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Perfect state transfer in graphs related to

linear groups in two dimensions

Venkata Raghu Tej Pantangi & Peter Sin

ABSTRACT We construct families of graphs from linear groups SL(2, q), GL(2, ¢) and GU(2,q),
where ¢q is an odd prime power, with the property that the continuous-time quantum walks on
the associated networks of qubits admit perfect state transfer.

1. INTRODUCTION

Let X be a simple finite graph, with adjacency matrix A, for some fixed ordering
of the vertex set V(X). In this paper we shall study a quantum mechanical model
known as a continuous-time quantum walk on X, based on the X X-Hamiltonian [23,
IV.E]. In this model, the evolution of states is governed by the unitary matrices
U(t) = exp(—itA), for t € R (denoting time). For background on quantum walks we
refer the reader to [10] and [13].

A phenomenon of central importance in the theory is perfect state transfer (PST).
Let CV(X) denote the Hilbert space in which the characteristic vectors eq, a € V(X),
form an orthonormal basis. Let a and b be vertices of X. We say that we have perfect
state transfer from a to b at time 7 if U(7)e, = yep, for some v € C of absolute value
1; in other words, an initial state concentrated on the vertex a evolves at time 7 to
one concentrated on b. A spectral characterization (c.f Theorem 2.4.4 [11]) of graphs
admitting PST was obtained in Coutinho’s thesis [11]. An early result of Godsil [19,
Corollary 10.2] shows that for a given maximal degree there are only finitely many
connected graphs that admit PST. It is therefore of interest to consider infinite families
of connected graphs that admit PST. In this paper we construct several such families.

In order to provide context for our results we give a brief review, based partly on
the list in [12], of previous work in this direction. Among paths, only those with two
or three vertices admit PST. More generally, it has recently been shown [15] that
these paths are the only trees that admit PST. Complete graphs K, do not admit
PST for n > 2. Among strongly regular graphs, we have PST only in the trivial case
of a complement to a disjoint union of an even number of copies of K5. However,
bipartite doubles of many strongly regular graphs and distance regular graphs[14] do
provide examples of PST.
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For distance graphs of the Johnson scheme J(n, k) of k-subsets in a set of size n,
it was proved in [1] that PST can occur only if n = 2k. In this case, the Kneser graph
K (2k, k) is a disjoint union of %(Qkk) copies of K5 so, obviously, it admits PST. When
(Qk]f) is divisible by 4, the complement also admits PST. For unions of distance graphs
in J(2k, k) Vinet and Zhan [27] have given arithmetic conditions that are necessary
and sufficient.

There are some general results on the behavior of PST with respect to certain
constructions such as products, covers and joins [2, 12], yielding further examples.
There are also general results about graphs belonging to association schemes [14].
An important result proved at this level of generality is the fact that PST implies
that one of the 0 — 1 matrices defining the association scheme must be a permutation
matrix of order 2 having no fixed points. Other examples arise from Cayley graphs,
mostly on abelian groups. For nonabelian groups, examples of PST have been found
for some normal Cayley graphs, that is those in which the connection set is closed
under conjugation. In both cases, the graphs belong to the conjugacy association
scheme, and the aforementioned result implies that PST requires the existence of a
central involution in the group. Some general results on abelian Cayley graphs are
proved in [26]. Hypercubes were among the first examples of PST studied [10] and,
more generally, cubelike graphs have been studied in detail in [6, 9, 8], and numerous
families admitting PST have been found. PST in integral circulants has been classified
[6] and this result has been generalized to Cayley graphs on abelian groups with cyclic
Sylow 2-subgroups [3]. Nonabelian groups with normal Cayley graphs that admit PST
include dihedral groups of order divisible by 4 [7], and extraspecial 2-groups [25].

REMARK 1.1. As mentioned above, if a normal Cayley graph on a group G admits
PST, then G must necessarily contain a central involution. In the case G is a group
containing a central involution z, the Cayley graph on G with G \ {1, z} as its “con-
nection” set, is the complement of the disjoint union of |G|/2 copies of K5. As we
discussed already, this graph admits PST, provided |G| =0 (mod 4).

While this graph belongs to the conjugacy class scheme on G, it is a “trivially”
occurring example. It is of interest to find examples of groups with central involutions
whose conjugacy class schemes contain nontrivial examples of graphs admitting PST.

It is also desirable for these nontrivial examples to be connected, as otherwise they
are just disjoint unions of graphs belonging to conjugacy class schemes on a subgroup
of G.

In this paper we construct four families of connected graphs exhibiting PST from
the linear groups SL(2,¢), GL(2,q) and GU(2,¢), where ¢ is an odd prime power.
Here GU(2,q) denotes the subgroup of GL(2,¢?) preserving a fixed nondegenerate
Hermitian form on IF?]Q.

Three of these are families of normal Cayley graphs and, as far as we know, are
the first such examples in which the underlying groups are not solvable.

THEOREM 1.2. Let q be an odd prime power. If G is one of GL(2,q), GU(2,q), or
SL(QLq), there exists a connected normal Cayley graph T' on G admitting PST such
that T is not the disjoint union of copies of Ks.

The connection sets of these Cayley graphs, which have a uniform definition for each
family, will be specified later in § 4.1, § 4.2, and § 4.3 once the required notation has
been established. At that point the reader may notice a parallelism in the definitions of
the GL(2, ¢) and GU(2, q) graphs, as well as in the proofs of these cases of Theorem1.2,
that is congruous with the spirit of “Ennola duality”.

The fourth family is constructed in orbital (or Schurian) association schemes,
defined in §2.2 below. ([4] and [20] are references for orbital schemes.) When ¢
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is a prime power, one of the main results of [21] shows that the double cosets of
GL(2,q) in GL(2,¢?) give rise to an orbital association scheme, which we denote by
GL(2,¢%) / GL(2.9).

THEOREM 1.3. Let q be a prime power with ¢ = 3 (mod 4). Then there exists a
connected graph T belonging to GL(2,q?) J GL(2,q) admitting PST such that T is not
a disjoint union of copies of Ks.

The only other examples known to the authors of PST in graphs belonging to an
orbital scheme are the unions of graphs of the Johnson scheme J(2k, k) [27] mentioned
above.

To assist the reader we describe next the organization of this paper. There are two
sections of preliminaries. § 2 deals with association schemes, recalling the definitions
of the conjugacy class schemes and orbital schemes which provide the setting for
our later calculations. We also include here the characterization of PST in graphs
belonging to an association scheme, which is central to what follows. In § 3 we recall
the well-known descriptions of the characters and conjugacy classes of the groups
GL(2,q), GU(2,q) and SL(2, ¢q) and establish notation.

The proof of Theorem 1.2 is given in § 4, with one subsection devoted to each family.
These subsections can be read independently. It is here that the precise definitions of
the Cayley graphs are to be found. As mentioned above, the constructions and proofs
for GL(2,¢) and GU(2, q) are strongly parallel with GU(2, ¢) objects related to their
GL(2, q) counterparts by “change of signs".

The proof of Theorem 1.3 is carried out in the final section, which requires no
material from § 4. The constructions of the orbital graphs are given and the question
of PST is reduced to a simple statement (Proposition 5.2) which is then established
by a series of calculations, requiring the careful evaluation of character sums over
cosets.

2. PST IN ASSOCIATION SCHEMES

A d-class association scheme on n vertices, is a set A = {Ag, Ay,..., Aq} of square
0-1 matrices of order n satisfying the following:
(1) Ao =1;
d

(2) > Ai=J;

i=0
(3) AT € A, for all 0 < i < d; and
(4) AZAJ = Ain S Span (.A)

The Bose-Mesner algebra C[A] of A is the complex algebra generated by the ma-
trices in A. By design, elements of A form a basis for C[A4]. It is well known that C[.A]
also has a basis £ = {Ey, F1, ... E4} of primitive idempotents.

Given 7,5 € {0,1,...,d}, let A;; be such that A;E; = X\; jE;. The A x £ array
whose (i, j)-th entry is JA; ;, is called the character table of the scheme A. Note that
the i-th row of the character table gives the spectrum of A;.

DEFINITION 2.1. A graph X is said to belong to an association scheme A if the adja-
cency matriz Ax of X is in C[A]. Equivalently, Ax is the sum of a subset of the A;,

i #0.

We note that, as we assume graphs to be undirected and without loops, the subset
of the A; in this definition must be closed under transposition and not include Ag.
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Coutinho has given necessary and sufficient conditions [11, Theorems 2.4.4 and
3.2.1, Corollary 3.3.2] for PST between two vertices of a graph belonging to an asso-
ciation scheme. We now reformulate his results in a way which is more convenient for
our purposes.

THEOREM 2.2. Let X be a graph belonging to a d-class association scheme with prim-
itive idempotents Ey, ..., E4, and corresponding eigenvalues deg(X) = 0y > 61 >
-2 0. Let g=gcd{6y—0; : i=0,...,d}. Then perfect state transfer occurs at a
time t between vertices a and b if and only if all of the following conditions hold.
(a) The eigenvalues of X are integers.
(b) The relation of the scheme that contains (a,b), say T, is a permutation matriz
of order 2 with no fixed points.
(C) Let <I)+ = {Hj : TEj = Ej} and &~ = {9] : TEj = —Ej}. Then 1}2(90 — OJ) =
va(g) for all 0; € @ and va(0y — 0;) > va(g) for all 0; € @~ . (Here va(m) is
the 2-adic valuation of the integer m.)

Moreover, t is an odd multiple of %.

REMARK 2.3. We note that the condition of strong cospectrality in [11, Theorem
2.4.4(i)] is implied by our condition (c) as the latter implies that @+ N &~ = &.
Hence, if Ey is the idempotent projection for the eigenvalue 8 and Ey = B, +---FE;
its decomposition into primitive idempotents then we have TE;, = o¢E;; for all j,
where o9 = £1 is independent of j. Thus E‘geb = EgTea = O’gEgea.

In this paper, we are interested in two types of association schemes that arise from
finite groups: (a) conjugacy class schemes and (b) orbital (or Schurian) schemes. We
first describe the conjugacy class scheme.

2.1. CONJUGACY CLASS SCHEMES. Let G be a finite group. Given z € G, let 2¢
denote the conjugacy class containing x, and let A, be the G X G matrix (whose rows
and columns are indexed by elements of G in some fixed order), with

Agh) = 1 if hg~t' € 29,
2\ ) = 0 otherwise,

for all g, h € G. We note that for any y € G, we have A, = A, if and only if @ = y%.
It is well-known (see e.g. § 3.3 of [20]) that the set A = {A, : x € G} forms
an association scheme and that its Bose-Mesner algebra C[Ag], is isomorphic to the
centre Z(C[G]) of the group algebra C[G].

Let Irr(G) denote the set of irreducible complex characters of G. Given ¢ € Irr(G),

Y(hg")(1)

let B, be the G x G matrix with Ey (g, h) = T The set {Ey : ¢ € Irr(G)}
is the basis of primitive idempotents for C[Ag]. Given z € G, we have
Ea G
1 A B, = 219 g
( ) P ’l/)(].) P

Using Theorem 2.2, if there is a graph admitting PST that belongs to the conjugacy
class scheme on G, then there is some z € G such that A, is a permutation matrix
of order 2. We note that A, is a permutation matrix of order 2 if and only if z is a
central involution. In other words, the existence of a graph admitting PST belonging
to the conjugacy class scheme on G implies the existence of a central involution in G.

Let G be a group possessing a central involution. Given a graph I' belonging to the
conjugacy class scheme on G, there exists an inverse-closed set & C G which is a union
of conjugacy classes such that I' := Cay(G, ). Let Ar denote the adjacency matrix
of I'. Given x € Irr(G), let 0, be the eigenvalue of Ar satisfying ArE, = 0, E,. Let
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S C G and ¢ a complex character of G, then by x(S), we denote the sum > x(s).
ses
Using (1), we have

xX(6) _ x(©)

DM T
The last equality follows since & is inverse-closed.

To check if I" admits PST, we apply Theorem 2.2. Using (1) and Theorem 2.2, we
have the following result.

COROLLARY 2.4. Let G be a group possessing a central involution z, and let & be an
inverse-closed set which is a union of conjugacy classes in G. Consider the Cayley

graph I' := Cay(G, &). Given x € Irr(G), define 0, := fc((?))’
ot ={6, = x(2)/x(1) =1}
and
o7 = {0y : x(2)/x(1) = —-1}.
I,

(i) 0y € Z, for all x € Irr(G); and
a (mod 4) if 0, € @
a+2 (mod 4) iff, € d,

then there is perfect state transfer between vertices x and xz of T, for all x € G.

(ii) there exists a € Z such that 6, = {

2.2. ORBITAL SCHEMES. Let G be a finite group and let H < G. By G/H, we denote
the set of left cosets of H in G. Let D be a complete set of (H, H)-double coset
representatives in G. Given d € D, we define Ay to be the G/H x G/H matrix
satisfying

1 ifx~ly e HdH,

. b
0 otherwise.

Aq(zH,yH) = {

for all «H,yH € G/H.
A complex character 1 of G is said to be multiplicity-free if

{(,x) + x € Ir(G)} € {0, 1}.

It is a well-known result (see e.g. [20, Corollary 13.5.1]) that G J H := {A; :d € D}
is an association scheme if and only if the permutation character 1§ := Ind% (1) is
multiplicity-free. An orbital scheme is an association scheme of the form G/ H, where
(G, H) is such that 1% is multiplicity-free.

Consider an orbital scheme G J H. Let

(2) Irt(G ) H) := {x € Ir(G) : (1§,x) =1}.
Given x € Irr (G J H), let E,, be the G/H x G/H matrix satisfying
B, (o H, yH) = ’ﬁx(xlym-

It is a standard result (see for eg. [20, Corollary 13.8.2]) that {E, : x € Irr(G J/ H)}
is the basis of primitive idempotents for C[G J H].
Given d € D and x € Irr(G J H), we also have (c.f [20, Corollary 13.9.1])
x(d~'H)

AE, = 54— "E,.
(3) dtix |Hde‘ X
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By Theorem 2.2, if there is a graph admitting PST in G/ H, then there is some d € G
such that Ay is a permutation matrix of order 2. We now give a characterization of
orbital schemes containing a permutation matrix of order 2.

LEMMA 2.5. Let G be a finite group and let H < G be a subgroup such that 15, is
multiplicity-free. Let Ng(H) be the normalizer of H in G. Given d € D, the matriz
Aq € G J| H is a permutation matriz of order 2 if and only if d € Ng(H) ~ H and
d*>€ H.

Proof. Pick a d € G, such that A, is a permutation matrix. Since Ay is a permutation
matrix and since Ay(H,dH) = 1, it follows that A4(H,zH) = 0 for all xH # dH,
which means that HdH = dH. Hence d € Ng(H). Conversely, if d € Ng(H), then
HdH = dH, and thus A; must be a permutation matrix. Thus A4 is a permutation
matrix if and only if d € Ng(H).

We observe that given r,s € Ng(H), we have A, A, = A,;. We also note that
A, =T if and only if r € H. Thus {A; : d € Ng(H)}, forms a group isomorphic to
N¢(H)/H. Using this, we conclude that given d € G, A, is a permutation matrix of
order 2 if and only if d € Ng(H) ~ H and d* € H. O

Assume that G/ H is such that Ng(H) =2 H and that there is z € Ng(H)\ H such
that 22 € H. From our discussion above, A, is a permutation matrix of order 2. Let
D C G satistying the following: (i) for all x,y € D with z # y, we have HxH # HyH;
(i) given z € D, there is an € D such that z=! € H#H; and (iii) 1 ¢ D. The matrix

Ap := > Az must be a symmetric 0-1 matrix. Let I'p be the graph in G / H whose
deD
adjacency matrix is Ap. Given x € Irr(G J H), let 6, be the eigenvalue satisfying

ApE, =0, E,. Using (3), we have

x(d—1H)
0, =
x |H N HY| Z|HﬁHd|
deD

Application of Theorem 2.2 to I'p, by setting T := A, yields the following result.

COROLLARY 2.6. Let G, H, z, D, and I'p be as described in the previous paragraph.
Given x € Irr(G /| H), define

Z |Hde\

v oy 2C0 )

|H|
and
_ x(zH)
o= {n =
If,

(i) 0y € Z, for all x € Irr(G ) H); and
a (mod 4) if 0, € o+

(ii) there exists a € Z such that 6, = : B
a+2 (mod4) iff, €D,

then there is perfect state transfer between vertices tH and xzH of U'p, forallx € G.
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3. COMPLEX REPRESENTATIONS OF GL(2,¢q), GU(2,q) AND SL(2,q).

In this section, we describe the irreducible characters of GL(2,q) and GU(2,¢) and
SL(2, q). The facts about GU(2, ¢) and SL(2, ¢) will be needed only for our study of
the Cayley graphs on the respective groups, while those for GL(2,¢) will be needed
for both thf\ Cayley graphs and the orbital scheme graphs. If F is a field, we shall

denote by F* the group of multiplicative characters of F* with complex values.

3.1. CHARACTERS OF GL(2,q). Let ¢ be an odd prime power. In this section, we
describe conjugacy classes and complex irreducible representations of the finite general
linear group GL(2, q). The irreducible complex representations of this group were first
classified by Schur [24] and Jordan [22]. For a modern exposition, we refer the reader
to [18, § 5.2].

We first start by describing the conjugacy classes of GL(2, ¢). Let g be an odd prime
power and let Fy and F2 denote the finite fields of sizes ¢ and ¢? respectively. Fix A
to be a fixed non-square in F,, and let VA € F 2 denote a fixed root of t2 — A € F,[t].
The set {1, \/Z} is a basis for Fy2 over F,. Given z € F 2, let x,,y. € F, be such that
Z2=T,t+ Y. VA.

Given z,y € Fy with x # y, define ¢;(z) := B 2], ca(z) = [Jg ﬂ, cs(z,y) =

B 2] Given z € F2 \ Fy, define c4(z) := BZ Axyz} A central element in GL(2,q)
4 z
is necessarily one of {ci(z) : = € Fx}. A non-central element with exactly one
eigenvalue x € F is conjugate to ca(r). A non-central element with two distinct
eigenvalues z,y € T is conjugate to c3(r,y). Finally, an element with no eigenvalues
in ¢ is conjugate to one of {c4(2) : 2z € Fgz Ny}
Irreducible characters of GL(2,q) can be split into four categories, by degree. We
first describe the linear characters.
Let det : GL(2,q) — F denote the determinant map. Every linear character of
GL(2, q) is of the form Aodet, where X is a multiplicative character of F*. For ease of

writing, we shall sometimes abuse notation to identify A o det € Irr(G) with X € Fy .
Next, we describe the so called parabolically induced characters. Let B(g) denote

the subgroup of upper triangular matrices in GL(2,q). Given x1,x2 € Fy, we get a
character x := [x1, xz] of F;* x F and, by inflation, a character of B(q), which we
denote by the same symbol, given by

() el ([52] ) =@,

We obtain a character I[x, x2] := Indg(Lq()Qm(X) of GL(2, q), via induction. It is well

known that, provided x;1 # x2, the character I[x1, x2] is an irreducible character of
degree g + 1. Such characters of degree q+1 will be referred to as principal series
characters. It is also known that for y € F the associated linear character y := yodet
of GL(2,q) is an irreducible summand of I[x, x| and that S, := I[x,x] — x is an
irreducible character of degree q. We shall refer to such characters as Steinberg type
characters.

A character m € Irr(GL(2,q)) is said to be cuspidal if (m, I[x,x]) = 0, for all
x € Irr (F; X qu) There are q(q—1)/2 cuspidal characters and each one of them has
degree g — 1. Cuspidal characters are indexed by {u € Irr(JFqu) ST

The character table of GL(2, q) is given as Table 1.
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ci(z) ca(z) c3(z,y) ca(2)
Size 1 ¢ —1 q(g+1) q(g—1)
Character
A A(2?) A(2?) Azy) A(z7T)
S g\ (z?) 0 Axy) —A(zH1)
(] (¢ —Dp(z) —n() 0 —p(z) — pu(z9)
Ix1, x2] || (¢+ Dxa(@)xe(@) || xa(@)xe(@) | x1(@)x2)+x1 @)xa (@) 0

TABLE 1. Character table of GL(2, ¢). The characters A, Sy, 7[u] and
I[x1, x2] respectively denote linear, Steinberg, cuspidal and principal
series characters.

3.2. CHARACTERS OF GU(2,q). Let ¢ be an odd prime power. Fix a nondegenerate
hermitian form on ng. By GU(2,q), we mean the subgroup of form-preserving ma-
trices in GL(2,¢?). In this section, we describe the complex irreducible characters of
GU(2,q). We start by defining E to be the unique subgroup of IF;Z, of index g — 1.

The conjugacy classes and irreducible characters of GU(2,q) were characterized
by Ennola [16, 17]. Ennola proved that g,h € GU(2,q) are conjugate if and only if
they are similar as matrices, and he also determined the rational canonical forms of
elements in GU(2,¢q). In other words, a GU(2,¢) conjugacy class is uniquely deter-
mined by the rational canonical form of its elements. The information about various
conjugacy classes and their rational canonical form is given in Table 2.

Class Rational form Size Number of this type
z 0
Ci(x),z € E 0z 1 qg+1
z1 9
Cy(z),z € E 0z ¢ —1 q+1
x 0 qlg+1
C’g(x,y),x,yEE,x#y 0 Q(qf]‘) u
Y 2
[z 0] ¢ —q-2
Ci(z), 2 €FL N E 0 24 q(g+1) 9

TABLE 2. Number of conjugacy classes of GU(2, q) of each type

Characters of GU(2, q) were also first described by Ennola [17]. The construction
of characters is very similar to those of GL(2,¢). We now describe the irreducible
characters.

Every linear character of GU(2, q) is of the form Aodet, where A is a linear character
of E. For ease of notation, we use A to denote X o det. For every linear character A,
there is an irreducible character S of degree ¢q. Every irreducible character of degree
q is of this form. Given distinct linear characters Ay, Ao of F, there is a character
I[A1, Ao) € Irr(GU(2, q)), of degree ¢ — 1. Every irreducible character of degree ¢ — 1
is of this form. Given a linear character u of quz with p # p~? (that is, ,u|]qu is non-
trivial), there is a character 7[u] of degree ¢+ 1. Every irreducible character of degree
g + 1 is of this form. Any character in Irr(GU(2,q)) must be one of the irreducible
characters described in this paragraph. The character table of GU(2,q) is given in
Table 3.

3.3. CHARACTERS OF SL(2,q). Let ¢ be an odd prime power. In this section, we
describe the character table of SL(2,¢q). The irreducible complex representations of
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Ci(z) Cs(x) Cs(z,y) Cy(2)
) e e Azy) A(z179)
Sh g\ (z?) 0 -A(zy) A(z179)
an (¢ + Dp(e) p() 0 p(z) + p(z"7)
I[A1, 2] || (@ = DA(@)Aa(m) | —Ai(2)A2(T) | —Oa(@Aa(m)+ra (@)A1 (1) 0

—

ABLE 3. Character table of GU(2,q)

SL(2,q) were first characterized by Schur [24] and Jordan [22]. We can obtain ir-
reducible representations of SL(2,¢) as irreducible summands of restrictions of irre-
ducible representations of GL(2,q). In fact, all complex irreducible representations
of SL(2,q) can be obtained this way. More details on this approach can be found in
many standard texts such as [18].

The conjugacy classes of SL(2, q) are well known (see for instance [18, § 5.2]). Let
A be a fixed non-square in F,x . Conjugacy classes of SL(2, q) are described in Table 4.

Representative Size of the class
I 1
—1I 1
da(1,1) = [11] ¢ —1
2 ) T O 1 2
. 1 A -1
do(1,A) == 01 5
-1 1] -1
do(~1,1):= | 7 5
—1 A ¢ -1
d2(_17A) = 0 —1 2
z 0 %
ds(x) = ||y —1]» & € By~ {+1} 9(g+1)
A
dy(z,y) = z:j xy , (z,y) € Fg x Fy and 22 —y?A=1 q(g—1)

TABLE 4. Conjugacy classes of SL(2, q)

We now describe the irreducible characters of SL(2,¢q). Let E denote the unique
subgroup of index ¢ — 1 in qug. Let ps denote a linear character of E, of order 2. We

extend s to a character of F*, and denote this extension by s as well. Consider the
restriction U := 7[us]|s1,(2,q) of the cuspidal character 7[u]. Elementary computations
show that (U, U) = 2. It is known (c.f [18, § 5.2]) that U is a direct sum of two distinct

irreducible characters of the same degree, q% We denote the irreducible summands

of U by Ut and U~. We just described two irreducible characters of degree 4—

Let ¢ denote the quadratic character of Fy and consider the restriction Z :=

I1¢, 1]|s1,(2,q) of the irreducible character I[¢, 1] of GL(2, ). Just as above, Z is a sum of

1
. We denote the irreducible

two distinct irreducible characters of the same degree, g
summands of Z by ZT and Z~. We just described two irreducible characters of degree
qg+1

2
If p is a linear character of IF;Q, with pu # p? and plp # psle, then w[u]lsy(2,q)

is an irreducible character. We also note that given another linear character p of
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Foz, with p # p?, then 7[y][sr(2,9) = 7[pllsLiz,q) if and only if ple € {pl&, p?|r}.
Given a linear character u of E, with p # u~1, we denote P[u], to be the restriction
of m[] € Irr(GL(2,q)) to SL(2,q), where [i is any extension of p to F;z. We just

-1
described £ irreducible characters of degree (¢ — 1).

Given a distinct linear character A of F*, with A2 # 1 the character I[\, 1], restricts
to an irreducible character of SL(2,q). We define I[\] := I[X,1]|sp(2,q)- These I[A]’s
q—3

form a set of

irreducibles of degree q + 1.

Consider the 2-transitive action of SL(2,¢) on the 1-dimensional subspaces of Fz.
Let o be the degree ¢ irreducible character, such that o+1 is the permutation character
associated with this action. We note that o is the restriction of any Steinberg type
character of GL(2, ¢). We have so far described ¢+ 3 distinct irreducible characters of
SL(2, ¢). Including the trivial character, we have ¢+ 4 irreducible characters, which is
the same as the number of conjugacy classes, and therefore, these are all the irreducible
characters. For our purposes, we do not require the entire character table, but only
require the character values on £1I, do(£1,1) and da(£1, A). Character values of any
character in Irr(SL(2, q)) ~ {U*Z*} can be read off the character table 1 of GL(2, q).
The character values of U, Z* take a bit more work, but are well-known. The values
taken by characters in {U*, Z*} on elements of {da(£1,1),da(£1,A)} are given in
Table 5.

d2(171) d2(17A) d2(7171) d2(717A)
Ut —1£4/¢(-1)q | —1F/C(=D)q | C(—DF/C(-1)q | {(—1D)E/¢(-1)q
2 2

2 2
P 1£4/¢(—1g 1FV/C(—Dg | ¢(=DEVC(=Dq | (—DFVC(-1)q
2 2 2 2
TABLE 5. Partial Character Table of SL(2, q)

4. PROOF OF THEOREM 1.2

Theorem 1.2 considers graphs belonging to the conjugacy class scheme. We prove this
using Corollary 2.4.

4.1. PST 1Nv GL(2,q). Let ¢ be an odd prime power and let G = GL(2,q). Then
-10

0 1}. Let S denote the set of

G has a unique central involution, namely, —I = {

squares in F and N :=F; \ S.
We consider the set & of elements which are conjugate to an element of the set

{03(1,1)}U< U 62(96)) U( U C4(Z)>~
wE]F;< zE]F:2\]F;<
29T e {1}UN

Here, c(x), c3(z,y), and c4(2) are as defined in § 3.1. We will prove that the Cayley
graph I' := Cay (G, &) — a graph belonging to the conjugacy class scheme over
G — possesses PST. This shall be done by proving that I' satisfies the premise of
Corollary 2.4. We do this in a series of lemmas.

LEMMA 4.1. The eigenvalues of I' are integral.
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Proof. Tt is well known that, given a conjugacy class C and an irreducible character Yy,

x(C)

x(1)
that, for any x € Irr(G), 6, = x(S)/x(1) is an integer. O

is an algebraic integer. As & is a union of rational conjugacy classes, it follows

Our next step will be to show that all eigenvalues in @+ are congruent to 2 (mod 4)
and the onesin @~ are 0 (mod 4). We first prove some auxiliary lemmas. The following
result is an immediate consequence of orthogonality of characters.

LEMMA 4.2. Let A be a linear character of Ff.
-1 9 Ker(A
ZA(xQ):QA(S):{q if S C Ker()\)

! 0 otherwise.
z€lF,

The norm map Nm : IFqXZ — F is a surjective homomorphism satisfying Nm(z) =
20+ for all z € F;z. The kernel E of this map is the unique subgroup of IFqXQ, of order
q+1. Given x € F, the set E, := Nm™!(z) is a coset of E. For any z € F,, we note

that 29+! = 22, Therefore, E, N Fy # @ if and only if = is a square in F;*. Moreover,
we have

2 if S
(58) E,.NFy =4 “¥E2
0 otherwise.
(5Db) EOF(IX ={1,—-1}.
Therefore, we have
(6) {z€F \Fy : z‘ﬁ'le{l}uN}:(U Em)U(E\{l,—l}).
TzEN

We now prove one last technical result before going back to our main result.

LEMMA 4.3. Let A be a non-trivial linear character of F; and let yi be linear character
of Foy with pn # p?. Then, we have
1) X AT =(g—1—(g+DAS)
ZE]FX2 \IF;<
29t e{1}UN
2 X ) =—1+p(-1)
ze]FqX2 ~FX
21t e{1}JUN
Proof. Given x € F, we recall that E, = {z € FZQ : 291 =1} is a coset of E, and
thus a set of size ¢ + 1. Let A be a non-trivial linear character of F. Using (5) and
(6), we have

ST AT = BN A{L 1AL + Y B NFY A (@)
zE]F:z ~FX TEN
2t e{1}JUN
=(¢—=DAQ) + (g + AN).
Since A is non-trivial, by orthogonality of characters, we have 0 = A(F) = A(N) +

A(S), and thus A(N) = —X(S). This proves the first equality.
Let p be a non-trivial linear character of F;z, with p # p?. Since E is a subgroup

of index ¢ — 1 in the cyclic group IFqXQ, we see that B = {297 : 2 € FZQ}. Since
w # 9, there exists some z € quz with p(2971) = p9=1(2) # 1. Therefore, u|g is a
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non-trivial character and thus p(E) = 0. For every z € F, E, is a coset of E, and
thus u(E,) = 0. Using (6), we have

S puz) = pE) - p({1,-1}) + Y u(EL)

29t e {1}UN
— (14 u(-1)). O

We now show that I" possesses PST. We start by computing the eigenvalues of T'.
We begin with the eigenvalues indexed by linear characters of G.

LEMMA 4.4. If X is a linear character of G, then

alg+ DAC-1) + (q;” if S ¢ Ker()),
g+ D=1 + (> = 1)(g—1) if A is the quadratic character,
oy = PN VR R
gl +1)+ (¢ =g —1) if X is trivial.
—1)2 _1)2
+ 21) +q(q+1)iq 1)

Moreover, 6y =2 (mod 4) and 0 € ®T.
Proof. Let X be a complex linear character of G. Recalling our notation from § 3.1,
we can also treat A as a complex linear character of F;. We recall that there are

exactly ¢(q + 1) elements conjugate to c3(1,—1); exactly ¢*> — 1 elements conjugate
to each co(x); and exactly ¢(¢ — 1) elements conjugate to each c4(z). We also recall
that co(x) = co(y) if and only if @ = y; and that c4(z) = c4(w) if and only if
{2,z} = {w,w}. We now have

05 = AN(S)/M(1)
—alg + DAL 1) + (@ 1) Y Mea@) + LD S A ea(2)

zEFY zeIF:2\]F;<
24t e {1}UN
_ 2 2 q(q—1) +1
=g+ DA=1)+(® = 1) > Az?) + ) > AT,
IGF; zE]F:z\IFqX
29T e{1}UN

Using Lemma 4.2 and Lemma 4.3, it follows that

2
q(g+ A1) + ( 21) if S ¢ Ker()),
qg+ DA(-1) + (q2 —1(g-1) it A is the quadratic character,
0y = Y5 q(qul)Z(qul)Q
g+ D)+ (*-1)(g—1) if A is trivial.
+q(q—21)2 Ll 1)L(Lq— 1)?

—1)2
As ¢> — 1 =0 (mod 8), it follows that 6y = q(q + 1)A\(—1) + % (mod 4).
Using A(—1) = +1 and ¢ = +1 (mod 4), we conclude that 85 = 2 (mod 4). Finally,
we observe that A\(t) = A\(1) = 1, and thus 6, € ®+. O
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LEMMA 4.5. If X is a linear character of G, then

( _ (q— 1)2 .
g+ 1DA(-1) + 5 if S Z Ker(\),
s, = (g+DA(-1) + (o= 1)2 — (g4 1)(g ~ 1)2 if X is the quadratic character,
(G-12 (g1
(¢+1)+ 1 5 + 4 4q if X is trivial.

Moreover, 0s, =2 (mod 4) and fg, € ®+.

Proof. Given a linear character A of F, consider the character Sy, and the eigenvalue
0s,. We have

0s, = Sx(6)/5\(1)

2 _ —
= (q+1)/\(03(1,—1))+¥ 3 Mea(a) + q(q2q DS ae)

X X X
zelF; ZG]FQZ \]Fq

=(g+DA=1)+0- (q; 2 > AT

X X
zEFq2 \Fq

29t e{1}UN

Using Lemma 4.2 and Lemma 4.3, it follows that

(¢—1)? :
(g+DA-1)+ 5 if S Z Ker()),
—1)2 _1)2
O0s, = 4 (g+ )A(—1) + (g 5 V7 la+ l)iq b if A\ is the quadratic character,
—1)2 1)(g— 1)
(g+1)+ 1 . i s )iq ) if A is trivial,

Using A(—1) = £1 and ¢ = +1 (mod 4), we conclude that g, =2 (mod 4). Finally,
we observe that Sy(t)/Sx(1) = 1, and thus fg, € ®T. O

Now, we consider the eigenvalues indexed by cuspidal irreducible characters of G.

LEMMA 4.6. Let i be a linear character of FZQ with p # pe. Then,

wlu) = § 24 if u(=1) =1 and Fy < Ker(u),
—(¢*=1)+2q ifFy < Ker(p).

Moreover,

P _ 0 (m0d4) if&,r[“]ecb—,
T2 (mod 4) if Oy, € BT
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Proof. Let u be a linear character of IFqu, with p # 9. Consider the cuspidal character
7[p]. We have

Orfu) = T[1)(S) /7] (1)

_ (-1 Z q
B m[u](c2(x)) + 5 Z p(ca(2))
zGIF; z€]F:2 \]F;<
29T e{1}UN

=—(q+DuF)—q > p
zG]F:Z \IF‘;<
29T e{1}UN
= —(g+ Dp(Fg) +q(1 + p(=1)),
with the last equality following from part (2) of Lemma 4.3.

If p(=1) = —1, then F* ¢ Ker(p), and thus, by orthogonality of characters, we
have @[, = 0 in this case. Similarly, in the case u(—1) = 1 and F* ¢ Ker(u),
we have 0[] = 2¢. Finally, in the case Fy C Ker(u), we have p(—1) = 1 and
W) = (g - 1).

Since w{p](t)/w[p] (1) = p(=1), O € @ if and only if u(—1) = 1. The congruence
results now follow by using the facts that ¢ is odd and ¢ — 1 =0 (mod 4). O

Now, we consider the eigenvalues indexed by the characters in the principal series.
LEMMA 4.7. Let A1, A2 be two distinct linear characters of G. Then,
p _Jau(=0) F (1) + (g -1 i AT =X
TAs2a] g A1 (=1) + Xa(=1)) otherwise.

Moreover,

0 _ )2 (mod 4) if Orpp, a,) € T
I[A1,22] = 0 (mod 4) ifHI[Al,Az] cd.

Proof. Let A1, A2 be two distinct linear characters of G and consider the character
I[A1, A2]. We have

9I[>\1,)\2] = I[)‘la /\2](6)/”/\17 AQ](I)
=q(M(=1) + A2(=1)) + (¢ - 1) Z A1 (@) A2().
zEFY
By orthogonality of characters,

D M@ he(z) = {(q 1) i AT =,

‘ 0 otherwise.
erFq

This proves the first part of the result. Moreover, we also have

O1iaa0) = M(=1) + A2(=1)  (mod 4).
We observe that 0y, x,] € ®T if and only if A\;(—1)X2(—1) = 1. Now, the second
part of the result follows. O

Lemma 4.1, Lemma 4.4, Lemma 4.5, Lemma 4.6, and Lemma 4.7 show that the
graph T satisfies the premise of Corollary 2.4 for a = 2. (Recall that G has a unique
central involution —I.) As T" is a regular graph with its highest eigenvalue being of
multiplicity one, it is connected. We have now proven the following result.
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THEOREM 4.8. Let g be an odd prime power and let G = GL(2,q) with its unique
central involution —I = 701 01} Let N denote the set of non-squares in F; and

define & to be the set of elements which are conjugate to an element of the set

{03(1,—1)}U< U C2($)>U< U 64(2)>~

X X
z€F, zE]Fq2 ~FX

2t e{1}JUN

Then, a perfect state transfer occurs at some time, between vertices g and —g of the
connected graph T’ := Cay(G,S), for all g € G.

We remark that when ¢ = 3, the set & = GL(2,3) \ {I,—I}, and thus, T is
the complement of the disjoint union of 24 copies of K. As we remarked in the
introduction, this is a trivial example, and we desire to obtain a more “interesting”
example. Let T be the set of all non-central elements of orders 2, 3, 4, and 6. The
Cayley graph IV with connection set T belongs to the conjugacy class scheme on
GL(2,3) and is a spanning subgraph of I. It is elementary to check that I is connected
and that it satisfies the premise of Corollary 2.4, and thus that it admits PST. When
q > 3, the graph T is not the complement of the disjoint union of copies of K5. This
proves Theorem 1.2 for GL(2, q).

4.2. PST 1N GU(2,q). Let ¢ be an odd prime power. In this section, we construct a

Cayley graph on G := GU(2, ¢), which possesses PST. We note that —I = {01 _OJ

is the unique central involution of G. As in the previous two subsections, we make
use of Corollary 2.4 to construct a graph belonging to the conjugacy class scheme on
GU(2, q), which exhibits PST.

As defined in § 3.2, E is the unique subgroup of index ¢ — 1 in ]quz. Let @ be the
unique index-2 subgroup of E, and let R := E \ Q. For convenience, we denote F
by F.

&= Cat-)U (U Calo)) u( U o4<z>>.

z€E ZG]FXZ\E
q
277 'e{1}UR

We will show that I := Cay(G, &) is a graph that exhibits PST. The proof of this is
essentially the same as the proof of Theorem 4.8.

First, we note that & is a union of rational conjugacy classes of G. Arguing as
in the proof Lemma 4.1, it follows that the eigenvalues of I' are integral. We first
establish some auxiliary results. Using orthogonality of characters as we did in the
proof of Lemma 4.2, we obtain the following result.

LEMMA 4.9. Let X be a linear character of E.

D A@?) =2)MQ) =

zeE

{q +1 if Q C Ker()\)

0 otherwise.

The map z — 2'~7 from IFqXZ to E, is a surjective homomorphism with F' as its
kernel. Given z € E, the set F,, := {2z € IF‘qXQ . 2179 = g}, is a coset of F. Also,
given z € E, we have 277 = z, and thus, we have F, N E # & if and only if x € Q.
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Moreover, we have

2 ifzeq
0 otherwise.

(7a) |F, NE| = {
(7b) ENnF={1,-1}.

Therefore, we have

(8) {zeF:NE : A1 {1JUR} = ( U Fz> U (F ~{£1}).
T€ER
qxz, with g # p~?, we have u|p is non-trivial and hence

w(F) = 0. Using the above equation and arguing as in the proof of Lemma 4.3, we
obtain:

Given a character p of F

LEMMA 4.10. Let A be a non-trivial linear character of E and let u be a linear character
of ]qu2 with p # p=9. Then, we have
1) X AT =(-3) - (@@-1)NQ)
ZG]F;E ~NE

!9 {1}UR

2 X ) =-0+pu((=1)

zeF:z\E
2'79c{1}UR
For any linear character X, since A()/A(1) = 1, we have 0, € ®T. We also have
Ox = A\(G)
—gg- DA + (- ) DA + T S ey
2

z€E ZGFX2\E
q
2179¢{1}UR

Using Lemma 4.9 and Lemma 4.10, we have the following:
LEMMA 4.11. If X is a linear character of G, then
(g +1)(g = 3)

gg=DAD + =5 if Q € Ker()\)
q(g— DA + (¢ = 1)(g+ 1) if Q = Ker())
6y — N q(q + 1;(61 -3) qlg+ 1)((14— 3)(g—1)
q(g— DA+ (¢ = 1)(g+ 1) if A= 1.
N q(g+1)(g—3) N q(qg+1)(g—3)(g—1)
2 4

Moreover, 0y € T and 0y =2 (mod 4).
Similar computations on Sy yield the following result.

LEMMA 4.12. If X is a linear character of G, then

(g—DA(-1) + U DE=3) Q¢ Ker(\)

05, = { (g— A1) + (g+1)(g—3) (¢+1)(¢—3)(g—1) if Q = Ker(\)

2 4
(g— DA(=1) + (¢+ 1)2(q— 3) , la+t 1)(q13)(q— 1)

Moreover, 0y € ®* and 0\ =2 (mod 4).

if A= 1.
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Now, we consider 0[], where p is a linear character of qug with p # p~9. Using
the values of 7[u] given in Table 3 and part (2) of Lemma 4.10, we arrive at the
following:

Oy = (¢ — Dp(E) — q(1 + p(=1)).

Since w[p](t) = (¢ + 1)pu(—1), we see that 6,,; € ®T if and only if u(—1) = 1. We
have thus proven the following result.

]

LEMMA 4.13. Let 1 be a linear character of IFqX2 with p # p=9. Then,

Orf) = § —29 if w(=1) =1 and E € Ker(u),
(¢> —1)—2q if E CKer(u).

Moreowver,

o O (mod4) ifby, €,
2 (mod 4) if Orfu) € 7.

Given distinct linear characters A\; and A2 of E, we consider 07y, »,). We have

Orni e = —a(A(=1) + A2(=1)) = (4 +1) Y Mi(@)Ae(x).
z€E
Since I[A1,X2](t)/(q¢ — 1) = Ai(=1)X2(—1), we have O;5, n,) € ®T if and only if
A1(—1)A2(—1) = 1. Using orthogonality of characters, we arrive at the following result.

LEMMA 4.14. Let A1, A2 be two distinct linear characters of G. Then,

9 g (=) (1) = (g + 1) AT =N
T2l —q(A1(=1) + A2(—1)) otherwise.

Moreover,

0 _ )2 (mod 4) if Oppp, ay) € T
I[A1,)2] = 0 (mod 4) if 01[/\1)\21 c o,

Lemma 4.11, Lemma 4.12, Lemma 4.13, and Lemma 4.14 show that the graph T’
satisfies the premise of Corollary 2.4 for a = 2. (Recall that G has a unique central
involution —1I.) As T is a regular graph with its highest eigenvalue being of multiplicity
one, it is connected. We have now proven the following result.

THEOREM 4.15. Let g be an odd prime power and let G = GU(2,q) with its unique
central involution —I = [_01 _01

define

]. Let R denote the set of non-squares in E, and

&= Ca(t. -y U (U G u( U c4<z>>.

zeE zElFXQ\E
q
277 1'e{1}UR

Then, a perfect state transfer occurs at some time, between vertices g and —g of the
connected graph T' .= Cay(G,S), for all g € G.

Since |E| > 4, there exists € £\ {1,—1} and thus C3(1,z) ¢ &. Therefore,
S g G ~ {I,—1I}, and thus T is not a disjoint union of copies of K5. We can now
conclude that Theorem 1.2 is true in the case of GU(2, ¢).
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4.3. PST 1N SL(2,q). Let ¢ be an odd prime power and let G := SL(2,q) be the
special linear group of dimension 2 on [F,. In this section, we construct a connected
Cayley graph on G, which possesses PST. The group contains a unique central invo-
lution, —I. Let & be the collection of all elements of G, which are conjugate to one
of the elements of {d2(£1,1),da(£1, A)}. Here, do(£1,1),d2(£1, A) are as defined in
§ 3.3. We consider the graph T'sp, := Cay(G,{—I} U &). Arguing as in the proof of
Lemma 4.1, it follows that I's;, has integral eigenvalues. We now apply Corollary 2.4
to show that there is PST between vertices x and —z of this graph, for all x € G.
We first observe that for all xy € Irr(G), we have

9) Oy =7+

where
ry = X(d2(1,1)) + x(d2(=1,1)) + x(d2(1, A)) + x(d2(—1, A)).
As discussed in § 3.3, any y € Irr(G) \ {U*, Z*%} is a restriction of an irreducible

character of GL(2,q). Using Table 1, we observe that for y € Irr(G) ~ {U*, Zt},

7, must be divisible by 4. From Table 5, we observe that, for any x € {U*, Z+},
2

ry is even. We also note that either x(1) | -
2

or r, = 0. Moreover, in the case

-1
x € {U*, Z*}, we have x(1) | q . These observations along with (9) yield
—I
0y = x(=1) (mod 4),
x(1)

for all x € Irr(G). An application of Corollary 2.4 yields the following.
THEOREM 4.16. Let ¢ be a power of an odd prime p and let G = SL(2,q) with its

-1
unique central involution —I = [ 0 _OJ . Let & be the collection of all elements of G
of orders p and 2p.
Then, a perfect state transfer occurs at some time, between vertices g and —g of

the connected graph T := Cay(G,{—I}UG&), for all g € G.

REMARK 4.17. We remark that the X := Cay(GL(2, ¢), { —I}U®S) is a graph belonging
to the conjugacy scheme on GL(2, ¢) and it satisfies all the conditions in Corollary 2.4.
However, this graph is disconnected — it is the disjoint union of ¢ — 1 copies of the
graph I' in the above theorem. For this reason, we do not consider this graph in the
case of GL(2, ¢q).

5. PROOF OF THEOREM 1.3

As in the premise of Theorem 1.3, let ¢ be a prime power satisfying ¢ = 3 (mod 4).
For ease of notation, we set G := GL(2,¢?) and H := GL(2,q). We shall apply the
results of § 3.1 to the group G rather than to H, and so it is important to note that
q must be replaced by ¢?. We set B := B(q?).

We describe a graph belonging to G / H which admits PST.

CONSTRUCTION 5.1. Let 2 € Z(G) ~ H be such that 2>H = H. Given z,y € IF;;,

define my y 1= [I 0

0 y} . Define T'; to be the graph whose vertex set is G/H in which rH

is adjacent to sH if and only if r—'s € | HzH U U Hmg,  H
w,yEF:2 & z#y
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We will show that I'; admits PST. To check this, we need to compute its spectrum.
We first gather some useful results about G J/ H. Let F : G — G denote the map
defined by [2;] > [z{;]. By Theorem 3.4 of [21], for any x,y € G, we have HxH =
HyH if and only if z71F(z) is conjugate to y~1F(y). Using Theorem 3.4 of [21], it
follows that Hm, ,H = Hm,,H if and only if {zF),yF;} = {aF;,0F;}. Let A
be a complete set of coset representatives for F in ]quz. For ease of notation, for all

T,y € quz, we denote Amm, by A . The adjacency matrix of Iy is

Y
1

(10) A=A+ > Ayy

{(z,y)€EAXA & z#y}

We shall now apply Corollary 2.6 to our graph. For x € Irr(G J H), let 8, be the
eigenvalue of A defined by AE, = 0, E,. Note that the degree of I'; is ¢; and that
the 6, s are not necessarily distinct. We have y(zH)/|H| = £1, and 0, € ®* with the
same sign. From (3), we recall that A, E, = x(zH)/|H|E,. Suppose that it can be
established that every eigenvalue of A— A, is an integer divisible by 4. Then 6, € &+
if and only if #, =1 (mod 4) and 6, € @~ if and only if §, = 3 (mod 4). Then, by
Corollary 2.6 we have PST between any pair of vertices related by A,.. Therefore, to
show that I'; admits PST, we are reduced to proving the following proposition.

PROPOSITION 5.2. Fvery eigenvalue of

1
D := 3 Z Ay y

{(zy)eAxA : z#y}

is an integer and is divisible by 4.

As D is in the Bose-Mesner algebra C[G // H], any eigenspace of D is spanned
by columns of a collection of matrices in {E, : x € Irr(G / H)}. To compute the
eigenvalues of D we use the formula (3). As is evident from the formula, it is beneficial
to compute character sums of the form x(gH), where g € {m,, : (v,y) € A? & z #

y}

5.1. CHARACTER SUMS OVER COSETS OF H. We recall that B is the subgroup of
upper triangular matrices in G. Let T be the subgroup of diagonal matrices and U
be the subgroup of unipotent matrices. Note that T = F:z X F;z and that B/U 2 T.

Thus, any character of T extends to a character of B. Given 6 € T, let I[f] := Ind (6).
We will now compute I[0](gH).
We start by fixing a matrix representation of G that affords I[f] as its character.

é(l) for f € Fpe and we = [(1) (1)} Let P = Fg2 U {oo} be the
projective line over Fg2 The set

Q:={wpg : peP}

Define wg := {

is a complete set of left coset representatives for B in G.
Given g € G and € P, the elements o4(8) € P and b(g,8) € B are uniquely
defined by the equation

(11) gws = Wy, (3)b(g, B).

The map g — 04 defines a transitive action of G on P, with B as the stabilizer of 0.
Now given 6 € T, let Py(g) to be the |P| x |P| matrix satisfying

Po(9)p,0 = 05,(a),80(b(g, ),
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for all @, 8 € P. The map P : G — GL(|P|,C) is a representation affording I[f] as its
character. We observe that

I[0)(gH) = Tr (Py(g)Ps(H)) -

We first start computing My := Pyp(H). Given «, 8 € P, define Hy,,3 :={h € H :
op(a) = B}. Using the definition of Py, we see that

(12) My(B,a)= 3 0(b(h, ).

hEHa%B

Thus, if a, € P are not in the same H-orbit, we have My(5, a) = 0. We consider
action of H on P. Note that

U wsBUweB C HB.

BeF,
H||B
As |HB| = |B(|)|7 (where B(gq) = HN B is the subgroup of upper triangular matrices
q
in H), we see that

U wsBUwsB = HB,
BeF,

and thus the H-orbit containing 0 is P; := F, U {oo}. Given «, € Fp2 \ Fy, there
is a unique (Ca,3,da,p) € Fy, with dy g # 0, such that § = ca,g + da,pa. Let ho g =

{ Lo } . Then we have
Ca”g da,g

1 0
(13) haﬂwa = Wwg |:0 da,ﬂ] s

80 0, 5(a) = B and b(hag, ) = [0 d } This shows that H is transitive on Py :=
: oy

P\ P;. We now derive formulae for entries of My. We define C' to be the subgroup
ch?q] : aEIF;Q} of B.
LEMMA 5.3. Given «, 8 € P, we have

0(B(q)) if o, p € Fq U{oo},

Mo(B, ) = 9([1 0 )9(0) if 0,8 € Fo < F,,
0dagp

0 otherwise.

Proof. The equality in the last case follows from (12). Assume «, 8 are in the same
H-orbit. From (12), we have

My(B,0) = > 0(b(h,a)).
h€Hao 5

Now consider the set S := {b(h,«) : h € Hog}. Given x,y € H,_,3, we have
b(x, a) = wg™law, and b(y, @) = ws'yw,, and thus,

(14) b(x, ) tb(y, @) = wa tr T yws € (Hasa)™™.
Fix an element z € H,_, 3. Using (14), we have
S Cb(z,a)(Homsa)“>.

Again from (14), we have b(z, a) = b(y, «) if and only if = y. Thus |S| = |Ha—al,
and thus
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S =b(z,a)(Hoosa)“*.
This shows that
Me(ﬂv Oé) = Q(S)
(15) = 0(b(z,@))0((Hasa)")-

Case 1: Assume that «, 8 € F, U {oo}. In this case, w, and wg lie in H. Thus, for
any h € Hy—,p, we have b(h, ) = wg™*hw, € H, and therefore S C H. We also have
(Ho0)?> = b(z,a)"1S € H. Since (Hy_q)** C B, we have (Hy_,4)%* C BN H =
B(q). As Hy—,q is the stabilizer of o with respect to the transitive action of H on
Py, we have |Hy 0| = |B(q)|. Since b(z, o) € BN H = B(q), we have S = B(q). This
proves the first equality in the lemma.

Case 2: Assume that o, 8 € Fp2 \ Fg. Setting z = hqy g in (15), we have

M8,0) =0 |g 4 | ) 0000 ")

Let s,t € F, be such that a® = s+ ta. We note that B is the set of elements fixing
the projective point 0 € P. Therefore, given = := {CCL 2] € H, we have x € H,_,, if

and only if ¥~ € B. Thus, x € H,_,, if and only if

a + ba b _ a + bo b
c—aa+da—ba?d—ba|  |[(c—bs)+ (d—a—bt)ad—ba
As {1,a} is a basis for F2, we conclude that € H,_,, if and only if (i) ¢ = bs,
(ii) d = a+ bt, and (iii) (a,b) # (0,0). We note that (i) and (ii) ensure that x“~ is an
upper triangular matrix, and (iii) ensures that z“= is invertible. We have

<.

(Hao)* = H“*Obo‘ (a+bf) _ba} L abeF, & (ab) # (070)}.

We have
0 (Hosa)?) =0 {(a+ba, (a+bt) —ba) : a,beFy & (a,b) # (0,0)})

The trace and determinant of each matrix in (Hy—4)** is in F,. Therefore, given
b # 0, every pair of the form (a + ba, (a + bt) — ba) forms the solution set of a degree
2 irreducible polynomial over F,. Since roots of degree 2 irreducible polynomials are
conjugate pairs, we can now conclude that

{(a+ba,(a+bt) =ba) : a,beFy & (a,b) # (0,0)} = {(2,27) : z€F},

and thus that
0 (Haa)*) = 0(C).
This concludes the proof. O

Using the above lemma and I[0](gH) = Tr(Py(g)My), we obtain the following
result.

COROLLARY 5.4.

116](gH) = > 0(b(g, 8))0(B(q))

{BEP1 : o4(B)EP1}

S e(b(g,m)e([l ) ])9«7)-

0d,
{BEP; : 04(B)EP2} a(8).8

Algebraic Combinatorics, Vol. 9 #1 (2026) 281



V.R.T. PANTANGI & P. SIN

Given z,y € F; with a1y ¢ FX, we now compute I[0](m, , H) (recall that m, , =
diag(x,y)). As 0 is a linear character of B, it is irreducible when restricted to both B(gq)
and C. From the above corollary, it follows that I[0](gH) = 0 unless either B(g) C
Ker(#) or C' C Ker(6). Let us now assume that 6 is such that either B(q) C Ker(6) or

C C Ker(0). Let 64,05 € 1[4:(1;2 such that § = [0y, 0;]. We note that o, , (8) = 2~ 'yp
and b(my,y, B) = Mmy,y, for all f € Fg; and that oy, , (00) = oo and b(my,y, 00) =
My, .. Therefore,

{BePr 1 04(B) €P1}={0,00}
{BePy : 04(B) ePr} = F(IXQ ~ (Fy Uy_lxIFqX) .
These observations along with Corollary 5.4 yield
1[0)(mq  H) = (61(2)02(y) + 61(y)02(x))0(B(q))
(16) + 6 (2)02(y)0(C) > 02(dy-1ya,a) |-
aeJFqu\(IF; Uy~—taF))
We now simplify this sum.

LEMMA 5.5. Let x,y € ]qu2 with x='y ¢ FX and let x € qug, then

Z X(dzflya,a) = (q - I)X(]qu )

aGF:2 \((IFQX Uy*lzIF;)

Proof. We first recall some notation: given €,y € Fo2 N\ Fy, (Ceyydey) € Fy x Ff s
the unique pair satisfying v = ¢, + dc €. We can rewrite this equation as

(17) € = —Cend )+ d_ 1,
and thus,
(18) Cye = —Cend and dyc=d_).

Set f =z 'y, r == cg 2, and s 1= dg g». By design 8 € quz ~ . Consider
aeF5 N (Fx UB~'FX). By (17), we have
(19) B=—cpadyy, +d 0
Starting from o = cg,o + dg,o3, We obtain
Ba = cgalb +dgof?
=dgar+ (cg,a +5ds.a)B (since 5% =1 + s3)
= (d,&ar - C%,adgix + 657045) + (Cﬁ,adE,la + s)a,
with the last step following from (19). We have now shown that do go = (cﬁﬂd/;la +5).
Since a ¢ FX U B'FY, we have fa,a € Foo NF, and thus da,go # 0. Now, using
(18), we have
-1
(20) dﬂa,a = da,ﬂa
We claim that the function o = dga,q from Fpy \ (Fe UBT'Fy) to Fy, is (i)
constant on left cosets (in FqXQ) of F; that sit in the domain and (ii) takes distinct
values on distinct F;—left cosets in the domain. As the domain qug ~ (qu U 5’1F;)

partitions into (¢ — 1) distinct F-cosets in IF;Q, the result follows from the claim.
Given t € FY

q
X

for any a € qu ~ (]qu U ﬁ_quX), we have dga,o = dgta,ta. Conversely, suppose that

= (CB,ad,EL —+ 8)71.

we observe that tcg o = cg o and tdgo = dgio. Thus, by (20),
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a1, ay € IE‘qXQ ~ (IF‘qX Ub’_llﬁ‘;) with dga,,a; = dBas.as- Then, using (20), we have
cB,Oéldgjll = C8,as dgjlz. Setting t = dg,ald[;}a?, we have

Q1 = Cga; + dﬁ,alﬂ =1lcg,a, + tdﬁﬂlzﬁ = tagy,

and thus, a; € apF ;. This proves the claim in the above paragraph, which concludes
our proof. O

Using (16) and the above result, we proved the following.
COROLLARY 5.6. Let x,y € qug with 'y ¢ F,, and let 0 € B. Then
1[6)(may H) = (61(2)02(y) + 01(y)62(2))0(B(q)) + (¢ — 1)61()02(y)0(C)02(Fy ).

5.2. EIGENVALUES OF D. We now describe all the eigenvalues of D. Let x € Irr(G //
H). Using (3) and the definition of D, we see that

L 1 X (mL,yH )
&= 3 2 |H N Hmew
{(=,y)EAXA + azty}
is an eigenvalue of D. Moreover {£, : x € Irr(G / H)} is the complete set of
eigenvalues of D. For technical reasons, we extend the definition of &, to all complex
characters of G.
Given a complex character y of G, we define

1 xX(mg,, H)
21 == S
(21) Ec=5 DX Tmadme]
{(2.9)EAXA : zy)

For each « € Fy, ci(z) € H, and H contains exactly ¢ — 1 elements conjugate to
co(x). All the other elements are conjugate to an element of the form c3(z, y) for some
(z,y) € Fz x oz with o # y. This shows that (r[u][r,1) = 0, for every cuspidal
character 7[u] of G. Thus no cuspidal character is in Irr(G / H).

Now, we figure out which parabolic characters are in Irr(G J H). Recall that a
parabolic character is an irreducible summand of a character obtained by inducing a
linear character of B. Counsider a linear character 6 = [01, 03] (here 61,60, € IFqXQ and 0

is as defined in (4)) of B. We now consider I[f] := Ind$(6). We have
(1, I10]| ) = Trace(Mp)

2
_ ot 1)13(|B(q)) + (g —|Iq{)|9(C) (using Lemma 5.3).

Therefore, (1, I[0]|z) # 0 if and only if either B(q) C Ker(f) or C' C Ker(#). We
observe that
(i) B(g) C Ker(#) if and only if F¥ C Ker(6;) (equivalently 97t = 1) and Fy C
Ker(f,) (equivalently 027" = 1); and
(i) C C Ker(), if and only if 6; = 6, 7.

We now conclude that

if 0 # 6y and 977" =1 = g1,
lf91 #92 and 01 :1:02_(1,
if ) = 6y and A9 =1 =097,

otherwise.

(1, 110][m) =

O NN ==

Let 0 := [\, A], for some A € F; such that AT = 1. We recall that I]0,] = A+ .Sy

—

is the decomposition of I[d,] into irreducible summands. Thus, given A € IE"qXQ, we have
A € Irr(G /) H) (respectively Sy € Irr(G J H)) if and only if A1 = 1. Recalling that
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{& : x €rr(G J/ H)} is the complete set of eigenvalues of D, we have now proved
the following result.

LEMMA 5.7. Any eigenvalue of D is an element of
{€rg) + B(g) C Ker(0) or C C Ker(0)} U{Ex,Es, + A€ qug & AT =1},
We now compute &;jg. We observe that |H N H™»v| = (¢ — 1)%. Using this obser-

vation and Corollary 5.6, we have

ef[e]zl( S (0i(@)0a(y) + 2(1)02(2))0(B(0))
{

2g— 1)
(0= D\ yeann : orn

Px <q—1>el<x>ez<y>e<c>eg<1@;>)

{(z,y) EAXA : z#y}
0(B(q))  0(C)0(F)
— + X 91(53)92( )
[(q —1)? 2(q—1) } {(zy)EAXA : zy} ’

We are now ready to prove Proposition 5.2. We do this in a series of lemmas.

(22)

LEMMA 5.8. For all 8 € E, Erjg) is an integer divisible by 4.
Proof. Let 6 = [0, 62] We recall that 6 is a linear character of B(g) and C and since

- 0(B() | H(C)0(F)
1 b f FX. Theref 1
0 is a linear character of F¢. Therefore, [(q -1 2(-1)
(-1  (@=1

{0,q, 5 4t T }, and thus an integer.

Case 1: First, we consider the case in which Ker(¢)) D B(qg), that is, F is in the
kernel of both 6; and 65. We have

> O(mey) = Y Olmay) =) 0(z2)

} is an element in

{(z,y) EAXA : z#y} {(z,y)EAXA} zEA
= Z 01(z)02(y) — Z 01(z)02(x)
{(z,y)eAXA} TEA
1 1
(X, ) mi( X aeee)
{weIFqX2 x]FqXQ} a:eIFqX2

where the last equality follows from the fact that IF‘qX is in the kernel of both 6; and 6.
As 0 is an irreducible representation of IF:Z X IF;Q, the first sum is either 0 or (g + 1)2.

As 6, and 6 are irreducible characters of F:z, using orthogonality of characters, the
second sum is either ¢+ 1 or 0. Thus, if Ker(0) D B(g), then > (Mg .y)
{(z,y)€AXA + zsty}

is an integer divisible by ¢ + 1. Thus, in this case, ¢ + 1 | £7jp). Since ¢ = 3 (mod 4),
this implies that 4 | Epg).

Case 2: Now, we consider the case C' C Ker(#). This condition is satisfied if and
only if ; = 65 9. Thus, we have 6; = 6, %.
Subcase 1: If F;* ¢ Ker(6), then B(q) ¢ Ker(6). Thus, in this case,

0(B(q) , 0(C)02(F7)

G-12 " 2g-1 |

and thus, 51[9] =0.
Subcase 2: If F* C Ker(fy), since 6; = 0, ?, we must have F* C Ker(6;). Therefore,
in this case, B(¢q) C Ker(#). From Case 1, it follows that 4 | 7). O
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We now turn our attention to linear characters in Irr(G / H).
LEMMA 5.9. For all A € G & quz with N1 =1, £, is an integer divisible by 4.

Proof. Using (21) and |H N H™=w| = (¢ — 1)2, we have

A(H)

&= 2(q —1)?

)‘(mx7y)
{(z,y)€AXA : z#y}

Since A9t! =1, we have Fx C Ker()), and therefore, \|[H = 1. Thus, we have

&= ﬁ Z )‘(mzy)

2(qg —1)2
(4 ) {(z,y)EAXA : z#y}
qlg+1)
=T S Ay
{(ﬂay)EAXA : x;éy}

Since Fy* C Ker(A), we have A(mg ) = A, ,,, for all t € Fy. Therefore,

&\ = w Z AMm.y)

{(w,y)EF:2 ><]F;<2 s aF S #AyFy}

_ @ Yoo @y - Y AE?)

{(r,y)G]F:2 ><]F:2} ze]Fqu

Let S denote the subgroup of squares in F;z, then we have

£ = @ (0] (5 < F22) —20(5))

Since [, ] is an irreducible character of ]quz X IFqXQ, and since \ restricts to an ir-
reducible character of S, we have 2A(S) € {0,¢> — 1} and [\, )] (IFqu X JF;) €
{0, (¢®> — 1)}. The result now follows. O
LEMMA 5.10. For all A € ]qu2 with N7 =1, Es, is an integer divisible by 4.
Proof. Since I[A\,\] = A + S\, using (21), we see that

Esy =& — Ex

Using the previous two results, we can conclude that the RHS of the above is 0
(mod 4), and thus the result follows. O

Proposition 5.2 now follows using Lemma 5.7.
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