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Switching equivalence of strongly regular

polar graphs

Géabor P. Nagy & Valentino Smaldore

ABSTRACT We prove the switching equivalence of the strongly regular polar graphs NOE (4m, 2),
NOT(2m +1,4), and I'(OF (4m, 2)) with an isolated vertex by giving an analytic description
for them and their associated two-graphs.

INTRODUCTION

A strongly regular graph with parameters (v, k, A, p) is a graph with v vertices where
each vertex is incident with k£ edges, any two adjacent vertices have A common neigh-
bors, and any two non-adjacent vertices have p common neighbors. Two strongly
regular graphs have the same parameters if and only if they are cospectral, see for
instance [4]. Strongly regular graphs were introduced by R. C. Bose in [1] in 1963,
and ever since then they have been intensively investigated.

Many interesting and well-studied examples of strongly regular graphs belong to
polar spaces. The tangent graph of a polar space P embedded in a projective space is
defined as the graph in which the vertices are non-isotropic points of the polarity that
defines P, and two vertices are adjacent if and only if they lie on the same tangent line
to P. In [4] it is shown that in some cases tangent graphs are strongly regular. Here
we focus on the graph NO*(2m,2), whose vertices are non-isotropic points w.r.t. a
non-degenerate hyperbolic (+1 case) or elliptic (—1 case) quadric Q*(2m —1,2) in a
projective space of odd dimension over the binary field. See [4] for more details.

The graph NO*(2m + 1,¢q) is the graph defined on the non-singular hyperplanes
of one type with respect to a parabolic quadric Q(2m, ¢) in a projective space of even
dimension, where two vertices are adjacent if the intersection of the corresponding
hyperplanes meets the quadric in a degenerate section. This construction belongs to
an idea of Wilbrink, reported later in [3]. This paper aims to show the switching
equivalence between the graph NOT (4m,2) and the graph NOF(2m + 1,4).

Graphs are called switching equivalent if we can obtain one from the other by
applying a series of switching of edges and non-edges between subsets of vertices. We
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will be mainly interested in the Seidel switching, introduced by Seidel in [9], related
to the concept of two-graph. Seidel switching under certain conditions can modify the
adjacency matrix of a given graph to produce cospectral graphs.

A two-graph is a set of vertices and an incidence relation for triples of vertices.
A two-graph is regular if each pair of vertices is contained in a constant number of
triples. See [2, 10] for more information on two-graphs, while in [5] the authors made
a list of two-graphs of small order. Two graphs are switching equivalent if and only if
they have the same associated two-graph.

The paper is organized as follows. In Section 1 we give some preliminaries on
symplectic and orthogonal polarities in characteristic two, while in Section 2 we fo-
cus on strongly regular polar graphs, Seidel switching, and two-graphs. In Section
3 we give useful analytic descriptions of the graphs NO*(2m,2), NOT(2m + 1,q),
q = 2". In Section 4 we define the classes Xzim of two-graphs with doubly transitive
automorphism group Sp(2m,2), and prove the main theorem on the two-graphs of
NO*(4m,2), NOF(2m+1,4). Finally, Appendix A reports some useful concepts and
tools about symplectic groups and quadrics in characteristic two.

1. SYMPLECTIC AND ORTHOGONAL GROUPS IN CHARACTERISTIC TWO

1.1. QUADRATIC FORMS AND ALTERNATING BILINEAR FORMS. Consider the 2m-
dimensional vector space V = ]Fim, q = 2", of row vectors. The map © : V — Fgis a
quadratic form, if ©(\u) = A\?0(u) for all A € F,, u € V, and

fu,v) = O(u+v) + 6(u) + 6(v)

is a bilinear form on V. In this case, we say that © linearizes to f. In even dimen-
sion, the quadratic form © is non-degenerate, if its associated bilinear form is non-
degenerate. We use the notation u’, U+ for the orthogonal complement of v € V, or
U C V. In characteristic two, quadratic forms always linearize to alternating bilinear
forms: f(u,u) =0 for all w € V. A bilinear form is symplectic if it is non-degenerate
and alternating.

Take the matrices

2= (y'¢)
and
F=E+ET = (I(;I(’)”).

We define the symplectic form (.,.) by
(1) (u,v) = uFvT.

Throughout this paper, we denote by 2 the set of quadratic forms V' — F, that
linearize to (.,.). Then

o(u) = uFBu”
and
(2) Da(u) = Jo(u) + (a,u)*

are both quadratic forms in Q. For © € Q, the map © + 9, is additive, and (© +
Va)(Au) = A%(© +9,)(u). As elements in F, have a unique square root, (© + UDERT
a well-defined linear map V' — Fy. This implies © = 9, for some a € ]Fgm, and

Q= {0, |acFm}.
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Let © : Fgm — I, be a non-degenerate quadratic form. Then © has Witt index
m — 1 or m. In the first case, © is elliptic, and it is equivalent to

M1, 22) + 2324 + -+ + Tom—122m,

where h(x,y) is an irreducible quadratic form in two variables. If the Witt index is
m, then © is hyperbolic, and it is equivalent to

T1T2 + T3Xg4 + -+ + Tom—1T2m-

Elliptic or hyperbolic type quadratic forms are also called type —1 or type +1, re-
spectively. ¥ is of hyperbolic type.

In odd dimension, the behavior of quadratic and symplectic bilinear forms is slightly
different. The quadratic form © : Fﬁmﬂ — F, has Witt index at most m. Non-
degenerate quadratic forms have maximum Witt index. Such forms are equivalent to

2
1+ 223+ -+ TomToam+1-

In this case, we say that © is parabolic, or that © is of type 0.

1.2. SYMPLECTIC AND ORTHOGONAL TRANSFORMATIONS. As before, V = IFgm, q=
2" The linear map A : V — V is a symplectic transformation w.r.t. the symplectic
form (.,.) provided
(uA,vA) = (u,v)

holds for all u,v € V. As (,,.) is non-degenerate, a symplectic transformation is
invertible; they form the group symplectic group Sp(2m,q). The affine symplectic
group ASp(2m, q) consists of maps u — uA+b, where A € Sp(2m, q) and b € V. Since
AFAT = F we see that Sp(2m,q) < SL(2m,q), i.e. all symplectic transformations
have determinant 1.

For any linear transformation A : V. — V and quadratic form © : V. — F,, we
define the map

04:V = F,  04u)=0(uA™").

©4 is a quadratic form, and (0, A) — ©4 is a group action. If A is symplectic w.r.t.
(.,.), then A preserves Q. In particular, Sp(2m, q) acts on {.

Let © be a fixed quadratic form, and let e € {—1,0,1} denote its type. The
orthogonal group (associated to ©) is defined as

O%(n,q) = {A € GL(n,q) | ©(uA) = O(u) for all u € V'}.
Let n = 2m+1 and © a parabolic quadratic form. If we linearize ©, then we obtain
a degenerate alternating form with 1-dimensional radical V. The factor space V/Vj
has a non-degenerate alternating form. This induces the group isomorphism
O@2m +1,q) = Sp(2m, q)

for finite fields of characteristic two, see [6].

The following three theorems summarize common knowledge on the structure of
symplectic groups and their action on quadratic forms. Since it is hard to find concise
proof for these properties in the literature, we give the basic ideas in the Appendix.

THEOREM 1.1. Let g be a power of two, and {.,.) a symplectic bilinear form on Fgm.
Let Q be the set of quadratic forms V. — Fy which linearize to (.,.).

(i) The symplectic group Sp(2m,q) has two orbits
Ot ={0,€Q] Trg, /r, (Yo(a)) = 0},
O = {190, S 9] | TrFq/F2 (?90(&)) = 1}

on €.
(ii) QT = $(¢*™ 4+ ¢™) and |Q7| = $(¢*™ — ¢™).
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(iii) Let RT (resp. R™) be the stabilizer subgroup of © € QF (resp. © € Q7 ) in
Sp(2m,q). RT (resp. R™) is isomorphic to O (2m, q) (resp. O~ (2m,q)), and
its action on Q is equivalent to the action of OF(2m,q) (resp. O~ (2m,q)) on
V.

The case ¢ = 2 has some further important properties.

THEOREM 1.2. Sp(2m,2) acts 2-transitively on QT and on Q~. R (resp. R™) acts
transitively on Q= (resp. QT ).

The translations 74 : u — u+d, d € V = F3™, form an elementary abelian group
N, acting regularly on V. Any linear transformation A normalizes N. The affine
symplectic group ASp(2m, q) is the closure group of N and Sp(2m, q).

THEOREM 1.3. In the affine symplectic group ASp(2m, q), the regular normal subgroup
N has two complements Hy, Ho = Sp(2m, q) such that the orbits of Hy have length 1
and ¢*™ — 1 and the orbits of Hy have length (¢*™ +¢™), 2(¢*™ —q™). The actions
of Hy on the orbits are equivalent to the actions of Sp(2m,q) on Q% and Q™.

2. STRONGLY REGULAR GRAPHS, SEIDEL SWITCHING, TWO-GRAPHS

2.1. PRELIMINARIES ON PROJECTIVE QUADRICS. We give a short overview of the
notions related to the geometry of quadrics in finite projective spaces; for more details,
see [8]. We deal only with the case of characteristic 2.

Let V(n+1,q) be a vector space of dimension n + 1 over the finite field Fy. The
projective space PG(n,q), or PG(V), is the set of all 1-dimensional subspaces of V|
called projective points. A non-zero vector a € V determines the projective point
P(a) = (a). Let W be an (h + 1)-dimensional subspace of V. The 1-dimensional
subspaces of W form a projective subspace [W] = PG(h,q); we say that [W] has
projective dimension h.

Let © : V — F, be a quadratic form on V. Let V(0) denote the set of projective
points P(a) such that ©(a) = 0. This is a well-defined quadratic surface since ©
is homogeneous of degree 2. The quadric @ = V(©) is non-singular, if © is non-
degenerate. We say that @ is elliptic, parabolic or hyperbolic, if © is a non-degenerate
quadratic form of the appropriate type. We also denote the elliptic, parabolic, and
hyperbolic quadrics of PG(n,q) by Q™ (n,q), Q(n,q), and QT (n, q), respectively.

Let @ be a non-singular quadric in PG(n,q) and S a projective subspace of pro-
jective dimension h > 1. S N Q is a quadric in S. We say that S is tangent or secant
to @ if SN Q is singular or non-singular in S, respectively. A line £ is tangent to @ if
and only if [/NQ|=1or ¢ C Q.

Let @ = V(©) be a non-singular quadric in PG(n,q), n odd. Then the underlying
linear space V has even dimension n + 1. The alternating form (.,.) associated with
© is non-degenerate, and it determines a symplectic polarity of V. The polar S+ of a
projective subspace S of projective dimension h has dimension n—h—1. In particular,
the polar of a point is a hyperplane; P € @ if and only if Pt is a tangent hyperplane
to Q.

Let @ = V(O) be a non-singular quadric in PG(n, ¢), n even. Then, (.,.) is singular
with a 1-dimensional kernel (u), such that ©(u) # 0. The projective point N = P(u)
is called the nucleus of @. The hyperplane is tangent to @ if and only if it contains
N. If the hyperplane H does not contain N, then H N @ is a non-singular quadric in
PG(n—1,q), of type +1 (hyperbolic) or of type —1 (elliptic).

2.2. STRONGLY REGULAR POLAR GRAPHS. In this subsection, we recall the definition
of two infinite classes of strongly regular graphs, see [4, Section 3.1] for the proofs of
the Lemmas 2.2 and 2.4 and further detail.
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Consider a non-singular quadric Q*(2m — 1,2) in PG(2m — 1,2), of type +1.
Then |Q* (2m — 1,2)| = 22m~1 £ 2m~1 — 1 and |PG(2m — 1,2) \ Q*(2m — 1,2)| =
22m—1 ¥ 2m—1.

DEFINITION 2.1. The graph NO¥*(2m,2) is the graph whose vertex set is PG(2m —

1,2)\Q*(2m—1,2), and two vertices are adjacent if and only if the two corresponding
points lie on a line tangent to the quadric Q*(2m — 1,2).

LEMMA 2.2 ([4, Section 3.1.2]). NO*(2m,?2) is a strongly regular graph with parame-
ters

v =2t gom-1

k=2"""2 -1,

A=22m73 g,

po=22m=3 4 gm=2,
The automorphism group of NO*(2m,2) contains the orthogonal group O*(2m,2).

Now consider a non-singular parabolic quadric Q(2m,q) in PG(2m,q), g even.
Let H* be the set of hyperplanes not containing the nucleus N and intersecting the
quadric in a non-singular quadric of type +1.

DEFINITION 2.3. The graph NO*(2m+1,q) is the graph whose vertex set is HT, and
two vertices Hy and Hy are adjacent if and only if Hy N Hy N Q(2m, q) is degenerate.

LEMMA 2.4 ([4, Section 3.1.4]). NO*(2m + 1,q) is a strongly reqular graph with pa-
rameters

]‘m m
vzéq (g™ £+ 1),

k=(¢""£1)(¢"F1),
A=2(¢""2 = 1) £q" g~ 1),
p=2¢"""(g" " £ 1).
The automorphism group of NO*(2m + 1,q) contains O(2m + 1,q) = Sp(2m, q).

2.3. TWO-GRAPHS AND SWITCHINGS. We start this subsection by defining the con-
cepts of two-graph, and of two-graph associated with a given graph.

DEFINITION 2.5 (Two-graph). A two-graph is a pair (X,T), where T is a set of un-
ordered triples of a vertex set X, such that every (unordered) quadruple from X con-
tains an even number of triples from T. In a regular two-graph, each pair of vertices
is in a constant number of triples.

DEFINITION 2.6 (Associated two-graph). Given a graph G = (V, E), the set of triples
T of the vertex set V whose induced subgraph has an odd number of edges forms a
two-graph on the set V.. The two-graph Tau(G) = (V,T) is the associated two-graph
of G.

Let T = (V,T) be a two-graph. The descendant of T w.r.t. the vertex w € V
is the graph 7, = (V, E) where E consists of pairs (u,v) such that {u,v,w} € T.
By definition, w is an isolated vertex of the descendant. It is not hard to see that
Tau(Tyw) = T, which shows that every two-graph can be represented as an associated
two-graph of a graph.

DEFINITION 2.7 (Seidel switching [9]). Given a graph G = (V, E) and a subset Y of
the vertex set, the operation of switching G with respect to Y consists of replacing all
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edges from'Y to its complement by nonedges, and all nonedges by edges, while leaving
the edges within'Y or outside Y unchanged.

Switching defines an equivalence relation on the set of all graphs with a given n-
element vertex set, each equivalence class containing 2"~! graphs (since switching with
respect to a set and its complement are the same thing, and switching with respect
to two sets is the same as switching with respect to their symmetric difference). The
equivalence classes are called switching classes.

The following proposition is well-known; we give the proof for the sake of com-
pleteness.

PROPOSITION 2.8 ([9]). Two graphs are switching equivalent if and only if they have
the same associated two-graph.

Proof. Consider a subset Y C V as above. W.l.o.g. we say that each triple t = {u, v, z}
either has all vertices in Y, or two vertices in Y and one in V' \ Y. In the former case,
the adjacencies in t are fixed since the adjacencies in a component GG; are not involved
in the switching. In the latter case, we easily check that the switching preserves the
parity of the number of edges between u, v, and z (we have 1, 2, or 0 edges through
Y and V' \Y, and the Seidel switching deletes the edge and adds another one, deletes
both edges, or adds two edges, respectively).

Conversely, assume that Gy = (V, Eq) and G = (V, E») have the same associated
two-graph 7. Let F' be the symmetric difference of F; and FEs. It is straightforward
to check that the graph H = (V| F) has the associated two-graph empty. This im-
plies that the non-adjacency relation is an equivalence relation on V', with at most 2
equivalence classes. Choosing Y to be one of the equivalence classes, we find that G4
is the switching of G; w.r.t. Y. 0

3. ANALYTIC DESCRIPTION OF STRONGLY REGULAR POLAR GRAPHS
Throughout this section, notation will follow Sections 1 and 2.

PROPOSITION 3.1 (Analytic description of NO*(2m,?2)). Let © be a non-degenerate
quadratic form on F3™ of type £1. Let {.,.) be the symplectic form associated to ©.
Define the graph (V, E) with

V={aeF3" |O(a) =1},

E ={(a,b) e V xV|{a,b) =0 and a # b}.
Then (V,E) =2 NO*(2m,2).
Proof. Let Q*(2m — 1,2) = V(0) correspond to the quadratic form ©. Projective
points PG(2m—1,2) ~ Q% (2m —1,2) have coordinate vectors a € F3™ with O(a) = 1.
Hence, the vertices of NO*(2m,2) are in 1-to-1 correspondence with our set V. For
a,b € V, the projective line P(a)P(b) is consists of the three points { P(a), P(b), P(a+
b)} and

a~bs Pla+b) e QE(2m—1,2)

< 0O(a+b)=0
< 0(a)+0O()+ (a,b) =0
< (a,b) =0. O

Using quadratic forms, we aim to give an equivalent (analytic) description of
NO*(2m+1, q) using quadratic forms. We say that two non-singular quadrics Q1, Q2
of PG(2m — 1,q) are tangent if there is a hyperplane H such that H is tangent to
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both @Q1,Q2, and Q1 N H = Q2 N H. For the non-singular quadrics @1 = V(3,),
Q2 = V(%), being tangent has a simple analytic characterization.

LEMMA 3.2. For 9,,9, € Q, the following are equivalent:
(i) The non-singular quadrics V(9,), V() are tangent.

(if) V(9,) N V() is a degenerate quadric.
(iii) P(a+b) € V(9,) N V().
(iv) 94(a+0b) =0.
Proof. By the definition (2), we have
(3) V(%) NV(9) = V(3,) NH =V(%) N H,

where H = (a+b)" is the hyperplane polar to a+b. Hence, V(9,)NV(¥;) is degenerate
if and only if H is tangent to both V(¢,) and V(8). This holds if and only if H+ =
P(a+10) is a point of both of them. This shows (i)« (iii). The equivalence (iii)< (iv)
is obvious. (ii), (iii) and equation (3) imply (i).

Assume (i): Let K be a hyperplane which is tangent to both V(¥,), V(¥), and
V(a) NK =V(9p) N K. Then V(J,) N V() C K. However, V(d,) N V() spans H
by (3), therefore H = K. As H is tangent to V(9,), V(0), we have P(a+b) =
V(¥,) N V(Ip), and (iii) holds. D

LEMMA 3.3. (i) If V(9,) and V(Us) are tangent, then ¥,y have the same type.
(ii) If ¢ =2 and 9, and Uy have the same type, then V(9,) and V(9y) are tangent.

Proof. Since all ¥, linearize to (.,.), by definition we have
Uo(a +b) = Jq(a) + 94(b) + (a, b)
= Jo(a) + 9o(b) + (a,b) + (a, b)>.
As Trp, /x, ((a, b)) = Trg, /r,((a,b)?), the implications
V(¥a), V() are tangent <= J,(a+b) =0
= Trp, /p,(Vala+0)) =0

< Tr]Fq/IFg (19() (a)) = TI']Fq /Fs (19()(()))
<= Yy, ¥p have the same type

hold by Lemma 3.2 and Theorem 1.1(i). If ¢ = 2, then the right implication above
becomes equivalence, as well. O

In the following lemma, we make a first attempt to interpret the graphs NO*(2m+
1, q) analytically.

LEMMA 3.4. Define the graph (W=, F) with

Wt ={a €F2" | Trp, /r,(Vo(a)) = 0}

wW— = {CL € ]Fgm ‘ rFI']Fq/]F2 (190(0,)) = 1}

F ={(a,b) e WE x W | 9,(a+b) =0 and a # b}.

Then (W*,F) = NO*(2m + 1,q).
Proof. Firstly see that W+ and QF are in 1-to-1 correspondence by associating a €
W+ tod, € QF. Fix a hyperplane Hy in PG(2m, ¢) not through the nucleus N = P(u)
of the parabolic quadric Q(2m, ¢). Any line through N intersects both @ and Hy in
unique points. In other words, the central projection 7 from N to Hy is a bijection

between @) and Hy. Moreover, 7 preserves the symplectic form, since (u+x,u+y) =
(z,y) holds for all z,y € F2m+!
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As Hy is not tangent to @, the restriction of (.,.) to Hy is non-singular. Let QF be
the set of quadratic forms on Hy, linearizing to (.,.)|m,. Moreover, since 7 preserves
the symplectic form, 7 induces a bijection between H* and QF. Indeed, if a certain
hyperplane H does not contain N, then QN H is non-singular in H and Q' = 7(QNH)
is non-singular in Hy. There is a quadratic form © such that Q' = V(0), and ©
linearizes to a multiple of {.,.) as m preserves the symplectic structure. In particular,
© = 19, for some a € Fim.

Fix Hy,Hy € HT with 7(Q N Hy) = V(¥,), ©7(Q N Hy) = V(%), a,b € ]Fﬁm,
Vq, 0y € QF. Since Q N H; is non-degenerate,

H, ~ Hy <= QN Hy; N Hsy degenerate
— 1(QNHy)Nw(Q N Hs) degenerate
<= V(Vq) N V(Ip) degenerate
< Y,(a+b) =0,

where the last implication follows from Lemma 3.2. O

We can now analytically describe the graphs NO*(2m + 1, q).

PROPOSITION 3.5 (Analytic description of NO* (2m+1, q)). Let © be a non-degenerate
quadratic form on Fﬁm of type F1. Let (.,.) be the symplectic form associated to ©.
Define the graph (V, E) with

V = {a € F2™ | Trg, e, (O(a)) = 1}
E={(a,b) €V xV |a#band O(a+b) = (a,b)?}.
Then (V,E) =2 NOT(2m + 1,q).
Proof. Let € = £1 be the sign of the graph; the quadratic form © has type —e. Define

A(g) € Fy such that € = (—1)*®). Write © = ¥, for some d € F2™. Since ¥ has type
+1, we have

r]:‘I']Fq/]F2 (?9()(d)) =1 + )\(E)

by Theorem 1.1(i). This implies

In other words, for all z € Fim
TrFq/]FQ (1911(.’1,')) =1« ’I‘]."Fq/]p,z (190($ + d)) = )\(E)
This means that W+ =V + d, and the translation 74 :  — 2 + d induces a bijection

V+— W,
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Here, W* = {a € F2™ | Trg, jr, (Y0(a)) = A(e)} is defined as in Lemma 3.4. For the
pair (a,b) € V x V, a # b, we have
(a,0) € E <= Vq(a +b) = (a,b)?
= Vq(a+b) = (a+b,a)?
= grala+b) +Ia(a+b) +Jo(a+b)+ (a+ba)>=0
= Vayd(a+0)=0
< (a+d,b+d) e F.

Again, F is the set of edges of the graph in Lemma 3.4. What we see is that 74 induces
an isomorphism between the graphs (V, E) and (W¥, F). O

4. TWO-GRAPHS OF STRONGLY REGULAR POLAR GRAPHS

4.1. THE SYMPLECTIC TWO-GRAPHS. Define the graph >, with vertex set F%m and
adjacency relation (a,b) = 0 for vectors a # b. This graph is not regular, since the
origin is adjacent to all nonzero vectors. The automorphism group of X5, contains
the linear symplectic group Sp(2m,2).

For non-adjacent vertices a, b of X,,,, we have (a,b) = 1. The triple {a, b, ¢} has an
odd number of edges if and only if

(4) (a,b) + (a,¢) + (b, c) = 0.

This means that the two-graph of Y, is the set of triples on F3™ that satisfy (4).
We denote it by To,,. As

(a,b) + {a,c) + (bye) ={a+d,b+d)+ {(a+d,c+d)+ (b+d,c+ d),

the translation 74 :  — x + d stabilizes Tz, for all d. This implies that ASp(2m,2) is
a subgroup of Aut(7s,,). In particular, Aut(7Ts,,) is 2-transitive and Tz, is a regular
two-graph.

By Theorem 1.3, there is a subgroup Hs = Sp(2m,2) in ASp(2m,2) with orbits
X*, X~ of size 22m~1 —2m~1 and 22~ + 2m~! Moreover, Hy acts 2-transitively
on X, X~. We denote by Xzim the two-graph whose set of triples {a,b, ¢} satisfies
(4). Then (X+, X, ), (X, X, ) are sub-two-graphs of Ta,,. As their automorphism
group is 2-transitive, X5 and X, = are regular two-graphs.

The above definition is rather sloppy since the subgroup Hs is defined only up to
conjugacy in ASp(2m,2), and the sets X, X~ are defined up to translations. One
possibility is to choose the sets

X ={aeF3" | Yo(a) =1},
X ={ac IF%’” | 9o(a) = 0}

according to Theorem 1.1. In the following proposition, we opt for a representation
that is in agreement with the analytic descriptions of our strongly regular graphs
(Propositions 3.1 and 3.5).

PROPOSITION 4.1. Let © be a non-degenerate quadratic form on F3™ of type +1. Let
(.,.) be the symplectic form associated to ©. Define the set of vectors

X ={acFi™ | O(a) =1}
and the set of triples
T ={{a,b,c} |a#b#c+#a, {(a,b) + {(a,c) + (b,c) = 0}.
Then the following hold:
(1) XL, = (X,T) is a regular two-graph of degree 22™=2 F 2m=1 2,
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(ii) The automorphism group of XQim is isomorphic to Sp(2m, 2) in its 2-transitive
action on 221 1 2m~1 points.
Proof. We have seen in the proof of Proposition 3.5, that for some d € F2™, the
translation 74 induces a bijection between the sets W+ and V, represented here by X+
and X . Translations are contained in ASp(2m, 2), and preserve the relation (4), hence
(ii) and the regularity holds. It only remains to compute the degree. Let a,b € F3™ be
different vectors such that their projective line ¢ is exterior to the projective quadric
© = 0. Since the third point of £ is a + b, we have
O(a) =0(() =06(a+b) =1.
Hence (a,b) = 1. Fix any point = € F3™ \ {a,b} with O(x) = 1.
{a,b,z} € T <= (a,z) + (b,z) + (a,b) =0
— (a+bzx)=1
<= a+ b and x are non-adjacent in NO*(2m, 2).
By Lemma 2.2, the parameters of NOT(2m,2) are v = 22m~1 £ 2m~1 and k =
22m=2 _ 1. Therefore, the degree of the two-graph is
Hx e F3™ | {a,b,2} €T} =v—k—1-2
— (22m71 ¥ 2m71) _ (2277’7,72 _ 1) -3
_ 22m—2 ¥ 2m—1 —9. 0
4.2. THE DESCENDANTS OF SYMPLECTIC TWO-GRAPHS. In this subsection, we intro-

duce another structure of polar graph related to quadrics in odd projective dimension,
over the binary field, see [4, Sections 2.6.2 and 2.6.3].

DEFINITION 4.2 (Orthogonal graphs). Let ¢ be a prime power. The graph T'(O*(2m, q))
is the graph whose vertex set is Q* (2m —1,q) and in which two vertices are adjacent
if and only if the two corresponding points lie on a totally isotropic line of the quadric

Qi (2m - 1a q)
LEMMA 4.3 ([4, Theorem 2.2.12]). T'(O*(2m, q)) is a strongly regular graph with pa-
rameters

(@™ F ("t +1)

)

q—1
oo AT F @A)
q—1 ’
2(, . m—2 1 m—3:|:1
o " F D@ ) o,
q—1
@t F D@t E
= .
q—1

The automorphism group of I'(O*(2m,q)) contains the orthogonal group OF(2m, q).

PROPOSITION 4.4 (Analytic description of I'(O*(2m, 2))). Let © be a non-degenerate
quadratic form on F3™ of type £1. Let {.,.) be the symplectic form associated to ©.
Define the graph (V, E) with

V ={acFi™ < {0}|O(a) =0}
E ={(a,b) € V xV|{a,b) =0 and a # b}.
Then (V, E) 2 T(0%(2m,?2)).
Proof. The proof works as in Proposition 3.1. 0
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Recall that the descendant of a two-graph 7 = (X,T') w.r.t. the vertex w € X is
defined by considering the graph structure 7, = (X, F') where (u,v) € F if and only
if {u,v,w} € T. We can compute the descendant of the two-graph Xzim.

PRrROPOSITION 4.5. The descendant of Xfm is the graph T'(OF(2m,2)) = (V, E), plus
an isolated vertex.

Proof. Take the two-graph XQim = (X, T) as in Proposition 4.1, and fix d € X. Then
O(d) = 1. The descendant of X;° will be denoted as (X, )q = (X, F). As in the proof
of Proposition 3.5, the translation 7; gives us the bijection between the vertex sets,
where d plays the role of the isolated vertex. We need only to prove the adjacency
relation.

(a,b) € F < {a,b,d} €T
<~ (a,b) + (a,d) + (b,d) =0
— (a+d,b+d)=0
< (a+d,b+d) € E.

Then 74 induces an isomorphism between the graphs (Xif )s and T'(OF(2m,2)) U
{0}. O

4.3. THE MAIN RESULT ON THE SWITCHING EQUIVALENCE. The purpose of this sec-
tion is to prove the switching equivalence of the strongly regular graphs NO*(4m, 2)
and NOT(2m + 1,4). For this, we will need to identify the vector spaces F3™ and
F3™. We start with a technical lemmas.

LEMMA 4.6. Let ¢ = 2", and V' be an F,-linear space of dimension 2m. We consider
V as a 2" dimensional Fy-linear space at the same time.
(i) Any symplectic Fy-bilinear form (.,.) determines a symplectic Fo-bilinear form
(0" by
(u,0)" = Tre, o, (1, 0).
(i) Similarly, if © : V — Fy is a quadratic form over F,, then

0" (u) = Try, /r, (O(u))

is a quadratic form over Fs.

(iii) If © linearizes to {.,.), then ©* linearizes to {.,.)*. In particular, ©* is non-
singular if and only if © is non-singular.

(iv) If © is non-singular, then © and ©* have the same type.

(v) Fiz the symplectic forms (.,.) and (.,.)* = Trg_/p,((.,.)). Then © — ©* is a
1-to-1 correspondence between the Fy-quadratic forms linearizing to (.,.) and

the Fo-quadratic forms linearizing to (.,.)*.

Proof. (i), (ii) and (iii) are obvious. We show (iv) by counting the solutions @*(z) =0
with € V. We have

2m—1i m—1 —1 ifa=0
O @) =1, 0 Be=o
" F if a # 0.

In a field F, of even characteristic there are £ — 1 non-zero elements of absolute trace
0. This implies

‘{JI cVv | T‘I‘H:q/]F2(@(x)) — O}l — q2m_1 iqm_l(q _ 1) + (% _ 1) <q2m—1 :Fqnz—l)

1 m m
= 5(‘12 +4q™)
— 22hm71 + 2hm71.
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This is precisely the number of solutions of a quadratic equation of the appropriate
type, in a space of dimension 2hm over Fy. (v) The sets of both kinds of quadratic
forms have cardinalities ¢?™ = 22"™. As © +— ©* is injective, (v) follows. O

We are now able to state our main result.

THEOREM 4.7.
(i) The two-graph of NO*(2m,2) is isomorphic to X;, .
(i) The two-graph of NOF(2m + 1,4) is isomorphic to X, .
(iii) The strongly reqular polar graphs NO* (4m,2) and NOF (2m+1,4) are switch-
ing equivalent.

Proof. (i) We represent NO*(2m,2) and X;. as in Proposition 3.1 and Theorem 4.7
using a quadratic form ©* of type +, which linearizes to the symplectic form {.,.)*
on F3™. Then, NO*(2m,2) and X;- have the same set of vertices. In NO*(2m, 2),
two vertices a and b are adjacent if and only if (a,b)* = 0, Clearly, for all a,b € V,
{a,b)* € {0,1}. The triple {a, b, c} is in the two-graph associated with NO*(2m, 2) if
and only if there is an odd number of adjacencies, that means there is an even number
of 1’s in {{a, b)*, (a, c)*, (a,b)*}. Equivalently,
(a,bY" + {(a,c)* + {a,b)* = 0.

This proves the claim.

(i) Let ¢ =4, V. =F3, (.,.) and (.,.)* = Trg, /r, ((.,.)) symplectic forms over I,
and Fy, respectively. Let © be a quadratic form of type +1 over 4, which linearizes
to (.,.). The quadratic form ©*(z) = Trg, /r,(O(x)) over Fy has the same type +1.
We represent NOF (2m +1,4) and X, as in Proposition 3.5 and Theorem 4.7. Then
NOF(2m +1,4) and X, have the same set of vertices

Xt ={aecV |0 a) =1}

Moreover,
a,b are adjacent in NOT (2m + 1,4) <= O(a + b) + (a,b)*> =0
<= 0(a) + O(b) + (a,b) + (a,b)> =0
<= 0O(a) +O() + (a,b)" =

Trr, /r, (0(a) +©(b)) =0,
that is, ©(a) + O(b) € Fo. This implies
O(a+b) + (a,b)* € Fy

for all a,b € X*. In particular, the triple {a,b,c} has an even number of non-edges if
and only if

O(a+b) + {a,b)> + O(a+ ¢) + (a,c)> + O(b+ ¢) + (b,c)*> = 0,
or equivalently,
(a,b)* + (a,c)* + (b,c)* = 0.
This proves that the two-graph of NOF(2m + 1,4) and X consist of the same set

of triples.
(iiif) The claim follows from (i), (ii), and Proposition 2.8. O

Theorem 4.7 shows that NOT(4m,2) and NOF(2m + 1,4) have the same asso-
ciated two-graph, whose descendant is I'(OT(4m,2)). Our last result will show the
parameters of the Seidel switching between NO*(4m,2) and NOF(2m + 1,4).
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PROPOSITION 4.8. The switching sets of the Seidel switching between NOT (4m,?2)
and NOT(2m +1,4) are
A={acFi™|0(a) =N},
B={acFi™|O6(a)=\+1},

where A\ € Fy \Fy is a root of X?> 4+ X +1 = 0. The switching sets have size 242 F
22m=2 gnd are reqular of degree 243 £ 22m=2 _ 1.

Proof. Let © and ©* be defined as in Theorem 4.7. The vertices a, b have the same
adjacencies in both graphs if and only if ©(a) = O(b). ©*(a) = ©*(b) = 1 implies
©(a),0(b) € {A\ X+ 1}. Therefore, the switching sets are the sets A, B as given.
Both graphs have v = 2%m~1  22m~1 yertices. The degrees and the numbers of
common neighbors of non-adjacent vertices are k = 24m=2 — 1, y = 24m=3 4 92m—2,
and k' = 24m=233.22m=2 1 g/ = 24m=3 3£ 22m—1 yegpectively. By [4, Proposition
1.1.2], the switching sets have size v/2 and are regular of degree d = k—p =k —p’. O

Acknowledgements. We thank Andries E. Brouwer and Gabor Korchméros for stim-
ulating discussion and valuable remarks.

APPENDIX A. SYMPLECTIC GROUPS IN EVEN CHARACTERISTIC

The theorems of Section 1 are well known, but it is hard to find a concise proof for
them in the literature. The purpose of the Appendix is to give the most important
steps of the proofs of Theorem 1.1, 1.2 and 1.3. We use the terminology and notation
of Section 1.

LEMMA A.1. Let ©1,05 € Q be non-degenerate quadratic forms linearizing to the
same symplectic form (.,.). Then ©1,09 € Q are GL(2m, q)-equivalent if and only if
they are Sp(2m, q)-equivalent.

Proof. Since Sp(2m, q) < GL(2m, q), we only need to prove the right implication. Let
A€ GL(2m,q). If ©' = O, then for all u,v € V,

(u,v) = O1(u+v) + O1(u) + O1(v)
= 0s((u+v)A) + O3(uA) + O2(vA)
= (uA,vA).

Hence A € Sp(2m, q). O

LEMMA A.2. The orders of the orthogonal groups are given by the formulas

2 m .
0@m+1,9)| =q™ [J(¢* - 1),
i=1
m—1 )
[0*(2m, ) = 24" V(g™ = 1) [] (* - 1),
i=1
Proof. This follows from Theorems 3.12, 14.2 and 14.48 of [6]. O

Witt’s Extension Theorem [6, Theorem 5.2] implies the following.

LEMMA A.3. Let © be a quadratic form of type € on V. = Fy. Let a,b € V be two
non-zero vectors. There is an element A € O%(n,q) if and only if ©(a) = O(b).
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For a finite field of characteristic two, we have the group isomorphism O(2m +
1,q) & Sp(2m,q). If n = 2m is even, then the alternating form associated to a non-
singular quadratic form is non-singular. This embeds O¢(2m, q) into Sp(2m, q). In fact,
in even dimension, the orthogonal groups are maximal subgroups of the symplectic
group. Their index is

1 q2m -1 1

S0 = 5" (" £ ).

27 g F1 2

A.1. SYMPLECTIC TRANSVECTIONS. We introduce now the subset of symplectic
transvections, by defining

|O(2m +1,q) : Oi(2m,q)| =

Tp:V — \%
u = u+ (u,a)a,
see [6] for more information about transvections. The following lemma holds:
LEMMA A.4. (i) T2 =1,Va e V;
(ii) w is fived by T, if and only if u € a*;
(ili) A™'T,A = T,a, for any row vector a € V and symplectic matric A €

Sp(2m, q).
LEMMA A.5. Let a,b,c € V, v € F;. The following hold:
(5) 05 (u) = Va(u) + (¢, u)* (Dale) + 1),
(6) Dy () = Yo (u) + (a+b,u)?,
(7) Da(a+b) = Jo(a) + 9o (b) + (a,b)* + (a,b),
(8) et (u) = 9p(u) + (1 + 7% +y*a(a + b)) {a + b, u)?,
9)  1+7%+7"a(a+0b) = 74(% (a,b)? +7+<a B) + Yo(a) + Do (b)).
Proof.
For (5): 9T (u) = Vg (uT})
=94 (u+ {(c,u)c)
=4 (u) + (u, c)?Vq(c) + (u, (u,c)c)
=4 (u) + {c,u)?(9q(c) + 1)
For (6): 9y (u) = Yo (u) + (b, u)?
= Yo(u) + (a,u)? + (a + b, u)?
= Vo (u) + (a+ b,u)?
For (7): Ya(a+b) = 94(a) + 9o (b) + (a,b)
= Yo(a) + 9o(b) + {a,b)? + (a,b)

(8) follows from (5) and (6):
" (1) = Do (u) + (1 +Da(y(a + b)) {u, v(a + b))?
= 0p(u) + (@ + b,u) + (1 + da(v(a + )7 (a + b, u)?
= Up(u) + (1 + 72 + 7 Va(a+ b)) {a + b, u)?.
Finally, we obtain (9) by (6),

1+92 + 9" (a+b) =14+~ + 42 o(a) + 9o(b) + (a,b) + (a,b)?)
- 74(% + % F a2 + (0, b) + do(a) + do(). O
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LEMMA A.6. Let a,b € V, a # b. The following are equivalent:
(i) Jee V9T =9y;
(i) Fy € Fr : 9g 7+ = dy;
(iii) Tr, /¥, (Yo(a)) = Trr, /r, (Jo(b));
(iv) the polynomial t*> + t + Jo(a) + Jo(b) is reducible over F,.
Proof. (ii) implies (i) trivially. It is well known that ¢* + ¢ + X is reducible over F, if
and only if Trg_/r,(A) = 0, see for instance [7, Section 1.4] hence (iii)<(iv). Assume

: 2 _ _ 1
(iv) and let t € F, such that t* + ¢t + Jp(a) + 9o(b) = 0. If v = TanT then (8)

implies (ii). Conversely, if (ii) is true, then 1+~ +~%9,(a+b) = 0, and t = 712 +(a,b)
is a root of t? 4+t + Jg(a) + Jo(b) in F,. This proves (ii) < (iv). In order to show
(1) = (i), let

027 (u) = Fa(u) + (u, ¢)*(1 + a(c))
= Yo(u) + (u,a)? + (u, cW}Q

- 19(1-&-0\/ Do (c)+1 <u)

By (i), b = a + ¢\/9q(c) +1, and since a # b, we have ¥,(c) + 1 # 0 and ¢ =
a+b 0

VO (c)+1"

A.2. PROOFS OF THE THEOREMS ON THE STRUCTURE OF SYMPLECTIC GROUPS.
Proof of Theorem 1.1. (i) Let Q% and Q= denote the set of hyperbolic and elliptic
quadratic forms in Q. The elements in QF are GL(2m, q)-equivalent, hence by Propo-
sition A.1, they are Sp(2m, q)-equivalent. This means that Sp(2m,q) has these two
orbits in Q. As Trg_/r,(Jo(a)) can take only two values 0 and 1, Lemma A.6 implies
that the orbits are also characterized by the equations

TrFq/]Fz (190 (a)) =0
Tr]Fq/IFg (190 (a)) = 1.
Clearly, ¥y € Q* and Trg,_/p,(90(0)) = 0, which proves the claim.

(i) If 8 € Fy ~ {0}, then the number of solutions a € F2™ of equation Jg(a) = f3 is
¢>™~1 —¢™~!. For B = 0, the number of solutions is g™~ +¢™ (¢ —1). This allows
us to compute the number of solutions of Trr,_ s, (YJo(a)) = 0 and Trg_/r, (Yo(a)) = 1.

(iii) For any a,b € F2™, we have

Darp = Vo(u) + (a +b,u)? = 9, (u) + (b, u)?.
Assume 94 = 9J,. Then
Dasp () = Varp(uA™)
=, (uA™) 4 (b,ud™1)?
= g (u) + (bA, u)?

= 19(1+bA (U)
This means that b — ¥, induces an equivalence between the linear action of the
symplectic group on Iﬁ‘gm, and the action of Sp(2m, q) on Q. d

Proof of Theorem 1.2. The claim is equivalent to the fact that the stabilizers R*
have three orbits: {9,}, QF \ {¢,}, and QF. By Theorem 1.1(iii), the stabilizers
are permutation equivalent to the linear action of the orthogonal group O*(2m, 2).
Indeed, for ¢ = 2, the orthogonal groups have three orbits {0}, {u € F3™ \ {0} |
Yo(u) = 0} and {u € F3™ | 9, (u) = 1}. O
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Proof of Theorem 1.3. The symplectic group Hy = Sp(2m, q) itself is a complement
to N in ASp(2m, q), the orbits of H; have length 1 and 22" — 1. To find the second
complement, we identify Fgm with Q by a — 9J,. The action of Sp(2m,q) induces

an action on ]Fgm which we denote by a + a* as well. Straightforward computation
shows

Datbre(u) = o(u) + (a + b+ c,u)?
= Yo (u) + (a,u)? + 9o (u) + (b, u)? + 9o (u) + (¢, u)?,
= Vo (u) + Ip(u) + Je(u),

S

and

Fix A € Sp(2m, q) and define b as 94" = ¥J;,. Then,
92 = Dgatp

In other words, a — a® = aA + b is an element of ASp(2m, q). Obviously, the maps
{a s a? | A€ Sp(2m,q)} form a group Hy = Sp(2m, q). The only translation in Ho
is the trivial one; therefore, Hy is a complement of N. The orbits of Hs have length
(™ +q™), 3(¢*™ —q™). The identification of F2™ and €2 is an equivalence between
the actions of Hy on the orbits and the actions of Sp(2m,q) on QT and Q. O
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