefore, in order to count the number of interca-
lates in a Latin square, it suffices to count the number of transpositions in each of
its row permutations. Now let £ = L[a,b] be a quadratic Latin square of order q.
By Lemma 2.1, to count the number of transpositions in any row permutation of L,
it suffices to count the number of transpositions in the row permutation rg; of £
and if ¢ = 1 mod 4, also the number of transpositions in the row permutation rg; of
L[b, a]. So, our goal in this section is to count the number of transpositions in the row
permutations r ; of quadratic Latin squares. To do this, we employ the method used
in [1]. The remainder of this section will heavily rely on results and proofs that come
from [1], so readers may find it useful to consult that paper for further details and
clarity. We now give some definitions from [1], with occasional changes in notation.

Call a pair (a,b) € F2 valid if {ab, (a—1)(b—1)} € R,. For a valid pair (a,b) € F7,
let wla,b] denote the row permutation r¢; of the quadratic Latin square L[a,b] of
order g. Since we have already verified Theorem 1.6 in the case where a = b, we are
only interested in counting the number of transpositions in permutations wa, b] where
(a,b) € F2 is valid and a # b. Define

I ={wla,b]: (a,b) € IB‘?I is valid and a # b}.

Algebraic Combinatorics, Vol. 9 #1 (2026) 79
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DEFINITION 2.2. Let w = wla,b] € T, let p = pla,b], and let z € {—1,0,1}*. We say
that w satisfies z with j € Fy if: w?(j) = 4, 20 = x(4), 21 = x(¢7 () — 1), 22 =
x(w(5)), and z3 = x(¢~ ' (w(j)) — 1).

Let w = wla,b] € T. If w satisfies a sequence z € {—1,0,1}* with some j € Fy,
then we will sometimes just say that w satisfies z € {—1,0,1}*. We denote the cycle
of w containing 0 by wy and we denote the cycle of w containing a by w,. It is a
simple fact that if w satisfies 2 € {—1,0,1}* with j € F, and {0,a} N {j,w(j)} = @
then z € {—1,1}%. We can determine information about the transpositions in w by
studying sequences in {—1,1}* that it satisfies.

Define

T = {(—1,—1 -1,1),(-1,-1,1,-1),(-1,1,1,1),(1,—-1,1,1)},
Toy ={(-1,-1,-1,-1),(-1,-1,1,1),(-1,1,1,-1),(1,1,1,1)},
Tro={(-1,-1,1,1),(-1,1,-1,1),(-1,1,1,-1),(1,—-1,1,-1)}, and
Tos={(-1,— 1,-1),(-1,-1,1,1),(-1,1,-1,1),

(— 1,17 ,—1),(1,-1,1,-1),(1,1,1, 1) }.

The following lemma can be inferred from [1].

LEMMA 2.3. Let w = wla,b] € T and let (j,w(j)) be a transposition in w with {0,a} N
{,w(i)} =2
o If —a # b € Ry, then there is a unique z € Ty UT5 1 such that w satisfies z
with j or w(j).
o If —a # b e Ny, then there is a unique z € Ty U Ts o such that w satisfies z
with § or w(j).
o If b= —a, then there is a unique z € Ty U T 3 such that w satisfies z with j
or w(j).

Let w = wla,b] € T. If —a # b € Ry, then set i = 1. If —a # b € N, then
set ¢ = 2. Otherwise, set ¢ = 3. Suppose that (j,w(j)) is a transposition in w with
{0,a} N{j,w(j)} = @. If w satisfies a sequence in T} with j or w(j), then (j,w(j)) is a
Type One transp051tlon Otherwise, (j,w(j)) is a Type Two transposition and satisfies
a sequence in Ty ; with j or w(j). The following lemma gives us a method of counting
the number of Type One transpositions in a permutation in I'.

LEMMA 2.4. The number of Type One transpositions in a permutation w € I' is equal
to the number of sequences in T that w satisfies.

Proof. Suppose that (j,w(j)) is a Type One transposition in w. Then there is some
z € T1 such that w satisfies z with j or w(j). Lemma 2.3 says that w does not satisfy
any z' € Ty \ {z} with j or w(j). Therefore, we can naturally define a map p from
the set of Type One transpositions in w to the sequences in T that w satisfies. It
is immediate from Definition 2.2 that p is surjective. Also, the combination of [1,
Lemma 3.5], [1, Lemma 3.6], and [1, Definition 3.7] implies that if 2’ € T}, then there
is at most one j’ € F, such that w satisfies 2z’ with j’. Hence, p is a bijection and the
lemma follows. O

We next want to prove a result analogous to Lemma 2.4 for Type Two transposi-
tions. Let w € T" and let z € Ty ; for some ¢ € {1,2,3}. Unlike sequences in T3, there
may be many j € F, such that w satisfies z with j. Denote the number of such j
by e(w, z). Call a sequence z € {—1,1}* even periodic if zo = 29 and z; = 23. Let
P, ; C T3 ; be the subset consisting of even periodic sequences.
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LEMMA 2.5. Let w = wla,b] € I'. If —a # b € Ry, then set i = 1. If —a # b € N,
then set i = 2. Otherwise, set i = 3. The number of Type Two transpositions in w is

Z e(w, 2) +% Z e(w, 2)

z2€T2 i P2 ; 2EP; ;

Proof. Suppose that (j,w(j)) is a Type Two transposition in w. Then there is some
z € Ty ; such that w satisfies z with j or w(j). Without loss of generality, w satisfies
z with j. It is immediate that w satisfies z with w(j) if and only if z € P, ;. Call
(J,w(y)) periodic if w satisfies a sequence in P ; with j or w(j), otherwise call (j, (1))
aperiodic.

Lemma 2.3 implies that there is a bijection from the aperiodic Type Two transpo-
sitions in w to the pairs (z,j) where z € T ; \ P, ; and j € F is such that w satisfies
z with j. Hence, the number of aperiodic Type Two transpositions in w is

Z e(w, 2).
2€T2 i NP2 ;

Similarly, there is a 1 : 2 relation between the periodic Type Two transpositions in w
and the pairs (z,j) where z € Py ; and j € I, is such that w satisfies z with j. Hence,
the number of periodic Type Two transpositions in w is

1
3 Z e(w, z
zEP> ;
The lemma follows. O
We are now ready to start counting transpositions in permutations in I'. We first

consider Type One transpositions. The following two lemmas can be proved by fol-
lowing the proof of [1, Lemma 4.1].

LEMMA 2.6. Let w = wla,b] € T with a € R,,.
(i) w satisfies (—1,—1,—1,1) if and only if
2(b—1)(a—b) € Rq and {(2ab—a—1b)(a—0b),b(a+b)(b—1)(a—b),bla+b—2)(a—b)} C Nj.
(ii) w satisfies (—1,—1,1,—1) if and only if
2a(1—b)(a—b) € Rq and {(a+b)(1—b)(a—0b),b(a+b—2ab)(a—b),(2—a—b)(a—b)} C Nj.
(iil) w satisfies (—1,1,1,1) if and only if
{(a+b—2)(a—D),(a—1)(a+b)(a—Db),a(2ab—a—b)(a—b)} C Rq and 2b(a—1)(a—b) € Nj.
(iv) w satisfies (1,—1,1,1) if and only if
{a(2—a—-b)(a—0), (a+b—2ab)(a—b),a(l—a)(a+b)(a—b)} C Ry and 2(1—a)(a—0b) € N;.
LEMMA 2.7. Let w = wla, b] € T with a € Nj.
(i) w satisfies (—1,—1,—1,1) if and only if
a(l—a)(a+b)(a—b) € Rq and {a(2—a—b)(a—0b),2(1—a)(a—b), (a+b—2ab)(a—b)} C Nj.
(ii) w satisfies (—1,—1,1,—1) if and only if
(1-b)(a+b)(a—b) € Rq and {2a(1—-b)(a—Db),(2—a—b)(a—b),b(a+b—2ab)(a—b)} C N.
(iii) w satisfies (—1,1,1,1) if and only if
{a(2ab—a—"b)(a—1b),2b(a—1)(a—b), (a+b—2)(a—b)} CRq and (a—1)(a+b)(a—b) € N;.
(iv) w satisfies (1,—1,1,1) if and only if
{(2ab—a—0b)(a—b),bla+b—2)(a—b),2(b—1)(a—b)} C Rq and b(b—1)(a+b)(a—b) € N.

We can use Lemma 2.6 and Lemma 2.7 in combination with Lemma 2.4 to count
the number of Type One transpositions a permutation in I can contain.
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LEMMA 2.8. Let w € I'. The number of Type One transpositions that w contains is
either 0 or 2.

Proof. Let (a,b) € F2 be such that w = w[a, b]. We prove the result for when a € Ry,
the claim for when a € N, can be handled using analogous arguments. Suppose that
w satisfies a sequence in 7. We will show that w satisfies exactly two sequences in T7.
The lemma will then follow from Lemma 2.4. Suppose that w satisfies (—1,—1, —1,1).
Define f; = 2(b—1)(a —b), fo = (a +b—2ab)(a —b), f3 = (a+b)(b—1)(a — ),
and fys = (a +b— 2)(a —b). By Lemma 2.6, f; € Ry and {—f2,bfs,bfs} C Nj.
From Lemma 2.6, we know that w satisfies (—1,—1,1,—1) if and only if —af1 € R,
and {bfz, —f3,—fa} C N,. Recall that b € R, since (a,b) is valid and a € R,.
Therefore, w satisfies (—1,—1,1,—1) if and only if —1 € R, which is true if and
only if ¢ = 1 mod 4. Similarly, w satisfies (1, —1,1,1) if and only if ¢ = 3 mod 4. If w
satisfies (—1,1,1,1), then by Lemma 2.6 we must simultaneously have f; € R, and
bla—1)f1/(b—1) € Ny. But b(a—1)/(b—1) € Ry, since (a, b) is valid. Thus, w cannot
satisfy (—1,1,1,1). We have shown that if w satisfies (=1, —1, —1,1), then w satisfies
precisely two sequences in 7Tj. Similar arguments reach the same conclusion if we
assume that w satisfies a sequence in {(—1,-1,1,-1),(-1,1,1,1),(1,-1,1,1)}. O

We next consider Type Two transpositions in permutations in I'. Expanding on
the proof method of [1, Lemma 4.2], we obtain the following lemma.

LEMMA 2.9. Let w = wla,b] € T with b # —a. If w contains a Type Two transposition,
then one of the following is true:

(i) b=2—a € Ry and w satisfies (—1,—1,1,1) and no other sequence in Ts 1,
ii) b=2—-ac€ and w satisfies (—1,1,1,—1) and no other sequence in Ts o,
ii) b =2 N, and w sati 1,1,1,~1) and no oth in T,
iii) b = a/(2a — 1) € and w satisfies (— —1) and no other sequence in
T2,1)
iv) b=a/(2a —1) € and w satisfies (—1,—1, and no other sequence in
() b= a/(2a— 1) € Ny and w satisfies (—1,~1,1,1) and no other sequence i
TQ’Q.

Using the same proof method of [1, Lemma 4.2] applied to permutations wla, —a] €
I', we can obtain the following lemma.

LEMMA 2.10. Let w = wla, —a] € T'. If w contains a Type Two transposition, then one
of the following is true:
(i) a € Rq and w satisfies (—1,1,—1,1) or (1,—1,1,—1) and no other sequence
n T2)3,
(i) a € Ny and w satisfies (—1,—1,—1,—1) or (1,1,1,1) and no other sequence
mn Tg,g.

Lemma 2.9 tells us that if wla,b] € T' contains a Type Two transposition, then
b e {-a,2—-a,a/(2a — 1)}. Also, as noted in [1], if (a,b) € F? is a valid pair and
be{—a,2—a,a/(2a—1)}, then ¢ = 1 mod 4. We can use Lemma 2.5, Lemma 2.9 and
Lemma 2.10 in combination with Theorem 2.11 [31] and Theorem 2.12 [24] below to
count the number of Type Two transpositions that a permutation in I' can contain.
By F,4[z] we mean the set of polynomials over F,.

THEOREM 2.11. Let f € Fy[z] be a polynomial of degree n > 0 that has n distinct
roots in Fq. Then,

< (n—1)g"2

> x(£(e))

celFy
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THEOREM 2.12. Let f € Fy[x] be a quadratic polynomial with two distinct roots in F,.
Then,

> x(f)] < 1.

celF,

LEMMA 2.13. Let w = wla, b] € T and let M be the number of Type Two transpositions
that w contains. If b & {—a,2 — a,a/(2a — 1)}, then M = 0. Otherwise,
q—11¢'/? — 38 <M< it 11¢%/2 +38
16 16

Proof. f b ¢ {—a,2 — a,a/(2a — 1)}, then the result follows immediately from
Lemma 2.9. Consider when b € {2 — a,a/(2a — 1)}. There are four cases to consider,
depending on whether b = 2 —a or b = a/(2a — 1) and whether b € R, or b € N,.
There is minimal difference in the arguments used for each case, so we will only
consider when b =2 —a € R,.

Let z = (—1,—1,1,1). Lemma 2.5 and Lemma 2.9 together tell us that the number
of Type Two transpositions that w contains is e(w, z). Define

V={jeF,:{i,i+a—-2)2-0a) '} CN;and {j+a—1,a'(j — 1)} C Ry}.
Using (2) and Definition 2.2, it is easy to determine that w satisfies z with j if and
only if j € V. Thus, e(w, z) = |V|. Define linear polynomials ¢1, 5, ¢3, and ¢4 over I,
by l1(z) =z, bo(z) = (r+a—2)(2—a)" !, l3(x) =z +a—1,and y(z) = a1 (z - 1).
Also define

W(z) = (1= x(t1(2))) (1 = x(€2(2))) (1 + x(€3())) (1 + x(€a(x)))

S=> W).

z€F,
If £ € V, then W(z) = 16. If € {0,2 — a,1 — a,1}, then —8 < W(z) < 8. If
ze€F,~(VU{0,2—-a,1—a,l1}), then W(x) = 0. Hence,

(3) 16|V — 32 < S < 16|V + 32.

Expanding W and using the fact that x is a homomorphism on Fy, we can write S as

and

a sum consisting of (2) terms of the form ) .p x(£K(x)) where K is the product
of k distinct factors in {4, ¢s, €5, ¢4} for each k € {0,1,2,3,4}. Since (a,b) is valid, it
follows that {0,1}N{a,b} = @. So, |{0,2—a,1 —a,1}| = 4. Thus, if K is the product
of k distinct factors in {¢1, lo, 3,4} for some k € {0,1,2,3,4}, then K has k distinct
roots. Therefore, we can apply Theorem 2.11 or Theorem 2.12 to each term of the
form }° cp x(£K(z)) with K # 1. Doing this, we obtain the following inequalities.

¢—11¢"% -6 < S < ¢+ 11¢"/% + 6.

Combining this with (3) gives the result.

We now deal with the case where b = —a. We will assume that a € R, similar
arguments can be used to deal with the case where a € N. Let 2/ = (—1,1,—1,1) and
let z* = (1,—1,1,—1). Lemma 2.5 and Lemma 2.10 together imply that the number of
Type Two transpositions in w is (e(w, 2’) +e(w, z*)) /2. First, consider the sequence z’.
The quantity e(w, z’) is equal to the cardinality of the set

U={jeFy:{jl—a—j} CNyand {~a"'(j +a),a™'(j — 1)} CR,}.
Using the same method as above we can determine that
q—11¢"/%2 — 38 q+11¢"/2 + 38

<lul<
16 U] 16
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Similarly, we can show that e(w,z*) must be between (¢ — 11¢'/2 — 38)/16 and
(q + 11¢*/? + 38)/16. The lemma follows. O

The way that Theorem 2.11 and Theorem 2.12 were utilised in the proof of
Lemma 2.13 is by now a standard technique (see, e.g. [1, 2, 13, 15, 25]). Throughout
this paper, there will be many results whose proofs rely on this technique. For the
sake of brevity, we will often not give all the details when we prove such results.

Finally, we must address the permutations w = wla,b] € T for which wy or w,
are transpositions. By combining [1, Lemma 4.4] and [1, Lemma 4.5] we obtain the
following result.

LEMMA 2.14. Let w = wla,b] € T. If wy or w, is a transposition, then b €
{—-a,2—a,a/(2a —1)}.

We can now prove the following result regarding the number of transpositions in a
permutation in I'.

LEMMA 2.15. Let w = w(a,b] € T and let M be the number of transpositions that w
contains. If b € {—a,2 —a,a/(2a — 1)}, then M € {0,2}. Otherwise,

q—11q1/2—38<M<q+11q1/2+70
16 ST 16 ’

Proof. b & {—a,2—a,a/(2a—1)}, then the result follows by combining Lemma 2.8,
Lemma 2.13, and Lemma 2.14. Now suppose that b € {—a,2 — a,a/(2a — 1)}. Then
0 € {a+b,2ab—a—b,2—a—b} and so Lemma 2.6 and Lemma 2.7 imply that w does not
contain a Type One transposition. Therefore, w contains at most two transpositions
that are not of Type Two. The result now follows from Lemma 2.13. O

We are now able to prove Theorem 1.6.

Proof of Theorem 1.6. Since we have dealt with the case where a = b in §1, we will
assume that a # b. We first note that b € {—a,2 — a,a/(2a — 1)} if and only if a €
{-b,2—b,b/(2b—1)}. Let w = w[a, b] € T'. Let M be the number of transpositions in w
and let M’ be the number of transpositions in w(b, a]. By Lemma 2.1, if ¢ = 3 mod 4,
then N = Mq(q—1)/2 and if ¢ = 1 mod 4, then N = (M + M')q(q — 1)/4.

First, consider when b & {—a,2 — a,a/(2a — 1)}, so that any transposition in w is
of Type One and {M, M’} C {0,2}. From [1, Lemma 4.1], we know that w contains
a transposition if and only if (1) is satisfied, which is true if and only if

(2ba—b—a)(b+a)(b—1) € R, and {2(b+a —2)(b—1),2b(b+a)} CN,.

Therefore, w contains a transposition if and only if w[b, a] contains a transposition.
Thus M = M’ and so N € {0,q(q — 1)}. The remaining claims for this case follow
from Theorem 1.5.

Now consider when b € {—a,2 — a,a/(2a — 1)}. By Lemma 2.15, both M and M’
lie between (g — 11¢"/? — 38)/16 and (q + 11¢'/? 4 70) /16, which proves the required
bound on N. O

3. AUTOTOPISMS WITH COMPONENTS IN AGL;(p)

We now turn our attention to proving Theorem 1.4. Some of the arguments that we
use in §3, §4, and §5 to help prove Theorem 1.4 do not work for ‘small’ values of q.
Since Theorem 1.4 is easy to verify using a computer if ¢ < 23, we will assume, for §3,
§4, and §5, that ¢ > 23. For these sections, we will also fix the following definitions
and notation. Let (a,b) € F2 be such that {ab, (a — 1)(b— 1)} € R, and a # b, let
Q = Qup, let « = x4, let L= L[a,b], and let ¢ = ¢[a, b].
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The goal of this section is to prove Lemma 3.1 below, which states that any au-
totopism of Q whose components are all elements of AGL4(p) is an automorphism
of Q. Lemma 3.1 is a key ingredient in the proof of Theorem 1.4.

LEMMA 3.1. Let (o, 8,7) € Atp(Q) and suppose that {«, 3,7} C AGL4(p). Then
a=p0=nr.
Proof. Since v(z * y) = a(x) * B(y), it follows that

(4) V(@ + ¢y —z) = alz) + ¢(By) — a(z)).
By applying the automorphism 7_,g) of Q to («, 3,7), we may assume that « fixes 0.
Thus, y0 ¢ = @ o by (4). Since {3,7} C AGL4(p), there exist {f, g} € GL4(p) and
{u,v} C Fy such that v = 7, 0 f and § = 7, 0 g. Our first goal is to show that
u=v=0.

Since yo ¢ = @ o f, for all z € Fy we have f(p(x)) +u = ¢p(g(x) + v) and so
f(x) = p(g(¢~t(x)) + v) — u. Setting x = 0 shows that u = ¢(v). Suppose that
{z,y} CF, is such that x(z) = x(v) = x(z+vy) = x(a). Then the value of f(zx+y) is

ag(a™'z) +agla™'y) + av —¢(v) if x(g(a™ @) +g(a”'y) +v) =1,
bg(a~'z) +bg(a~ly) +bv—p(v) if x(g(a™'2) +g(a"ly) +v) # 1,
and the value of f(x)+ f(y) is

ag(a™"z) + ag(a™"y) + 2av — 2¢(v) if x(g(a™"z) +v)

ag(a™'x) +bg(a™ly) + v(a+b) — 2p(v) if x(g(a™'z) +v)

bg(a™'z) + ag(a™'y) + v(a +b) — 2p(v) if x(g(a™'z) +v)

bg(a~'x) +bg(a™'y) + 2bv — 2(v) if 1 ¢ {x(g9(a™'x) +v),x(g(a"'y) +v)}.
Since f(z + y) f(z) + f(y), we have eight possible cases to consider.

Case 1: x(g(a™ @)+ g(a™'y) +v) =1, x(g(a™'z) +v) =1, and x(g(a~'y) +v) =
Then cw = ¢(v), Wthh 1mphes that v 6 R4 U{0}.

Case 2: x(g(a™'z) + g(a™ y) +v) =1, x(( )+v)—1 and x(g(a™'y) +v) # 1.
Theny— ag 1((bv— p(v))(a—b)71).

Case 3: x(g9(a™'z) +g(a~ y)+v)—1 x(g(a 'z) +v) # 1, and x(g(a™'y) +v) = 1.
Thenw—a (b = p(v))(@a—=b)").

Case 4: x(g(a™'x) +g(a™ y)+v)—1 x(gla™'z) +v) #1, and x(g(a~'y) +v) # 1.
Theny*a (b —a)g(a™t )+v(2b*a) p(v))(a—0b)71).

Case 5: x(g(a™'z) +gla™'y) +v) # 1, x(g(a” x)+v)—17andx(( Yy) +v) = 1.
Theny—ag 1(((a—b) (a™? )+v(2a—b) p(v))(b—a)™h).

Case 6: x(g(a™'z) +g(a™'y) +v) # 1, x(g(a™'2) +v) =1, and x(g(a™'y) +v) # 1.
Thenx—ag 1((cw— 0(v))(b—a)™t).

Case 7: x(g(a™'x) +g(a™"y) +v) #1, x(( 'z) +v) # 1, and x(g(a'y) +v) = 1.
Thenyfag 1((av7 o()(b—a)” )

Case 8: x(g9(a™'z) +g(a™'y) +v) # 1, x(g(a™'z) +v) # 1, and x(g(a'y) +v) # 1.

Then bv = ¢(v), which implies that v € A, U {0}.
Let X be the set of z € Fy~ {ag™' ((bv —p(v))(a—b)~1),ag™ ' ((av —p(v))(b—a) 1)}
such that x(z) = x(a). For z € X, let Y(x) denote the set of y € F, such that
x(y) = x(z +y) = x(a) and y is not an element of

{ag™ ((bv = p(v))(a = b)), ag~ (b — a)g(a™ ) + v(2b — @) — p(v))(a —b) "),
ag™! (((a = b)g(a™a) +v(2a = b) = ¢(v))(b— a) ™), ag™ " ((av — (v))(b —a) ")}

Suppose, for a contradiction, that v # 0. First, consider when v € R,. By
construction, if x € X and y € Y(x), then Case 1 must hold. In particular,
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x(g(a™'w) + gla~'y) +v) =1 = x(g(a"2) +v) = x(9(a”"y) + v). We can use The-
orem 2.11 and Theorem 2.12 in the usual way to show that Y (z) # @ for all z € X.
This conclusion relies on the fact that ¢ > 23. It follows that x(g(a='z) +v) =1 for
every x € X.

Let X’ be the z € Fy ~ {bg~ 1 ((bv — (v))(a — b)), bg™ ((av — p(v))(b — a)~1)}

such that x(x) = —x(a). By repeating the above arguments, we can show that
x(g(b~'z) +v) = 1 for every x € X’'. Note that if + € X and 2’ € X', then
a~tx # b71l2/, since x(a7'z) = 1 and x(b~!a2’) = —1. Hence, there are at least

2((g—1)/2—2) = g — 5 elements in F, such that x(g(z) + v) = 1. However, the map
Ty © ¢ is a permutation of Fy, so there are exactly (¢ — 1)/2 elements z € F, such
that x(g(z) 4+ v) = 1. This is a contradiction, since ¢ — 5 > (¢ — 1)/2 because ¢ > 23.
Similar arguments can be used to reach a contradiction if we assume that v € Nj,.
Therefore, v = 0 and so u = p(v) = 0 also.

We may now assume that {«, 3,7} C GL4(p). We will prove that a = 8. The lemma
will then follow, since for any z € Fy we will have v(z) = vy(z*x) = a(z)*a(z) = a(x).
Let z € Fy. By (4), for any (z,y) € IE‘%,

Nz +z4+0y+2z—(r+2))
a(z+2) + By +2) —alz+2))

() a(z) +a(z) +e(By) + 8(2) — alr) — a(2)).

Let k € Fy be such that x(k) = x(8(2) — a(z) + k) = 1. Since ¢ > 23, such a k € F,

can be shown to exist by using Theorem 2.11 and Theorem 2.12 in the usual way. Let
{z,y} CF, be such that 3(y) — a(x) = k. From (5),

a(z) +a(z) +a(By) + B(2) — a(z) — a(2))
() + ¢(By) — a(z)) + a(2) + a(B(2) — a(2))
=7+ ey —2) +a(z)(1 —a) +ab(z).

Hence, v(z) = a(z)(1 —a) +af(z). Now let {x,y} C F, be such that x(8(y) —a(z)) =
X(B(y)—a(x)+B(z)—a(z)) = —1. Using the same argument as above, we deduce that

v(z) = (z)(l b) + b5 (z). Therefore, (b — a)(a(z) — B(z)) = 0 and so a(z) = B(z),
since a # b. Since z was arbitrary, it follows that « = § and we are done. O

Y+ oy —2)) +7(2)

(@ + ey —2)) +7(2)

4. NOT 2-TRANSITIVE AUTOTOPISM PROJECTIONS

The goal of this section is to prove the following lemma.
LEMMA 4.1. Let i € {1,2,3}. If Atp;(Q) is not 2-transitive, then Atp,(Q) < AGL4(p).

Proof. Let P = {(u,v) € F2 : u # v} and consider the action of Atp;(Q) on P. If
{(u,v), (W',v")} C P is such that x(v — u) = x(v' — «), then there is some element
of Atp,;(Q) which maps (u,v) to (v',v") (simply take the map 7,/ _c, © A\c where
c= (v —u)(v—u)"t). It follows that if there were some o € Atp,(Q) which maps
some (u,v) € P to some (v/,v') € P where x(v —u) # x(v —v), then Atp;(Q)
would be 2-transitive. Therefore, x(v — u) = x(a(v) — a(w)) for all (u,v) € P and all
a € Atp;(Q).

Let o € Atp,(Q) and let 0 = A((a(1)—a(0))~! © T—a(0) € Atp;(Q) so that o « fixes
(0,1). A result of Carlitz [7] says that any 1 € Sym(F,) that fixes (0,1) and satisfies
x(v —u) = x(¥(v) — Y(u)) for all (u,v) € P is an element of Aut(F,). This implies
that 6 o o € Aut(F,) and so a € AGLq4(p). O
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5. 2-TRANSITIVE AUTOTOPISM PROJECTIONS
The goal of this section is to prove the following lemma.
LEMMA 5.1. Let ¢ € {1,2,3}. If Atp,(Q) is 2-transitive, then Atp,(Q) < AGLq4(p).

The group 7, is an elementary abelian regular subgroup of Atp,(Q). This allows
us to make use of Theorem 5.2 below, which is a special case of [23, Theorem 1.1].
Let v be a prime power and let u be a positive integer. For the remainder of this
section, we will consider any subgroup of AGL, (v) to be acting naturally on F,. and
we will consider any subgroup of PT'L,, (v) to be acting naturally on the points of the
projective space P“~1(v).

THEOREM 5.2. Let X be a set of cardinality n > 23 and let G < Sym(X) be 2-transitive
with an elementary abelian regular subgroup. Then up to permutation isomorphism,
one of the following is true:
(i) G < AGL,(v) where v is a prime and u is a positive integer such that n = v*.
(ii) G € {Sym(X), Alt(X)}.
(iii) PGL,(v) < G < PT'L,(v) for some prime power v and positive integer u such
that n = (v* — 1)/(v — 1) is prime.

Let ¢ € {1,2,3}. If Atp,(Q) is 2-transitive, then it satisfies one of (i), (ii), or (iii) in
Theorem 5.2. We first rule out the possibility that Atp,(Q) satisfies Theorem 5.2(ii).

LEMMA 5.3. Let n > 7 be a positive integer, let Q be a quasigroup of order n, and let
i € {1,2.3}. Then Atp,(Q) ¢ {Sym(Q). Alt(Q)}.

Proof. By [4, Theorem 3.1],

[logy(n)] 4
(6) Atp(@Q)| <n® J[ (n—271).
i=1
It is easy to see that n!/2 is strictly larger than the right hand side of (6) since n > 7.
The result then follows, since |Atp,;(Q)| < |[Atp(Q)|. O

Let ¢ € {1,2,3}. Next, we rule out the possibility that Atp,(Q) satisfies Theo-
rem 5.2(iii). Suppose that Atp,(Q) does satisfy Theorem 5.2(iii). So ¢ is prime, there
is some prime power v and some positive integer u such that (v* —1)/(v — 1) = gq,
and up to permutation isomorphism, PGL,(v) < Atp,(Q) < PI'L,(v). To reach a
contradiction, we consider two cases, depending on whether or not v = 2. We first
deal with the case where v # 2. To do this, we prove that there must be an element in
PT'L,(v) of order (¢—1)/2 = (v*—v)/(2(v—1)). We then show that this is impossible.
Note that PT'L,(2) does contain an element of order 2“~! — 1 and so this method
cannot be extended to include the case where v = 2.

LEMMA 5.4. For each i € {1,2,3}, there is an element in Atp,(Q) of order (¢ —1)/2.

Proof. Leti € {1,2,3} and let ;1 be a primitive element of ;. The map A2 € Atp,;(Q)
has order (¢ — 1)/2. O

Suppose that v # 2 is a prime power and u is a positive integer such that
(v* —1)/(v —1) = q is prime. Our next task is to rule out the existence of an ele-
ment of PT'L,, (v) with order (v* —v)/(2(v —1)). To do this, we will use the following
lemma regarding the order of elements in GL,(v) (see, e.g. [10]).

LEMMA 5.5. Let v be a prime power and let u be a positive integer. Let A € GL,(v)
and let f € F,[z] be the minimal polynomial of A with distinct irreducible factors
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fisfoy ooy fu. Fori e {1,2,...,k}, let e; be the degree of f; and let m; be the multi-
plicity of f; in f. Letm = max{m; : i € {1,2,...,k}} and let n = [log,(m)]| wherer is
the characteristic of F,,. Then the order of A divideslem(v®* —1,v°2—1,... v% —1)r"™.

LEMMA 5.6. Suppose that q is prime and that there is a prime power v # 2 and
a positive integer u such that ¢ = (v* — 1)/(v — 1) > 23. There is no element in
PT'L,(v) of order (¢ —1)/2.

Proof. Let r be the characteristic of F,, and let s = log,v. Since ¢ > 23, it fol-
lows that (u,v) ¢ {(2,4),(2,8),(2,16),(3,3)}. We can use a computer to verify
that PTL3(8) has no element of order 36. Therefore, we may assume that (u,v) &
{(2,4),(2,8),(2,16),(3,3),(3,8)}. Since (v* — 1)/(v — 1) is prime, u is prime and
uls [12, Lemma 3.1]. In particular, if v = 4, then u = 2.

The proof of this lemma has three parts. First, we prove that there is no element
in GL,(v) of order (¢ — 1)/(2z) for any divisor = of s. Then, we prove that there is
no element in 'L, (v) of order (¢ —1)/2. Finally, we prove that there is no element in
PT'L,(v) with order (¢ — 1)/2.

Let x be a divisor of s and suppose, for a contradiction, that A is an element of
GL, (v) of order (¢ — 1)/(2x). First, suppose that u = 2. Then (¢ — 1)/(2z) = v/(2z)
and so v = 2°. It is well known that every element of GL2(2%) must have order dividing
2(2% — 1) or 228 — 1. The only way that v/(2x) = 257! /2 divides 2(2° — 1) or 2%¢ — 1
is if 2°71 /2 divides 2. Therefore, 257! < 2z < 2s, which implies that s < 4. But this
implies that (u,v) € {(2,4),(2,8),(2,16)}, which is a contradiction.

Now suppose that u > 3 is odd. Let ey, ea,...,ex, mi,ma, ..., mg, m, and n be the
parameters from Lemma 5.5 relating to the order of A so that (¢ — 1)/(2x) divides
lem(ve — 1,02 —1,...,v% — 1)r™ and mie; + moes + . .. + myer < u. Without loss
of generality, 1 <e; <exy <...< e < u.

Write 22 = r?a’ for some integer w > 0 and some integer ' coprime to . We now
prove some restrictions on the values that w can take. If w > s, then v < % < 2z <
2log, v. The only way that v < 2log, v is possible is if v = 4. But as noted above, if
v = 4, then u = 2. Thus, w < s. Now suppose that w = s — 1. First consider when
r > 3, so that 2|z’. Then r* = 2z/2’ < s/(2'/2) = (w+ 1)/(2'/2), which implies
that w = 0 and 2’ = 2. Now consider when r» = 2. If 2’ # 1, then 2’ > 3, since 2z’ is
coprime to r. Thus, 2% = 2z/2' < 2s/3 = 2(w+ 1)/3, which is a contradiction. Thus,
z' = 1. Now suppose that w = s — 2, r = 2, and u = 3 and suppose that z’ # 1. Then
2% =2z /12’ < 2s/3 = 2(w + 2)/3, which implies that w < 1. Since 2’ is coprime to 7,
it follows that w # 0, thus w = 1. Hence, (u,v) = (3,8), which is a contradiction. To
summarise, we have proved the following restrictions on w.

Fact 1: w < s.

Fact 2: If w=s—1and r > 3, then 2’ = 2.
Fact 3: If w=s—1 and r = 2, then 2/ = 1.
Fact 4: f w=5—2,7r =2, and u = 3, then 2’ = 1.

Because 7~ %(v*~t —1)/(z'(v — 1)) = (¢ — 1)/(22) divides lem(v®* — 1,0°2 — 1, ...,
v — 1)r™ and 2’(v — 1) is coprime to v, it follows that r*~* divides r". Thus,

s—w<n=[log,m] <log,m+1

and so m > r*~%~! Fact 1 implies that »*~*~1 is an integer and so m > 14 rs~w=1,
Hence,

(7) Zei <u-— Z(ml — l)ei <wu— 617“s_w_17
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where the second inequality in (7) is obtained by setting m; = m > r*=*~! + 1 and
m; =1 for all i € {2,3,...,k}. By Lemma 5.5, there exist pairwise coprime integers
Oy, 0o, ..., 0 such that £;|v% — 1 for all i € {1,2,...,k} and (v*"1 —1)/(2'(v—1)) =
l10y -+ L. Since v — 1|v® — 1 for all ¢ € {1,2,...,k}, it follows that there are integers
ty,to,...,t, such that t1ty - - - tg|v—1 and £;|t;(v¢ —1)/(v—1) for alli € {1,2,...,k}.
Therefore,

| il
(8) P [1E

i=1

k

i=1

k k
© e -v< (H ) R I R Ter s}

i=1
Furthermore, the first inequality in (9) is strict if k& > 2.

We first deal with the case where k& > 2. Suppose that e; +es + ...+ e < u— 2.
Then the combination of (8) and (9) yields,

v 1< (v =122 - 1) <2/ (v - 1),

This implies that v*~2(v — 2’) < 1 — 2’ and in particular v < 2’ < 2z < 2log,. v,
which is impossible. Thus, we may assume that e; +e2 +...+ex = u— 1. By (7), we
know that e; +ea+...+ey=u—lande; =1 =7r"""1 Sos=w+ 1. Fact 2 and
Fact 3 together imply that 2’ € {1,2}. The combination of (8) and (9) tells us that
vl —1 < 2'(v —1)27F(v*~1 —1). Thus, (v —1)¥"2 < 2’ and so k = 2 = 2'. Since
e; = 1, it follows that e; = u — 2 and (8) implies that (v*~! —1)]2(v — 1)(v*"2 — 1).
If o=t —1 < 2(v —1)(v*"2 = 1), then v*~1 — 1 < (v — 1)(v*"2 — 1), which is false.
So v*™! —1 =2(v — 1)(v*"2 — 1). Thus, v*"%(2 — v) = 3 — 2v, which implies that
3 — 2v > 2 — v. However, this forces v < 1, a contradiction.

We now deal with the case where k = 1. Since (v*~! —1)/(2'(v — 1)) divides
v°t — 1 and v~ ! — 1, it must also divide ged(v® — 1,041 — 1) = pged(u—Le) _ 1,
If e; = u — 1, then (7) says that u — 1 < u — (u — 1)r*"*~1, forcing u < 2, which
is false. So e; # u — 1 and thus ged(u — 1,e1) < (u — 1)/2. Then (8) says that
vl — 1 <2/ (v — 1) (/2 — 1) < 2/ (v+D/2 — 1), which implies that

(10) WD/ 2(y(=3)/2 _ gy <1 — o

If 2/ = 1, then (10) implies that v(*=3)/2 < 1, so u = 3. If 2/ > 1, then (10) implies
that v(#=3)/2 < g/ < 2log, v, which also implies that v = 3. Thus, we may assume
that u = 3. Since e; # u — 1, it follows that e; = 1. So (7) implies that =%~ < 2.

First consider when r > 3. Since r®*~%~! < 2, Fact 1 and Fact 2 imply that
2’ = 2. So (8) implies that (v + 1)/2 = (v*~1 —1)/(2(v — 1)) divides v — 1. Since
(v+1)/2 > (v—1)/2, it follows that (v + 1)/2 = v — 1. Hence, v = 3 and so
(u,v) = (3,3), a contradiction.

Now suppose that » = 2. Since 257%~! < 2, Fact 1, Fact 3, and Fact 4 together
imply that 2’ = 1. Hence, (8) implies that v +1 = (v*~! —1)/(v — 1) divides v — 1,
which is impossible. This completes the proof of the fact that no element in GL,,(v)
has order (¢ —1)/(2z).

We now prove that there is no element in I'L,(v) of order (¢ — 1)/2. Recall that
'L, (v) is the semidirect product GL,(v) x Aut(FF,) where an element 6 € Aut(F,)
acts entry-wise on an element A € GL,(v). Suppose, for a contradiction, that there
is some element Af € T'L,(v) of order (¢ — 1)/2. Let x be the order of 8 € Aut(F,)
and note that x|s. Then (A0)* = B for some B € GL,(v). Therefore, we can write
(¢ — 1)/2 = yx where y divides the order of B. Let b denote the order of B so that
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b = yb/ for some positive integer b'. Then BY € GL,(v) has order y = (¢ — 1)/(2z),
which is a contradiction.

We now prove that there is no element in PI'L,,(v) of order (¢ —1)/2. Let I denote
the u x w identity matrix in GL,(v). Let Z = {kI : k € F, } be the centre of GL,(v).
Recall that PT'L,,(v) is the quotient group I'L,(v)/Z. For an element Af € 'L, (v),
we will denote by Af the image of Af under the projection map from I'L,(v) to
PI'L,(v). Suppose, for a contradiction, that there is some element Af € PT'L,(v)
of order (¢ — 1)/2. Then there is some k € F, such that (46)(@~1/2 = kI Let the
order of k in F,, be y. Then the order of (A40)Y in T'L,(v) is (¢ — 1)/2, which is a
contradiction. O

Let ¢ € {1,2,3} and suppose that Atp,(Q) satisfies Theorem 5.2(iii). So, up to per-
mutation isomorphism, PGL,, (v) < Atp,(Q) < PT'L,(v) for some prime power v and
positive integer u such that ¢ = (v* —1)/(v— 1) is prime. Lemma 5.4 and Lemma 5.6
together imply that v = 2. To reach a contradiction, we first prove that Atp,;(Q) must
contain an element that is the product of (¢ + 1)/4 disjoint transpositions. We then
use some results from §2 about the structure of quadratic Latin squares to prove that
this is impossible. Note that 2* — 1 = 3 mod 4 for any positive integer u > 2.

LEMMA 5.7. Suppose that q is prime and that there is an integer u > 2 such that
g=2"—1. Let G < Sym(F,) be permutation isomorphic to PGL,(2). There is some
g € G that is the product of (q+ 1)/4 disjoint transpositions.

Proof. Identify the action of PGL,(2) on the points of P*~1(2) with GL,(2) acting
naturally on the set of non-zero elements of F¥. Let A € GL,(2) be defined by

1 ifi=jorbothi=wuandj=1,
Ay = .
0 otherwise.

Let ¢ = (z1,22,...,%,) be a non-zero element of FY. If z; = 0, then Az = z and
there are 2“~! — 1 possibilities for z. If z; = 1, then A%z = x # Ax and there are
2u=t = (g + 1)/2 possibilities for x. The lemma follows. O

LEMMA 5.8. Suppose that ¢ = 3 mod 4 is prime. For each i € {1,2,3}, there is no
permutation in Atp,(Q) that is the product of (¢ + 1)/4 disjoint transpositions.

Proof. By taking parastrophes, it suffices to prove the statement assuming that ¢ = 1.
Suppose, for a contradiction, that Atp,(Q) contains an element « that is the product
of (¢ + 1)/4 disjoint transpositions and has (¢ — 1)/2 fixed points. Let 8 € Atp,(Q)
and v € Atps(Q) be such that (a, §,7) € Atp(Q). A result of McKay, Wanless, and
Zhang [28, Lemma 8] says that either: one of «, 3, or v is equal to € and the others are
g-cycles, or «, 3, and «y all have the same order as permutations. Therefore, the order
of 8 is 2 and the order of v is 2. Since ¢ is odd, it follows that 5 and v must have fixed
points. We now employ [26, Theorem 1], which says that since (a, 8,7) € Atp(Q)
and each of «, 8, and v have fixed points, they all have the same cycle structure. We
conclude that 8 and v must have exactly (¢ — 1)/2 fixed points.

Let R, C, and S be the set of elements of I, fixed by «, 3, and v, respectively. Also
let R', C’, and S’ be the complements of R, C', and S in F,, respectively. Note that if
x € Randy € C, then xxy € S. Fix 2’ € R’. We claim that there is a unique y’ € C’
such that 2’ 3’ € S’. For any y € C, it is true that 2’ xy € S’, since all symbols z *y
with z € R lie in S. There are (¢+1)/2 symbols in S’ and there are (¢—1)/2 elements
y € C such that =’ xy € S’. Hence, there is a unique ¢y’ € C’ such that 2’ xy' € 5’, as
claimed. Let 3’ € C’ be such that {2’ xy/, 2’ x ()} C S. Note that there are at least
(¢—3)/2 choices for . Since (o, 8,7) € Atp(Q) and {2’ ¢/, 2’ «B3(y')} C S, it follows
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that 2’ 9y’ = a(a’) * B(y') and 2’ * B(y') = a(2’) * B2(y') = a(2’) * y'. Equivalently,
the row permutation r,/ o(,) of £ contains the transposition (2 *y', 2" x 5(y')). Since
there are at least (¢ — 3)/2 choices for 3/, it follows that Tz a(e) COntains at least
(¢ — 3)/4 transpositions. Recall that b ¢ {—a,2 — a,a/(2a — 1)} since ¢ = 3 mod 4.
Thus, Lemma 2.15 combined with Lemma 2.1 implies that r; ,(;) contains at most
two transpositions, which is a contradiction, since ¢ > 23. [l

By combining Theorem 5.2, Lemma 5.3, Lemma 5.4, Lemma 5.6, Lemma 5.7, and
Lemma 5.8, we have the following result.

COROLLARY 5.9. Let i € {1,2,3}. If Atp;(Q) is 2-transitive, then up to permutation
isomorphism, Atp,(Q) < AGL4(p).

We are now ready to prove Lemma 5.1. Let G and H be permutation groups with
H < G and let g € G. We denote by HY the subgroup {g-*ohog:he€ H} <G.

Proof of Lemma 5.1. Suppose that Atp,(Q) is 2-transitive. From Corollary 5.9, there
is some G < AGLg4(p) and some & € Sym(F,) such that Atp,(Q) = G°. Let T = T,.
Since T < Atp,(Q), it follows that 'T‘r1 < G. Since every abelian regular subgroup
of AGL4(p) intersects 7 non-trivially (see, e.g. [6, Lemma 4]), there is some u € [,

such that 7, € T N 75! < G. Since 1, € T‘rl, it follows that 61 o T,00 =T, for
some v € ;. Since 7 is normal in AGLg4(p), it follows that 7 N G is normal in G.
Hence, (7T N G)? is normal in Atp,(Q). Note that 7, € (T N G)°, since 7, € T N G.
Since (7N G)? is normal in Atp;(Q) and {\. : ¢ € R,} < Atp,(Q), it follows that
Tew = Ae 0T, 0 A1 € (TNG) forall c € Ry. So |[TN(T NG| = (g+1)/2 > |T]/2,
hence T = (TNG)? and so T° = T. Therefore, § is in the normaliser of 7 in Sym(F,),
which is AGL4(p). Thus, Atp,(Q) = G° < AGLq4(p). O

6. PROOF OF MAIN RESULTS

Theorem 1.4 was shown to be true for quadratic quasigroups Qg with a = b in §1.
As mentioned at the beginning of §3, Theorem 1.4 is easy to verify using a computer
if ¢ < 23. Theorem 1.4 in the case where a # b and ¢ > 23 follows by combining
Lemma 3.1, Lemma 4.1, and Lemma 5.1. We now prove Theorem 1.3.

Proof of Theorem 1.3. Let Q = Q,p and Q' = Q. be quadratic quasigroups of
order gq. Since we have already dealt with the case where a = b or @’ = V' in §1, we
may assume that a # b and o’ # V. By Theorem 1.1, if {a,b} = {0(a’),0(b")} for some
0 € Aut(F,), then Q and Q' are isotopic. Now assume that Q and Q' are isotopic and
let (v, 3,7) be an isotopism from Q to @'. Then (e tofoa, 3 tofoB, vy tohony) €
Atp(Q) for any 0 € Aut(Q’). Theorem 1.4 implies that a ™! ocfoa = f71ofo 3
and so avo 371 centralises 6. Since # € Aut(Q’) was arbitrary, it follows that oo 571
centralises Aut(Q’). In particular, o 7! centralises 7, and so must be an element
of 7;. But o371 also centralises the permutation \. where ¢ is some fixed element of
Rg~{1}. The only element of 7, that can centralise this permutation is e. Therefore,
a = f3. Similar arguments show that 8 = ~ also. Hence, @ and Q' are isomorphic and
the theorem follows from Theorem 1.1. O

7. CONCLUSION

An orthomorphism of a group (G,+) is a permutation @ of G such that the map
x +— (x) — x is also a permutation of G. Suppose that ¢ is an orthomorphism of G.
Define a binary operation * on G by z *y = « + 1(y — x). Then the pair (G, *) forms
a quasigroup [17]. We say that (G, ) is generated by .
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Let n and k be positive integers such that ¢ — 1 = nk. Let « be a primitive element
of F;. For each j € {0,1,...,n — 1}, define C; = {s™*/ : i € {0,1,...,k — 1}}.
Then Cj is a cyclotomic coset of the unique subgroup Cp in F of index n. For
(ag, a1, ... an—1) € Fy, let ¢ = @,lag, a1, ..., an—1] be the map defined by

@) = {0 if 2 = 0,

a;jxz if v € Cj.

Then ¢ is a cyclotomic map of index n. If ¢ is cyclotomic of index n and is not
cyclotomic of any index m < n, then ¢ has least index n. If n = 2, then Cy = R,
and C; = N, regardless of the choice of x. In this case ¢ is called a quadratic
map. If a cyclotomic map is also an orthomorphism, then it is called a cyclotomic
orthomorphism. If a quadratic map is also an orthomorphism, then it is called a
quadratic orthomorphism.

Quadratic quasigroups are precisely the quasigroups that are generated by a qua-
dratic orthomorphism. Quadratic quasigroups of the form 9, , are precisely the quasi-
groups that are generated by a cyclotomic orthomorphism of index 1. Theorem 1.1
solves the isomorphism problem for quasigroups that are generated by cyclotomic
orthomorphisms of index at most 2 and Theorem 1.2 determines the automorphism
groups of such quasigroups. Analogs to Theorem 1.1 and Theorem 1.2 for quasigroups
generated by cyclotomic orthomorphisms of higher indices are currently unknown and
determining such results is a worthy direction for future research.

The main achievements of this paper can be stated as follows:

(11)

If Q is a quasigroup generated by a cyclotomic orthomorphism

of least index 2, then every autotopism of Q is an automorphism.

If Q and Q' are isotopic quasigroups generated by cyclotomic

orthomorphisms of least index 2, then Q and Q' are isomorphic.

It would be interesting to determine for which integers n (11) is true if we replace 2
by n and for which integers n (12) is true if we replace 2 by n. Neither (11) nor (12) are
true if we replace 2 by 1. Let @ and Q' be quasigroups of order g that are generated by
cyclotomic orthomorphisms of least index 1. Theorem 1.2 and Theorem 1.4 together
imply that there are autotopisms of Q that are not automorphisms of Q. Theorem 1.1
and Theorem 1.3 together imply that @ and Q' are isotopic, but not necessarily
isomorphic.

Identify Fg = F3[z]/(2? — 2 — 1). Let Q be the quasigroup generated by the cy-
clotomic orthomorphism ¢,[—1,z + 1,—2 + 1,2 — 1] and let Q' be the quasigroup
generated by the cyclotomic orthomorphism ¢, [z, + 1,—z — 1, —x + 1]. Then Q
and Q' are isotopic, but not isomorphic. Similarly, identify Fo5 = F5[z]/(2? — z + 2),
let @ be the quasigroup generated by ¢.[2,—1,—x — 2,2 — 1,22 — 2,2z — 2], and
let Q' be the quasigroup generated by ¢.[2,—2,2z,1 — z,2,2 — 2z]. Then Q and Q’
are isotopic, but not isomorphic. Therefore, (12) is false if we replace 2 by 4 or 6. For
n € {3,5}, there are no two quasigroups Q and Q' of order less than 50 generated
by cyclotomic orthomorphisms of least index n that are isotopic but not isomor-
phic. For n € {3,4,5}, there is no quasigroup of order less than 50 generated by a
cyclotomic orthomorphism of least index n that has an autotopism that is not an
automorphism. The only quasigroup of order less than 50 generated by a cyclotomic
orthomorphism of least index 6 that has an autotopism that is not an automorphism
is the quasigroup Q of order 7 generated by ¢3[3, 3,6, 3, 2, 4]. Explicitly, Aut(Q) = T
and Atp(Q) = PGL3(2). However, we note that a cyclotomic orthomorphism of index
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g — 1 over F, is, in some sense, a degenerate cyclotomic orthomorphism, since every
orthomorphism over F, that fixes 0 is cyclotomic of index ¢ — 1.

The only known quasigroups that violate (12) when 2 is replaced by some other
index are not of prime order. Thus, it would be interesting to determine for which
integers n (12) is true when replacing 2 by n if we impose that the orders of Q and
Q' are prime. It would also be interesting to determine for which integers n (11) is
true when replacing 2 by n if we impose that the orders of Q and Q' are prime.
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