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Perfect state transfer in graphs related to
linear groups in two dimensions

Venkata Raghu Tej Pantangi & Peter Sin

Abstract We construct families of graphs from linear groups SL(2, q), GL(2, q) and GU(2, q),
where q is an odd prime power, with the property that the continuous-time quantum walks on
the associated networks of qubits admit perfect state transfer.

1. Introduction
Let X be a simple finite graph, with adjacency matrix A, for some fixed ordering
of the vertex set V (X). In this paper we shall study a quantum mechanical model
known as a continuous-time quantum walk on X, based on the XX-Hamiltonian [23,
IV.E]. In this model, the evolution of states is governed by the unitary matrices
U(t) = exp(−itA), for t ∈ R (denoting time). For background on quantum walks we
refer the reader to [10] and [13].

A phenomenon of central importance in the theory is perfect state transfer (PST).
Let CV (X) denote the Hilbert space in which the characteristic vectors ea, a ∈ V (X),
form an orthonormal basis. Let a and b be vertices of X. We say that we have perfect
state transfer from a to b at time τ if U(τ)ea = γeb for some γ ∈ C of absolute value
1; in other words, an initial state concentrated on the vertex a evolves at time τ to
one concentrated on b. A spectral characterization (c.f Theorem 2.4.4 [11]) of graphs
admitting PST was obtained in Coutinho’s thesis [11]. An early result of Godsil [19,
Corollary 10.2] shows that for a given maximal degree there are only finitely many
connected graphs that admit PST. It is therefore of interest to consider infinite families
of connected graphs that admit PST. In this paper we construct several such families.

In order to provide context for our results we give a brief review, based partly on
the list in [12], of previous work in this direction. Among paths, only those with two
or three vertices admit PST. More generally, it has recently been shown [15] that
these paths are the only trees that admit PST. Complete graphs Kn do not admit
PST for n > 2. Among strongly regular graphs, we have PST only in the trivial case
of a complement to a disjoint union of an even number of copies of K2. However,
bipartite doubles of many strongly regular graphs and distance regular graphs[14] do
provide examples of PST.
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For distance graphs of the Johnson scheme J(n, k) of k-subsets in a set of size n,
it was proved in [1] that PST can occur only if n = 2k. In this case, the Kneser graph
K(2k, k) is a disjoint union of 1

2
(2k
k

)
copies of K2 so, obviously, it admits PST. When(2k

k

)
is divisible by 4, the complement also admits PST. For unions of distance graphs

in J(2k, k) Vinet and Zhan [27] have given arithmetic conditions that are necessary
and sufficient.

There are some general results on the behavior of PST with respect to certain
constructions such as products, covers and joins [2, 12], yielding further examples.
There are also general results about graphs belonging to association schemes [14].
An important result proved at this level of generality is the fact that PST implies
that one of the 0 − 1 matrices defining the association scheme must be a permutation
matrix of order 2 having no fixed points. Other examples arise from Cayley graphs,
mostly on abelian groups. For nonabelian groups, examples of PST have been found
for some normal Cayley graphs, that is those in which the connection set is closed
under conjugation. In both cases, the graphs belong to the conjugacy association
scheme, and the aforementioned result implies that PST requires the existence of a
central involution in the group. Some general results on abelian Cayley graphs are
proved in [26]. Hypercubes were among the first examples of PST studied [10] and,
more generally, cubelike graphs have been studied in detail in [6, 9, 8], and numerous
families admitting PST have been found. PST in integral circulants has been classified
[5] and this result has been generalized to Cayley graphs on abelian groups with cyclic
Sylow 2-subgroups [3]. Nonabelian groups with normal Cayley graphs that admit PST
include dihedral groups of order divisible by 4 [7], and extraspecial 2-groups [25].
Remark 1.1. As mentioned above, if a normal Cayley graph on a group G admits
PST, then G must necessarily contain a central involution. In the case G is a group
containing a central involution z, the Cayley graph on G with G∖ {1, z} as its “con-
nection” set, is the complement of the disjoint union of |G|/2 copies of K2. As we
discussed already, this graph admits PST, provided |G| ≡ 0 (mod 4).

While this graph belongs to the conjugacy class scheme on G, it is a “trivially”
occurring example. It is of interest to find examples of groups with central involutions
whose conjugacy class schemes contain nontrivial examples of graphs admitting PST.

It is also desirable for these nontrivial examples to be connected, as otherwise they
are just disjoint unions of graphs belonging to conjugacy class schemes on a subgroup
of G.

In this paper we construct four families of connected graphs exhibiting PST from
the linear groups SL(2, q), GL(2, q) and GU(2, q), where q is an odd prime power.
Here GU(2, q) denotes the subgroup of GL(2, q2) preserving a fixed nondegenerate
Hermitian form on F2

q2 .
Three of these are families of normal Cayley graphs and, as far as we know, are

the first such examples in which the underlying groups are not solvable.
Theorem 1.2. Let q be an odd prime power. If G is one of GL(2, q), GU(2, q), or
SL(2, q), there exists a connected normal Cayley graph Γ on G admitting PST such
that Γ is not the disjoint union of copies of K2.

The connection sets of these Cayley graphs, which have a uniform definition for each
family, will be specified later in § 4.1, § 4.2, and § 4.3 once the required notation has
been established. At that point the reader may notice a parallelism in the definitions of
the GL(2, q) and GU(2, q) graphs, as well as in the proofs of these cases of Theorem1.2,
that is congruous with the spirit of “Ennola duality”.

The fourth family is constructed in orbital (or Schurian) association schemes,
defined in §2.2 below. ([4] and [20] are references for orbital schemes.) When q
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is a prime power, one of the main results of [21] shows that the double cosets of
GL(2, q) in GL(2, q2) give rise to an orbital association scheme, which we denote by
GL(2, q2) � GL(2, q).

Theorem 1.3. Let q be a prime power with q ≡ 3 (mod 4). Then there exists a
connected graph Γ belonging to GL(2, q2)�GL(2, q) admitting PST such that Γ is not
a disjoint union of copies of K2.

The only other examples known to the authors of PST in graphs belonging to an
orbital scheme are the unions of graphs of the Johnson scheme J(2k, k) [27] mentioned
above.

To assist the reader we describe next the organization of this paper. There are two
sections of preliminaries. § 2 deals with association schemes, recalling the definitions
of the conjugacy class schemes and orbital schemes which provide the setting for
our later calculations. We also include here the characterization of PST in graphs
belonging to an association scheme, which is central to what follows. In § 3 we recall
the well-known descriptions of the characters and conjugacy classes of the groups
GL(2, q), GU(2, q) and SL(2, q) and establish notation.

The proof of Theorem 1.2 is given in § 4, with one subsection devoted to each family.
These subsections can be read independently. It is here that the precise definitions of
the Cayley graphs are to be found. As mentioned above, the constructions and proofs
for GL(2, q) and GU(2, q) are strongly parallel with GU(2, q) objects related to their
GL(2, q) counterparts by “change of signs".

The proof of Theorem 1.3 is carried out in the final section, which requires no
material from § 4. The constructions of the orbital graphs are given and the question
of PST is reduced to a simple statement (Proposition 5.2) which is then established
by a series of calculations, requiring the careful evaluation of character sums over
cosets.

2. PST in association schemes
A d-class association scheme on n vertices, is a set A = {A0, A1, . . . , Ad} of square
0-1 matrices of order n satisfying the following:

(1) A0 = I;

(2)
d∑
i=0

Ai = J ;

(3) ATi ∈ A, for all 0 ⩽ i ⩽ d; and
(4) AiAj = AjAi ∈ Span (A).

The Bose–Mesner algebra C[A] of A is the complex algebra generated by the ma-
trices in A. By design, elements of A form a basis for C[A]. It is well known that C[A]
also has a basis E = {E0, E1, . . . Ed} of primitive idempotents.

Given i, j ∈ {0, 1, . . . , d}, let λi,j be such that AiEj = λi,jEj . The A × E array
whose (i, j)-th entry is λi,j , is called the character table of the scheme A. Note that
the i-th row of the character table gives the spectrum of Ai.

Definition 2.1. A graph X is said to belong to an association scheme A if the adja-
cency matrix AX of X is in C[A]. Equivalently, AX is the sum of a subset of the Ai,
i ̸= 0.

We note that, as we assume graphs to be undirected and without loops, the subset
of the Ai in this definition must be closed under transposition and not include A0.
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Coutinho has given necessary and sufficient conditions [11, Theorems 2.4.4 and
3.2.1, Corollary 3.3.2] for PST between two vertices of a graph belonging to an asso-
ciation scheme. We now reformulate his results in a way which is more convenient for
our purposes.

Theorem 2.2. Let X be a graph belonging to a d-class association scheme with prim-
itive idempotents E0, . . . , Ed, and corresponding eigenvalues deg(X) = θ0 ⩾ θ1 ⩾
· · · ⩾ θd. Let g = gcd{θ0 − θi : i = 0, . . . , d}. Then perfect state transfer occurs at a
time t between vertices a and b if and only if all of the following conditions hold.

(a) The eigenvalues of X are integers.
(b) The relation of the scheme that contains (a, b), say T , is a permutation matrix

of order 2 with no fixed points.
(c) Let Φ+ = {θj : TEj = Ej} and Φ− = {θj : TEj = −Ej}. Then v2(θ0 − θj) =

v2(g) for all θj ∈ Φ+ and v2(θ0 − θj) > v2(g) for all θj ∈ Φ−. (Here v2(m) is
the 2-adic valuation of the integer m.)

Moreover, t is an odd multiple of π
g .

Remark 2.3. We note that the condition of strong cospectrality in [11, Theorem
2.4.4(i)] is implied by our condition (c) as the latter implies that Φ+ ∩ Φ− = ∅.
Hence, if Ẽθ is the idempotent projection for the eigenvalue θ and Ẽθ = Ei1 + · · ·Eit
its decomposition into primitive idempotents then we have TEij = σθEij for all j,
where σθ = ±1 is independent of j. Thus Ẽθeb = ẼθTea = σθẼθea.

In this paper, we are interested in two types of association schemes that arise from
finite groups: (a) conjugacy class schemes and (b) orbital (or Schurian) schemes. We
first describe the conjugacy class scheme.

2.1. Conjugacy class schemes. Let G be a finite group. Given x ∈ G, let xG
denote the conjugacy class containing x, and let Ax be the G×G matrix (whose rows
and columns are indexed by elements of G in some fixed order), with

Ax(g, h) =
{

1 if hg−1 ∈ xG,
0 otherwise,

for all g, h ∈ G. We note that for any y ∈ G, we have Ay = Ax if and only if xG = yG.
It is well-known (see e.g. § 3.3 of [20]) that the set AG = {Ax : x ∈ G} forms
an association scheme and that its Bose-Mesner algebra C[AG], is isomorphic to the
centre Z(C[G]) of the group algebra C[G].

Let Irr(G) denote the set of irreducible complex characters of G. Given ψ ∈ Irr(G),

let Eψ be the G×G matrix with Eψ(g, h) = ψ(hg−1)ψ(1)
|G|

. The set {Eψ : ψ ∈ Irr(G)}

is the basis of primitive idempotents for C[AG]. Given x ∈ G, we have

(1) AxEψ = |xG|ψ(x−1)
ψ(1) Eψ.

Using Theorem 2.2, if there is a graph admitting PST that belongs to the conjugacy
class scheme on G, then there is some z ∈ G such that Az is a permutation matrix
of order 2. We note that Az is a permutation matrix of order 2 if and only if z is a
central involution. In other words, the existence of a graph admitting PST belonging
to the conjugacy class scheme on G implies the existence of a central involution in G.

Let G be a group possessing a central involution. Given a graph Γ belonging to the
conjugacy class scheme on G, there exists an inverse-closed set S ⊂ G which is a union
of conjugacy classes such that Γ := Cay(G,S). Let AΓ denote the adjacency matrix
of Γ. Given χ ∈ Irr(G), let θχ be the eigenvalue of AΓ satisfying AΓEχ = θχEχ. Let
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S ⊂ G and ψ a complex character of G, then by χ(S), we denote the sum
∑
s∈S

χ(s).

Using (1), we have

θχ := χ(S)
χ(1) = χ(S)

χ(1) .

The last equality follows since S is inverse-closed.
To check if Γ admits PST, we apply Theorem 2.2. Using (1) and Theorem 2.2, we

have the following result.

Corollary 2.4. Let G be a group possessing a central involution z, and let S be an
inverse-closed set which is a union of conjugacy classes in G. Consider the Cayley
graph Γ := Cay(G,S). Given χ ∈ Irr(G), define θχ := χ(S)

χ(1) ,

Φ+ = {θχ : χ(z)/χ(1) = 1}

and
Φ− = {θχ : χ(z)/χ(1) = −1}.

If,
(i) θχ ∈ Z, for all χ ∈ Irr(G); and

(ii) there exists a ∈ Z such that θχ ≡

{
a (mod 4) if θχ ∈ Φ+

a+ 2 (mod 4) if θχ ∈ Φ−,
then there is perfect state transfer between vertices x and xz of Γ, for all x ∈ G.

2.2. Orbital schemes. Let G be a finite group and let H ⩽ G. By G/H, we denote
the set of left cosets of H in G. Let D be a complete set of (H,H)–double coset
representatives in G. Given d ∈ D, we define Ad to be the G/H × G/H matrix
satisfying

Ad(xH, yH) =
{

1 if x−1y ∈ HdH,

0 otherwise.
,

for all xH, yH ∈ G/H.
A complex character ψ of G is said to be multiplicity-free if

{⟨ψ, χ⟩ : χ ∈ Irr(G)} ⊆ {0, 1}.

It is a well-known result (see e.g. [20, Corollary 13.5.1]) that G�H := {Ad : d ∈ D}
is an association scheme if and only if the permutation character 1GH := IndGH (1) is
multiplicity-free. An orbital scheme is an association scheme of the form G�H, where
(G,H) is such that 1GH is multiplicity-free.

Consider an orbital scheme G �H. Let

(2) Irr(G �H) := {χ ∈ Irr(G) :
〈
1GH , χ

〉
= 1}.

Given χ ∈ Irr (G �H), let Eχ be the G/H ×G/H matrix satisfying

Eχ(xH, yH) = χ(1)
|G|

χ(x−1yH).

It is a standard result (see for eg. [20, Corollary 13.8.2]) that {Eχ : χ ∈ Irr(G �H)}
is the basis of primitive idempotents for C[G �H].

Given d ∈ D and χ ∈ Irr(G �H), we also have (c.f [20, Corollary 13.9.1])

(3) AdEχ = χ(d−1H)
|H ∩Hd|

Eχ.
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By Theorem 2.2, if there is a graph admitting PST in G�H, then there is some d ∈ G
such that Ad is a permutation matrix of order 2. We now give a characterization of
orbital schemes containing a permutation matrix of order 2.

Lemma 2.5. Let G be a finite group and let H ⩽ G be a subgroup such that 1GH is
multiplicity-free. Let NG(H) be the normalizer of H in G. Given d ∈ D, the matrix
Ad ∈ G � H is a permutation matrix of order 2 if and only if d ∈ NG(H) ∖ H and
d2 ∈ H.

Proof. Pick a d ∈ G, such that Ad is a permutation matrix. Since Ad is a permutation
matrix and since Ad(H, dH) = 1, it follows that Ad(H,xH) = 0 for all xH ̸= dH,
which means that HdH = dH. Hence d ∈ NG(H). Conversely, if d ∈ NG(H), then
HdH = dH, and thus Ad must be a permutation matrix. Thus Ad is a permutation
matrix if and only if d ∈ NG(H).

We observe that given r, s ∈ NG(H), we have ArAs = Ars. We also note that
Ar = I if and only if r ∈ H. Thus {Ad : d ∈ NG(H)}, forms a group isomorphic to
NG(H)/H. Using this, we conclude that given d ∈ G, Ad is a permutation matrix of
order 2 if and only if d ∈ NG(H) ∖H and d2 ∈ H. □

Assume that G�H is such that NG(H) ≩ H and that there is z ∈ NG(H)∖H such
that z2 ∈ H. From our discussion above, Az is a permutation matrix of order 2. Let
D ⊂ G satisfying the following: (i) for all x, y ∈ D with x ̸= y, we have HxH ̸= HyH;
(ii) given x ∈ D, there is an x̃ ∈ D such that x−1 ∈ Hx̃H; and (iii) 1 /∈ D. The matrix
AD :=

∑
d∈D

Ad must be a symmetric 0–1 matrix. Let ΓD be the graph in G�H whose

adjacency matrix is AD. Given χ ∈ Irr(G � H), let θχ be the eigenvalue satisfying
ADEχ = θχEχ. Using (3), we have

θχ :=
∑
d∈D

χ(d−1H)
|H ∩Hd|

=
∑
d∈D

χ(dH)
|H ∩Hd|

.

Application of Theorem 2.2 to ΓD, by setting T := Az, yields the following result.

Corollary 2.6. Let G, H, z, D, and ΓD be as described in the previous paragraph.
Given χ ∈ Irr(G �H), define

θχ :=
∑
d∈D

χ(dH)
|H ∩Hd|

,

Φ+ =
{
θχ : χ(zH)

|H|
= 1
}

and

Φ− =
{
θχ : χ(zH)

|H|
= −1

}
.

If,
(i) θχ ∈ Z, for all χ ∈ Irr(G �H); and

(ii) there exists a ∈ Z such that θχ ≡

{
a (mod 4) if θχ ∈ Φ+

a+ 2 (mod 4) if θχ ∈ Φ−,

then there is perfect state transfer between vertices xH and xzH of ΓD, for all x ∈ G.
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3. Complex representations of GL(2, q), GU(2, q) and SL(2, q).
In this section, we describe the irreducible characters of GL(2, q) and GU(2, q) and
SL(2, q). The facts about GU(2, q) and SL(2, q) will be needed only for our study of
the Cayley graphs on the respective groups, while those for GL(2, q) will be needed
for both the Cayley graphs and the orbital scheme graphs. If F is a field, we shall
denote by F̂× the group of multiplicative characters of F× with complex values.

3.1. Characters of GL(2, q). Let q be an odd prime power. In this section, we
describe conjugacy classes and complex irreducible representations of the finite general
linear group GL(2, q). The irreducible complex representations of this group were first
classified by Schur [24] and Jordan [22]. For a modern exposition, we refer the reader
to [18, § 5.2].

We first start by describing the conjugacy classes of GL(2, q). Let q be an odd prime
power and let Fq and Fq2 denote the finite fields of sizes q and q2 respectively. Fix ∆
to be a fixed non-square in Fq, and let

√
∆ ∈ Fq2 denote a fixed root of t2 −∆ ∈ Fq[t].

The set {1,
√

∆} is a basis for Fq2 over Fq. Given z ∈ Fq2 , let xz, yz ∈ Fq be such that
z = xz + yz

√
∆.

Given x, y ∈ F×
q with x ̸= y, define c1(x) :=

[
x 0
0 x

]
, c2(x) :=

[
x 1
0 x

]
, c3(x, y) :=[

x 0
0 y

]
. Given z ∈ Fq2 ∖ Fq, define c4(z) :=

[
xz ∆yz
yz xz

]
. A central element in GL(2, q)

is necessarily one of {c1(x) : x ∈ F×
q }. A non-central element with exactly one

eigenvalue x ∈ F×
q is conjugate to c2(x). A non-central element with two distinct

eigenvalues x, y ∈ F×
q is conjugate to c3(x, y). Finally, an element with no eigenvalues

in F×
q is conjugate to one of {c4(z) : z ∈ Fq2 ∖ Fq}.

Irreducible characters of GL(2, q) can be split into four categories, by degree. We
first describe the linear characters.

Let det : GL(2, q) → F×
q denote the determinant map. Every linear character of

GL(2, q) is of the form λ◦ det, where λ is a multiplicative character of F×
q . For ease of

writing, we shall sometimes abuse notation to identify λ ◦ det ∈ Irr(G) with λ ∈ F̂×
q .

Next, we describe the so called parabolically induced characters. Let B(q) denote
the subgroup of upper triangular matrices in GL(2, q). Given χ1, χ2 ∈ F̂×

q , we get a
character χ := [χ1, χ2] of F×

q × F×
q and, by inflation, a character of B(q), which we

denote by the same symbol, given by

(4) [χ1, χ2]
([
x z
0 y

])
= χ1(x)χ2(y).

We obtain a character I[χ1, χ2] := IndGL(2,q)
B(q) (χ) of GL(2, q), via induction. It is well

known that, provided χ1 ̸= χ2, the character I[χ1, χ2] is an irreducible character of
degree q + 1. Such characters of degree q + 1 will be referred to as principal series
characters. It is also known that for χ ∈ F̂×

q the associated linear character χ := χ◦det
of GL(2, q) is an irreducible summand of I[χ, χ] and that Sχ := I[χ, χ] − χ is an
irreducible character of degree q. We shall refer to such characters as Steinberg type
characters.

A character π ∈ Irr(GL(2, q)) is said to be cuspidal if ⟨π, I[χ, χ]⟩ = 0, for all
χ ∈ Irr

(
F×
q × F×

q

)
. There are q(q−1)/2 cuspidal characters and each one of them has

degree q − 1. Cuspidal characters are indexed by {µ ∈ Irr(F×
q2) : µ ̸= µq}.

The character table of GL(2, q) is given as Table 1.
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c1(x) c2(x) c3(x, y) c4(z)
Size 1 q2 − 1 q(q + 1) q(q − 1)

Character
λ λ(x2) λ(x2) λ(xy) λ(zq+1)
Sλ qλ(x2) 0 λ(xy) −λ(zq+1)
π[µ] (q − 1)µ(x) −µ(x) 0 −µ(z) − µ(zq)

I[χ1, χ2] (q + 1)χ1(x)χ2(x) χ1(x)χ2(x) χ1(x)χ2(y)+χ1(y)χ2(x) 0
Table 1. Character table of GL(2, q). The characters λ, Sλ, π[µ] and
I[χ1, χ2] respectively denote linear, Steinberg, cuspidal and principal
series characters.

3.2. Characters of GU(2, q). Let q be an odd prime power. Fix a nondegenerate
hermitian form on F2

q2 . By GU(2, q), we mean the subgroup of form-preserving ma-
trices in GL(2, q2). In this section, we describe the complex irreducible characters of
GU(2, q). We start by defining E to be the unique subgroup of F×

q2 , of index q − 1.
The conjugacy classes and irreducible characters of GU(2, q) were characterized

by Ennola [16, 17]. Ennola proved that g, h ∈ GU(2, q) are conjugate if and only if
they are similar as matrices, and he also determined the rational canonical forms of
elements in GU(2, q). In other words, a GU(2, q) conjugacy class is uniquely deter-
mined by the rational canonical form of its elements. The information about various
conjugacy classes and their rational canonical form is given in Table 2.

Class Rational form Size Number of this type

C1(x), x ∈ E

[
x 0
0 x

]
1 q + 1

C2(x), x ∈ E

[
x 1
0 x

]
q2 − 1 q + 1

C3(x, y), x, y ∈ E, x ̸= y

[
x 0
0 y

]
q(q − 1) q(q + 1)

2

C4(z), z ∈ F×
q2 ∖ E

[
z 0
0 z−q

]
q(q + 1) q2 − q − 2

2
Table 2. Number of conjugacy classes of GU(2, q) of each type

Characters of GU(2, q) were also first described by Ennola [17]. The construction
of characters is very similar to those of GL(2, q). We now describe the irreducible
characters.

Every linear character of GU(2, q) is of the form λ◦det, where λ is a linear character
of E. For ease of notation, we use λ to denote λ ◦ det. For every linear character λ,
there is an irreducible character Sλ of degree q. Every irreducible character of degree
q is of this form. Given distinct linear characters λ1, λ2 of E, there is a character
I[λ1, λ2] ∈ Irr(GU(2, q)), of degree q − 1. Every irreducible character of degree q − 1
is of this form. Given a linear character µ of F×

q2 with µ ̸= µ−q (that is, µ|F×
q

is non-
trivial), there is a character π[µ] of degree q+1. Every irreducible character of degree
q + 1 is of this form. Any character in Irr(GU(2, q)) must be one of the irreducible
characters described in this paragraph. The character table of GU(2, q) is given in
Table 3.

3.3. Characters of SL(2, q). Let q be an odd prime power. In this section, we
describe the character table of SL(2, q). The irreducible complex representations of

Algebraic Combinatorics, Vol. 9 #1 (2026) 268



Perfect state transfer in graphs related to linear groups in two dimensions

C1(x) C2(x) C3(x, y) C4(z)
λ λ(x2) λ(x2) λ(xy) λ(z1−q)
Sλ qλ(x2) 0 -λ(xy) λ(z1−q)
π[µ] (q + 1)µ(x) µ(x) 0 µ(z) + µ(z−q)

I[λ1, λ2] (q − 1)λ1(x)λ2(x) −λ1(x)λ2(x) −(λ1(x)λ2(y)+λ2(x)λ1(y)) 0
Table 3. Character table of GU(2, q)

SL(2, q) were first characterized by Schur [24] and Jordan [22]. We can obtain ir-
reducible representations of SL(2, q) as irreducible summands of restrictions of irre-
ducible representations of GL(2, q). In fact, all complex irreducible representations
of SL(2, q) can be obtained this way. More details on this approach can be found in
many standard texts such as [18].

The conjugacy classes of SL(2, q) are well known (see for instance [18, § 5.2]). Let
∆ be a fixed non-square in Fq× . Conjugacy classes of SL(2, q) are described in Table 4.

Representative Size of the class
I 1

−I 1

d2(1, 1) :=
[
1 1
0 1

]
q2 − 1

2

d2(1,∆) :=
[
1 ∆
0 1

]
q2 − 1

2

d2(−1, 1) :=
[
−1 1
0 −1

]
q2 − 1

2

d2(−1,∆) :=
[
−1 ∆
0 −1

]
q2 − 1

2

d3(x) :=
[
x 0
0 x−1

]
, x ∈ F×

q ∖ {±1} q(q + 1)

d4(x, y) :=
[
x ∆y
y x

]
, (x, y) ∈ Fq × F×

q and x2 − y2∆ = 1 q(q − 1)

Table 4. Conjugacy classes of SL(2, q)

We now describe the irreducible characters of SL(2, q). Let E denote the unique
subgroup of index q − 1 in F×

q2 . Let µs denote a linear character of E, of order 2. We
extend µs to a character of F×

q2 and denote this extension by µs as well. Consider the
restriction U := π[µs]|SL(2,q) of the cuspidal character π[µs]. Elementary computations
show that ⟨U,U⟩ = 2. It is known (c.f [18, § 5.2]) that U is a direct sum of two distinct
irreducible characters of the same degree, q − 1

2 . We denote the irreducible summands

of U by U+ and U−. We just described two irreducible characters of degree q − 1
2 .

Let ζ denote the quadratic character of F×
q and consider the restriction Z :=

I[ζ, 1]|SL(2,q) of the irreducible character I[ζ, 1] of GL(2, q). Just as above, Z is a sum of

two distinct irreducible characters of the same degree, q + 1
2 . We denote the irreducible

summands of Z by Z+ and Z−. We just described two irreducible characters of degree
q + 1

2 .
If µ is a linear character of F×

q2 , with µ ̸= µq and µ|E ̸= µs|E , then π[µ]|SL(2,q)
is an irreducible character. We also note that given another linear character ρ of
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F×
q2 , with ρ ̸= ρq, then π[µ]|SL(2,q) = π[ρ]|SL(2,q) if and only if µ|E ∈ {ρ|E , ρq|E}.

Given a linear character µ of E, with µ ̸= µ−1, we denote P [µ], to be the restriction
of π[µ̃] ∈ Irr(GL(2, q)) to SL(2, q), where µ̃ is any extension of µ to F×

q2 . We just

described q − 1
2 irreducible characters of degree (q − 1).

Given a distinct linear character λ of F×
q , with λ2 ̸= 1 the character I[λ, 1], restricts

to an irreducible character of SL(2, q). We define I[λ] := I[λ, 1]|SL(2,q). These I[λ]’s

form a set of q − 3
2 irreducibles of degree q + 1.

Consider the 2-transitive action of SL(2, q) on the 1-dimensional subspaces of F2
q.

Let σ be the degree q irreducible character, such that σ+1 is the permutation character
associated with this action. We note that σ is the restriction of any Steinberg type
character of GL(2, q). We have so far described q+ 3 distinct irreducible characters of
SL(2, q). Including the trivial character, we have q+ 4 irreducible characters, which is
the same as the number of conjugacy classes, and therefore, these are all the irreducible
characters. For our purposes, we do not require the entire character table, but only
require the character values on ±I, d2(±1, 1) and d2(±1,∆). Character values of any
character in Irr(SL(2, q))∖{U±Z±} can be read off the character table 1 of GL(2, q).
The character values of U±, Z± take a bit more work, but are well-known. The values
taken by characters in {U±, Z±} on elements of {d2(±1, 1), d2(±1,∆)} are given in
Table 5.

d2(1, 1) d2(1,∆) d2(−1, 1) d2(−1,∆)

U± −1±
√
ζ(−1)q

2
−1∓

√
ζ(−1)q

2
ζ(−1)∓

√
ζ(−1)q

2
ζ(−1)±

√
ζ(−1)q

2

Z± 1±
√
ζ(−1)q
2

1∓
√
ζ(−1)q
2

ζ(−1)±
√
ζ(−1)q

2
ζ(−1)∓

√
ζ(−1)q

2
Table 5. Partial Character Table of SL(2, q)

4. Proof of Theorem 1.2
Theorem 1.2 considers graphs belonging to the conjugacy class scheme. We prove this
using Corollary 2.4.

4.1. PST in GL(2, q). Let q be an odd prime power and let G = GL(2, q). Then

G has a unique central involution, namely, −I =
[
−1 0
0 −1

]
. Let S denote the set of

squares in F×
q and N := F×

q ∖ S.
We consider the set S of elements which are conjugate to an element of the set

{c3(1,−1)}
⋃( ⋃

x∈F×
q

c2(x)
)⋃( ⋃

z∈F×
q2∖F×

q

zq+1∈{1}∪N

c4(z)
)
.

Here, c2(x), c3(x, y), and c4(z) are as defined in § 3.1. We will prove that the Cayley
graph Γ := Cay (G,S) — a graph belonging to the conjugacy class scheme over
G — possesses PST. This shall be done by proving that Γ satisfies the premise of
Corollary 2.4. We do this in a series of lemmas.

Lemma 4.1. The eigenvalues of Γ are integral.
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Proof. It is well known that, given a conjugacy class C and an irreducible character χ,
χ(C)
χ(1) is an algebraic integer. As S is a union of rational conjugacy classes, it follows

that, for any χ ∈ Irr(G), θχ = χ(S)/χ(1) is an integer. □

Our next step will be to show that all eigenvalues in Φ+ are congruent to 2 (mod 4)
and the ones in Φ− are 0 (mod 4). We first prove some auxiliary lemmas. The following
result is an immediate consequence of orthogonality of characters.

Lemma 4.2. Let λ be a linear character of F×
q .∑

x∈F×
q

λ(x2) = 2λ(S) =
{
q − 1 if S ⊂ Ker(λ)
0 otherwise.

The norm map Nm : F×
q2 → F×

q is a surjective homomorphism satisfying Nm(z) =
zq+1, for all z ∈ F×

q2 . The kernel E of this map is the unique subgroup of F×
q2 , of order

q + 1. Given x ∈ F×
q , the set Ex := Nm−1(x) is a coset of E. For any z ∈ Fq, we note

that zq+1 = z2. Therefore, Ex ∩ F×
q ̸= ∅ if and only if x is a square in F×

q . Moreover,
we have

|Ex ∩ F×
q | =

{
2 if x ∈ S

0 otherwise.
(5a)

E ∩ F×
q = {1,−1}.(5b)

Therefore, we have

(6) {z ∈ F×
q2 ∖ F×

q : zq+1 ∈ {1} ∪N} =
( ⋃
x∈N

Ex

)
∪ (E ∖ {1,−1}).

We now prove one last technical result before going back to our main result.

Lemma 4.3. Let λ be a non-trivial linear character of F×
q and let µ be linear character

of F×
q2 with µ ̸= µq. Then, we have
(1)

∑
z∈F×

q2∖F×
q

zq+1∈{1}∪N

λ(zq+1) = (q − 1) − (q + 1)λ(S)

(2)
∑

z∈F×
q2∖F×

q

zq+1∈{1}∪N

µ(z) = −(1 + µ(−1))

Proof. Given x ∈ F×
q , we recall that Ex = {z ∈ F×

q2 : zq+1 = x} is a coset of E, and
thus a set of size q + 1. Let λ be a non-trivial linear character of F×

q . Using (5) and
(6), we have ∑

z∈F×
q2∖F×

q

zq+1∈{1}∪N

λ(zq+1) = |E ∖ {1,−1}|λ(1) +
∑
x∈N

|Ex ∖ F×
q |λ(x)

= (q − 1)λ(1) + (q + 1)λ(N).

Since λ is non-trivial, by orthogonality of characters, we have 0 = λ(F×
q ) = λ(N)+

λ(S), and thus λ(N) = −λ(S). This proves the first equality.
Let µ be a non-trivial linear character of F×

q2 , with µ ̸= µq. Since E is a subgroup
of index q − 1 in the cyclic group F×

q2 , we see that E := {zq−1 : z ∈ F×
q2}. Since

µ ̸= µq, there exists some z ∈ F×
q2 with µ(zq−1) = µq−1(z) ̸= 1. Therefore, µ|E is a
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non-trivial character and thus µ(E) = 0. For every x ∈ F×
q , Ex is a coset of E, and

thus µ(Ex) = 0. Using (6), we have∑
z∈F×

q2∖F×
q

zq+1∈{1}∪N

µ(z) = µ(E) − µ({1,−1}) +
∑
x∈N

µ(Ex)

= −(1 + µ(−1)). □

We now show that Γ possesses PST. We start by computing the eigenvalues of Γ.
We begin with the eigenvalues indexed by linear characters of G.

Lemma 4.4. If λ is a linear character of G, then

θλ =



q(q + 1)λ(−1) + q
(q − 1)2

2 if S ̸⊆ Ker(λ),
q(q + 1)λ(−1) + (q2 − 1)(q − 1)

+ q
(q − 1)2

2 − q
(q + 1)(q − 1)2

4

if λ is the quadratic character,

q(q + 1) + (q2 − 1)(q − 1)

+ q
(q − 1)2

2 + q
(q + 1)(q − 1)2

4

if λ is trivial.

Moreover, θλ ≡ 2 (mod 4) and θλ ∈ Φ+.

Proof. Let λ be a complex linear character of G. Recalling our notation from § 3.1,
we can also treat λ as a complex linear character of F×

q . We recall that there are
exactly q(q + 1) elements conjugate to c3(1,−1); exactly q2 − 1 elements conjugate
to each c2(x); and exactly q(q − 1) elements conjugate to each c4(z). We also recall
that c2(x) = c2(y) if and only if x = y; and that c4(z) = c4(w) if and only if
{z, z} = {w,w}. We now have
θλ = λ(S)/λ(1)

= q(q + 1)λ(c3(1,−1)) + (q2 − 1)
∑
x∈F×

q

λ(c2(x)) + q(q − 1)
2

∑
z∈F×

q2∖F×
q

zq+1∈{1}∪N

λ(c4(z))

= q(q + 1)λ(−1) + (q2 − 1)
∑
x∈F×

q

λ(x2) + q(q − 1)
2

∑
z∈F×

q2∖F×
q

zq+1∈{1}∪N

λ(zq+1).

Using Lemma 4.2 and Lemma 4.3, it follows that

θλ =



q(q + 1)λ(−1) + q
(q − 1)2

2 if S ̸⊆ Ker(λ),
q(q + 1)λ(−1) + (q2 − 1)(q − 1)

+ q
(q − 1)2

2 − q
(q + 1)(q − 1)2

4

if λ is the quadratic character,

q(q + 1) + (q2 − 1)(q − 1)

+ q
(q − 1)2

2 + q
(q + 1)(q − 1)2

4

if λ is trivial.

As q2 − 1 ≡ 0 (mod 8), it follows that θλ ≡ q(q + 1)λ(−1) + q(q − 1)2

2 (mod 4).
Using λ(−1) = ±1 and q ≡ ±1 (mod 4), we conclude that θλ ≡ 2 (mod 4). Finally,
we observe that λ(t) = λ(1) = 1, and thus θλ ∈ Φ+. □
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Lemma 4.5. If λ is a linear character of G, then

θSλ
=


(q + 1)λ(−1) + (q − 1)2

2 if S ̸⊆ Ker(λ),

(q + 1)λ(−1) + (q − 1)2

2 − (q + 1)(q − 1)2

4 if λ is the quadratic character,

(q + 1) + (q − 1)2

2 + (q + 1)(q − 1)2

4 if λ is trivial.

Moreover, θSλ
≡ 2 (mod 4) and θSλ

∈ Φ+.

Proof. Given a linear character λ of F×
q , consider the character Sλ, and the eigenvalue

θSλ
. We have

θSλ
= Sλ(S)/Sλ(1)

= (q + 1)λ(c3(1,−1)) + (q2 − 1)
q

∑
x∈F×

q

λ(c2(x)) + q(q − 1)
2q

∑
z∈F×

q2∖F×
q

zq+1∈{1}∪N

λ(c4(z))

= (q + 1)λ(−1) + 0 − (q − 1)
2

∑
z∈F×

q2∖F×
q

zq+1∈{1}∪N

λ(zq+1).

Using Lemma 4.2 and Lemma 4.3, it follows that

θSλ
=


(q + 1)λ(−1) + (q − 1)2

2 if S ̸⊆ Ker(λ),

(q + 1)λ(−1) + (q − 1)2

2 − (q + 1)(q − 1)2

4 if λ is the quadratic character,

(q + 1) + (q − 1)2

2 + (q + 1)(q − 1)2

4 if λ is trivial.

Using λ(−1) = ±1 and q ≡ ±1 (mod 4), we conclude that θSλ
≡ 2 (mod 4). Finally,

we observe that Sλ(t)/Sλ(1) = 1, and thus θSλ
∈ Φ+. □

Now, we consider the eigenvalues indexed by cuspidal irreducible characters of G.

Lemma 4.6. Let µ be a linear character of F×
q2 with µ ̸= µq. Then,

θπ[µ] =


0 if µ(−1) = −1,
2q if µ(−1) = 1 and F×

q ̸⊆ Ker(µ),
−(q2 − 1) + 2q if F×

q ⊆ Ker(µ).

Moreover,

θπ[µ] ≡

{
0 (mod 4) if θπ[µ] ∈ Φ−,
2 (mod 4) if θπ[µ] ∈ Φ+.
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Proof. Let µ be a linear character of F×
q2 , with µ ̸= µq. Consider the cuspidal character

π[µ]. We have

θπ[µ] = π[µ](S)/π[µ](1)

= (q2 − 1)
q − 1

∑
x∈F×

q

π[µ](c2(x)) + q

2
∑

z∈F×
q2∖F×

q

zq+1∈{1}∪N

µ(c4(z))

= −(q + 1)µ(F×
q ) − q

∑
z∈F×

q2∖F×
q

zq+1∈{1}∪N

µ(z)

= −(q + 1)µ(F×
q ) + q(1 + µ(−1)),

with the last equality following from part (2) of Lemma 4.3.
If µ(−1) = −1, then F×

q ̸⊆ Ker(µ), and thus, by orthogonality of characters, we
have θ[π[µ]] = 0 in this case. Similarly, in the case µ(−1) = 1 and F×

q ̸⊆ Ker(µ),
we have θ[π[µ]] = 2q. Finally, in the case F×

q ⊆ Ker(µ), we have µ(−1) = 1 and
µ(F×

q ) = (q − 1).
Since π[µ](t)/π[µ](1) = µ(−1), θπ[µ] ∈ Φ+ if and only if µ(−1) = 1. The congruence

results now follow by using the facts that q is odd and q2 − 1 ≡ 0 (mod 4). □

Now, we consider the eigenvalues indexed by the characters in the principal series.

Lemma 4.7. Let λ1, λ2 be two distinct linear characters of G. Then,

θI[λ1,λ2] =
{
q(λ1(−1) + λ2(−1)) + (q − 1)2 if λ−1

1 = λ2

q(λ1(−1) + λ2(−1)) otherwise.

Moreover,

θI[λ1,λ2] ≡

{
2 (mod 4) if θI[λ1,λ2] ∈ Φ+

0 (mod 4) if θI[λ1,λ2] ∈ Φ−.

Proof. Let λ1, λ2 be two distinct linear characters of G and consider the character
I[λ1, λ2]. We have

θI[λ1,λ2] = I[λ1, λ2](S)/I[λ1, λ2](1)

= q(λ1(−1) + λ2(−1)) + (q − 1)
∑
x∈F×

q

λ1(x)λ2(x).

By orthogonality of characters,∑
x∈F×

q

λ1(x)λ2(x) =
{

(q − 1) if λ−1
1 = λ2,

0 otherwise.

This proves the first part of the result. Moreover, we also have

θI[λ1,λ2] ≡ λ1(−1) + λ2(−1) (mod 4).

We observe that θI[λ1,λ2] ∈ Φ+ if and only if λ1(−1)λ2(−1) = 1. Now, the second
part of the result follows. □

Lemma 4.1, Lemma 4.4, Lemma 4.5, Lemma 4.6, and Lemma 4.7 show that the
graph Γ satisfies the premise of Corollary 2.4 for a = 2. (Recall that G has a unique
central involution −I.) As Γ is a regular graph with its highest eigenvalue being of
multiplicity one, it is connected. We have now proven the following result.
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Theorem 4.8. Let q be an odd prime power and let G = GL(2, q) with its unique

central involution −I =
[
−1 0
0 −1

]
. Let N denote the set of non-squares in F×

q and

define S to be the set of elements which are conjugate to an element of the set

{c3(1,−1)}
⋃( ⋃

x∈F×
q

c2(x)
)⋃( ⋃

z∈F×
q2∖F×

q

zq+1∈{1}∪N

c4(z)
)
.

Then, a perfect state transfer occurs at some time, between vertices g and −g of the
connected graph Γ := Cay(G,S), for all g ∈ G.

We remark that when q = 3, the set S = GL(2, 3) ∖ {I,−I}, and thus, Γ is
the complement of the disjoint union of 24 copies of K2. As we remarked in the
introduction, this is a trivial example, and we desire to obtain a more “interesting”
example. Let T be the set of all non-central elements of orders 2, 3, 4, and 6. The
Cayley graph Γ′ with connection set T belongs to the conjugacy class scheme on
GL(2, 3) and is a spanning subgraph of Γ. It is elementary to check that Γ′ is connected
and that it satisfies the premise of Corollary 2.4, and thus that it admits PST. When
q > 3, the graph Γ is not the complement of the disjoint union of copies of K2. This
proves Theorem 1.2 for GL(2, q).

4.2. PST in GU(2, q). Let q be an odd prime power. In this section, we construct a

Cayley graph on G := GU(2, q), which possesses PST. We note that −I =
[
−1 0
0 −1

]
is the unique central involution of G. As in the previous two subsections, we make
use of Corollary 2.4 to construct a graph belonging to the conjugacy class scheme on
GU(2, q), which exhibits PST.

As defined in § 3.2, E is the unique subgroup of index q − 1 in F×
q2 . Let Q be the

unique index-2 subgroup of E, and let R := E ∖ Q. For convenience, we denote F×
q

by F .

S := C3(1,−1)
⋃( ⋃

x∈E
C2(x)

)⋃( ⋃
z∈F×

q2∖E

zq−1∈{1}∪R

C4(z)
)
.

We will show that Γ := Cay(G,S) is a graph that exhibits PST. The proof of this is
essentially the same as the proof of Theorem 4.8.

First, we note that S is a union of rational conjugacy classes of G. Arguing as
in the proof Lemma 4.1, it follows that the eigenvalues of Γ are integral. We first
establish some auxiliary results. Using orthogonality of characters as we did in the
proof of Lemma 4.2, we obtain the following result.

Lemma 4.9. Let λ be a linear character of E.

∑
x∈E

λ(x2) = 2λ(Q) =
{
q + 1 if Q ⊂ Ker(λ)
0 otherwise.

The map z 7→ z1−q from F×
q2 to E, is a surjective homomorphism with F as its

kernel. Given x ∈ E, the set Fx := {z ∈ F×
q2 : z1−q = x}, is a coset of F . Also,

given z ∈ E, we have z−q = z, and thus, we have Fx ∩ E ̸= ∅ if and only if x ∈ Q.
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Moreover, we have

|Fx ∩ E| =
{

2 if x ∈ Q

0 otherwise.
(7a)

E ∩ F = {1,−1}.(7b)

Therefore, we have

(8) {z ∈ F×
q2 ∖ E : z1−q ∈ {1} ∪R} =

( ⋃
x∈R

Fx

)
∪ (F ∖ {±1}).

Given a character µ of F×
q2 , with µ ̸= µ−q, we have µ|F is non-trivial and hence

µ(F ) = 0. Using the above equation and arguing as in the proof of Lemma 4.3, we
obtain:

Lemma 4.10. Let λ be a non-trivial linear character of E and let µ be a linear character
of F×

q2 with µ ̸= µ−q. Then, we have
(1)

∑
z∈F×

q2∖E

z1−q∈{1}∪R

λ(z1−q) = (q − 3) − (q − 1)λ(Q)

(2)
∑

z∈F×
q2∖E

z1−q∈{1}∪R

µ(z) = −(1 + µ(−1))

For any linear character λ, since λ(t)/λ(1) = 1, we have θλ ∈ Φ+. We also have

θλ = λ(S)

= q(q − 1)λ(−1) + (q2 − 1)
∑
x∈E

λ(x2) + q(q + 1)
2

∑
z∈F×

q2∖E

z1−q∈{1}∪R

λ(z1−q)λ(z1−q)

Using Lemma 4.9 and Lemma 4.10, we have the following:

Lemma 4.11. If λ is a linear character of G, then

θλ =



q(q − 1)λ(−1) + q(q + 1)(q − 3)
2 if Q ̸⊆ Ker(λ)

q(q − 1)λ(−1) + (q2 − 1)(q + 1)

+ q(q + 1)(q − 3)
2 − q(q + 1)(q − 3)(q − 1)

4

if Q = Ker(λ)

q(q − 1)λ(−1) + (q2 − 1)(q + 1)

+ q(q + 1)(q − 3)
2 + q(q + 1)(q − 3)(q − 1)

4

if λ = 1.

Moreover, θλ ∈ Φ+ and θλ ≡ 2 (mod 4).

Similar computations on Sλ yield the following result.

Lemma 4.12. If λ is a linear character of G, then

θSλ
=


(q − 1)λ(−1) + (q + 1)(q − 3)

2 if Q ̸⊆ Ker(λ)

(q − 1)λ(−1) + (q + 1)(q − 3)
2 − (q + 1)(q − 3)(q − 1)

4 if Q = Ker(λ)

(q − 1)λ(−1) + (q + 1)(q − 3)
2 + (q + 1)(q − 3)(q − 1)

4 if λ = 1.

Moreover, θλ ∈ Φ+ and θλ ≡ 2 (mod 4).
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Now, we consider θπ[µ], where µ is a linear character of F×
q2 with µ ̸= µ−q. Using

the values of π[µ] given in Table 3 and part (2) of Lemma 4.10, we arrive at the
following:

θπ[µ] = (q − 1)µ(E) − q(1 + µ(−1)).

Since π[µ](t) = (q + 1)µ(−1), we see that θπ[µ] ∈ Φ+ if and only if µ(−1) = 1. We
have thus proven the following result.

Lemma 4.13. Let µ be a linear character of F×
q2 with µ ̸= µ−q. Then,

θπ[µ] =


0 if µ(−1) = −1,
−2q if µ(−1) = 1 and E ̸⊆ Ker(µ),
(q2 − 1) − 2q if E ⊆ Ker(µ).

Moreover,

θπ[µ] ≡

{
0 (mod 4) if θπ[µ] ∈ Φ−,
2 (mod 4) if θπ[µ] ∈ Φ+.

Given distinct linear characters λ1 and λ2 of E, we consider θI[λ1,λ2]. We have

θI[λ1,λ2] = −q(λ1(−1) + λ2(−1)) − (q + 1)
∑
x∈E

λ1(x)λ2(x).

Since I[λ1, λ2](t)/(q − 1) = λ1(−1)λ2(−1), we have θI[λ1,λ2] ∈ Φ+ if and only if
λ1(−1)λ2(−1) = 1. Using orthogonality of characters, we arrive at the following result.

Lemma 4.14. Let λ1, λ2 be two distinct linear characters of G. Then,

θI[λ1,λ2] =
{

−q(λ1(−1) + λ2(−1)) − (q + 1)2 if λ−1
1 = λ2

−q(λ1(−1) + λ2(−1)) otherwise.

Moreover,

θI[λ1,λ2] ≡

{
2 (mod 4) if θI[λ1,λ2] ∈ Φ+

0 (mod 4) if θI[λ1,λ2] ∈ Φ−.

Lemma 4.11, Lemma 4.12, Lemma 4.13, and Lemma 4.14 show that the graph Γ
satisfies the premise of Corollary 2.4 for a = 2. (Recall that G has a unique central
involution −I.) As Γ is a regular graph with its highest eigenvalue being of multiplicity
one, it is connected. We have now proven the following result.

Theorem 4.15. Let q be an odd prime power and let G = GU(2, q) with its unique

central involution −I =
[
−1 0
0 −1

]
. Let R denote the set of non-squares in E, and

define

S := C3(1,−1)
⋃( ⋃

x∈E
C2(x)

)⋃( ⋃
z∈F×

q2∖E

zq−1∈{1}∪R

C4(z)
)
.

Then, a perfect state transfer occurs at some time, between vertices g and −g of the
connected graph Γ := Cay(G,S), for all g ∈ G.

Since |E| ⩾ 4, there exists x ∈ E ∖ {1,−1} and thus C3(1, x) /∈ S. Therefore,
S ⫋ G ∖ {I,−I}, and thus Γ is not a disjoint union of copies of K2. We can now
conclude that Theorem 1.2 is true in the case of GU(2, q).
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4.3. PST in SL(2, q). Let q be an odd prime power and let G := SL(2, q) be the
special linear group of dimension 2 on Fq. In this section, we construct a connected
Cayley graph on G, which possesses PST. The group contains a unique central invo-
lution, −I. Let S be the collection of all elements of G, which are conjugate to one
of the elements of {d2(±1, 1), d2(±1,∆)}. Here, d2(±1, 1), d2(±1,∆) are as defined in
§ 3.3. We consider the graph ΓSL := Cay(G, {−I} ∪ S). Arguing as in the proof of
Lemma 4.1, it follows that ΓSL has integral eigenvalues. We now apply Corollary 2.4
to show that there is PST between vertices x and −x of this graph, for all x ∈ G.

We first observe that for all χ ∈ Irr(G), we have

(9) θχ := χ(−I)
χ(1) + q2 − 1

2χ(1) rχ,

where
rχ = χ(d2(1, 1)) + χ(d2(−1, 1)) + χ(d2(1,∆)) + χ(d2(−1,∆)).

As discussed in § 3.3, any χ ∈ Irr(G) ∖ {U±, Z±} is a restriction of an irreducible
character of GL(2, q). Using Table 1, we observe that for χ ∈ Irr(G) ∖ {U±, Z±},
rχ must be divisible by 4. From Table 5, we observe that, for any χ ∈ {U±, Z±},

rχ is even. We also note that either χ(1) | q
2 − 1

2 or rχ = 0. Moreover, in the case

χ ∈ {U±, Z±}, we have χ(1) | q
2 − 1

4 . These observations along with (9) yield

θχ ≡ χ(−I)
χ(1) (mod 4),

for all χ ∈ Irr(G). An application of Corollary 2.4 yields the following.

Theorem 4.16. Let q be a power of an odd prime p and let G = SL(2, q) with its

unique central involution −I =
[
−1 0
0 −1

]
. Let S be the collection of all elements of G

of orders p and 2p.
Then, a perfect state transfer occurs at some time, between vertices g and −g of

the connected graph Γ := Cay(G, {−I} ∪ S), for all g ∈ G.

Remark 4.17. We remark that the X := Cay(GL(2, q), {−I}∪S) is a graph belonging
to the conjugacy scheme on GL(2, q) and it satisfies all the conditions in Corollary 2.4.
However, this graph is disconnected — it is the disjoint union of q − 1 copies of the
graph Γ in the above theorem. For this reason, we do not consider this graph in the
case of GL(2, q).

5. Proof of Theorem 1.3
As in the premise of Theorem 1.3, let q be a prime power satisfying q ≡ 3 (mod 4).
For ease of notation, we set G := GL(2, q2) and H := GL(2, q). We shall apply the
results of § 3.1 to the group G rather than to H, and so it is important to note that
q must be replaced by q2. We set B := B(q2).

We describe a graph belonging to G �H which admits PST.

Construction 5.1. Let z ∈ Z(G) ∖ H be such that z2H = H. Given x, y ∈ F×
q2 ,

define mx,y :=
[
x 0
0 y

]
. Define Γq to be the graph whose vertex set is G/H in which rH

is adjacent to sH if and only if r−1s ∈

HzH ∪
⋃

x,y∈F×
q2 & x̸=y

Hmx,yH

.
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We will show that Γq admits PST. To check this, we need to compute its spectrum.
We first gather some useful results about G � H. Let F : G → G denote the map
defined by [xij ] 7→ [xqij ]. By Theorem 3.4 of [21], for any x, y ∈ G, we have HxH =
HyH if and only if x−1F (x) is conjugate to y−1F (y). Using Theorem 3.4 of [21], it
follows that Hmx,yH = Hma,bH if and only if {xF×

q , yF×
q } = {aF×

q , bF×
q }. Let ∆

be a complete set of coset representatives for F×
q in F×

q2 . For ease of notation, for all
x, y ∈ F×

q2 , we denote Amx,y
by Ax,y. The adjacency matrix of Γq is

(10) A := Az + 1
2

∑
{(x,y)∈∆×∆ : x̸=y}

Ax,y

We shall now apply Corollary 2.6 to our graph. For χ ∈ Irr(G �H), let θχ be the
eigenvalue of A defined by AEχ = θχEχ. Note that the degree of Γq is θ1 and that
the θχs are not necessarily distinct. We have χ(zH)/|H| = ±1, and θχ ∈ Φ± with the
same sign. From (3), we recall that AzEχ = χ(zH)/|H|Eχ. Suppose that it can be
established that every eigenvalue of A−Az is an integer divisible by 4. Then θχ ∈ Φ+

if and only if θχ ≡ 1 (mod 4) and θχ ∈ Φ− if and only if θχ ≡ 3 (mod 4). Then, by
Corollary 2.6 we have PST between any pair of vertices related by Az. Therefore, to
show that Γq admits PST, we are reduced to proving the following proposition.

Proposition 5.2. Every eigenvalue of

D := 1
2

∑
{(x,y)∈∆×∆ : x ̸=y}

Ax,y

is an integer and is divisible by 4.

As D is in the Bose–Mesner algebra C[G � H], any eigenspace of D is spanned
by columns of a collection of matrices in {Eχ : χ ∈ Irr(G � H)}. To compute the
eigenvalues of D we use the formula (3). As is evident from the formula, it is beneficial
to compute character sums of the form χ(gH), where g ∈ {mx,y : (x, y) ∈ ∆2 & x ̸=
y}.

5.1. Character sums over cosets of H. We recall that B is the subgroup of
upper triangular matrices in G. Let T be the subgroup of diagonal matrices and U
be the subgroup of unipotent matrices. Note that T ∼= F×

q2 × F×
q2 and that B/U ∼= T .

Thus, any character of T extends to a character of B. Given θ ∈ T̂ , let I[θ] := IndGH(θ).
We will now compute I[θ](gH).

We start by fixing a matrix representation of G that affords I[θ] as its character.

Define ωβ :=
[

1 0
β 1

]
for β ∈ Fq2 and ω∞ :=

[
0 1
1 0

]
. Let P = Fq2 ∪ {∞} be the

projective line over Fq2 The set

Ω := {ωβ : β ∈ P}

is a complete set of left coset representatives for B in G.
Given g ∈ G and β ∈ P, the elements σg(β) ∈ P and b(g, β) ∈ B are uniquely

defined by the equation

(11) gωβ = ωσg(β)b(g, β).

The map g → σg defines a transitive action of G on P, with B as the stabilizer of 0.
Now given θ ∈ T̂ , let Pθ(g) to be the |P| × |P| matrix satisfying

Pθ(g)β,α = δσg(α),βθ(b(g, α)),
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for all α, β ∈ P. The map P : G → GL(|P|,C) is a representation affording I[θ] as its
character. We observe that

I[θ](gH) = Tr (Pθ(g)Pθ(H)) .
We first start computing Mθ := Pθ(H). Given α, β ∈ P, define Hα→β := {h ∈ H :

σh(α) = β}. Using the definition of Pθ, we see that

(12) Mθ(β, α) =
∑

h∈Hα→β

θ(b(h, α)).

Thus, if α, β ∈ P are not in the same H-orbit, we have Mθ(β, α) = 0. We consider
action of H on P. Note that ⋃

β∈Fq

ωβB ∪ ω∞B ⊂ HB.

As |HB| = |H||B|
|B(q)| , (where B(q) = H∩B is the subgroup of upper triangular matrices

in H), we see that ⋃
β∈Fq

ωβB ∪ ω∞B = HB,

and thus the H-orbit containing 0 is P1 := Fq ∪ {∞}. Given α, β ∈ Fq2 ∖ Fq, there
is a unique (cα,β , dα,β) ∈ F2

q, with dα,β ̸= 0, such that β = cα,β + dα,βα. Let hα,β :=[
1 0
cα,β dα,β

]
. Then we have

(13) hα,βωα = ωβ

[
1 0
0 dα,β

]
,

so σhα,β
(α) = β and b(hα,β , α) =

[
1 0
0 dα,β

]
. This shows that H is transitive on P2 :=

P ∖ P1. We now derive formulae for entries of Mθ. We define C to be the subgroup{[
a 0
0 aq

]
: a ∈ F×

q2

}
of B.

Lemma 5.3. Given α, β ∈ P, we have

Mθ(β, α) =


θ(B(q)) if α, β ∈ Fq ∪ {∞},

θ

([
1 0
0 dα,β

])
θ(C) if α, β ∈ Fq2 ∖ Fq,

0 otherwise.

Proof. The equality in the last case follows from (12). Assume α, β are in the same
H-orbit. From (12), we have

Mθ(β, α) =
∑

h∈Hα→β

θ(b(h, α)).

Now consider the set S := {b(h, α) : h ∈ Hα→β}. Given x, y ∈ Hα→β , we have
b(x, α) = ωβ

−1xωα and b(y, α) = ωβ
−1yωα, and thus,

(14) b(x, α)−1b(y, α) = ωα
−1x−1yωα ∈ (Hα→α)ωα .

Fix an element z ∈ Hα→β . Using (14), we have
S ⊂ b(z, α)(Hα→α)ωα .

Again from (14), we have b(x, α) = b(y, α) if and only if x = y. Thus |S| = |Hα→α|,
and thus
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S = b(z, α)(Hα→α)ωα .

This shows that

Mθ(β, α) = θ(S)
= θ(b(z, α))θ((Hα→α)ωα).(15)

Case 1: Assume that α, β ∈ Fq ∪ {∞}. In this case, ωα and ωβ lie in H. Thus, for
any h ∈ Hα→β , we have b(h, α) = ωβ

−1hωα ∈ H, and therefore S ⊂ H. We also have
(Hα→α)ωα = b(z, α)−1S ∈ H. Since (Hα→α)ωα ⊂ B, we have (Hα→α)ωα ⊂ B ∩H =
B(q). As Hα→α is the stabilizer of α with respect to the transitive action of H on
P1, we have |Hα→α| = |B(q)|. Since b(z, α) ∈ B ∩H = B(q), we have S = B(q). This
proves the first equality in the lemma.

Case 2: Assume that α, β ∈ Fq2 ∖ Fq. Setting z = hα,β in (15), we have

Mθ(β, α) = θ

([
1 0
0 dα,β

])
θ((Hα→α)ωα)

Let s, t ∈ Fq be such that α2 = s+ tα. We note that B is the set of elements fixing

the projective point 0 ∈ P. Therefore, given x :=
[
a b
c d

]
∈ H, we have x ∈ Hα→α if

and only if xωα ∈ B. Thus, x ∈ Hα→α if and only if[
a+ bα b

c− aα+ dα− bα2 d− bα

]
=
[

a+ bα b
(c− bs) + (d− a− bt)α d− bα

]
∈ B.

As {1, α} is a basis for Fq2 , we conclude that x ∈ Hα→α if and only if (i) c = bs,
(ii) d = a+ bt, and (iii) (a, b) ̸= (0, 0). We note that (i) and (ii) ensure that xωα is an
upper triangular matrix, and (iii) ensures that xωα is invertible. We have

(Hα→α)ωα =
{[
a+ bα b

0 (a+ bt) − bα

]
: a, b ∈ Fq & (a, b) ̸= (0, 0)

}
.

We have

θ ((Hα→α)ωα) = θ ({(a+ bα, (a+ bt) − bα) : a, b ∈ Fq & (a, b) ̸= (0, 0)})

The trace and determinant of each matrix in (Hα→α)ωα is in Fq. Therefore, given
b ̸= 0, every pair of the form (a+ bα, (a+ bt) − bα) forms the solution set of a degree
2 irreducible polynomial over Fq. Since roots of degree 2 irreducible polynomials are
conjugate pairs, we can now conclude that

{(a+ bα, (a+ bt) − bα) : a, b ∈ Fq & (a, b) ̸= (0, 0)} = {(z, zq) : z ∈ F×
q2},

and thus that
θ ((Hα→α)ωα) = θ(C).

This concludes the proof. □

Using the above lemma and I[θ](gH) = Tr (Pθ(g)Mθ), we obtain the following
result.

Corollary 5.4.

I[θ](gH) =
∑

{β∈P1 : σg(β)∈P1}

θ(b(g, β))θ(B(q))

+
∑

{β∈P2 : σg(β)∈P2}

θ(b(g, β))θ
([

1 0
0 dσg(β),β

])
θ(C).
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Given x, y ∈ F×
q2 with x−1y /∈ F×

q , we now compute I[θ](mx,yH) (recall that mx,y =
diag(x, y)). As θ is a linear character of B, it is irreducible when restricted to both B(q)
and C. From the above corollary, it follows that I[θ](gH) = 0 unless either B(q) ⊂
Ker(θ) or C ⊂ Ker(θ). Let us now assume that θ is such that either B(q) ⊂ Ker(θ) or
C ⊂ Ker(θ). Let θ1, θ2 ∈ F̂×

q2 such that θ = [θ1, θ2]. We note that σmx,y (β) = x−1yβ

and b(mx,y, β) = mx,y, for all β ∈ Fq2 ; and that σmx,y (∞) = ∞ and b(mx,y,∞) =
my,x. Therefore,

{β ∈ P1 : σg(β) ∈ P1} = {0,∞}
{β ∈ P2 : σg(β) ∈ P2} = F×

q2 ∖
(
F×
q ∪ y−1xF×

q

)
.

These observations along with Corollary 5.4 yield
I[θ](mx,yH) = (θ1(x)θ2(y) + θ1(y)θ2(x))θ(B(q))

+ θ1(x)θ2(y)θ(C)
[ ∑
α∈F×

q2∖(F×
q ∪y−1xF×

q )
θ2(dx−1yα,α)

]
.(16)

We now simplify this sum.

Lemma 5.5. Let x, y ∈ F×
q2 with x−1y /∈ F×

q and let χ ∈ F̂×
q2 , then∑

α∈F×
q2∖((F×

q ∪y−1xF×
q )
χ(dx−1yα,α) = (q − 1)χ(Fq×).

Proof. We first recall some notation: given ϵ, γ ∈ Fq2 ∖ Fq, (cϵ,γ , dϵ,γ) ∈ Fq × F×
q is

the unique pair satisfying γ = cϵ,γ + dϵ,γϵ. We can rewrite this equation as
(17) ϵ = −cϵ,γd−1

ϵ,γ + d−1
ϵ,γγ,

and thus,
(18) cγ,ϵ = −cϵ,γd−1

ϵ,γ and dγ,ϵ = d−1
ϵ,γ .

Set β := x−1y, r := cβ,β2 , and s := dβ,β2 . By design β ∈ F×
q2 ∖ F×

q . Consider
α ∈ F×

q2 ∖
(
F×
q ∪ β−1F×

q

)
. By (17), we have

(19) β = −cβ,αd−1
β,α + d−1

β,αα.

Starting from α = cβ,α + dβ,αβ, we obtain
βα = cβ,αβ + dβ,αβ

2

= dβ,αr + (cβ,α + sdβ,α)β (since β2 = r + sβ)
= (dβ,αr − c2

β,αd
−1
β,α + cβ,αs) + (cβ,αd−1

β,α + s)α,

with the last step following from (19). We have now shown that dα,βα = (cβ,αd−1
β,α+s).

Since α /∈ F×
q ∪ β−1F×

q , we have βα, α ∈ F×
q2 ∖ F×

q , and thus dα,βα ̸= 0. Now, using
(18), we have
(20) dβα,α = d−1

α,βα = (cβ,αd−1
β,α + s)−1.

We claim that the function α 7→ dβα,α from F×
q2 ∖

(
F×
q ∪ β−1F×

q

)
to F×

q , is (i)
constant on left cosets (in F×

q2) of F×
q that sit in the domain and (ii) takes distinct

values on distinct F×
q -left cosets in the domain. As the domain F×

q2 ∖
(
F×
q ∪ β−1F×

q

)
partitions into (q − 1) distinct F×

q -cosets in F×
q2 , the result follows from the claim.

Given t ∈ F×
q , we observe that tcβ,α = cβ,tα and tdβ,α = dβ,tα. Thus, by (20),

for any α ∈ F×
q2 ∖

(
F×
q ∪ β−1F×

q

)
, we have dβα,α = dβtα,tα. Conversely, suppose that
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α1, α2 ∈ F×
q2 ∖

(
F×
q ∪ β−1F×

q

)
with dβα1,α1 = dβα2,α2 . Then, using (20), we have

cβ,α1d
−1
β,α1

= cβ,α2d
−1
β,α2

. Setting t = dβ,α1d
−1
β,α2

, we have
α1 = cβ,α1 + dβ,α1β = tcβ,α2 + tdβ,α2β = tα2,

and thus, α1 ∈ α2F×
q . This proves the claim in the above paragraph, which concludes

our proof. □

Using (16) and the above result, we proved the following.

Corollary 5.6. Let x, y ∈ F×
q2 with x−1y /∈ Fq, and let θ ∈ B̂. Then

I[θ](mx,yH) = (θ1(x)θ2(y) + θ1(y)θ2(x))θ(B(q)) + (q − 1)θ1(x)θ2(y)θ(C)θ2(F×
q ).

5.2. Eigenvalues of D. We now describe all the eigenvalues of D. Let χ ∈ Irr(G�
H). Using (3) and the definition of D, we see that

Eχ := 1
2

∑
{(x,y)∈∆×∆ : x̸=y}

χ(mx,yH)
|H ∩Hmx,y |

is an eigenvalue of D. Moreover {Eχ : χ ∈ Irr(G � H)} is the complete set of
eigenvalues of D. For technical reasons, we extend the definition of Eχ to all complex
characters of G.

Given a complex character χ of G, we define

(21) Eχ := 1
2

∑
{(x,y)∈∆×∆ : x̸=y}

χ(mx,yH)
|H ∩Hmx,y |

For each x ∈ Fq, c1(x) ∈ H, and H contains exactly q − 1 elements conjugate to
c2(x). All the other elements are conjugate to an element of the form c3(x, y) for some
(x, y) ∈ F×

q2 × F×
q2 with x ̸= y. This shows that ⟨π[µ]|H , 1⟩ = 0, for every cuspidal

character π[µ] of G. Thus no cuspidal character is in Irr(G �H).
Now, we figure out which parabolic characters are in Irr(G � H). Recall that a

parabolic character is an irreducible summand of a character obtained by inducing a
linear character of B. Consider a linear character θ = [θ1, θ2] (here θ1, θ2 ∈ F×

q2 and θ
is as defined in (4)) of B. We now consider I[θ] := IndGB(θ). We have

⟨1, I[θ]|H⟩ = Trace(Mθ)

= (q + 1)θ(B(q))
|H|

+ (q2 − q)θ(C)
|H|

(using Lemma 5.3).

Therefore, ⟨1, I[θ]|H⟩ ≠ 0 if and only if either B(q) ⊂ Ker(θ) or C ⊂ Ker(θ). We
observe that
(i) B(q) ⊂ Ker(θ) if and only if F×

q ⊂ Ker(θ1) (equivalently θq+1
1 = 1) and F×

q ⊂
Ker(θ2) (equivalently θq+1

2 = 1); and
(ii) C ⊂ Ker(θ), if and only if θ1 = θ−q

2 .
We now conclude that

⟨1, I[θ]|H⟩ =


1 if θ1 ̸= θ2 and θq+1

1 = 1 = θq+1
2 ;

1 if θ1 ̸= θ2 and θ1 = 1 = θ−q
2 ;

2 if θ1 = θ2 and θq+1
1 = 1 = θq+1

2 ;
0 otherwise.

Let θλ := [λ, λ], for some λ ∈ F̂×
q2 such that λq+1 = 1. We recall that I[θλ] = λ+Sλ

is the decomposition of I[θλ] into irreducible summands. Thus, given λ ∈ F̂×
q2 , we have

λ ∈ Irr(G �H) (respectively Sλ ∈ Irr(G �H)) if and only if λq+1 = 1. Recalling that
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{Eχ : χ ∈ Irr(G �H)} is the complete set of eigenvalues of D, we have now proved
the following result.

Lemma 5.7. Any eigenvalue of D is an element of

{EI[θ] : B(q) ⊂ Ker(θ) or C ⊂ Ker(θ)} ∪ {Eλ, ESλ
: λ ∈ F̂×

q2 & λq+1 = 1}.

We now compute EI[θ]. We observe that |H ∩Hmx,y | = (q − 1)2. Using this obser-
vation and Corollary 5.6, we have

EI[θ] = 1
2(q − 1)2

( ∑
{(x,y)∈∆×∆ : x̸=y}

(θ1(x)θ2(y) + θ1(y)θ2(x))θ(B(q))

+
∑

{(x,y)∈∆×∆ : x ̸=y}

(q − 1)θ1(x)θ2(y)θ(C)θ2(F×
q )
)

=
[
θ(B(q))
(q − 1)2 +

θ(C)θ2(F×
q )

2(q − 1)

]
×

∑
{(x,y)∈∆×∆ : x ̸=y}

θ1(x)θ2(y)(22)

We are now ready to prove Proposition 5.2. We do this in a series of lemmas.

Lemma 5.8. For all θ ∈ B̂, EI[θ] is an integer divisible by 4.

Proof. Let θ = [θ1, θ2] We recall that θ is a linear character of B(q) and C and since

θ2 is a linear character of F×
q . Therefore,

[
θ(B(q))
(q − 1)2 +

θ(C)θ2(F×
q )

2(q − 1)

]
is an element in

{0, q, (q2 − 1)
2 , q + (q2 − 1)

2 }, and thus an integer.
Case 1: First, we consider the case in which Ker(θ) ⊃ B(q), that is, F×

q is in the
kernel of both θ1 and θ2. We have∑
{(x,y)∈∆×∆ : x ̸=y}

θ(mx,y) =
∑

{(x,y)∈∆×∆}

θ(mx,y) −
∑
x∈∆

θ(x, x)

=
∑

{(x,y)∈∆×∆}

θ1(x)θ2(y) −
∑
x∈∆

θ1(x)θ2(x)

= 1
(q − 1)2

( ∑
{w∈F×

q2 ×F×
q2 }

θ(w)
)

− 1
q − 1

( ∑
x∈F×

q2

θ1(x)θ2(x)
)

where the last equality follows from the fact that F×
q is in the kernel of both θ1 and θ2.

As θ is an irreducible representation of F×
q2 ×F×

q2 , the first sum is either 0 or (q+ 1)2.
As θ1 and θ2 are irreducible characters of F×

q2 , using orthogonality of characters, the
second sum is either q+1 or 0. Thus, if Ker(θ) ⊃ B(q), then

∑
{(x,y)∈∆×∆ : x ̸=y}

θ(mx,y)

is an integer divisible by q + 1. Thus, in this case, q + 1 | EI[θ]. Since q ≡ 3 (mod 4),
this implies that 4 | EI[θ].

Case 2: Now, we consider the case C ⊂ Ker(θ). This condition is satisfied if and
only if θ1 = θ−q

2 . Thus, we have θ1 = θ−q
2 .

Subcase 1: If F×
q ̸⊂ Ker(θ2), then B(q) ̸⊂ Ker(θ). Thus, in this case,[

θ(B(q))
(q − 1)2 +

θ(C)θ2(F×
q )

2(q − 1)

]
= 0,

and thus, EI[θ] = 0.
Subcase 2: If F×

q ⊂ Ker(θ2), since θ1 = θ−q
2 , we must have F×

q ⊂ Ker(θ1). Therefore,
in this case, B(q) ⊂ Ker(θ). From Case 1, it follows that 4 | EI[θ]. □
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We now turn our attention to linear characters in Irr(G �H).

Lemma 5.9. For all λ ∈ Ĝ ∼= F̂×
q2 with λq+1 = 1, Eλ is an integer divisible by 4.

Proof. Using (21) and |H ∩Hmx,y | = (q − 1)2, we have

Eλ = λ(H)
2(q − 1)2

 ∑
{(x,y)∈∆×∆ : x̸=y}

λ(mx,y)

 .

Since λq+1 = 1, we have F×
q ⊂ Ker(λ), and therefore, λ|H = 1. Thus, we have

Eλ = |H|
2(q − 1)2

 ∑
{(x,y)∈∆×∆ : x̸=y}

λ(mx,y)


= q(q + 1)

2

 ∑
{(x,y)∈∆×∆ : x ̸=y}

λ(mx,y)

 .

Since F×
q ⊂ Ker(λ), we have λ(mx,y) = λmtx,ty

, for all t ∈ Fq. Therefore,

Eλ = q(q + 1)
2

 ∑
{(x,y)∈F×

q2 ×F×
q2 : xF×

q ̸=yF×
q }

λ(mx,y)


= q(q + 1)

2

 ∑
{(x,y)∈F×

q2 ×F×
q2 }

[λ, λ](x, y) −
∑
x∈F×

q2

λ(x2)


Let S denote the subgroup of squares in F×

q2 , then we have

Eλ = q(q + 1)
2

(
[λ, λ]

(
F×
q2 × F×

q2

)
− 2λ(S)

)
.

Since [λ, λ] is an irreducible character of F×
q2 × F×

q2 , and since λ restricts to an ir-
reducible character of S, we have 2λ(S) ∈ {0, q2 − 1} and [λ, λ]

(
F×
q2 × F×

q2

)
∈

{0, (q2 − 1)2}. The result now follows. □

Lemma 5.10. For all λ ∈ F̂×
q2 with λq+1 = 1, ESλ

is an integer divisible by 4.

Proof. Since I[λ, λ] = λ+ Sλ, using (21), we see that

ESλ
= EI[λ,λ] − Eλ.

Using the previous two results, we can conclude that the RHS of the above is 0
(mod 4), and thus the result follows. □

Proposition 5.2 now follows using Lemma 5.7.
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