ALGEBRAIC
COMBINATORICS

Ron M. Adin, Pal Hegedls & Yuval Roichman

Descent set distribution for permutations with cycles of only odd or only even lengths
Volume 9, issue 1 (2026), p. 161-182.

https://doi.org/10.5802/alco.471

© The author(s), 2026.
This article is licensed under the

CREATIVE COMMONS ATTRIBUTION (CC-BY) 4.0 LICENSE.
http://creativecommons.org/licenses /by /4.0/

and is a member of the Centre Mersenne for Open Scientific Publishing

Algebraic Combinatorics is published by The Combinatorics Consortium 4
www.tccpublishing.org Wwww.centre-mersenne.org ‘. >

e-ISSN: 2589-5486

MERSENNE


https://doi.org/10.5802/alco.471
http://creativecommons.org/licenses/by/4.0/
https://www.tccpublishing.org/
www.tccpublishing.org
www.centre-mersenne.org
http://www.centre-mersenne.org/

Algebraic Combinatorics
Volume 9, issue 1 (2026), p. 161-182
https://doi.org/10.5802/alco.471

Descent set distribution for permutations

with cycles of only odd or only even lengths

Ron M. Adin, P4l Hegediis & Yuval Roichman

ABSTRACT It is known that the number of permutations in the symmetric group Sa2, with cycles
of odd lengths only is equal to the number of permutations with cycles of even lengths only.
We prove a refinement of this equality, involving descent sets: the number of permutations
in S2, with a prescribed descent set and all cycles of odd lengths is equal to the number of
permutations with the complementary descent set and all cycles of even lengths. There is also
a variant for S2,41. The proof uses generating functions for character values and applies a new
identity on higher Lie characters.

1. INTRODUCTION

For a positive even integer n, let OC(n) be the set of all permutations = € S,, with
cycles of odd lengths only, and let EC(n) be the set of all permutations 7 € S,, with
cycles of even lengths only. It is known that, for every positive even n,

0C(n)| = |EC(n)| = (n — I,

where the double factorial (n—1)!! := (n—1)-(n—3)-(n—5)---. See e.g. [2, Theorem
6.24] and [9, A001818].

In this paper we prove the following remarkable refinement.

First, let us extend the above definitions to odd values of n. For a positive odd
integer n, let OC(n) be the set of all permutations 7 € S,, with cycles of odd lengths
only, and let EC(n) be the set of all permutations = € S,, with cycles of even lengths
only, plus a single fixed point. The descent set of a permutation © = [71,...,7,] € S,
is

Des(m):={1<i<n—1:m>mpu} Cn-—1],
where [m] := {1,2,...,m}.
THEOREM 1.1. For any positive integer n and subset J C [n — 1],

[{m € OC(n) : Des(w) = J}| = |{m € EC(n) : Des(m) = [n — 1]\ J}|.
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Theorem 1.1 is equivalent to an apparently new identity on higher Lie characters,
Theorem 1.2. For any partition A - n, let wgn be the corresponding higher Lie char-
acter of S,, (for a definition see Subsection 2.1). For any positive integer n, let OP(n)
be the set of all partitions of n with odd parts only. For a positive even integer n, let
EP(n) be the set of all partitions of n with even parts only; and, for a positive odd
integer n, let EP(n) be the set of all partitions of n with all parts even, except for a
single part of size 1.

THEOREM 1.2. For any positive integer n,
> ¢s =sign® ) Vs,
AEOP(n ANEEP(n)
where sign is the sign character of Sh-
This result follows, in turn, from two explicit generating functions, Theorem 1.3

and Theorem 1.4. For a partition v I n, let b; be the number of parts of size j in v
(Vj>1). Then

n!
Zy)| = =————+
| V‘ H] bj!jbj
is the size of the centralizer Z, of any element of cycle type v in S,,. Let £ = (¢;),>1
be a countable set of indeterminates, consider the ring C[[t]] of formal power series in

these indeterminates, and denote t°*) := [ j t;j

THEOREM 1.3.

Z Z Zd, H(1+t2p)1/2p+1
Sn |Z| 1 —tow '

n>0 A€OP(n) vkn p=0
THEOREM 1.4.

. £) 14t \ V2
Z Z angn(u)ibén(’/) 1z = H (1 — tl) .

n=20 Ae EP(n) vkn p=0

In particular, setting tor = 0 for all p > 1, we obtain the following result.

COROLLARY 1.5. For any integer n > 2,

Yo dimyg, = Y dimyy, = {("_1)” i ts cven;

A€OP(n) AEEP(n) (n—=2)1,  ifn is odd.

Note that the RHS of the formula in Corollary 1.5 is the number of permutations
of odd order in S, (see [9, A000246]), namely the cardinality of OC(n). For further
discussion see Section 6.

The group of signed permutations B, can be viewed as the centralizer, in Sy,
of a fixed-point-free involution (a permutation of cycle type (2,...,2)). Noting that
its index |Say,|/|Bn| = (2n — !, Corollary 1.5 suggests that the sum of higher Lie
characters of Sy, over the partitions in OP(2n) is induced from a character of B,,. We
prove that this is, indeed, the case (with an analogue for Sa,1). Specifically, denote

w“ @)

the sum of (type B) higher Lie characters of B,, corresponding to conjugacy classes
with positive cycles only (for a definition see Subsection 7.2).

Algebraic Combinatorics, Vol. 9 #1 (2026) 162



Descent sets for permutations with cycles of odd or even lengths

THEOREM 1.6. For any integer n > 0,

Ao s
Z Vs, =812 TE, )

AEOP(n)

See Theorem 7.4 below.

The rest of the paper is organized as follows. Higher Lie characters are defined in
Subsection 2.1, and the equivalence of Theorems 1.1 and 1.2 is explained in Subsec-
tion 2.2. In Section 3 we compute a generating function (Theorem 3.1) for the values of
the higher Lie characters of S;,. In Section 4 we state a signed analogue, Theorem 4.1,
and outline its proof. In Section 5 we deduce Theorem 1.3 (from Theorem 3.1) and
Theorem 1.4 (from Theorem 4.1), thus proving Theorem 1.2. In Section 6 we study
related character identities for odd root enumerators. Finally, in Section 7 we prove
Theorem 1.6.

2. PRELIMINARIES

In this section we define higher Lie characters (in S,,), and use basic properties of
quasisymmetric functions to explain the equivalence of Theorems 1.1 and 1.2.

2.1. HIGHER LIE CHARACTERS. In this subsection we define a higher Lie character

for any element (in fact, for any conjugacy class) in the symmetric group S,,. Let us

first recall the well-known description of the centralizer of an arbitrary element of S,,.
We write A F n to denote that A is a partition of a positive integer n.

LEMMA 2.1. (Centralizers in S,,) Let € S,, be an element of cycle type A F n where,
for each i > 1, the partition A has a; parts of size i. Write

xr = H i,
i>1
where x; has a; cycles of length © (i > 1); of course, only finitely many factors here
are nontrivial. Then the centralizer of x in Sy, Zy = Zs, (x), satisfies
an(x) =X Zsmi (ml) = X Git Sai7
i>1 i>1
where G;, isomorphic to the cyclic group of order i, is the centralizer in S; of a cycle

of length . By convention, G; 1 Sy is the trivial group while G;1.51 = G;.

REMARK 2.2. We use G, rather than C; or Z;, to denote the cyclic group of order n,
since C and Z are intensively used here for other purposes.

DEFINITION 2.3. (Higher Lie characters in S,,) Let « be an element of cycle type A in
Sn, as in Lemma 2.1.

(a) For each i > 1, let w; be the linear character on G;1S,, which is equal to
a primitive irreducible character on the cyclic group G;, and trivial on the
wreathing group S,,. Let

w” = Q) wi,

i>1

a linear character on Z,.
(b) Define the corresponding higher Lie character to be the induced character

g, = wagz
(c) Itis easy to see that Y% depends only on the conjugacy class C' (equivalently,
the cycle type \) of x, and can therefore be denoted 1/1§n or ¢§n'
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RoN M. ADpIN, PAL HEGEDUS & YUVAL ROICHMAN

2.2. QUASISYMMETRIC FUNCTIONS AND DESCENTS. The descent set of a permutation
7w = [m1,..., 7] in the symmetric group S, on n letters is

Des(m):={1<i<n—-1:m>mu} C[n—-1],
where [m] :={1,2,...,m}.

DEFINITION 2.4. For each subset D C [n — 1] define the fundamental quasisymmetric
function

]:n,D(X) = E Tijy Ljg =" Ty -
11<12<...<in
i]'<ij+1 if j€D

Given any subset A C S,,, define the quasisymmetric function
Q(A) = Z fn,Des(ﬂ-)-
TEA

In their seminal paper [5], Gessel and Reutenauer prove the following.

THEOREM 2.5 ([5, Theorem 3.6)). For every partition A - n, let C be the conjugacy
class of permutations in S, of cycle type \. Then

Q(Cy) = ch (v3,)

where ch is the Frobenius characteristic map and ™ is the higher Lie character defined
in Subsection 2.1.

The remarks preceding [5, Theorem 4.1] imply the following variant.

COROLLARY 2.6. For every partition A F n,
ch (Sign ®¢gn) = Z ]:n,[’nfl]\DCS(ﬂ’)'
el

COROLLARY 2.7. Theorem 1.1 and Theorem 1.2 are equivalent.

Proof. Recall from [12, Ch. 7] that the fundamental quasisymmetric functions {F,, p |
D C [n — 1]} form a basis of the vector space QSym,, of quasisymmetric functions in
n variables. Theorem 1.1 is therefore equivalent to

Z «Fn,Des(w) = Z ]:n,[nfl]\Des(ﬂ')-

Te€OC(n) Te€EC(n)

By Theorem 2.5, this happens if and only if

Z wg’n = Ch_l Z Q(CA) = Ch_l Z ]:n,Des(ﬂ-)

A€EOP(n) A€EOP(n) weO0C(n)
=ch™* Z fn,[n—l]\Des(Tr) =sign® Z wg”n L
TeEEC(n) AEEP(n)

3. A GENERATING FUNCTION FOR HIGHER LIE CHARACTERS

In this section we state and prove an explicit generating function (Theorem 3.1) for
the values of all the higher Lie characters of the symmetric group S,. This formula
is an S,-version of a similar formula, recently proved for the higher Lie characters of
the hyperoctahedral group B, [1, Theorem 4.3]. The main result is stated in Subsec-
tion 3.1, and proved in the following subsections.
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3.1. MAIN RESULT. Let A and v be two partitions of n. For each integer i > 1, let a;
be the number of parts of size ¢ in the partition A. Similarly, for each integer j > 1,
let b; be the number of parts of size j in the partition v. Thus

Ziai :Zjbj =n.
( J

Let s = (s;)i>1 and t = (t;);>1 be two countable sets of indeterminates. Consider the
ring C|[s, t]] of formal power series in these indeterminates, and denote s := ], s¢*

and t°®) =] j t?j. The main result of this section is the following.

THEOREM 3.1.

e e
oD vsW TH—GXP oD m

n>0\,vkn 4,5 =1 e| ged(4,5)

]/etz/e

zg/e
where u(-) is the classical Mébius function.

We prove this result in the following subsections.

3.2. VALUES OF INDUCED CHARACTERS. Let us start our computations by writing a
general formula (Lemma 3.2) for the values of each higher Lie character, as an induced
character.

For an element x € S, denote the conjugacy class and the centralizer of z by C,
and Z, respectively. Recall the definitions of w® and g from Subsection 2.1.

LEMMA 3.2. If x € S,, then

VE () =18 Y ) (e s

‘ g| z2e€CyNZy

Proof. Let G be a group, and x a character of a subgroup H of G. Define a function
X': G — Chy
x(g), ifge H;
Og) = { X198
0, ifge G H.

y [7, (5.1)], an explicit formula for the induced character XT% is

i) = >, xX’(a'ga) > xatga)  (Vge @)

G=UgaH |H| a€eG
The mapping f : G — C, defined by f(a) := a"'ga (Va € G) is surjective, and
satisfies: f(ay) = f(az) if and only if aya; ' € Z,. Hence
Z, Z
150 =2 ¥ 0w = ¥ e
zeC, 2€C,NH

Consider now an element = € S,,, and apply the above formula with G = S,,, H =

Zy = Zg, (z), and x = w”, the linear character on the centralizer Z, described in
Definition 2.3(a). Then

Z
W) =10 = 24 Y W) (e s,
z z€CyNZ,

Recalling that |Z,| = |S,|/|Cs| and |Z,4| = |Sn|/|Cy| completes the proof. O
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3.3. THE STRUCTURE OF A SINGLE CYCLE. We want to study the S,-structure of
elements z € Cy N Z;. Our main initial result is Corollary 3.4, describing the S,-
structure of a single cycle of z.
Assume that = € S, has cycle type X\. Decompose
xr = H Z;,
i>1

where each z; is a product of a; disjoint cycles of length i (¢ > 1), and only finitely
many of the factors are nontrivial. Then, by Lemma 2.1,

i>1 i>1
where G; is the cyclic group of order 1.
Assume that g € S, has cycle type v, with b; cycles of length j (5 > 1). Let
z € Uy N Z,, and decompose it as
zZ = H Zi

i>1

where z; € Zg,, (vi) & G; 1S, (i > 1). Using a finer decomposition, assume that
the underlying permutation of z;, as an element of Sj,,, has m; ; cycles of length j

(j = 1). Of course,
E jmm = iai and E mm' = bj.
J [

Assume first that, as an element of G; 1 S,,, z; has a single cycle ¢ of length ¢ and
G-class v. What is the structure of ¢ as an element of S;,,7

Let (; € C be a primitive complex i-th root of 1, generating the cyclic group G;
interpreted as the group of complex i-th roots of 1.

LEMMA 33. Fix i > 1 and m > 0, and let x; € Sy be a product of m cycles of
length i. Let ¢ € Zg,,, (x;) = G; 1 Sy, be a single cycle of length ¢ (in Sp,) and class
v = (F € G;. Then, as an element of Sim, c is a product of d := ged(k,i) disjoint
cycles, each of length j := ¢i/d.

Proof. Following Lemma 2.1, and after an appropriate conjugation in S;,,, we can
assume that we have the following scenario:

e There is an ¢ x i rectangular array (ps.) of distinct integers in [im] (say,
psp = (s—1)i+tforall 1l <s < fandl <t < i) Each of the ¢ rows
corresponds to a cycle (of length 7) of x;. As an element of S;,,,

Ti:  Psit PP Psttl (1<s<l,1<t<i),

where ps ;41 is interpreted as p, 1. On the other elements of [im], z; acts as
the identity.
e As an element of S;,,, ¢ € Z,, permutes the ¢ rows cyclically, and specifically
acts as follows: if v = (¥ € G; (0 < k < i), then
c: ps7t'_>ps+17t (1<3<€_1;1<t<2)a
Det © DLtk (1<t<i),
with p; ¢4 interpreted as py ¢4r—q if t + &k > 3.

Since ¢ permutes the ¢ rows cyclically, each cycle of ¢ (as an element of S;,,) has
length divisible by ¢. In fact,

c Ds,t 7 Ps itk (Vs,t),
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with ps iy interpreted as psiqp—i if ¢ + k& > i. Defining d := ged(k, i), we have
ged(k/d,i/d) = 1. The smallest multiple of k which is divisible by ¢ is thus (i/d) -k =
i-(k/d). It follows that all the cycles of ¢ have length ¢i/d, and their number is d. O

Denote, in the statement of Lemma 3.3, e := i/d (= j/¢). Then e is a common
divisor of 7 and j. We can thus restate Lemma 3.3 as follows.

COROLLARY 3.4. Fiz i,57 2 1 and m > 0, and let x; € Sy, be a product of m cycles
of length i. Let c € Zg,, (z;) = G; 1 Sm, be a single cycle of length € (in Sy,). Assume
that, as an element of Sim, ¢ is a product of d disjoint cycles of length j. Then there
exists a common divisor e of i and j such that d =i/e and £ = j/e. Moreover, as an
element of G; 1Sy, the cycle ¢ has (length ¢ and) class v = (¥ € G;, for some integer
k satisfying ged(k, i) = d.

3.4. SUMMATION ON A SINGLE CYCLE. We now want to compute the sum in
Lemma 3.2 on a certain small subset of Cy N Z;, when g and z have special cycle
types, with all cycles of the same length. The main result here is Lemma 3.6,
addressing summation over elements with a single underlying cycle.

As a computational tool, recall the following well-known fact regarding the classical
Mébius function p : N — {—1,0,1}, defined by u(1) := 1, p(n) = (=1)* if n is a
product of k& > 1 distinct primes, and p(n) := 0 otherwise (namely, if n is not square-
free).

LEMMA 3.5. For any positive integer n,

> Gi=pmn).

0<k<n
ged(k,n)=1
The following result performs the summation in Lemma 3.2 only on the elements
z € Cq N Z, corresponding to one specific cycle in Sg,; both g and = are assumed to
have cycle types with all cycles of the same length.

LEMMA 3.6. Fiz i,57 > 1 and m > 0, and let © = x; € S;, be a product of m
cycles of length i. Let e be a common divisor of i and j, and denote d := i/e and
l:=j/e. Let o € Sy, be a permutation which has a single cycle of length £, and is the
identity outside the support of this cycle. Let R; j(o,e) be the set of all the elements
z € Zp =2 G;1Sy, corresponding to the underlying permutation (cycle) o, with suitable
Gi-classes, such that, as elements of Sy = Sja, they are products of d disjoint cycles
of length j. Denote

1 x
Kij(0,€) == > wi(2).
zER; j(o,€)
Then K; j(o,e) actually depends only on e:

Ki,j (0’ 6) = ,LL(@),

where u(-) is the classical Mébius function.

Proof. By Corollary 3.4, the set of possible G;-classes v of elements z € R; ;(o,e)
depends on i and d = i/e, but not on j or o (as long as j is a multiple of e). Denote
this set by C(4, d):

C(i,d) = {¢F : ged(k,i) = d}.
The number of elements z € R; ;(0,e) with any specific G;-class is |G}
Denote

|€—1 — ,L'K—l.

K j(o,e) == Z_el_l > wi(2).

zER; j(o,€)
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It follows, by Definition 2.3(a) of w”, that

K j(o,e) = E v= E Czk
~EC(i,d) 0<k<i
ged(k,i)=d

Denoting k' := k/d and using Lemma 3.5, we conclude that

Soodk= Y Ba=uli/d),

0<k<i 0<k’<i/d
ged(k,i)=d ged(k’ ,i/d)=1
namely
Kij(o,e) = p(e),
as claimed. g

3.5. PrRooF OF THEOREM 3.1. Extending the previous result, we shall now sum w®
on the whole set Cy N Z,;, with increasing generality of the cycle types of g and x. This
will lead to a proof of Theorem 3.1, providing a generating function for the values of
higher Lie characters wgn =95 .

DEFINITION 3.7. For positive integers i and j, let
E(i,j):={e>1: e divides both i and j}.

Note that E(4,7) is never empty, since it always contains e = 1.

For an indeterminate s, let C|[[s]] be the ring of formal power series in s over the
field C. We now extend Lemma 3.6, and compute the sum in Lemma 3.2 on the whole
set Cy N Z,, still restricting g and x to have cycle types with all cycles of the same
length.

LEMMA 3.8. Fiz i,j > 1. For any integer m > 0, let x = x;(m) € S;mm be a product of
m disjoint cycles of length i. Let R; ;(m) be the set of all elements z € Zg,, (x;(m)) =
G; 1 Sy, which, as elements of Sy, are products of im/j disjoint cycles of length j.
(Of course, necessarily j divides im.) Then, in C][s]],

s is)i/e
Y Y welcen| ¥ e

T
m20 zER; ;(m) e€E(i,5)

Proof. Assume that E(i,j) = {e1,...,eq}, and define ¢, := j/e; (1 < k < q). For
each m > 0, let

Nij(m) :={(n1,...,ng) € 2L, : nily +...n4ly = m}.

By Corollary 3.4, the possible cycle lengths of elements of R; ;(m), viewed as elements
of G; 1 Sy, are {1,...,4,. If such an element has ny cycles of length £, (1 < k < q),
then clearly (n1,...,n4) € N, ;(m). The number of permutations in .S, with this
cycle structure is
m!
nl!...nq!.g?l...ggf

By Lemma 3.6, for each common divisor e of ¢ and j and each specific cycle o € S,,
of length ¢ = j/e,

ZER@J (0’,6)
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The linearity of the character w® thus implies that
q

Y v Y e [ )™

1y
2€R; j(m) (n1,...,ng)EN; ;(m) + tk=1 !l k=1
AN
=m! .
> (e )
(n1,...,ng)EN; j(m) k= 1
Let s be an indeterminate, and consider the ring C[[s]] of formal power series in s

over the field C. By the definition of N; j(m) and the above computation, it follows

that the number
.
ml Z w”(2)
ZGRi,j (m)
is the coefficient of s™ in the product

115 0 (o0 ) = e (w0 1)
- T oo ()
1I

ij/e

In other words,

> w Sﬁz II e (u(e) (i.s.)j/e>

m>0zER; j(m) e€E(i,j) /e
(is)i/e
—en| 3 w2 a
‘. ij/e
e€E(i,5)

Now let s be an indeterminate and {¢; : j > 1} be a countable set of indetermi-
nates, denoted succinctly by t. Consider the ring of formal power series C[[s, t]]. We
extend Lemma 3.8 and compute the sum in Lemma 3.2 on the whole set Cy; N Z,,
restricting only x to have a cycle type with all cycles of the same length.

LEMMA 3.9. Fiz i > 1. For any integer m > 0, let x = x;(m) € Sy, be a product of
m disjoint cycles of length i. Let R;(m) := Zg,  (zi(m)) = G;1Sy,. As an element of
Sim, write each z € R;(m) as a product of m;(z) disjoint cycles of length j (j > 1).
Then, in C[[s,]],

N L jm (=) zst’ ile
)DIDDIEIEE | LR b ol pVELL ek
m20z€R;(m) J J e€E(i,j)

Proof. Following Lemma 3.8, fix integers m; > 0 (j > 1) such that 3°,m; = m.
Dividing the set of m cycles of z;(m) into subsets of corresponding sizes m; can be

done in
m!

Hjm]'

ways. On each piece G; 1 Sy, we would like to consider R; ;j(m;), as in Lemma 3.8;

note that, by that result, R; ;(m;¢) = @ unless j divides im;. By the linearity of w”,
I CE DY oy . N e
zER;(m) m; 20 7 z; €R; j(m;)

E mi;=m
J
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or, equivalently,
> 2 wag=Il Y X v
m=20z€eR;(m) i m;20z;ER; j(my) J

Assume now that z € R;(m), as an element of S;,,, is a product of m;(z) disjoint
cycles of length j (j > 1). This yields a subdivision of the set of m cycles (of length i
each) of x;(m) into subsets of sizes m; = jm;(z)/i, so that

Z]mj sz] =
J

In order to keep track of the individual numbers jm;(z) = imy, let us use additional
indeterminates ¢; (j > 1). The previous formula turns into

ey ST ) Nl i
> > wegIIsm T =11 X Wt =
m>0 z€R;(m) J J m;202z;€R; j(m;) /

Rewriting the RHS using Lemma 3.8, with s replaced by sté—, yields
m coti\j/e
a5 my() _ (ist;)?
2 2 W@ e =Ilew | 3w =
m>0 z€R; (m) J J e€E(i,j)
(istt )J/e
= exp Z >ow il
J e€E(i,j)
as claimed. d

Recalling the higher Lie characters ¢§ from Definition 2.3(c), we can now prove
the main result of this section, Theorem 3.1. It extends Lemma 3.9 and computes the
sum in Lemma 3.2 on the whole set Cy N Z,, for arbitrary g and x.

Proof of Theorem 3.1. Write any = € S,, as
Tr = H Z;,
i
where each x; is a product of a; disjoint cycles of length i. Then, by Lemma 2.1,
where

Ly, = Gi 1S,

By Lemma 3.9, with summation over m = a; > 0 and z = z; € G; 1 S,,, we have for
ecach 7 > 1:

DND DEFIEERS | CRUET1 D D DI

a; 20 2;€G1Sa; i Jj e€E(i,j)

zstl ile

zy/e

Now replace s by s;/i and tg by t; (V5 > 1). Denote

=D ND SIRISIFL S | (i
J

a;20 2, €G1S,,
]/e z/e
=op | D> D ule) -
J e€E(i,j)
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The product of ¥; over all 4 is therefore

MY 3w i I
J

i a; >0 ZIEZIT

J/e ife
t
SIEES b3 ol oo
i j e€E(i,j)
If ¢ =[], z; € Cx then
|Sn| ||
|CAl = |Ca| = = —.
|Z:| I, ailiv

The above equality can thus be written as

Z Z Z H Z wml(zz)szlb Ht;pj(zi)

n>0| n| AbFnxzeCy i 2i€ 2,

—en[TX 5

i J e€E(d

Sj/etz/e

l]/e
Denote z := [, z; € Z,, and note that
Y om(z) =bi(z)  (Vi=1).
By the definition of w®, the LHS of the equality can thus be written as
= 5 Z > 2 W (@)s ),
n>0 )\)—n zeCy z€EZ,
In fact, we can rewrite this as
w*( C(/\) ()
- LYY Y ¥ t
n>0 Sn A-n vbn 2€Cy 2€2,NC,

since ¢(x) depends only on the conjugacy class of z, and may thus be written as c(\);
and similarly for ¢(z) and c¢(v).
Now, by Lemma 3.2, if x € C') then

Cal- Y wt(2) =G| ¥E (v).
2€Z,NC,
Therefore

ZZ|C W’s v) s A)tC(V)

| n| AnvbEn

-
DD WRCEIE

n20 A\Fn vkn

Regarding the RHS, note that E(i,7) is the set of all common divisors of ¢ and j,
namely divisors of ged(, j). We can therefore write the above equality as

s eV ge(v) J/e 1/6
> 2 s W) —ep (> D> m
>0 A0k ‘Z | i>1 zg/e
n>0 A\, vkn 0,521 e| ged(i,5)
This completes the proof. O
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4. A SIGNED VERSION
In this section we outline the proof of the following signed analogue of Theorem 3.1.

THEOREM 4.1.
(‘()\)tc(u) Sj/eti/e

2 D SR )T =ew | 3 30 (DO T

n>20 \,vkn i,j=1e| ged(4,5) Zj/e
where pu(-) is the classical Mébius function.

The proof is very similar to the proof of Theorem 3.1, described in Section 3. We
state only the slightly different main lemmas, without proof.
Here is a signed analogue of Lemma 3.6.

LEMMA 4.2. Fiz i,5 2 1, and let x = z; € S;q, be a product of a; cycles of length <.
Let e be a common dwzsor of i and j, and denote d :==i/e and £ := j/e. Let 0 € S,
be a permutation which has a single cycle of length £, and is the identity outside the
support of this cycle. Let R; j(o,e) be the set of all the elements z € Z, = G; 1S,
corresponding to the underlying permutation (cycle) o, with suitable G;-classes, such
that, as elements of Si¢ = Sja, they are products of d disjoint cycles of length j.
Denote 1
K, (o) = =y Z sign(2)w”(2) .
2€R; j(o,e)
Then
Ki(0,¢) = (~1)/0D/ ).

Here is a signed analogue of Lemma 3.8.

LEMMA 4.3. Fiz i,j > 1. For any integer m > 0, let x = x;(m) € Siy be a product of
m disjoint cycles of length i. Let R; ;(m) be the set of all elements z € Zg,, (x;(m)) =
G; 1 Sy, which, as elements of S, are products of im/j disjoint cycles of length j.
(Of course, necessarily j divides im.) Then, in C][s]],

s s is)i/e
Y Y s o)t —en | Y ()0 e BT

m20z€R; j(m) e€E(i,5) /e
Here is a signed analogue of Lemma 3.9.

LEMMA 4.4. Fiz i > 1. For any integer m > 0, let x = x;(m) € S, be a product of
m disjoint cycles of length i. Let Ri(m) = Zg,, (z.(m)) = GilSm. As an element of
Sim, write each z € R;(m) as a product of m;(z) disjoint cycles of length j (j > 1).
Then, in C[[s,]],

s T s jm;(z

Z Z sign(z)w (z)ﬁHtj i) =

m20zeR;(m) g

(istz»)j/e
ij/e

exp | Y D (DY u(e)

Jj e€E(i,j)

5. PROOFS OF THEOREMS 1.3 AND 1.4
Proof of Theorem 1.3. Use Theorem 3.1 with the substitution

{1, if 4 is odd;
S; =

0, ifi is even
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to get
'L/e

. D DU ’*—exp 22 >

1]/€e
n=20AeOP(n) vkn i odd j2>1 e| ged(4,5) ']/

Replacing (in the exponent) summation over i (odd) and divisors e by summation
over e (odd) and d := i/e (odd), it follows that

t()
= exp
N1z o

j=

2. 2 DU

4d
D *”
n=20 AeOP(n) vkn | J odd
e odd
Writing j = 2P - (2¢ + 1) for integers p,q > 0, it is clear that
> e

elj e| (2¢+1)
e odd

—

Therefore necessarily j = 2P, and using

Z d—2ln1+:1:) In(1 — x))

d odd
it follows that
te)

. - t2p _ 1+ to 1/2r+1 -
> Y Saw e X 2 -T(HE)

n=20 AeOP(n) vkn p=>0d odd p=0

Proof of Theorem 1.4. We shall deal separately with summation over even n and
summation over odd n. For even n, since EP(n) consists of the partitions of n with
even parts only, we can use Theorem 4.1 with the substitution

1, if ¢ is even;
S; 1=
0, if7is odd
to get
c(v)

XX Y sl 0) 5 =

n=0 even A€ EP(n) vkn

ti/e

oo [ X T (1 e

11/€
i even j>1 e| ged(4,5) ]/

Replace double summation over 4 (even) and divisors e by double summation over e
and d := i/e. Distinguishing the cases of e odd (thus d even) and e even (thus d of
arbitrary parity), it follows that

td

PDIED DI JETO N UL 3 SITCID DI At
n=0 even A€ EP(n) vkn ‘ | izl elj d even J
e odd
> 5 e S
jeven elj d>1 dj

€ even
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Writing j = 2P - (2¢ + 1) for integers p,q > 0, it is clear that

Z /J' _5q0

elj el (29+1)
e odd

—~

and (for j even, namely p > 1)

doule)= Y pler)- D plez) = (=1)-dg0.
e 9 el@

Therefore, in both cases, necessarily j = 2P. Noting that 27 — 1 is odd for p > 1, we
deduce that

d
) Zwas) mzz%—

n2=0 even A\e EP(n) vkn p=>0d even
d
> (cayiern il
P
p,d>1 2rd
_ tf 5
=exp | DT D 5
d even p>1d odd
Since

exp ( > 1;) = exp (;m (1 9:2)> = (1-2%)"",

d even

exp(Z qj) = exp (;1n(1+x)_;1n(1_$)> = (1+i>1/27

d odd
it follows that

1+t \ /2
S N N L (=~

n2=0 even A\e EP(n) vkn

and

Now consider the summation over odd n. Since EP(n), in this case, consists of the
partitions of n with even parts only, except for a single part of size 1, we can use
Theorem 4.1 with the substitution
1
5= 81, ifi=1;

0, ifi>1isodd

, if i is even;

to get that
tew)

Yoy S sign(m)vd, (v) ﬁ

n odd Ae EP(n) vkn

is the sum of all monomials containing a single s; in the expansion of
jlegl/e sile

exp Z Z (] 1/9/_}/( 51 j Z Z Z 7(] 1/P/’L<€)Z-j?

Jz1 el ged(1,5) i even j21 el ged(s,5)
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In the first summation, corresponding to i = 1, clearly e = 1 and therefore (in order to
get a single s1) also j = 1. The only monomial containing a single s; in the expansion
of exp(syty) is s1t1. Therefore, using the computation for even n,

. A @) o —1/2 1+ to 2
YooY D sign()d, (@) Z (=) - II (3= tor '

n odd A\e EP(n) vkn p=1

Adding together the summations over even and odd n, and using

_ 144\ Y2
N N = I
— U1

completes the proof. O

6. ROOT ENUMERATORS

6.1. THE ODD ROOT ENUMERATOR. Recall that, for an integer k and a nonnegative
integer n, the k-th root enumerator in S,, is defined by

pf”(g) =Hzres, " =g} = Z 1 (Vg € Sn).

€S,

wk:g

For a partition A of n, denote A Fj n if all the part sizes of A divide k. The following
theorem, connecting root enumerators with higher Lie characters, is due to Scharf.

THEOREM 6.1 ([10]). For any integer k and nonnegative integer n,
pr= ) s,
)\I—kn
Denote
p3n(9) :={z €S, : a* =g for some odd k}| (Vg € Sp).
COROLLARY 6.2. For any positive integer n,
Sn p— A
Podd = Z (A
A€OP(n)
Proof. Let k be any odd multiple of lem{2i —1 : 1 < ¢ < (n + 1)/2}. Clearly,
pfg’d = pf”. Scharf’s theorem (Theorem 6.1) completes the proof. O
We deduce

PROPOSITION 6.3. For any positive integer n,

Sont+1 _ SopaS2nt1
Podd = Podd ! Sy,

Proof. By Corollary 6.2 together with Theorem 1.2, for any positive integer n,
San A . A
po;d#—1 = Z ws2n+1 =sign® Z wszn+1’

AEOP(2n+1) AECEP(2n+1)
and similarly
San .
podzd = Z ¢g2n = sign ® Z wgzn -
A€OP(2n) AEEP(2n)

By the definition of higher Lie characters, for any partition A = (A1,...,At) F 2n with
no parts of size 1,

A1y X)) (A, A ) AS2n41
1/}3271,+1 71/}3271, TS2n :
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It follows that

Sont1 z : A s § : A San+t1
Podd = si1gn ® ws2n+1 = 81gn ® qpszn,TSzn
AEEP(2n+1) AEEP(2n)
_ : A Sont1 _ SonaS2nt1
= |sign® z : w52n TSzn = Podd San 0
AEEP(2n)

REMARK 6.4. Note that, by Corollary 1.5, for every n, p2%, is not induced from ,02" L

6.2. THE SIGNED ODD ROOT ENUMERATOR. Let sign : S, — {1,—1} be the sign
character on S,,.

DEFINITION 6.5. Let k be an integer and n a nonnegative integer. The signed k-th
root enumerator in S, is defined by

)= Z sign(x) (g € Sn).
TES,

REMARK 6.6. The following generating function was obtained by Leafios, Moreno and
Rivera-Martinez [8]. In our notation, with the obvious modifications, their result is:

g /"
I LCLAET Dol ol
n>0vkn j=1 h|k J

ged(h,j)=1

Formally, they use g = k/h instead of our h, and sum over all g > 1 such that
ged(gj, k) = g; see Remark 1 after the proof of [8, Proposition 2]. Their ¢; is our ¢; /5.

If k is a prime power, this generating function appears already in Wilf’s book
Generatingfunctionology, Theorem 4.8.3.

REMARK 6.7. The corresponding expression for the sign character of the symmetric
group was obtained by Chernoff [3] and by Glebsky, Licén and Rivera [6]. In our
notation, including the class function pf (9) == Dses, ar=gsign(z) (for g € Sy),

namely ﬁf”(u) (for a cycle type v F n), their result is:

(_1)1+jk/htl?/h

SEaeg e | Y

n>0vkn j=1 h|k
god(h,j)=1

DEFINITION 6.8. The signed odd root enumerator is defined as
on(g) == Z sign(x). (Vg € Sy).

€S,
zf=g for some odd k

DEFINITION 6.9. (Twisted higher Lie characters in S,) Let x be an element of cycle
type X\ in Sy, as in Definition 2.3.

(a) For eachi > 1, let w; be the linear character on G; 1 S,, which is equal to a
primitive irreducible character on the cyclic group G;, and equal to the sign
character on the wreathing group S,,. Let

= ®wia

i>1

a linear character on Z,.
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(b) Define the corresponding twisted higher Lie character to be the induced char-
acter
TS, = me%;_

(c) It is easy to see that T§ depends only on the conjugacy class C (equivalently,

the cycle type A) of x, and can therefore be denoted Tgn or Tg‘n,

The following theorem is due to Scharf.

THEOREM 6.10 ([11, 2.4.22 Satz]). For every partition A + n,

ﬁf" = Z sign(/\)T:g\n,

Aen

where 7'5)1‘" is the twisted higher Lie character from Definition 6.9 and sign(\) is the
sign of a permutation of cycle type A.

Note that sign(A) =1 for any A € OP(n).

COROLLARY 6.11. For any positive integer n,

—Sn __ A
pogd - E : TS,

AEOP(n)
We deduce the following identity.

THEOREM 6.12. For any positive integer n,

o= > Ul

AEOP(n) AEEP(n)

where T>‘n is the twisted higher Lie character from Definition 6.9 and 1/)3‘.;" is the
standard higher Lie character.

Proof. By Theorem 1.2, Corollary 6.2, Corollary 6.11, and the fact that the sign of
an odd power of z is equal to the sign of x:

Z w:\gn =sign® Z @/Jgn = sign@pfgd = ﬁfgd = Z Té\n. O
AEEP(n) AEOP(n) AEOP(n)

7. INDUCTION FROM A SUBGROUP OF TYPE B

The group of signed permutations B, = Zs .S, may be viewed as the centralizer,
in So,, of a fixed-point-free involution (a permutation of cycle type (2,...,2)). The
fact that its index |S2,|/|Bn| = (2n — 1)!! divides the degree (2n — 1)!!? of the odd
roots enumerator pfflg raises a natural question: Is the character pfjg induced from
a character of B,?

In this section we answer this question affirmatively. We show that pfé; is induced
from the sum of higher Lie characters of type B corresponding to conjugacy classes
in B,, with positive cycles only. The number of signed permutations in B,, with these
cycle types is indeed (2n — 1)!, see Proposition 7.1 below. Thus the degree of the
induced representation is indeed (2n — 1)!!?, which is the number of odd roots of the
identity permutation in Ssy,, in accordance with Corollary 1.5. Theorem 7.4 shows
that, furthermore, the two characters are equal.
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7.1. SIGNED PERMUTATIONS WITH POSITIVE CYCLES ONLY. Denoting [+n] :=

{-n,...,=1,1,...,n}, the elements of B,, = Z31.S,, are signed permutations, namely
bijections o : [£n] — [£n] which satisfy o(—i) = —o (i) for all 4. They are encoded
by the window (i.e. sequence of values on 1,...,n) [0(1),...,0(n)].

Conjugacy classes in B, = Z31S,, are parametrized by pairs of partitions (A, A7)
of total size n. A cycle in a signed permutation ¢ € B, which contains a letter 4
as well as —i is called negative; otherwise it is called positive. The conjugacy class
Cia+,2-) consists of all the signed permutations whose positive cycle lengths are the
parts of AT and the negative cycle lengths, divided by 2, are the parts of A™.

PROPOSITION 7.1. The number of signed permutations in B, with positive cycles only
is (2n — ).

Proof. Consider the set My, of perfect matchings on 2n points, labeled by the letters
in [£n]. Let mg € My, match ¢ with —i, for all 1 < ¢ < n. The superposition of
mg and any perfect matching m € My, is a union of vertex-disjoint cycles of even
lengths, with edges alternating between mg and m. Choose an orientation for each of
the cycles; for concreteness, pick in each cycle the largest positive letter, say ig, and
orient the cycle so that the edge of mg connecting iy and —iq is oriented away from
ig. Define a function o, : [£n] — [£n] as follows: locate each element v € [£n] in
a cycle, and follow the path of two consecutive edges starting at v, an edge from m
followed by an edge from mg (or vice versa), according to the orientation of the cycle,
to get om(v) € [£n]. The reader may verify that o, € B,, has only positive cycles,
and m — o,, defines a bijection from My, onto the set of all permutations in B,, with
positive cycles. The fact that |Mas,| = (2n — 1)!! completes the proof. O

7.2. HIGHER LIE CHARACTERS OF TYPE B. Recall from [1] the definition of higher
Lie characters of type B, parametrized by conjugacy classes in B,, & Zy 1 Sy,.

LEMMA 7.2. (Centralizers in By,)

(a) Let x € B, be an element of cycle type A = (AT, A7) where, for each i > 1
and € € Zy, the partition \° has a; . parts of size i. Write

r=[rm.

i>1
where x; . has a;c cycles of length i and Za-class € (i = 1,e € Zg); of

course, only finitely many factors here are nontrivial. Then the centralizer
Zy = Zp, (x) satisfies

Z5,(@) = X (Zp, , (@i4) X Zp,s,_ (i)

i>1

and is therefore isomorphic to the direct product

X (Gi,-i- { Sai,+ X Gi- 1S, Lf) )

i>1
where G; . is the centralizer in B; of a cycle of length i and Zy-class €. By
convention, G 1Sy is the trivial group while G151 = G.

(b) Let z; + € B; consist of a single cycle, of length i and class +1 € Zs. Then the

centralizer Z,, , = Zp, (xi,4) = G; 1 is isomorphic to the group Zo X Z;, where
the generator of Z; is x; 4 and the generator of Zg is the central (longest)

element wy = [—1,...,—i] € B;.

(c) Let x; — € B; consist of a single cycle, of length i and class —1 € Zy. Then
the centralizer Z,, = = Zp,(x; ) = G, is isomorphic to the cyclic group
Z3;, with generator x; _; note that x§7 = wy.
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DEFINITION 7.3. (Higher Lie characters in B,,) Let = be an element of cycle type
A= (AT, A7) in B, as in Lemma 7.2(a).

(a) Foreachi>1 ande € Zs, let w; . be the linear character on G;1Sq, . defined
as follows: If € = +1 then, by Lemma 7.2(b), G; + = Zg X Z;. Let wi 4+ be
trivial on Zsa, equal to a primitive irreducible character on the cyclic group Z;,
and trivial on the wreathing group Sa, .. If € = —1 then, by Lemma 7.2(c),
Gi.— = Zoi. Let w;,_ be equal to a primitive irreducible character on the cyclic
group Za;, and trivial on the wreathing group S,, _. Let

whi= Q@ (Wit ®wi ),
i>1

a linear character on Z,.
(b) Define the corresponding higher Lie character to be the induced character

v, = w1z
(¢c) It is easy to see that Y%, depends only on the conjugacy class C (equivalently,
A
the cycle type \) of x, and can therefore be denoted qlzgn or ¢y .

7.3. THE ODD ROOT ENUMERATOR AS AN INDUCED CHARACTER. The centralizer
of any permutation of cycle type (2") (i.e. a fixed-point-free involution) in Ss, is
isomorphic to B,,. Similarly, the centralizer of any permutation of cycle type (2"1) in
Son+1 is isomorphic to B;,. Denote

- Y

AFn

the sum of type B higher Lie characters corresponding to conjugacy classes with
positive cycles only.

THEOREM 7.4. For any n > 0,

"17 Sn
P = np, 1Y

and

Sont+1 __ Sant1
Poqd =nB,T .

For the proof of Theorem 7.4, we first need the following general lemma, which is
of independent interest.

LEMMA 7.5. Let G be a finite group, H a subgroup of G, x a character of H, and £ =
X1 the corresponding induced character of G. Let {Cq(f) : € € LY and {Cg(m) :
m € M} be the sets of conjugacy classes in G and H, respectively, where L and M
are appropriate indexing sets. Let |Za(£)| = |G|/|Ca(£)| and | Zg(m)| = |H|/|Cr(m)|
be the corresponding sizes of centralizer subgroups. Let o : M — L be the function
defined by

Cr(m) C Cg(a(m)) (Ym e M).
Finally, let {qo : £ € L} be a set of indeterminates. Then

Z Z X(m) “Ga(m)
teL ‘ZG menr |Zu(m)]
Proof. Define a function x° : G — C by

XO(g) — {X(g)7 if g€ H;

0, ifge G H.
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By [7, (5.1)], an explicit formula for the induced character £ = XT?{ is
_ 0
9= >, x’a'ga) |H|Zx a~'ga)  (Vg€Q@).
G=UgaH a€eG

The mapping f : G — Cg(g) defined by f(a) := a~'ga (Va € G) is surjective, and
satisfies: f(a1) = f(ag) if and only if aya; ' € Zg(g). Hence

o) = 299 5 o= WL sy wea)
| zeCal(g) || heCq(9)NH

Assume that the G-conjugacy class of g is Cg(¢). The intersection Cg(¢) N H is a
disjoint union of the H-conjugacy classes Cgr(m) for which a(m) = £. Summing over
all £ € L, it follows that

ZlZG = X = TR Y )

LeL EEL heCG(l)ﬁH meM heCp(m)
Ga(m) - |CH(m)‘
= ————Xx(m),
o
which is equivalent to the required formula. O

The proof of Theorem 7.4 is also based on a generating function for higher Lie
characters of the hyperoctahedral group B,,, proved in [1].

Let A= (A*,A7) and v = (v*,v ™) be two bipartitions of n. For each integer i > 1
and sign € € Zy = {+1,—1}, let a; . be the number of parts of size 7 in the partition
A%, Similarly, for each integer j > 1 and sign § € Zs = {+1,—1}, let b, ¢ be the
number of parts of size j in the partition »¥. Thus

E Z'CLLE = E jbj,g =n.
i€ 3,0

Let s = (Si,e)i>1,eezz and t = (tj 9)3>1,9€Zz be two countable sets of indeterminates.
Denote s =[], _s;%° and tew) .= Hj’a t?.f(’f. Consider the ring C[[s, t]] of formal

1,€ T 1,€
power series in these indeterminates.

REMARK 7.6. The notation used in [1] is slightly different from the notation used in
the current paper: wherever we use s;. and ¢; 4, [1] uses st _and t;- g+ respectively.
The following result is stated in our current notation.

,€

THEOREM 7.7 ([1, Theorem 4.3]).
)t () j/eti/e

PIPIPBLAT —op (N 3 Keale) Gt

n>0AFn vkn e 7,0 el ged(4,5)
Here, fore,0 € Zo ={+1,—1} and e > 1

Kaﬁ(e) =g - ,u(Qe) + w

: M(e>7
where u(-) is the classical Mébius function.
Proof of Theorem 7.4. Following the definition of np, set, in Theorem 7.7,

1, ife=+1;
Sie = .
0, otherwise
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for all 7 > 1. Then
te®)
S ) e e (YX S K
n>0vkn i 5,0 e|ged(i,g)

i/
t;g

22]/6

Inducing from B,, to Sa, (or to S2,11), a cycle of length j and sign +1 in B, is a
product of two disjoint cycles of length j in S,,, while a cycle of length j and sign —1

in B, is a cycle of length 25 in S,,. We therefore set

altj) =15 (Vi=1)
and

altj-) =tz (Vj=1).
Consider first induction to Ss,.

P =15

By Lemma 7.5 for G = S3,, H = By, x =

Ky y(e)-t 22/8+K+, ()'téée

>N ) e men (XY Y

n>0vk2n San ( i J elged(d,g)
Using
Ky () = p(2e) +2- p(e)
and
Ky, (e) = —n(2e),

and denoting d := i/e, we get

p(2e) + 2 p(e)) - 124

2ij/e

— p(2e) - tgj

SN ) = e [T

2dj

n=>0vk2n dz13521 elj
Since
-1, if j =2P for p > 0;
2e) = — e) =
%M( ) ; ue) {O, otherwise
) ¢ odd
and
1, if j =1;
S (u(2e) 42 () = 4 ~1, i j =2 forp>1;
elj 0, otherwise,
it follows that
t2d +t2p+1

DD banlv

n>0vk2n

2.2

C(l/) t2d _|_ td
I
v d>1p>1

Zsar V)] 2

1 —t3
= xXp Z% +ZZ op+1 g

d>1 d>1p>1

t3? —t38
= &P Zﬁ +ZZ op+1g

d>1 d>1p>1

=1-t) 2] - t%,))lm+

p=1

td,
DD o

2r+1d

t p+1
+;2 IDIPIE

d>1p>1

d>1p>1

- [T —te)™*

p=1

=(1-3)"1/2. H 1+t v
- ! 1—top ’

p=1
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A similar application of Lemma 7.5 with G = So,,41, H = B, x = Zyl—n ng, (v) and

Sont1 = x5, D2n41 vields
p+1
te®) 14t 1/2
> el —ha-2) ] (1+2> |
n>0v2n+1 ‘ S2n+1(1/)| s — top

so altogether we have

S 6 i T ()
n>0vkn ‘ZS ( )‘ p=0 1_t2p

Comparing this formula to the one in Theorem 1.3 and to Corollary 6.2 shows that,

indeed,
Z ¥s, = pora
AeOP(n)
for all n > 0, as claimed. O
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