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ABSTRACT In a 2018 paper, Davis and Sagan studied several pattern-avoiding polytopes. They
found that a particular pattern-avoiding Birkhoff polytope had the same normalized volume as
the order polytope of a certain poset, leading them to ask if the two polytopes were unimodularly
equivalent. Motivated by Davis and Sagan’s question, in this paper we define a pattern-avoiding
Birkhoff polytope called a c-Birkhoff polytope for each Coxeter element c¢ of the symmetric group.
We then show that the c-Birkhoff polytope is unimodularly equivalent to the order polytope
of the heap poset of the c-sorting word of the longest permutation. When ¢ = s1s2 ... sy, this
result recovers an affirmative answer to Davis and Sagan’s question. Another consequence of
this result is that the normalized volume of the c-Birkhoff polytope is the number of the longest
chains in the (type A) c-Cambrian lattice.

1. INTRODUCTION

The Birkhoff-von Neumann polytope B, is the convex polytope of n x n doubly
stochastic matrices, i.e. non-negative matrices whose rows and columns all sum to
1. It is often known as the assignment polytope, the perfect matching polytope of
the complete bipartite graph, or simply the Birkhoff polytope. The Birkhoff polytope
is in several well-studied classes of polytopes; it is a transportation polytope, a
matching polytope, and a flow polytope. Due to its rich geometric and combinatorial
structure, the Birkhoff polytope shows up in many branches of mathematics, including
combinatorics [42, 9, 3, 41], representation theory [8], optimization [26, 11, 7] and
statistics [5, 25, 43]. The combinatorial properties of B,, have been thoroughly studied.
For example, the Birkhoff-von Neumann Theorem [12] shows that the vertices of
B,, are the permutation matrices and that B, has n? facets, and the faces of B,, are
studied in [41]. There has been substantial work on finding the volume for Birkhoff
polytopes [17, 9, 3]. The first exact formula was given by [20] via a combinatorial model
called arborescences. Their formula involves a double summation over permutations
and arborescences.

It is natural to consider a subpolytope of a Birkhoff polytope given by a subset of
the permutation matrices; for example, see [40, 16, 14]. In a 2018 paper, Davis and
Sagan studied Birkhoff subpolytopes whose vertices correspond to pattern-avoiding
permutations [19]. They noticed that the sequence of normalized volumes of Birkhoff
subpolytopes whose vertices avoid 132 and 312 is the sequence [39, A003121]. This
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sequence also counts shifted standard tableaux of staircase shape [28], longest chains
in the Tamari lattice, and the number of reduced words in a certain commutation
class of the longest permutation wg. In addition, since the set of 132 and 312 avoiding
permutations forms a distributive sublattice of the right weak order, the number
of 132, 312-avoiding permutations equals the number of order ideals of the poset
of the join irreducibles of 132, 312-avoiding permutations. As the 132, 312-avoiding
Birkhoff subpolytope and the order polytope of the join irreducibles of 132, 312-avoiding
permutations have the same volume and number of vertices, Davis and Sagan asked
whether the two polytopes might be unimodularly equivalent.

In the same paper, Davis and Sagan pointed out [19, Remark 3.6] that the 132,312
avoiding permutations are known to be the c-singletons for a certain Coxeter element
c for the symmetric group. These c-singleton permutations appear in several areas of
representation theory and cluster algebras. Given any Coxeter element c of a finite
Coxeter group W, the c-singletons are a subset of the c-sortable elements, a special
subset of W introduced by Reading in [45] to study the relationship between W-
noncrossing partitions and generalized associahedra, as in [18]. The c-sortable elements
of W also have a connection to the theory of cluster algebras and tilting theory [1, 32].
The restriction of the weak order onto the c-sortable elements yields the c-Cambrian
lattice, which is a generalization of the Tamari lattice [46].

When constructing polytopes whose normal fan coincides with the c-Cambrian fan,
Hohlweg, Lange, and Thomas introduced c-singletons [33]. These can be seen as the
c-sortable elements which sit on the longest chains in the c-Cambrian lattice. These
also have a formulation in terms of the commutation class of the c-sorting word of wq
[33] and in terms of pattern avoidance [44]. The c-singletons for general W and ¢ were
enumerated in [35].

The c-Cambrian lattice and its c-singletons have connection to maximal green
sequences, an important concept in the theory of cluster algebras [29]. The ¢-Cambrian
lattice is the oriented exchange graph of the cluster algebra whose initial quiver
comes from c¢. A maximal chain in the c-Cambrian lattice corresponds to clusters
on a maximal green sequence of a quiver corresponding to ¢; every longest chain in
the c-Cambrian lattice corresponds to a longest maximal green sequence, and so our
c-singletons correspond to clusters on the longest maximal green sequences. For more
information on maximal green sequences, see for example [15, 38, 31].

In this paper, we study and define c-Birkhoff polytopes, Birk(c), which are Birkhoff
subpolytopes whose vertices are the c-singletons for a fixed Coxeter element ¢ in
W = A,,. The vertex set of these polytopes coincides with the set of order ideals of
the heap of a certain reduced word of wyg associated to ¢ (see [35, Proposition 3] and
Proposition 2.20). Our main result, Theorem 6.32, is the following:

Main Theorem. The c¢-Birkhoff polytope Birk(c) is unimodularly equivalent to the
order polytope O(H) where H is the heap poset of the ¢-sorting word of wy.

When ¢ = s189 - - - $p, our result gives an affirmative answer to [19, Question 5.1].
Our result also has immediate corollaries regarding the volume of ¢-Birkhoff polytopes
in terms of poset-theoretic information (see Corollary 6.33).

In order to prove our main result, we must explicitly understand the affine span of
the vertices of Birk(c). We do this in Section 4 by studying the consequences of the
characterization of ¢-singletons in terms of pattern avoidance from [44]. The fact that
O(H) is full-dimensional implies that our relations provide a complete description
of this affine space (see Remark 6.34). When ¢ = sys2--- s, that is, when the c¢-
singletons coincide with 132 and 312 avoiding permutations, the relations have a
simple reformulation which may be of independent interest (see Corollary 7.1).
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The paper is organized as follows. In Section 2, we review necessary background on
heap posets and c-singletons. Section 3 defines the order polytopes (Section 3.1), the c-
Birkhoff polytopes (Section 3.2), and unimodular equivalence of polytopes (Section 3.3).
In Section 4, we describe linear relations on the affine span of the c-Birkhoff polytopes.
Section 5 constructs a unimodular transformation of the c-Birkhoff polytope to a
polytope living in a lower-dimensional ambient space via a lattice-preserving projection
IT. (Definition 5.3). Finally in Section 6 we prove our main theorem (Theorem 6.32)
by defining a unimodular transformation from II.(Birk(c)) to O(H). In Section 7, we
provide some examples including the Tamari orientation (Section 7.1) and bipartite
orientation (Section 7.2). We end in Section 8 with some discussions on potential
future directions.

Note that an extended abstract for this paper appeared in the FPSAC 2024
proceedings [4].

2. BACKGROUND: HEAPS OF c-SINGLETONS

Below we give some necessary notation for type A Coxeter group. For general theory
on Coxeter groups, see for example [13]. Denote the symmetric group on n + 1
elements by A,. We can represent a permutation w € A, in one-line notation as
w=w(l)w(2) --w(n+1). For each i € {1,...,n}, we write s; € A4,, to denote the
simple reflection (or adjacent transposition) that swaps ¢ and 7 + 1 and fixes all other
letters. Every permutation can be expressed as a product of simple reflections. Given
w € A,, the minimum number of simple reflections among all such expressions for w is
called the (Coxeter) length of w, and is denoted by £(w). A reduced decomposition of w
is an expression w = s;, - -+ 8;,,,, realizing the Coxeter length of w. To simplify notation,
we refer to such a decomposition via its reduced word [i1 .- ~i4(w)] . The support supp(w)
of a permutation w is the set of letters that appear in a reduced words of w; this
set only depends on w and not the choice of reduced words. For example, consider
w = 51342 € Ay. One of its reduced decompositions is s48283525481 with [423241] as
the corresponding reduced word, its length is ¢(w) = 6, and supp(w) = {1, 2, 3,4}.

A Cozeter element ¢ in A, is a product of all n simple reflections in any order,
where each reflection appears exactly once. The longest permutation of A, is the
permutation wg = (n 4 1)n...321 and £(wy) = (”;rl)

Simple reflections satisfy commutation relations of the form s;s; = s;s; for |[i—j| > 1.
An application of a commutation relation to a product of simple reflections is called
a commutation move. When referring to reduced words, we will say adjacent letters
i and j in a reduced word commute when |i — j| > 1. Given a reduced word [u] of a
permutation, the equivalence class consisting of all words that can be obtained from
[u] by a sequence of commutation moves is the commutation class of [u].

2.1. HEAPS. We begin by reviewing the classical theory of heaps [56], which was used
in [53] to study fully commutative elements of a Coxeter group. Heaps also appeared
as “the natural partial orders" and were used to study certain acyclic domains in [30,
Definition 6] and [35, Definition 1]. For a detailed list of attributions on the theory of
heaps, see [52, Solutions to Exercise 3.123(ab)].

DEFINITION 2.1. Given a reduced word [a] = [ay - - - ag] of a permutation, consider the
partial order < on the set {1,...,£} obtained via the transitive closure of the relations
r <y

for x <y such that |az — ay| < 1. For each 1 < x < £, the label of the poset element
x s az. This labeled poset is called the heap for [a], denoted Heap([a]). We identify
the elements of Heap([a]) with the elements of its underlying poset, and refer to them
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accordingly. The Hasse diagram for this poset with elements {1,..., £} replaced by their
labels is called the heap diagram for [a]. The labels in the heap diagram are drawn in
increasing order from left to right.

Note that a label j corresponds to the simple reflection s;. In our figures, we
represent each label j by s; for clarity.

/10\ 81/ \Sd
NP NN,
N2 o N
NN N7\,
/2 4 81/

FIGURE 1. Left: Hasse diagram of the underlying poset of
Heap([1214321432]). Right: the heap diagram of Heap([1214321432)),
with each label j replaced by s;.

EXAMPLE 2.2. Consider a reduced word [a] = [a; ... a10] = [1214321432] of the longest
element wq in Ay.
(1) Figure 1 (left) shows a Hasse diagram of the poset < corresponding to [a].
Here ¢ = 10 and so the elements of the heap poset Heap([a]) are {1,2,...,10}.
(2) Figure 1 (right) shows the heap diagram for Heap([a]). The possible labels of
the poset elements are {1,2,3,4}.

REMARK 2.3. If two elements ¢ and j of the heap of a reduced word have the same
label, then ¢ and j are comparable.

We now explain how linear extensions of Heap([a]) relate to the commutation class
of [a].

DEFINITION 2.4. A linear extension m = (1) ---7(¢) of a partial order < on {1,...,L}
1s a total order on the poset elements that is consistent with the structure of the poset,
that is, that is, w(x) < w(y) implies x < y. A labeled linear extension of the heap of
a reduced word [a] = [a1 -+ ag] is a word [ax(1) - An(e)]|, where 7 = w(1)---7(€) is a
linear extension of the heap.

PROPOSITION 2.5. [53, Proof of Proposition 2.2] and [52, Solutions to Exercise
3.123(ab)] Given a reduced word [a], the set of labeled linear extensions of the heap
for [a] is the commutation class of [a].

EXAMPLE 2.6. Labeled linear extensions of Heap([a]) from Example 2.2 include [a]
itself, [1243124312], and [4123412312]. Notice that these reduced words all belong to
the same commutation class due to Proposition 2.5.

We consider order ideals of Heap([a]) to retain their labels. Note that if I is an
order ideal of Heap([a]) then T is the heap of a prefix of some labeled linear extension

of [a].
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2.2. ¢c-SORTING WORDS AND ¢-SORTABLE PERMUTATIONS. In this section, we review
c-sorting words and c-sortable elements, which were introduced in [45]. Fix a reduced
word [aiasg .. .ay] for a Coxeter element ¢, and define an infinite word

c° ::alag...an|a1a2"'a’ﬂ|-”

consisting of repeated copies of the given reduced word for ¢. The symbols “|" are
“dividers" which facilitate the definition of sortable elements. The c-sorting word of
w € A, is the lexicographically first (as a sequence of positions in ¢>°) subword of ¢
that is a reduced word for w. We denote this word by sort.(w). If a word [u] = [ug ... ug]
is the c-sorting word of a permutation, we refer to [u] as a c-sorting word.

Section 5 of the survey chapter [47] describes the following useful algorithm to find
the c-sorting word of a permutation.

ALGORITHM 2.7 (Finding the c-sorting word). Fiz a Coxeter element ¢ € A,, with
reduced word [ajas .. .ay,). Let w € A, with length £ .= {(w). Set w' = w and [u] to
the empty word.

(Step 1) Ifw’ is the identity permutation, the algorithm will terminate here. Otherwise,
we continue with (Step 2).
(Step 2) Fori=1,2,...,n, we perform the following:
o Let q=a;.
o If q is initial in w' (that is, if w' has a reduced word starting with q),
then append q to [u] and set w' := sqw.
At the end of the loop, continue with (Step 1).

The reduced word [u .. .up] is the c-sorting word sort.(w) for w.

If w is not the identity permutation, we can think of sort.(w) as a concatenation of
nonempty subwords of [a; ... a,):

sortc(w) = [K1 | Ka | ... | K.

Each of the subwords K, K»,..., K, occurs between two adjacent dividers, so we
have x € K; if z is in the j*® copy of [a; ...a,] inside ¢>. We say that the identity
permutation is c-sortable, and a non-identity permutation w is c-sortable if Ky DO
Ky D --- 2 K, as sets.

REMARK 2.8. The definition of a c-sorting word requires a choice of reduced word for
c. However, note that the c-sorting words for w arising from different reduced words
for ¢ are related by commutation of letters, with no commutations across dividers.
For this reason, the set of c-sortable permutations does not depend on the choice of
reduced word for c.

ExaMPLE 2.9. Consider the Coxeter element ¢ = s1528354 = [1234] of A4. Then the
c-sorting word of the permutation 42351 is [1234 | 2 | 1]. Our subwords are K; = [1234],
Ky =[2], and K3 = [1]. Since K2 2 K3 as sets, these subwords do not form a nested
sequence and therefore 42351 is not c-sortable. On the other hand, the permutation
43215 has c-sorting word [123 | 12 | 1] and is c-sortable.

PROPOSITION 2.10 ([45, Corollary 4.4]). Given any Coxeter element c, the longest
permutation wy is c-sortable.

EXAMPLE 2.11. Let ¢ = [12...n]. Then the c-sorting word for wy is
sorte(wo) =[1...(n=1)n|1...(n—=1)|...|12]1].

We can see in this case that wq is indeed c-sortable.
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REMARK 2.12. (1) We can construct the heap diagram H := Heap(sort.(wp)) by
gluing “layers" labeled by the letters of subwords K1, K>, ..., K. For example,
consider Figure 1 (right) which illustrates the heap diagram for sort.(wq) for
¢ = [1423]. We have the subwords K; = [1423], Ky = [1423], and K3 = [12]
of c. The bottom-most layer of H corresponds to K7, the second layer to Ko,
and the top layer to K3. In general, H can be partitioned into these layers of
Heap (K1), Heap(K3), ..., Heap(K,).

(2) Conversely, given the heap H := Heap(sort.(wy)), we can obtain sort.(wg) by
reading H one layer of Heap([a; ...a,]) at a time, from bottom to top, so
that Ky = [a1 ... a,] corresponds to the bottom layer, and K5 is the second
subheap of Heap(c), and so on. We can think of this linear extension of H
obtained by reading one layer of ¢ at a time as the c-reading word of H.

We will describe the precise construction of Heap(sort.(wp)) in Algorithm 6.1.

Reading showed in [46, Theorem 1.2] that the restriction of the right weak order to
c-sortable elements is a lattice which is isomorphic to an important quotient of the
right weak order called the c-Cambrian lattice [44]; see also a representation-theoretic
proof in [22, Theorem 7.8]. For the Coxeter element ¢ = s1s3...s,, the c-sortable
elements form the Tamari lattice. For this reason, we refer to this Coxeter element
as the “Tamari" Coxeter element of A,,. Cambrian lattices and c-sortable elements
have strong connections to cluster algebras, representation theory, and many areas of
combinatorics, and they are widely studied; see for example [32, 34, 48, 6]. We will be
interested in a subclass of c-sortable elements, called c-singletons, which we describe
next.

2.3. ¢-SINGLETON PERMUTATIONS. There is an order-preserving projection m{ from
the right weak order on A,, to itself which sends an element w to the largest c-sortable
element that is weakly below w [46, Proposition 3.2]. In [33], Hohlweg, Lange, and
Thomas used this map to introduce an important subclass of c-sortable elements: A
c-sortable w is called a c-singleton if the preimage of {w} under 7{ is the singleton
{w} itself.

REMARK 2.13. It follows from the definition of c¢-singletons that w is a c-singleton if
and only if w lies in a longest chain in the c-Cambrian lattice.

In [55, 34], it is shown that the c-Cambrian lattice is trim. The spine of a trim
lattice, introduced in [55], consists of elements that lie in some longest chain of the
lattice. Therefore, the c-singletons form the spine of the c-Cambrian lattice.

We will use the following equivalent characterization of c-singletons.

THEOREM 2.14. [33, Theorem 2.2] A permutation w is a c-singleton if and only if
some reduced word of w is a prefix of a word in the commutation class of sort.(wo),
the c-sorting word of the longest permutation wy.

COROLLARY 2.15 (Corollary of Theorem 2.14 and Proposition 2.5). A permutation w
is a c-singleton if and only if there exists a reduced word [u] of w and an order ideal I
of Heap(sort.(wp)) such that I = Heap([u]).

In view of Corollary 2.15, we can write an algorithm for finding the c-sorting word
of a ¢-singleton using heaps; it is equivalent to Algorithm 2.7 when the permutation is
a c-singleton. In this algorithm, we will consider the infinite heap H°° of the word ¢>
and then we will iterate through the elements in H* layer by layer.

Fix a Coxeter element ¢ € A,, with reduced word [ajas ... a,]. Following Defini-
tion 2.1, we can construct a heap, which we denote as H°, for the infinite word ¢*°.
Recall that ¢ = ccc... = [a1az...] = [ai];cyy Where apnyi = a; for k € Zo and
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1 < i < n. As in Definition 2.1, the underlying poset of H* is the partial order < on
the set of positive integers obtained via the transitive closure of the relations = < y
for < y such that |a, — a,| < 1, and the label of the poset element z is a,.

AvcoriTHM 2.16 (Finding a c-sorting word using heaps). First, we identify
Heap(sort.(wp)) with an order ideal H of H*® (see Remark 2.12(1)). Note that the
cardinality of H is ¢(wp), but in general the set of elements of H is not {1,2,...,¢(wp)}.
In contrast, the set of elements of Heap(sort.(wy)), defined as per Definition 2.1, is
{1, 2, ce ,f(’u}())}.
Let I be an order ideal of H. Set I' := I and let [u] be the empty word.
Forz=1,2,3,...:
e Let q be the label of the poset element z.
o If z is a minimal element of I', then append q to [u] and set I' == I' . {z}.
o If I' is empty, terminate the loop.

REMARK 2.17. Notice that Algorithm 2.16 always outputs a reduced word: since I is
an order ideal of H, [u] is a prefix of some reduced word of wy.

PROPOSITION 2.18. Let H be as defined in Algorithm 2.16, and let I be an order ideal
of H. Let [u] be the word constructed in Algorithm 2.16 and let w be the permutation
obtained from [u]. Then [u] is the c-sorting word of w.

Proof. First note that I is an order ideal of H*°. For each element z of H*>, z = kn+1
for some k € Z and 1 < i < n. We will show by induction that the [u] we get after
applying the 2t loop of Algorithm 2.16 on I, which we will call [u],, is equivalent to
the [u] we get after applying the i*" loop of (Step 2) of Algorithm 2.7 on w for the
(k + 1) time, which we will call [u];, if both algorithms go through this many loops.

Both algorithms initialize with the empty word. Thus we will define [u], = [u]5. We
will now assume that for some z > 0, [u], = [u]; and that neither algorithm terminates
at this stage.

e First consider Algorithm 2.16. Since z + 1 is the smallest element remaining in
the linear extension 1,2,3,... of H*, z+1 is either a minimal element in I’ or
it is not in I'. Let ¢ be the label of z + 1 in H>°. This means [u], , = [u], [q]
if 2+ 1isin I and [u],,, = [u], if 2+ 1 is not in I.

e Now consider Algorithm 2.7. Let z4+1=kn+iwithk € Zand 1 <i < n. At
this step in Algorithm 2.7 we set ¢ = a; which is the same as the label of z + 1
in H. If [u] = [u1 ... ug] then [u]; = [u], = [u; ...y ] for some 1 < j < ¢. By
construction, at this stage w’ is the permutation obtained from [u;41 ... uy],
which is the suffix of [u] that contains the letters added in the (z + 1)%* and
later loops of Algorithm 2.16. Thus, if z + 1 is in I’ then ¢ is initial in w’. In
this case, this step of Algorithm 2.7 updates [u]_37 = [u]; [g]. If 2+ 1 is not in
I’ then by Remark 2.3 there is no element labeled ¢ in I’. This means g is not
in the support of w’ and so ¢ is not initial in w’. Thus in this case, [u]; = [u];
remains the same.

Therefore the output of the two algorithms after this loop match.

If Algorithm 2.7 does not output [u] then this is because it terminated before
Algorithm 2.16 updated [u], to [u] or because it changed [u]; after [u]. was set to [u].
In the first situation, Algorithm 2.7 outputs [u]; = [u], for some z value where the
length of [u], is less than that of [u]. In the second situation Algorithm 2.7 outputs a
word of length longer than [u]. Neither of these are possible because w has the same
length as [u].

Thus, we can conclude that Algorithm 2.16 and Algorithm 2.7 give the same output.
This means [u] is the ¢-sorting word for w. O
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For a poset P, we define J(P) to be the lattice of order ideals of P. The following
tells us that every order ideal of Heap(sort.(wy)) is the heap of a c-sorting word.

PROPOSITION 2.19. Let [v] = [0102 . .. Vg(wy)| denote sort.(wo), and consider the labeled
poset H = Heap([v]) on {1,2,...,€(wo)}, following Definition 2.1. Given an order
ideal I of H, let [v]; = [v3],c; denote the subword of [v] at positions I.

(1) Then [v]; is a c-sorting word.

(2) The map

(1) Perm: J(H) — {c-singletons}
I — w,

where w is the permutation obtained from the reduced word [v];, is well-defined.
Furthermore, Heap(sort.(w)) = I.

Proof. (1) The statement follows from Proposition 2.18.

(2) By construction of [v];, we have I = Heap([v];). Corollary 2.15 then tells us
that w is a c-singleton. Furthermore, since [v]; is a ¢-sorting word by part (1), we have
[v]; = sort.(w), and thus Heap(sort.(w)) = I. O

The set of c-singletons forms a distributive sublattice of the right weak order due to
[33, Proposition 2.5]. We denote this lattice by £(c-singletons). We have that v < w
in L(c-singletons) if and only if Heap(sort.(v)) is an order ideal of Heap(sort.(w)).

A proof appeared in [35, Proposition 3] that £(c-singletons) is isomorphic to the
lattice of order ideals of Heap(sort.(wp)). In the following proposition, we add the
additional detail that each order ideal of H is the heap of the c-sorting word for the
corresponding c-singleton from Proposition 2.19.

PROPOSITION 2.20. Let H := Heap(sort.(wo)). Then the map
[ L(c-singletons) — J(H)
w +— Heap(sort.(w))
is a poset isomorphism.

Proof. First, we show that f(w) is indeed an order ideal in J(H) when w is a c-
singleton. By Corollary 2.15, there is a reduced word [u] of w and an order ideal I of
H, such that Heap([u]) = I. Proposition 2.19 tells us that I = Heap(sort.(w)), and so
f(w) = Heap(sort.(w)) is in J(H).

The inverse map of f sends each order ideal I of H to the permutation Perm(T)
defined in (1). Moreover, the map f is a poset isomorphism because v < w in
L(c-singletons) if and only if f(v) = Heap(sort.(v)) C Heap(sort.(w)) = f(w). O

2.4. A PATTERN-AVOIDANCE CRITERION FOR c¢-SINGLETONS. We present here an
alternate classification of c-singletons via a pattern-avoidance property, following [44].
Let ¢ be a Coxeter element in A,,. We partition the set [2,n] :== {2,3,...,n —1,n}
into two sets, [2,n] and [2,n]: if ¢ appears to the right of ¢ — 1 in a reduced word

of ¢, then i € [2,n]; otherwise i € [2,n]. If i € [2,n], we will call ¢ a “lower-barred

number” and sometimes emphasize this by writing . Similarly if ¢ € [2,n] we will
call i an “upper-barred number” and sometimes emphasize this by writing i. We
denote the lower-barred numbers by d; < --- < d, and the upper-barred numbers by
uy < --- < ug. Occasionally we will also include a lower or upper bar on this notation
for emphasis. For convenience, we will define dg = 1 and d,.;1 = n + 1 (note 1 and
n + 1 are not lower-barred numbers).
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REMARK 2.21. It is well-known that we can write the Coxeter element ¢ in A,, in cycle
notation as

c=01d ...di(n+1) T ... u)=Ts ... w1 1 d1 ... dr (Rn+1)).

See, for example, [45, Section 3]. Therefore we can compute c*(u;) as

K, ift>Ek
g = {1 H2
dk—t7 1ft<k

We say w € A, avoids the pattern 312 if there is no ¢ < j < k such that w(j) <
w(k) < w(i) and w(k) € [2,n]. That is, w avoids all patterns 312 where the “2” is
a lower-barred number. One can define avoidance of the patterns 132,213, and 231
analogously.

The following result characterizes c-sortable and c-singleton permutations using
pattern-avoidance.

PROPOSITION 2.22. [44, Proposition 5.7] A permutation w € A,, is c-sortable if and
only if w avoids the patterns 312 and 231. Furthermore, a c-sortable permutation w is
a c-singleton if and only if w avoids the patterns 132 and 213.

The pattern-avoidance criteria for c-singletons can be rephrased as the following.

COROLLARY 2.23. A permutation w € A, is a c-singleton if and only if, when written
in one-line notation, we have the following.
e For each lower-barred number d, all numbers in [1,d — 1] appear after d or all
numbers in [d + 1,n + 1] appear after d.
e For each upper-barred number u, all numbers in [1,u — 1] appear before u or
all numbers in [u+ 1,n + 1] appear before u.

EXAMPLE 2.24.Let ¢ = 515255545356 = (1236754). The heap diagram for
Heap([125436)) is given below.
S3

7\

/ 2 4\85/ 6

S1

We have [2,6] = {2,3,6} and [2,6] = {4,5}. We see that the permutation 2167345 is
not a c-singleton because it contains several instances of 132, for example @)1(6)7@)45.
One can check that the permutation 3672145 avoids all required patterns so it is a
c-singleton.

2.5. LONGEST CHAINS IN THE c-CAMBRIAN LATTICE. In this section, we describe a
generalization of some of the objects counted by the sequence [39, A003121].

LEMMA 2.25. The following sets are in one-to-one correspondence.

(1) linear extensions of Heap(sort.(wp))

2) words in the commutation class of sort.(wo)

3) mazimal chains in L(c-singletons)

4) longest chains in the c-Cambrian lattice

5) mazimal chains in the lattice of permutations which avoid the four patterns
312, 231, 132, and 213, as a sublattice of the weak order on the symmetric
group A,

Proof. Let H = Heap(sort.(wg)). By Proposition 2.5, the commutation class of
sort.(wp) correspond to the linear extensions of H, so the sets (1) and (2) are in
bijection.
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The poset isomorphism given in Proposition 2.20 tells us that the maximal chains
in L(c-singletons) are in one-to-one correspondence with words in the commutation
class of sort.(wp), proving that the sets (2) and (3) are in bijection.

Recall that L£(c-singletons) is a sublattice of the ¢-Cambrian lattice. Remark 2.13
tells us that a permutation w is a c-singleton if and only if w lies in a longest chain
in the c-Cambrian lattice, so it follows that the longest chains in the ¢-Cambrian
lattice are precisely the longest chains in £(c-singletons). Since L(c-singletons) is a
distributive lattice, it is a graded lattice, that is, all maximal chains have the same
length; thus the longest chains in £(c-singletons) are the same as maximal chains in
L(c-singletons). Thus, the sets (3) and (4) are equal.

Proposition 2.22 tells us that a permutation w is a c-singleton if and only if w
avoids the patterns 312, 231, 132, and 213, so the sets (3) and (5) are equal. 0

REMARK 2.26. For Cramari = [12...7], each set in Lemma 2.25 is enumerated by the
sequence [39, A003121]. The four patterns given in (5) collapse to two patterns 132
and 312, so the set (5) is the set of maximal chains in the lattice of 132, 312-avoiding
permutations, as a sublattice of the weak order on the symmetric group. For example,
there are exactly 12 maximal chains in this sublattice of the weak order on A4.

3. BACKGROUND: POLYTOPES

In this section, we provide background on order polytopes, c-Birkhoff polytopes, and
unimodular equivalence of polytopes. For more general treatment on polytopes, see [57].

3.1. ORDER POLYTOPES. We define an order polytope following [51]; however, it will
be most convenient for us to use an opposite convention.

DEFINITION 3.1. We define the order polytope of a poset P on the set [n] = {1,2,...,n}
with inequality denoted < by

OP)={xeR"|0< z; <1 foralli€ [n] and z; > x; wheneveri < j}
The following facts about O(P) will be useful for us later.
THEOREM 3.2 ([51]). Let P be a poset on the set [n].

(1) (Section 1) The polytope O(P) is n-dimensional.

(2) (Corollary 1.3) The vertices of O(P) are in bijection with order ideals of I. In
particular, for each order ideal I, the corresponding vertex is ) ;. e;. Note
that ) .., €; is the indicator function of I.

(3) (Corollary 4.2) The volume of O(P) is given by e(P)/n! where e(P) is the
number of linear extensions of P.

ExXAMPLE 3.3. Let P be the poset whose Hasse diagram is drawn below.
6
/7 N\
4 5
AN ; /
/7 N\
1 2

The order polytope O(P) is all points of the form (z1, ..., 76) in RS where 0 < z; < 1
for all z; and coordinates have the following relations:

Ty > ¥y, Tp2T3, T3 =Ty, 32T, T4 >Te, Ty > Te
The vertices of O(P) are listed below.
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e (0,0,0,0,0,0) e (1,1,0,0,0,0) e (1,1,1,0,1,0)
e (1,0,0,0,0,0) e (1,1,1,0,0,0) e (1,1,1,1,1,0)
e (0,1,0,0,0,0) e (1,1,1,1,0,0) e (1,1,1,1,1,1)

There are four linear extensions of P so by Stanley’s result the volume of O(P) is

4/6.

REMARK 3.4. Recall that Proposition 2.20 defined a poset isomorphism between
the lattice of c-singletons and the lattice of order ideals of Heap(sort.(wp)). As a
consequence, the c-singletons are in bijection with the vertices of O(Heap(sort.(wy))).

3.2. ¢-BIRKHOFF POLYTOPES. The Birkhoff polytope is the set of doubly stochastic
matrices in R(TDX(+1) " that s,

n+1 n+1
{X € RUDX0HD 1 (i 5) > 0,3 " w(isk) =1, a(k,j) = 1for all i,j € [n+ 1]}.

k=1 k=1

Given w € S, 11, let X (w) be the corresponding permutation matrix. Specifically,
let X (w) be the matrix with 1’s in row 4 and column w(i) for all ¢ € [n + 1] and 0’s
everywhere else. The Birkhoff polytope can be defined equivalently as the convex hull
of all permutation matrices [12]. We define a subpolytope of the Birkhoff polytope
coming from the c-singletons.

DEFINITION 3.5. The ¢-Birkhoff polytope, denoted Birk(c), is the convex hull of
{X(w) | w is a c-singleton}.
We also define Aff(c) to be the affine span of {X(w) | w is a c-singleton}.

EXAMPLE 3.6. If ¢ = 515352, Birk(c) is the convex hull of the following 9 points in R*S.
For each c-singleton w, we list w beneath X (w).

1000 0100 1000 0100 0100

0100 1000 0100 1000 0001

0010 0010 0001 0001 1000

0001 0001 0010 0010 0010
Id S1 S3 S1S83 §183S2

0001 0100 0001 0001

0100 0001 0100 0010

1000 0010 0010 0100

0010 1000 1000 1000

§183852S51 5183852853 5183525183 8515352515352

REMARK 3.7. Note the Birkhoff polytope does not have any interior lattice points,
and so neither do its subpolytopes. This means the vertices of Birk(c) are exactly the
permutation matrices {X (w) | w is a c-singleton}.

3.3. UNIMODULAR EQUIVALENCE OF POLYTOPES. Given a polytope P, let Aff(P)
denote the affine span of P. For two integral polytopes P in R™ and @ in R™, we
say that P and @ are unimodularly equivalent if there exists an affine transformation
T:R™ — R™ whose restriction to P is a bijection P — @ and whose restriction to
Aff(P)NZ™ is a bijection Aff(P)NZ™ — Aff(Q) NZ"™. We refer to such a map T as a
unimodular transformation on P. In particular, when m = n, two integral polytopes
P and @ are unimodularly equivalent if and only if we can find an affine map with
determinant +1 that sends P to Q.

Our main result given in Theorem 6.32 is that the ¢-Birkhoff polytope Birk(c) is
unimodularly equivalent to the order polytope O(Heap(sort.(wq))) of Heap(sort.(wp)).
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Polytopes that are unimodularly equivalent share many similar properties, including
the same volume and Ehrhart polynomial. We also remark that unimodular equivalence
is often referred to as integral equivalence in the literature (for example, see [37, 36]).

4. RELATIONS ON Aff(c)

The goal of this section is to describe linear relations on elements of Aff(c), which will
later be useful to describe a projection on Aff(c). We will begin with a set of relations
which also holds in the affine span of all permutation matrices.

LEMMA 4.1 (Row and column relations). Let X be a point in Aff(c). Then, for each
i € [n+ 1], we have
n+1

> X(i,4) =1
j=1

and for each j € [n+ 1], we have
n+1

ZX(i,j):l.

Proof. These relations hold for each X (w),w € A,, so in particular they hold for
the c-singletons as well. It then follows that the relations will hold for any point in
Aff(c). O

We will now produce further relations which come from the pattern-avoidance
characterization of c-singletons. We will do this by exhibiting properties of c-singletons
and then translating these into relations on Aff(c).

Recall from Section 2.4 that, from ¢, we partition of {2,...,n} into lower-barred
numbers [2,n] = {d; < --- < d,} and upper-barred numbers [2,n] = {u; < -+ < us}.

In general, we define [a,b] := [2,n] N [a,b] and [a,b] := [2,7] N [a, b].

LEMMA 4.2. Let w be a c-singleton. Given an upper-barred number u, if 1 < i <
min(u — 1,n + 1 — u), then we cannot have w(i) = u. Given a lower-barred number d,
if max(d+1,n+3 —d) <i<n+1, then we cannot have w(i) = d.

Proof. The statement follows immediately from Corollary 2.23. O

ExAMPLE 4.3. We demonstrate Lemma 4.2 for some specific Coxeter elements.

(a) If ¢ = s15382, then 2 is a lower-barred number. Since max(2 + 1,6 — 2) = 4,
we see that we cannot have w(4) = 2. Indeed, if the one-line notation of a
permutation in Sy = A3 ends with 2, then since both 1 and 3 will appear before
2, we cannot avoid both 132 and 312. Similarly, since 3 is an upper-barred
number, a c-singleton w will never have w(1) = 3.

(b) If ¢ = s182++ - 5y, then for all i > 22, we will never have w(i) = j where i > j
and ¢ + j > n + 2. The fact that all numbers in [2,n| are lower-barred for this
choice of ¢ explains why all of our restrictions concern w(i) for i > %£2.

Lemma 4.2 extends to the following statement about Aff(c).
PROPOSITION 4.4 (Zero relations). Let X be a point in Aff(c). Then we have the
following.

o For each upper-barred number u, we have X (i,u) =0 for all 1 < i < min(u —
1,n+1—u).

e For each lower-barred number d, we have X (i,d) = 0 for all max(d + 1,n +
3—d)y<i<n+1.

Algebraic Combinatorics, Vol. 9 #1 (2026) 194



c-Birkhoff polytopes

Proof. The statement is true for all X (w) where w is a ¢-singleton by Lemma 4.2. Tt
follows that it is true for all points in Aff(c), the affine span of these X (w)’s. O

EXAMPLE 4.5. Consider ¢ = s153s2 as in Example 3.6 and Example 4.3(a). Since 2 is
a lower-barred number, the above proposition tells us that X (4,2) = 0 for any point
X € Aff(c). Similarly, since 3 is an upper-barred number, X (1,3) = 0 for any point
X € Aff(c). Note that for any matrix X (w) in Example 3.6 those two entries are
always 0. Moreover, for any other pair (4, j), we can find a matrix X (w) in Example 3.6
such that X (w)(i,7) = 1.

EXAMPLE 4.6. Let ¢ = [1432657) € A7, with dy,ds,ds = 2,5,7 and uy, a3, u3 = 3,4,6.
In Figure 2 (left), we cross out the entries guaranteed to be 0 by Proposition 4.4 in
the permutation matrix of a c-singleton for ¢ = [1432657]. Figure 2 (right) shows the
permutation matrix for s;s48382, a c-singleton for this ¢. Note that the crossed out
entries on the left are all 0 on the right.

XX X 0(1{0/0(0]0|0]0
XX X 0/0{0|0|1]0|0]0
X 110(0]0]0[0]0]|0
0(0{1|/0]0]0|0]0O

0(0{0|1]0]|0|0]0

X 0(0{0|0j0]|1|0]0

X 0j0{0|0j0]|0O|1]0

X X X 0j(0|0|0]0O]|O|0]1

FI1GURE 2. Left: The zero relations of Proposition 4.4 in the permuta-
tion matrix of a c-singleton for ¢ = [1432657]. Right: The permutation
matrix for s1s45352, a c-singleton for this c.

Let U, denote the cardinality of the upper-barred numbers in [2, 2+1]. We define
ve:[l,n+1] = [-U.,n — T, as the bijection given in the table below.

) Ug, Ug,.—1 .en (V51 do dl .o dr dr+1 Ug Us—1 [P Ug,.+1
Ve(i) | =T | 1=0e | ... | -1 | O | 1L | oo | 7 | 7+1 | r4+2| r4+3 | ... | n—T,
Note that if j > T, then vo(u;) =n+1—j =s+1r+2— j. These are equivalent
since s+r=n—1.

EXAMPLE 4.7.
(1) First, let ¢ = [1432657], so that [2,7] = {2,5,7}, [2,7] = {3,4,6}, and T, = 2.
We demonstrate the application of v, to [1,8].

i 413 |1]2|5|7|8]6
v | 2|-1]0|1|2]3[4]5
In the usual ordering for ¢, the table for v, is the following.

) 112|134 (5|6|7]8
V()01 ]1]|2|2|5]34
(2) Now we consider a case with n even. Let ¢ = [143257698(10)], so that

[2,10] = {3,4,7,9} and [2,10] = {2,5,6,8,10}. We see T, = 2. We demonstrate
the application of v, to [1,11].

1t (4131125681011 ]9 |7

@ 21|01 |2(3[4[5 678
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In the usual ordering for ¢, the table for v, is the following.
i 1123 |41(5[6[7[8]9]10]11
ve(d) |O|1]-1(-212|3[8|4|T7| 5|6

We begin by collecting some small, technical results which will aid our proof of the
next family of relations.

LEMMA 4.8. Given 1 < i < r, the interval (1,d;), as a set, is equal to {dy,...,d;—1} U
{u1,...,uq,—i—1} and the interval (d;,n+1) is equal to {d;t1,...,d }U{ug,—s, ..., us}.

Similarly, given 1 < i < s, the interval (1,w;), as a set, is equal to {uy,...,u;—1}U

{di,...,du,—i—1} and the interval (u;,n + 1) is equal as a set to {u;t1,...,us}t U
{du; iy, dr}.
Proof. The interval (1,d;) must contain the ¢ — 1 lower-barred numbers d,...,d;_1.
There are d; — 2 total numbers in this interval, so the remaining d; — ¢ — 1 must be
upper-barred numbers. The proof for the other three cases is similar. O
LEMMA 4.9. For all y < 5L, the set {ve(1),...,ve(y)} is a connected interval of size
y. Stmilarly, if y > "T'H, the set {ve(y),...,ve(n+ 1)} is a connected interval of size
n+2-—y.

If "T“ s an integer and is lower-barred, then both statements are true for y = ”7“

Proof. 1f y < 2L, then it follows from the definition of v, that {v.(1),...,ve(y)} =
[—a,b] where a = |[1,y]| and b = |[1,¥]|. Since a + b =y — 1, the claim follows.

Now suppose y > 241, Then the set {v.(y),...,v.(n + 1)} is equal to the interval
[(r4+1)=0b,(r+1)+a] where a = |[y,n + 1]| and b = |[y, n + 1]|. Since a+b = (n+1)—y
here, the claim follows.

If n+ 1 is odd and "T” is a lower-barred number, then the same arguments hold
for {ve(1), ..., ve("42)} and {ve(™£2), ..., ve(n+ 1)} O

We are now ready to prove our second main result of this section, which shows
restrictions on where a c-singleton can send the first y numbers in [n + 1], for small y.
This shows that a c-singleton w rearranges the numbers in [1,n + 1] in such a way
that respects the first condition in Lemma 4.9.

LEMMA 4.10. Let w be a c-singleton. For 2 < y < ”%rl and any integer z, there is
exactly one value in {v.(w(l)),...,v.(w(y))} which is equivalent to z modulo y. If
"T“ s a lower-barred number, the same statement holds for y = ”T'"Q

Proof. Part 1: For y < ’%”1 and any integer z, there are no two values in the
set {v.(w(1)),...,v.(w(y))} equivalent to z modulo y.

Throughout the proof, let 1 < a < b < y. We will assume for sake of contradiction
that v.(w(a)) = v.(w(d)) (mod y). We split this into three cases based on whether
w(a) and w(b) are lower-barred or upper-barred.

Case i: w(a) and w(b) are both lower-barred.

Since v.(d;) = 14, if w(a) and w(b) are both lower-barred, then w(a) = w(b) (mod y)
only if w(a) = d; and w(b) = d; 4y for an integer k # 0. Since w must avoid patterns
132 and 312, none of the lower-barred numbers between d; and d;4x, can appear
after both d; and d; 1, in the one-line notation for w. However, this means that we
must fit (|kly — 1) + 2 numbers in the first y positions of the one-line notation for
w, which is impossible for any k # 0. Therefore, if w(a) and w(b) are lower-barred,
ve(w(a)) £ ve(w(b)) (mod ).

Case ii: w(a) is lower-barred and w(b) is upper-barred or vice versa.

Now suppose {w(a),w(b)} = {u;,d;} such that v.(u;) = v.(d;) (mod y). Lemma 4.2
already rules out certain upper-barred numbers from appearing in {w(1),...,w(y)}.
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In particular, we know min(u; — 1,n 4+ 1 — u;) < y, so there are two cases based on
whether u; — 1 or n + 1 — u; is smaller.

Suppose first u; — 1 < n 4+ 1 — u; and therefore u; < y . Since u; <y < i we
have v.(u;) = —i. As we albo have v.(d;) = j, we know j = ky — ¢ for some k > 1 By
Lemma 4.9, there is exactly one number in {v.(1),...,v.(y)} which is equivalent to —i
modulo y. Since u; < y, this number must be Vc(uz-), implying diy—; >y = u;. Now,
by Lemma 4.8, there are u; — i — 1 lower-barred numbers in (1,u;) and ky —i — 1 in
(1, dgy—;). Therefore, there are ky — u; lower-barred numbers in (u;, dgy—;). As before,
since w avoids patterns 132 and 312, we cannot have any of these values appear after
both u; and dgy—; in the one-line notation of w. So these numbers must also occur in
the first y positions of w. Combining this analysis with Corollary 2.23, this implies we
must include at least (ky — w;) + (u; — 1) +2 = ky + 1 numbers in the first y positions,
which is impossible for any k > 1. The argument in the case where u; > (n+1) —y is
parallel.

Case iii: w(a) and w(b) are both upper-barred.

Suppose {w(a),w(b)} = {u;,u;} and without loss of generality that i < j. Again,
by Lemma 4.2, we must have u; < y +1 or u; > n + 1 —y and similarly for u;. Based
on the definition of v,, it must be that u; < y + 1 and u; > n 4+ 1 — y. Then, since
ve(u;) = —i, we must have v.(u;) =n+1— j = ky — i for some positive integer k.
This means we have n +1 — ky = j — 1.

As stated in Corollary 2.23, any c-singleton will have all numbers smaller than u; or
all numbers larger than u; appear before u; in w and similarly for u;. It is impossible for
all numbers greater than u; to appear in the first y < "'H p051t10ns and similarly for all
numbers less than u;. This means all values in {1, .. — 1} must appear in w before
u;, and similarly all values in {u; +1,...,n+1} must appear before u;. Moreover, by
Lemma 4.8, we can deduce that there are (u; — u;) — (j — ¢) lower-barred numbers in
the interval (u;, u;). We have thus listed 2+ (u; — 1)+ (n+1—u;) + (u; —w;) — (j —1) =
n+2—(n+1—ky) = ky+ 1 numbers which we would be required to include in the
first y positions in order to include both u; and wu;. This is impossible since & is a
positive integer.

Part 2: For y < 21 and 0 < z < y — 1 there is at least one value in
{v(w(),...,v.(w(y))} equivalent to z modulo y.

There are y elements in {v(w(1),...,v.(w(y))}. From part 1 we know that no two
of them are in the same equivalence class modulo y. Since the set of equivalence classes
modulo y has y elements, by the Pigeonhole Principle, there must be exactly one value
in each equivalence class.

Part 3: If "T“ is a lower-barred integer, the statement holds for y =
%. Suppose y = "T” is a lower-barred integer. We can apply Lemma 4.9 to both
{ve(1), ..., ve(®2)} and {ve(%$2),...,vc(n+ 1)}, implying that both sets contain
values in dlstlnct equivalence classes modulo ”+2 . Consequently, given i < "TJFQ, there
exists j > 22 such that v.(i) = v.(j) (mod "*2) The existence of at least two
numbers with equivalent values under v, means for z = v.(3), i < ""‘2 we can use
the same arguments as above to show our claim. Finally, there is one special value
z = v,("E2) such that there is no other i € [n + 1],i # 22 such that v.(i) = 2
(mod 2£2). However, it is a consequence of Lemma 4.2 that w1 (242) € [1, 2] when

"T'*'Q is lower-barred, so our claim remains true in this case. O

We note that the relations given in Lemma 4.10 can be phrased in a simpler manner
in the case when ¢ = 5159 - - - s, since the function v, is simply v.(i) =4 — 1. This is
stated in Corollary 7.1.
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We now use Lemma 4.10 to describe relations on the affine span of the c-singleton
permutation matrices.

THEOREM 4.11 (Top sum relations). If ’%2 s a lower-barred number let 2 <y < "7”
and otherwise let 2 < y < 7%2 Let z be an integer. Then for X € Aff(c),

> D X)) =1

(we(i)=z} i=1

where our equivalence in the first sum is modulo .

Proof. Lemma 4.10 tells us that the statement is true for all X (w), which allows us
to extend the statement to all points in Aff(c). O

Given a Coxeter element ¢ = s;, -+ 8;, , its inverse is ¢c™* = s; - -+ s;,. Note that if
c partitions {2,...,n} into {di,...,d.} U{u,...,us}, then ¢=! corresponds to the
partition {d},...,d,}U{u],...,u.} where d; = u; and u; = d;. The following lemma
can be deduced from [33, Proposition 2.1].

LEMMA 4.12. Let w*®Y denote the permutation whose one-line notation is the reverse
of the one-line notation of w, in other words, w' = wwy. We have that w is a
c-singleton if and only if w' is a ¢~ '-singleton.

Notice that the permutation matrix for w™" is the result of reflecting the permutation

matrix for w across a horizontal axis. We give further relations on Aff(c) by looking at
the pattern avoidance of ¢~ !-singletons.

THEOREM 4.13 (Bottom sum relations). If ”‘2"2 is an upper-barred number, let 2 <

y < 22, and otherwise let 2 < y < 2. Let z be an integer. Then for X € Aff(c),

n+1
> ) XGg=1
{jv,—1(J)=z} i=n+2—y
where our equivalence in the first sum is modulo .

Proof. From Theorem 4.11, we know that for X = X(4,7) in Aff(c™!), y < 22 with

2
equality only allowed when %f2 is a lower-barred number (with respect to ¢™'), we

2
have
y
>, D X@)=1
{Gw,—1()=z} i=1

By Lemma 4.12, the vertices of Birk(c) and Birk(c™!) are related by sending X (w) —
X (wr). Therefore, if X € Aff(c™!) then the point X’ defined by X'(i,j) = X(n+2—
i,7) is in Aff(c). The claim follows from applying the relation for Aff(c=!) to X’. [

EXAMPLE 4.14. Consider the Coxeter element ¢ = [1432657] from Example 4.6 and
Example 4.7 part (1). We begin by writing all relations described by Theorem 4.11 for
an arbitrary point X € Aff(c).

2 2
YD X(ij) =1 > X(ij) =1
Jj€{1,4,5,8} i=1 je{2,3,6,7} i=1
Y X(ij) =1 Y Y XGg)=1 Y Y XGg) =1
jefLTyi=1 je{2,4,8} i=1 j€{3,5,6} i=1
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SN X(H=1 > D X(,j)=1

Jje{1,8} i=1 je{2,6} i=1
4 4

oY X =1 > Y X(ij)=1
je{4,5} =1 je{3,7} i=1

Now, we will record the relations described by Theorem 4.13. This requires comput-
ing v,—1 for ¢=1 = [1432657] 71 = [7562341], where the upper-barred and lower-barred
numbers have swapped. We include these alongside the values for v, for comparison.

i 11213 ]4(5|6|7|8

ve(d) [0 1 ]-1|-2|2|5[3]|4
Ve-1(3) |0 -1 1]2[6|3]|5]|4

We are now ready to compute the relations from Theorem 4.13. When y = 4, these
are already implied by the relations from Theorem 4.11 for y = 4 plus the fact that all
columns will sum to 1, so we omit these.

8 8 8
> D X =1 > Y X =1 > XG4 =1
j€{1,5,6} i=6 j€{2,4,7} i=6 j€{3,8} i=6
8 8
Y. D X =1 Y. D X@i)=1

j€{1,4,5,8} i=7 j€{2,3,6,7} i=7
We now discuss the independence of the relations exhibited in this section.

PROPOSITION 4.15. The following set of relations on all points X € Aff(c) are linearly
independent.

The relations from Lemma 4.1 fori € [n+1] and j € [2,n+ 1].
All relations from Proposition 4.4.

n+2

e The relations from Theorem 4.11 when 2 < y < 5= and z = v.(x) for
x €1[2,y].

e The relations from Theorem 4.13 when 2 < y < 251 and z = v (z) for
z € [2,y].

Proof. We first suppose n + 1 is even.
We will regard each X € Aff(c) as a vector in R(n+1)° by reading the entries in the
following order.

e Label the entries in the first column, from row 1 to row n + 1.
e Label the entries in row "T"'?’, from column 2 to column n + 1.
e Beginning with y = ”7“ and working backwards to y = 2, label the entries
(ya 2)7 (yv 3)) ceey (yvy)
e Beginning with y = "T_l and working backwards to y = 2, label the entries
n+2-9,2),(n+2-9,3),...,(n+2—y,y).
e Label the entries guaranteed to be 0 from Proposition 4.4 in lexicographic
order with respect to their index (3, j).
e Label all remaining entries in lexicographic order with respect to their index
(ir):
We can regard each relation as an equation v-X = 0 or v- X = 1 for some
v € R+D” We will show these relations are linearly independent by showing the
associated vectors are linearly independent. To see this, we create a matrix with these

relation vectors as rows in the following order:
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e Write the row relation vectors, in order from row 1 to row n + 1.

e Write the column relation vectors, in order from column 2 to column n + 1.

e Write the vectors for the relations from Theorem 4.11, working backwards
from y = 2 to y = 2, and for a fixed y, working from z = 1,(2) to z = v.(y).

o Write the vectors for the relations from Theorem 4.13, working backwards from
Y= % to y = 2, and for a fixed y, working from z = v.-1(2) to z = v.-1(y).

o Write the vectors for the zero relations from Proposition 4.4 in lexicographic
order with respect to their index (3, j).

By construction, this matrix is in row echelon form, so it is full rank. Thus, this set
of relations is independent.

If n+ 1 is odd, then we can use a similar proof but we instead consider 2 < y <
for the top and bottom sum relations.

iz

EXAMPLE 4.16. We give an example of the ordering on the entries of X € Aff(c¢) from
the previous proof for ¢ = [1432657].

3712526 | 3827|3940
2112829 |41 30|42 |43
19120 | 31|44 | 45| 46 | 47
16 | 17 | 18 | 48 | 49 | 50 | 51
9 11011 |12|13| 14| 15
22123 |52|32|53|54]|55
24156 | 57| 33 | 58 | 59 | 60
34|61 |62|35|63| 36|64

O[O T = W[ DN~

Using Proposition 4.15, we can give an upper bound on the dimension of Aff(c).

COROLLARY 4.17. Aff(c) has dimension at most ("31).

Proof. To prove this statement, we compute the number of relations listed in Propo-

sition 4.15. The number of zero relations is (n — 1) + (n — 3) 4+ ---. It is easiest to

enumerate the top and bottom sum relations by counting how many hold for a fixed z.

For instance, when z = 1, we get n — 2 relations and when z = 2, we get n — 4 relations.

That is, the total number of top and bottom sum relations is (n —2) + (n —4) +---.
n

In particular, adding this to our count of the zero relations yields (2) relations. Then
the claim holds since (n+1)2 — (2n+1) — () = ("3). O

5. A LATTICE-PRESERVING PROJECTION

In the previous section, we developed an understanding of the subspace of R(n+1)?
2
containing Aff(c). We now use this description to provide a projection from R(+1)

to R("2") whose restriction to Aff(c) is injective and preserves the integer lattice.
Consider a Coxeter element ¢ = (us ... uy 1dy ... dr (n+1))=(14dy ... dr (n+
1) us ... uy). Let o, be the permutation (n+ 1)d, d,—1 ... dy Lujug ... us written
in one-line notation. When ¢ is understood, we will just write o. Note that o, is
simply the result of dropping the parentheses in the cycle-notation for ¢! = ((n +
1) d, ... di 1 uy ... us) and regarding this as a permutation in one-line notation.

We also let v, = |[2, 2EL]|, analogous to the definition of T, in the previous section.

LEMMA 5.1. For a Coxeter element c,

s+1 1<i<r—uv,+1
i—(r+2 r—v.+l<i<n+l1

Ve-1(0c(i)) = {
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Proof. This follows immediately from the definition of v.. Note that o.(2),...,0.(r —
v, + 1) correspond exactly to the upper-barred numbers with respect to ¢! which
are in [”TH,TH—I]. O

EXAMPLE 5.2. Recall we computed v.-1 for ¢ = [1432657] in Example 4.14. We reorder
the entries according to o to see an instance of the above result. Notice that here
n+1

r = s = 3 and there is one lower-barred number less than 5= =4, so v, = 1.

i 1[2[3[4[5[6]7]8
oi) |8|7]5|2 (1346
Ver(o(i)) |[4]5|6[-1]0|1|2]3

DEFINITION 5.3. We define a projection I1. from the space of (n+ 1) x (n+1) matrices
with entries in R to R(":") which will be used to compare the c-Birkhoff polytope and

the order polytope of the corresponding heap. To define 1., the first entries we will
read are from columns dy,...,d,:

(dl - 13 dl)a (dl - 27d1)a BERE) (Ldl)a

(dr —1,d.),(d, —2,d,),...,(1,d,),
(ny,n+1),(n—1,n+1),...,(1,n+1).

The remaining entries are determined using the upper-barred integers us,...,u1, in
decreasing order. For each upper-barred integer w, we take u — 1 entries from our
matrices as follows:
(1) Let m = p(u) ;== min(u — 1,n 4+ 1 — u).
(2) First take the m entries (n+1,c(u)), (n,c*(u)),...,(n+2—m,c™(u)). Note
that we are thinking of ¢ as a permutation here so c® is the permutation applied
k times.
(3) Then, if u > “£2, take the additional u — 1 — m entries (u — 1,u), (u —
2,u),...,(m+1,u).
After we are done reading the entries, we reverse them.

In the rest of the paper, we will call the entries of II. that we obtained from the
enumerated list above with u = u; entries associated to u;.

EXAMPLE 5.4. Continuing with Example 4.14 for ¢ = [1432657] = (12578643), we
compute the projection II. in Figure 3 (left).

28 [ X[ X[24]X[18]11 ol@OloJoJO®]O0[OD]O
XX [25]X[19]12 ojlololo|]0o]O]O

X 126]6]20]13 1lololo@OO]|O]|O
27712114 ojlol1]0|O O[O0

8122115 ololo[1][0]O|OO

X 23 [ 16 ol@lololo][1[]O]O

4119 X 17 OO @[oo]o0]1]0O
2 X510 X X Olo[O/O®]o]o]o]1

FIGURE 3. Left: We depict the projection II. for ¢ = [1432657]. We
also place red X’s in the entries which are guaranteed to be zero by
Proposition 4.4. Right: We draw the permutation matrix for s1s45352
and circle the entries which are recorded by II..
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PROPOSITION 5.5. For each upper-barred integer u and each k < u(u), the entry
(n+2—k,c*(u)) is strictly below the main diagonal.

Proof. Suppose for sake of contradiction that c®(u) > n + 2 — k for some k <
p(u). Since k < n + 1 — u, this implies cf(u) > w + 1. An inspection of the
cycle notation of ¢ = (ug ... u3 1 dy ... dr (n+ 1)) informs us that the set
{u,ct(u),c(u),...,c*(u)} must then contain all numbers in [u] as well as c¥(u). In
particular, the set{u, c!(u),c?(u),...,c*(u)} has size at least u + 1. It also has size

k+ 1, implying k > u. However, we know that k < p(u) < u, so this is a contradiction.
O

REMARK 5.6. All entries of II. other than those listed in the above proposition are
strictly above the main diagonal.

We next show that none of the entries recorded by II. are entries guaranteed to be
zero by Proposition 4.4. One can notice this is true on the left-hand side of Figure 3.

PROPOSITION 5.7. There is no intersection between the entries recorded by 11, and
those guaranteed to be zero in Proposition 4.4.

Proof. We will prove this by showing that none of the entries described in Proposi-
tion 4.4 are listed in the definition of II..

First, for each upper-barred number u, the entries guaranteed to be zero are X (i, u)
for 1 < i < p(u). From Proposition 5.5, we know the entries (n + 2 — k, c*(u)) for
k < p(u) lie below the main diagonal so they will not coincide with the entries
guaranteed to be zero from upper-barred numbers. All of the other entries listed in the
definition of II. are in a column indexed by a lower-barred number, column n + 1, or a
row greater than p(u). Therefore the entries X (i, u) for 1 <4 < p(u) are not recorded
under II..

The other set of entries that are always zero from Proposition 4.4 are X (i, d) for
each lower-barred number d and each ¢ satisfying max(d+1,n+3—d) <i<n+ 1.
Since these entries are all below the main diagonal, we just need to show that (i, d)
will not be equal to (n 4+ 2 — k, c*(u)) for some upper-barred number u and k < pu(u).

Consider the numbers that appear between d and u, inclusive, in the one-line
notation of o. That is, the numbers in bold below:

c=Mn+1)d....d...d11ug...u...us .

These values include all numbers in the interval [1, min(d, v)]. In particular, if u < d,
there are at least u+1 > u — 1 > p(u) numbers weakly between u and d in o. From
the definition of o and from writing ¢ in cycle notation we can see that c*(u) is the
value k places before u in o. Therefore we must have u > d in order for ¢*(u) = d for
some k < p(u).

Since u > d, we now know that all numbers in [d] appear weakly between u
and d in o. This means that, in order for ¢*(u) = d, we need k > d. Therefore, if
the pair (n + 2 — k,c(u)) = (n + 2 — k,d) is an entry recorded by IL., we have
n+2—k<n+2—d<n+3—d. Therefore, the entry X(n + 2 — k,d) is not one
guaranteed to be 0 for all X € Aff(c) by Proposition 4.4. O

For X € Aff(c), we will refer to values X (i,7) recorded by II. as well as those
guaranteed to be 0 by Proposition 4.4 as “determined values.” We will refer to all
other values of X as “undetermined values.”

Our main result of this section concerns what happens when we apply II. to Aff(c).
We prepare for the proof of this with a technical lemma.
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LEMMA 5.8. If ™2 js upper-barred, fiz "+2 < k <n+1, and otherwise fix "T'"Z <
k<n+1. Let {al, coyatt Cln+1] be the set such that the entries X (k,a;) are the
undetermined values of X. Then, t =n+3 —k and {ay,...,a:} = {k} U{o(a),c(a+
1),...,0(a+1t—2)} for some positive integer a > r — v, —I— 1.

Proof. Our goal is to understand how the values {a1,...,a;} appear in the cycle
notation of c. It will be easier for us to first study the complement, [n+1]\{a1,...,a:}.
To this end, we introduce three sets and show that they partition [n + 1]\{a1,...,a:}.

(1) Let If = (k,n+1].

(2) Let I =[n+3 —k,k—1].

(3) Let If = {c"™*(u):u € [n+3—k,k— 1]} if k> 2.

The numbers in I¥ index the columns j of all entries (k, j) recorded by II. such
that either j is lower-barred, j is upper-barred and (k, j) is covered by the third case
of Definition 5.3 of II,., or j = n + 1. The numbers I§ index the columns j such that
X (k,j) = 0 from (Proposition 4.4). The numbers in I¥ index the columns j of all
entries (k,7) recorded by II. such that j is upper-barred and (k, j) is covered by the
second case of Definition 5.3 of IL.. Thus, together IF and I¥ exactly index the columns
of all entries (k,j) which are recorded by II.. Note that if k < 244, then I} and I§
will both be empty.

Recall that c= (ug ... w1 1dqy ... dp (n+1))=Qdy ... dp (n+1) us ... u1)
in cycle notation. It is clear that I} U {k}, I}, and I} each individually form a
connected cyclic interval of c. Proposition 5.5 shows that IF U {k} and I¥ are disjoint
while Proposition 5.7 shows I} is disjoint from IF U I¥. By definition, k ¢ I§. Thus,
IF U {k}, I}, and I} are pairwise disjoint.

Now, it is clear that If U {k} and I¥ are cyclically consecutive in c. We have
I} = [n+3—k,k— 1] and I} is the result of shifting all numbers in [n + 3 — k, k — 1]
by n+2—Fk in the ordering imposed by ¢, i.e. I¥ = ¢"*27%([n + 3 — k, k — 1]). There are
exactly n+2—k numbers cyclically after [n + 3 — k, k — 1] and before [n + 3 — k, k — 1].
It is then clear that I5 and I are consecutive. Thus, the complement of IFUIFUTFU{k}
must be consecutive in c. Since n + 1 is not in the complement, it is easy to see that it
is also consecutive in o.

We will now show t = n + 3 — k. We know I¥, I¥ and I} are disjoint. Also, by
their description, all determined values X (k, j) satisfy j € I¥ U I¥ L I¥. There are
(n—k+1)+ (2k —n —3) = k — 2 values in I} U I} U I}, implying the complement in
[n+ 1] is size n + 3 — k.

Finally, we show that none of the elements in the complement of IFUI¥ UT¥U{k} in
[n+ 1] are lowered-barred numbers larger than “$+, which will show the desired bound
on «. In order for a lower-barred number larger than "T'H to be in the complement of
I}, we require ”‘2"1 < n+ 3 — k, which implies k < "74'5 Thus we only need to check
the cases where k = ”—*2 , where k = ”T*?’, and where k = %*4. When k = "7” or ”T*?’,
there are no integers less than k and greater than "H to check. When £k = "TH7 we
have "+2 € I%. Thus, in all cases, the bound on « hOldb O

THEOREM 5.9. The restriction of the projection 11, : RD* 5 RS 4o Aff(c) is an
injective linear transformation which sends integral points to integral points.

Proof. Let X € Aff(c). Our objective is to demonstrate that each undetermined value
can be deduced from the determined values. This will imply that X is uniquely
determined by II.(X), and further, if II.(X) is integral, X must have been integral.

We first prove by induction on k that for any 1 < k < "TH, we can deduce the

entire k' row of X. First we check this for k¥ = 1. The only entry that is not yet
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determined in this case is X(1,1). By Lemma 4.1, this value can be computed. Next
we assume all entries in rows strictly above row k are known and we will show that
the entries in row k& can be computed. The undetermined entries in row k are X (k, j)
for j € [k]. Theorem 4.11 gives a linear equation

k—1
Yoo Xk =1- > > X(i.j)
{jwe(i)=2} {jwe(g)=2} i=1
for each 0 < z < k — 1. By the inductive hypothesis, we can compute the right-hand
side for each of these equations. Since {j : v.(j) = z} are disjoint for different z values,
these k linear equations are linearly independent and thus give unique solution to
the unknowns X (k,j) for j € [k]. If 212 is an integer and is lower-barred, then we
determine entries in this row in the same way; otherwise, we stop at the largest integer
less than 242
We next prove by (backwards) induction on k that for any "TH <k<n+1, we
can deduce the entire k'™ row. First we check this for row k£ = n + 1. The only two
entries that are not determined are X(n+ 1,n+ 1) and X (n + 1,j) where j = u; if
s 21 and j =1 otherwise. Note, by Lemma 4.1, X(n 4+ 1,n + 1) can be computed as
X(l,n+1),...,X(n,n+1) are known. Then, by Lemma 4.1 again, X(n + 1, j) can
be computed too.
Next we assume all entries in rows strictly below row k are known and we will show

that the entries in row k£ can be computed for some % <k <n+1. By Lemma 5.8,

the undetermined entries in row k are X(k,a1),...,X(k,a;) where {ay,...,a;} =
{k,o(a),...,0(a+t—2)} with o > r — |[2, 2] + 1 and t = n + 3 — k. Note that

entries X (4, k) are known for all ¢ # k by the inductive hypothesis, the definition of
I1., and Proposition 4.4. Therefore, by Lemma 4.1 the entry X (k, k) can be computed.

We know k € {a1,...,a;} by Lemma 5.8. Without loss of generality, let a; = k. From
Lemma 5.1 we then have that {v.-1(az2),...,ve-1(at)} = [a—(r+2),a+t—2—(r—2)].
Since t = n+ 3 — k and ”T'H < k < n+1, we know t < k. Thus, the values
Ve—1(ag),...,V.—1(az) are pairwise distinct values modulo k. Theorem 4.13 gives a
linear equation

n+1
> Xk =1- ) > X(i,j)
{1 ()=2} {1 (j)=2} i=k+1

for each 0 < z < n+1—k. By the inductive hypothesis, we can compute the right-hand
side for each of these equations. Since {j : v.-1(j) = z} are disjoint for different z
values, these n+ 2 — k linear equations are linearly independent and thus give a unique

solution to the remaining ¢t = n + 2 — k unknowns. When 2£2 is an upper-barred

2
integer, this induction works for k = ”T'*'Q as well. O

6. UNIMODULAR EQUIVALENCE

This section will prove our main result (Theorem 6.32) which states the two polytopes
Birk(c) and O(Heap(sort.(wp))) are unimodularly equivalent. Since we showed in
Theorem 5.9 that I, is injective and lattice-preserving on Aff(c), it remains to prove
there is a unimodular transformation U, from II.(Birk(c)) to O(Heap(sort.(wp))).
We begin in Section 6.1 with some results concerning the structure of
Heap(sort.(wp)). In Section 6.2, we define a subset of (";1) c-singletons {b; |
1 <4 < {4(wp)} and show that the matrix whose columns are the projections of those
elements under II, is an antidiagonal lower unitriangular matrix (Lemma 6.19 and
Lemma 6.20). As described in Proposition 2.20, each c-singleton is associated with
an order ideal of Heap(sort.(wp)) and therefore with a vertex of O(Heap(sort.(wyp))).
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The vertices of O(Heap(sort.(wp))) corresponding to the elements of {b;} also form an
antidiagonal lower unitriangular matrix. We then define U, to be the unique linear
transformation which sends the projections of {b;} under II. to the associated subset
of vertices of O(Heap(sort.(wp))). In Section 6.3, we show that for every c-singleton
w, the vector U, o II.(X (w)) is the vertex of O(Heap(sort.(wyp))) associated with w.

6.1. CONSTRUCTION AND PROPERTIES OF THE HEAP OF THE c-SORTING WORD OF
wp. This section describes the “shape" of Heap(sort.(wp)). Let ¢ be a Coxeter element
in A, with r lower-barred numbers 1 < d; < --- < d, < n + 1 and s upper-barred
numbers 1 < w7 < --- < Uy < n+ 1. We call a decreasing sequence of consecutive
integers a decreasing run; for example, 5432 is a decreasing run, but 6532 is not.
Denote by R. a word which is the concatenation of n factors

2)

Re=[(d1—1)...1]... [(dv=1) ... 1] [n... 1] [n...(n—us+2)] ... [n... (n—Tu7+2)]

where each factor is a decreasing run.

Following Definition 2.1, we can construct the heap H. := Heap(R.) of R. and its
heap diagram. Below, we describe an equivalent algorithmic construction of the heap
diagram for H.. We will refer to a subset of a heap where all the elements form a line
with slope —1 as a diagonal. Similarly, we will refer to a subset of a heap where all
the elements form a line with slope 1 as an antidiagonal.

ALGORITHM 6.1 (Algorithm for constructing the heap diagram for H.). Consider the
lattice L C R? generated by €1 = (1/2,1/2) and €3 = (—1/2,1/2). Let T be the grid of
all points in L which are of the form x1e1 + xo€2, where x1 and xo are nonnegative
integers satisfying r1 + x2 < 2n and 0 < 1 — xo < n— 1. We refer to the lattice point
x1€1 + Yoo as vertex (a,b) = (x1 —xa+ 1,29+ 1). The grid T is then a set of vertices
{(a,b) | 1 < a,b<n} as in Figure 4. Note that our indexing convention is such that
(a,b) and (a’,b") are in the same diagonal if and only if a+b=a’ + b and they are in
the same antidiagonal if and only if b=1V".

(Step 1) Take the vertices along the diagonal from vertex (n,1) to vertex (1,n). Denote
this as Diong.

(Step 2) For each lower-barred number d;, we add vertices (1,n —r+i—1),(2,n —
r+i—2),...,(di —1L,n—r+i—d; +1). That is, we add a “flushed-left"
diagonal with d; — 1 vertices below Diong. Note that immediately below Djopng
we have a shorter diagonal corresponding to d,., then an even shorter diagonal
corresponding to d._1, and so on.

(Step 3) For each upper-barred number u;, we add vertices (n,2+s—1),(n—1,2+s—
i+1),...,(n —u;+2,8—i+wu;). That is, we add a “flushed-right" diagonal
with u; — 1 vertices above Diong. Similarly to the previous step, immediately
above Diong we now have a shorter diagonal corresponding to us, then an even
shorter diagonal corresponding to us_1, and so on.

For each vertex (a,b) we have collected, label each vertex by a. The resulting diagram
is the heap diagram of H..

EXAMPLE 6.2. Let ¢ = [4321657] with lower-barred numbers 5,7 and upper-barred
numbers 2, 3,4, 6. Then the word R, in this case is

Riusnesn) = [4321] [654321] [7654321] [76543] [765) [76] [7) .

The heap diagram of H. is shown in Figure 4. We construct this diagram using
Algorithm 6.1. In (Step 1) we add the diagonal from position (7,1) to (1,7). We put
diamonds around the positions added in this step. In (Step 2) we add two diagonals of
sizes 4 and 6 respectively, corresponding to the lower-barred numbers d; = 5,dy = 7.
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We put circles around the positions added in this step. Lastly, for (Step 3) we add four
diagonals of sizes 5, 3,2, 1, respectively, corresponding to the upper-barred integers
ug = 6,u3 = 4,us = 3,u; = 2. We put rectangles around the positions added in this
final step.

18 37 518} 75 St
) /
2 19 S6
VRN
@ S1 S3 S5 S7
N/ N/ N/
[64] 52 S4 S6

@ 51 53 S5 S7
@ 52 S4 S6

@ @ S1 S3 S5 S7
\52/ \84/ \86/

14 @ S3 S5 S7

2 (a2) \54/ \SG/

15 22 1
22 451

12 Bl
21

11

FIGURE 4. Left: Algorithm for constructing the heap diagram for
H, = Heap(R.) for ¢ = [4321657) = (1 57 8 6 4 3 2) (equivalently,
the lower-barred letters are 5, 7, and the upper-barred letters are
6,4,3,2) in A7. Right: The heap diagram for H.,.

Notice that by construction R. is the “diagonal reading word" of H., that is, the
linear extension of H. formed by concatenating the diagonals of the diagram from left
to right and within each diagonal reading from southeast to northwest. In addition,
note that the bottom layer of H,. is Heap(c) and the rightmost vertex in this bottom
layer is labeled n and is at position (n,1). In Figure 4, this bottom layer of shape
Heap(c) is in bold.

It is well-known from the literature that the heap of sort.(wp) matches the description
of Algorithm 6.1; for example, see [23, Section 2.4] and [21, Section 6.2].

PROPOSITION 6.3. The heap diagrams of H. and Heap(sort.(wg)) are the same.

Note that the above proposition is equivalent to the statement: the word R, is a
reduced word in the commutation class of sort.(wy).

EXAMPLE 6.4. For cramari = [12...n], all of 2,...,n are lower-barred, and thus
Reramas = 11][21][321] ... [n(n —1)...21].

Following Algorithm 6.1, He,, ... is given in Figure 5. Recall from Example 2.11 that
the cTamari-sorting word for wy is

sorter, (wo)=[1...(cn—Dn|1l...(n—1)]...|12]|1].

Algebraic Combinatorics, Vol. 9 #1 (2026) 206



c-Birkhoff polytopes

As guaranteed by Proposition 6.3, Heap(sortc,, ...(wo)) is the same heap shown in
Figure 5.

»
flary

¥
[

w
—

S1

N
N
AN
SN
NS

e

S1

@
X

»
3

|
—

/

w
[

w
w

w
3

NSNS S
NV
N\

V)
[y

FI1GURE 5. Left: Heap of s1s95354-sorting word of the longest element
wp in Ay. Right: Heap of s1528384 ... s,-sorting word of the longest
element wg in A,,.

REMARK 6.5. In light of Proposition 6.3, we can consider the poset isomorphism in
Proposition 2.20 to be a poset isomorphism from the lattice of c-singletons onto J(H.).
By abuse of notation, from now on we write f(w) to mean an order ideal of H..

REMARK 6.6. We summarize some basic properties of H. below.

(a) A diagonal in H, has an element labeled 1 if and only if it is a diagonal created
in (Step 1) or (Step 2); this element labeled 1 is at the northwest-most vertex
of the diagonal. Similarly, a diagonal has an element labeled n if and only if it
is a diagonal created in (Step 1) or (Step 3); this element labeled n is at the
southeast-most vertex of the diagonal.

(b) Let t be an element of H, with label p. Suppose t is not the smallest element
in H. with label p. If 1 < p < n, then H, has an interval whose heap diagram
is of the form

p
VRN
p—1 p+1

N S
P

If p =1, then H. has an interval whose heap diagram is of the form
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If p = n, then H. has an interval whose heap diagram is of the form
n

/

n—1

AN

n

In each of these three cases, the maximal vertex corresponds to the poset
element ¢.

Recall from Definition 2.1 that the elements in H, are {1,...,¢(wo)} where the
poset element 4 corresponds to the i*® letter of Re. For z in H., let D, denote the
diagonal of H, containing x, and let A, denote the antidiagonal of H, containing x.

The following states that the poset element j is comparable to every poset element
ie€{l,...,j} labeled n.

LEMMA 6.7. Let j € {1,...,0(wo)} be a poset element of H.. If i < j and the label of
the poset element i is n, then i < j.

Proof. Remark 6.6(a) tells us that all poset elements labeled n are in the long diagonal
Diong or the diagonals above Diopng. So either D; = Digng or D; is above Digng.

Since j > i as integers, either D; = D; or D; is above D;. So, either D; = Djgng Or
D; is above Djong. Therefore D; contains an element j’ labeled n such that j’ < j, by
Remark 6.6(a).

Remark 2.3 tells us that two elements with the same label are comparable, so ;'
and ¢ are comparable. In particular, since Dy = Dj; is either equal to D; or above D;,
we have 7 < j/. Thus, ¢ < j. O

LEMMA 6.8. Let y be a poset element of H, with label p. If z is in a diagonal (strictly)
above D, and in an antidiagonal (strictly) below A,, then the label of z is in {p +
2,...,n}.

Proof. Let (a,b) and (a’, ") denote the positive integer tuples which index the positions
of y and z in the heap diagram of H, (see Algorithm 6.1).

Since z is in an antidiagonal below A,, we have b’ < b, which implies that b — b’ is
a positive integer. Since z is in a diagonal above D,, we have a +b < a’ +b’, and thus

a+(b-V)<d.
This implies a + 1 < @/, and so @’ € {a + 2,...,n}. By the last step in the algorithm,
the labels of y and z are a and a’, and the conclusion follows. O
LEMMA 6.9. Let i be the poset element at the southeast vertex of a diagonal D; such
that its label is p € {2,...,n — 1}. Then we have the following.

(a) i is the minimum element of H. with label p.
(b) If a poset element j is in a diagonal below D;, then the label of j is in

{1,...,p—1}.

Proof. (a) Suppose for the sake of contradiction that H contains a smaller element
also with label p. Then by Remark 6.6(b) we have an interval whose heap
subdiagram is of the form

p
N\
p—1 p+1

N S
p
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where i corresponds to the top row. This contradicts the fact that i is the
southeast vertex of D;. Therefore, i is indeed the minimum element of H with
label p.

(b) Since D; is below the long diagonal, (Step 2) of the algorithm tells us that any
diagonal D; below D; is shorter than D;. Both D; and D; have northwest-most
vertex labeled 1. Since the vertices of D; have labels 1, ..., p, it must be that
D; have labels 1,...,q for some ¢ < p— 1. (]

The following remark explains the connection between Heap(sort.(wp)) and an
Auslander—Reiten quiver.

REMARK 6.10. Consider the following minor modifications to the heap diagram of
Heap(sort.(wy)).

(1) Replace each edge x — y (which corresponds to cover relation x < y) with an
arrow T — y.

(2) Replace each label j by s; (note that we have already been doing this for
clarity in all of our figures)

(3) Rotate the diagram by 90 degree clockwise.

The resulting labeled directed graph is known as the “combinatorial AR quiver" for
the c-sorting word of wy, defined in [54, Section 9.2]; see also [23, Section 2.4]. Note
that all arrows in this directed graph are pointing either diagonally or antidiagonally
from left to right.

This terminology comes from the fact that this directed graph is isomorphic to the
Auslander-Reiten (AR) quiver of finite-dimensional representations of a quiver Q(c)
corresponding to c¢. The quiver Q(c) is an orientation of the type A,, Dynkin diagram
with vertices 1,2,...,n and with arrows defined as follows: if i appears to the right of
i — 1 in a reduced word of ¢, then Q(c) has an arrow i — i — 1; otherwise Q(c) has
an arrow ¢ — 1 — 4. For more information about representations of quivers, see for
example the textbooks [2, 49].

There is a well-known procedure for constructing the AR quiver for Q(c) known as
the knitting algorithm; it recursively computes the indecomposable representations
of Q(c). For a reference on knitting, see for example [49, Chapter 3]. One can view
a linear extension as a prescription of the order in which to perform the knitting
algorithm. In particular, the number of linear extensions gives the number of ways to
compute the AR quiver of a given quiver via knitting together with a choice for adding
indecomposable projective representations. Later in this paper we will show that the
normalized volume of our ¢-Birkhoff polytope Birk(c) counts the linear extensions of
Heap(sort.(wp)), and thus this volume also counts the ways to perform the knitting
algorithm (see Corollary 6.33).

The AR quiver has also been used in [10] to compute the number of reduced words
in a commutation class.

6.2. DEFINING A UNITRIANGULAR MATRIX U.. The main goal of this subsection is to
prove Proposition 6.13. We first define the notation used in this result.

Note that the length of R, is (”;‘1) = {(wp), and write R, = [R(1) ... R(€(wo))].
For each 1 < i < #(wyp), define b; to be the permutation with reduced word given
by the length i prefix of R, i.e. b; has reduced word [R(1)...R()]. Since R. is a
labeled linear extension of Heap(sort.(wq)), Proposition 2.5 tells us that R. is in
the commutation class of sort.(wg). Thus, Theorem 2.14 tells us that each b; is a
c-singleton.

Given a c-singleton w, let f(w) be the corresponding order ideal of H. given in
Proposition 2.20 (see Remark 6.5). Consider the vector in R*0) defined by the
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indicator function of f(w), following the linear extension given by R.. Let o(w) denote
this vector in reverse order.

EXAMPLE 6.11. Let ¢ be as in Example 5.4 with dy,ds,d3 = 2,5,7 and uy, uz, uz =
3,4,6. We have R, [1 4321 654321 7654321 76543 765 76]. Therefore by =
S$1848359 = 25134678. The heap H. is in Figure 6, with the highlighted elements
corresponding to f(b4). Since the highlighted elements are the first four elements in

R., we have

o(bs) = (0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,1,1,1, 1)

28 S6

VRN 7N\
18 23 26 27 51 53 S5 S7
\17/ \22/ \25/ N/ N/ N/
S N/ N/ N\ S N /N / X\
11 16 21 24 S1 53 S5 S7
\10/ \15/ \20/ N/ N/ N/
5/ \9/ \14/ \19 S N/ N/ N\
\4/ \8/ \13/ \s/ \S/ \S/
1/ \3/ \7/ \12 S N /N / X\
\2/ \6/ \S/ \S/

FIGURE 6. Accompanying figure for Example 6.11. Left: Hasse di-
agram of the underlying poset of H. with the elements in f(by)
highlighted. Right: the heap diagram of H, with the elements in f(b4)
highlighted.

REMARK 6.12. In general, o(b;) is the vector with 1’s in the last i entries and 0’s
everywhere else.

PROPOSITION 6.13. Let ¢ be a Cozeter element of A,,. There exists a unique (”-2%1) >
(n-2-1) lower unitriangular matriz U, such that

(3) U, o TI(X (b)) = o(b;) for all 1 <i < (n + 1).

2
Before we prove this proposition, we first introduce some notation building on
Definition 5.3. The projection II. picks ("3') elements from an (n+1) x (n + 1)
matrix. We denote the entries that come from strictly above the main diagonal as
ITNE and those that come from strictly below the main diagonal as II3W. By abuse of
notation, we will also use IINE (resp. TI3V) to denote entries in X (w) that are recorded

by II. and are above the main diagonal (resp. below the main diagonal).

PROPOSITION 6.14. Let ¢ € A,, be a Cozeter element and suppose (p,q) € TIZW. There
exists 1 <t < s such that:

(1) ifg=dg,, thenp=n+2—t—a;

(2) if g =uq, thenp=n+2—t+a and a <t.
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Proof. By Proposition 5.5 and Remark 5.6, if the entry (p, ¢) € II3V, then p = n+2—k
and g = c*(uy) for some 1 <t < sand 1 < k < m = p(uy). The statement then follows
from the observation in Remark 2.21 that

K, ft>k
o = {1t FE> E -
dk_t, 1ft§k

PROPOSITION 6.15. Let ¢ € A,, be a Coxzeter element. Then (p,q) € IINE if and only if
one of the following holds:

(1) g=d, and p € [1,d, —1].
(2) g =1uq and p € [m+ 1,u, — 1] where m = p(uy,).
Proof. This follows directly from Definition 5.3, Proposition 5.5, and Remark 5.6. O

Recall from (2) that R, has the form
[(di—1)...1] ... [(d,—1)...1] [(@—1)...1] ... (n—w+2)]...[n... (n—w+2)] .

We will refer to each maximal decreasing run of R as the “run of d; (resp. u;)”, denoted
R[d;] (resp. R[u;]). With this notation we can write

Re=R[d1]...Rld| Rldr+1] Rlus] ... Rluq].
For1<k<r+land1l<j<dy—1wewil let d;k) be the concatenation
Rldi] ... Rldg-1] [(dx —1) ... (dr — 5)]-

In particular, we define d*) := d(k) 1 = Rldi]...Rldg]) for 1 < k < r+1 and
d = d*D =d{") for2 <k <r4 1.

Similarly, for 1 < k sand 1 < j < up — 1 we will use the notation ug»k) to be the
concatenation of

Rldi1]... Rldrs1]R[us] . .. Rlug41] [n...(n+1—7)].

In particular, define u®) = u(k) 1 = Rldi].. . Rldr41]Rlus] ... Rlug] for 1 < k < s
and uék) =gkt = (k+1) Jfor1<k<s—1.

EXAMPLE 6.16. Contmulng from Example 6.11, we have dy = 2,dy = 5,d3 =
7,dy = 8 and u; = 3,us = 4,u3 = 6. So we get dég) = [1 4321 65] and u(z)
[1 4321 654321 7654321 76543 765].

To prove Proposition 6.13, we will need to show that for 1 < i < ("‘H) there is
a 1 in the i*M-to-last position of II.(X (b;)) and there are 0’s in all earlier positions
of II.(X (b;)). We break this analysis into two cases, based on whether b; = d;-k) or

b; = u§k) in Lemmas 6.19 and 6.20 respectively.

REMARK 6.17. Here we summarize some computations which are useful for the next
lemmas.

(a) We can describe the permutation matrix for d*) as follows:
e In column d, if a < k, thereis a 1 in row K+ 1 —a and if a > k, there is
a 1 in row dg;
e In column u,, there is a 1 in row ug + [{dp > us : dp < di}|. Using
Lemma 4.8, we can show this is equal to k +a + 1.
(b) We can describe the permutation matrix for u(*) as follows
e In column j > ug, there is a 1 in row n + 2 — j;
e In column d, < uy, thereis a 1 inrow (r+2—a)+ (s—k+1) =
r+s+3—a—-k=n+2—-—a-—k;
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e In column u, < uy, thereisa linrow (n+1—s+a)+(s—k+1) =
n+2+a—~Fk.
To see the above is true, we can verify this for £ = 1 and then do induction
on k.

ExAMPLE 6.18. Continuing from Example 6.16, we compute the changes of the permu-
tation matrix from d(® to d®). In this process we multiply d®) on the right by [654321].
This is demonstrated in Figure 7. We also compute the changes of the permutation
matrix from u®) to u(?). In this process we multiply u(3) on the right by [765]. This is
demonstrated in Figure 8.

X | X [@] X X

D[ X[ X X X
X

) @©

@ @
) @

X
X @®
X X | D X X

FIGURE 7. On the left we have the permutation matrix associated
to the reduced word d® and on the right we have the same for
d®) | where ¢ = [1432657] as in previous examples. Comparing these
illustrates the main point of Lemma 6.19.

X 1@
@ X

X[ X| X

@

X
X|®
X

X X X @ X | X X @
X | X X @ X X X 1@
X @® X @®

©)

@
@©
X X | @
FIGURE 8. On the left we have the permutation matrix associated
to the reduced word u®® and on the right we have the same for

u® | where ¢ = [1432657] as in previous examples. Comparing these
illustrates the main point of Lemma 6.20.

@
X @

S
XXX |
x| x| |

X

LEMMA 6.19. Let 1 <k <r+1and 1< j<dp—1. Ifi = j+ 3" _1(dy — 1), that
is, if b; = dg-k), then the (("5') — i+ 1)™ entry of the vector (X (b;)) is 1, and all
earlier entries of I1.(b;) are 0.
Proof. Tt suffices to show that for all 1 <7 < Zzg(da — 1), we have

(a) X(b;) is 0 in all entries of I3V, and

(b) X (b;)(dx — j,dy) = 1 and this is the first nonzero entry in ITNE.

We will prove this by induction on ¢. One can check the statements when ¢ = 1
directly. Suppose the claim is true for ¢ — 1, that is, X (b;—1)(dr — (j — 1),dr) = 1 and
is the first nonzero entry in IT.(X(b;—1)). Note b;_1 = dg»k_)l.

Since b; and b;_; differ by a transposition, sz;), the difference between X (b;) and
X (b;i—1) is that two 1’s and two 0’s swap places in rows R() and R(i) + 1. We have
R (i) = di, — j, so inducting on j we can see X (b;)(dr — j,dx) = 1, as desired.
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It remains to verify that we have not moved a 1 to an entry recorded by II. with

smaller index than (";1) — i. We compute the change done by the transposition

(dr — j,dx, — j + 1) and discuss the two cases below. Note everything to the right of
column dj, remain unchanged, so we don’t need to consider these columns.

Let p be such that X (b;)(dr — 7 + 1,p) = 1, or equivalently, X (b;—1)(dr — j,p) = 1.

(1) Suppose p = d, where 0 < a < k. In this case k — a = dj, — j therefore

j=di —k+ a. The entry (di — j,d,) moves downwards when we apply the

transposition. If this entry moves to another spot in IINE then it moves to

a spot lower in the same column and thus is recorded later than the entry

(drp — 7 + 1,p) in II.. Otherwise, it moves to a spot on or below the main

diagonal, so it is either not recorded by II. or it is in TI3W. Suppose this

spot is in TISW. In other words, the entry (k+ 1 — a,d,) is in TI3". Then by

Proposition 6.14(1) we have

k+1—a=n+2—-t—a forsomel<t<s.

This gives us k +t = n + 1 which contradicts the fact that 0 < k <r+ 1 and
r+s=n-—1.
(2) If p = u, where u, < di. In this case

dp —j+1=uq+#{dp > uq | b< k}.

This entry is clearly below the main diagonal, so it will not be in IINE and we
just need to show that it will not be in TI3W.

The number #{dy > uq} is (n+1) — u, — (s — a), according to Lemma 4.8
(recall d,11 =n+1), so

Ug + #{dp > uq :0<k}<ug+((n+1)—ug—(s—a))=n+1-s+a.

Therefore, di—j+1 < n+1—s+a. Recall that the entries in both column u, and
HEW are in columns n+2—t+a fora <t < s.Sincen+1—s+a <n+2—t+a,
we conclude (dy — j,u,) ¢ TISW. O

LEMMA 6.20. Let 1 < k < s and 1 < j < up—1. Ifi = (Zj;}(da 71))+]+2’“+1( -

1), that is, if b; = u(k) then 11 (X(bl)) is a vector where the (("3') —i+1)™ entry
of the vector HC(X(bi)) is 1, and all earlier entries of I1.(X (b;)) are zero.

Proof. Tt suffices to show that the first 1 in X (b;) that is selected by II. comes from
position

(n+2—j,c(up)), if1<j<m M(uk)

(up —j+myug), Um+1<j<u—1.
We induct first on k, working backwards from s to 1, and then on j, from j =1 to
j = up — 1, where we recall that u(k) = uiii),l For convenience of notation, we
will set us4+1 = m in this proof. As a base case, we know the statement holds for

(S) =yt = ¢+ = 5 4+ 1 from Lemma 6.19.

(K )

Suppose the statement holds for u;—;. We compute the changes in the permutation

matrix between u( )1 and u . We obtam u( ) from u by applying s,1—;, which
exchanges the (n —I— 1- j)th row and the (n +2-— j)th row. By Remark 6.17(b), this
will cause a 1 in column ¢ to move from the (n 41— 5)*" row down to the (n+2 — j)*
row for some ¢ < ug, and a 1 in column ug to move up from the (n + 2 — 5)* row to
the (n + 1 — j)'™ row. We consider two cases regarding j.
(1) Suppose 1 < j < m = p(ug). In this case, we claim that ¢ = ¢/(uy). We
discuss the two cases.
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(a) When k + 1 > j, we check column ug_; in X(b;—1) = X(ugli)l) By
definition of u**1) and u(¥), this column is the same as in X (u*+1) at
this point. According to Remark 6.17, there is a 1 in row

n+2+(k-j)—(k+1)=n+1-j
Therefore in this case we have ¢ = ug_; = ¢/ (ug).
(b) When k + 1 < j, we check column d;_ in X(b;—1) = X(ugk_)l) This col-

umn is the same as in X (u(*t1) at this point. According to Remark 6.17,
there is a 1 in row
n+2—(G—-k)—(k+1)=n+1-j

Therefore in this case we also have ¢ = d;_x = ¢/ (uy,).
In particular, the above claim indicates that (n + 2 — j,q) is an entry in I3V
that is associated to wuy.

Since the 1 in column u; has not moved up to ITNE the position (n +

1 — j,uy) is either not recorded by Il., or it is in II3W. In the latter case,
Proposition 6.14(2) indicates it is associated to some u; with ¢t > k. Together
with the inductive hypothesis, we conclude that the first 1 in II.(b;) is indeed
at (n+2—j,¢ (ug)).

(2) fm=n+1—ur <ux— 1, then we must also consider j such that m + 1 <
J < up — 1. We then have uy —j+m = n+ 1 — j. We need to show that
(n 42— j,q) is not an entry in II3W associated to some u; with ¢ < k.

(a) When ¢ = d,, X(u*t1) has a 1 in column ¢ and row (n+1 —a — k)
by Remark 6.17. Since column ¢ in X(b;—1) = X(ugk_)l) is the same
as in X(u*tY), n+2—a—k = n+ 2 — j, which implies j = a + k.
Suppose (n + 2 — j,d,) € I3W and is associated to some u; where t < k
in Definition 5.3. Then by Proposition 6.14 we have

n+2—j=n+2—-t—a.

This means ¢t = k. However the highest row in II3W associated to uy,
in Definition 5.3 is n + 2 — m > n + 2 — j. This is a contradiction, so
if (n+2—j,d,) € TI3Y it is associated to some u; where t > k in
Definition 5.3.

(b) When g = u, < ug, X(u*+1) has a 1 in column ¢ and row (n+14a—k)
by Remark 6.17. Since column ¢ in X(b;—1) = X(ugk_)l) is the same
as in X(u**tY), n+24+a—k = n+ 2 — j, which implies j = k — a.
Suppose (n+ 2 — j,u,) € II5W determined by some u; with ¢ < k, then
by Proposition 6.14 we have

n+2—j=n+2—-t+a.
Again we have t = k. As in the previous case, this is impossible.
So, (n + 2 — j,q) is not an entry in I3V associated to some u; with ¢t < k.
This means that the 1 in column wuy is the first 1 to appear in HC(X(u§k))).

Since X(uyi)l) has a 1 in column uy and row n 4+ 2 — j, as j increases this 1
will move up one row at a time and it will stay the first 1 in II. O

Proof of Proposition 6.13. By Lemma 6.19 and Lemma 6.20, the matrix whose
columns are IT.(X(b;)) for 1 < i < ("‘QH) is a lower antidiagonal triangular matrix
with 1’s along the antidiagonal. By Remark 6.12, the matrix whose columns are o(b;)
for 1 <i< (”;rl) is also a lower antidiagonal triangular matrix with 1’s along the
antidiagonal. The statement follows from linear algebra. O
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6.3. MAIN RESULTS. Let U, be the (”'QH) X (";‘1) lower-triangular matrix U, from

Proposition 6.13. The goal of this section is to prove the following theorem.
THEOREM 6.21. For each c-singleton w, we have U, o I1.(X (w)) = o(w).

Let 1,2,...,¢(wg) denote the poset elements of the heap H. of R., as in Definition
2.1. With this notation, we can think of the order ideal f(w) of H. given in Proposi-
tion 2.20 (see Remark 6.5) as a subset of {1,2,...,¢(wp)}. To prove Theorem 6.21, we
first prove an important identity for c-singletons w where 1 € f(w), see Lemma 6.29.
Lemma 6.30 allows us to extend this to c-singletons w where 1 ¢ f(w). We then prove
Theorem 6.21 by combining these cases with Proposition 6.13.

Recall that D, denotes the diagonal in H. containing x, and A, denotes the
antidiagonal in H. containing x.

NOTATION 6.22. Suppose w is a c¢-singleton such that f(w) contains the poset element
1 in H.. We construct a decreasing sequence of positive integers ag > a3 > --- > agk
(where k& > 0) iteratively as follows:
1. Let ag be the largest number in f(w).
II. Suppose i@ > 1, and we have assigned a number in f(w) to a;_1) which
lives in H,. If f(w) contains all the integers 1,2,...,as;_1), we stop and let
k = 1 — 1. Otherwise, we append two more integers as;_1 and ag; to our
decreasing sequence.

e Let ag;—1 be the largest integer such that ag;—1 < agi—1) and ag;—1 is
not in f(w). Note that ag;_1 is the northwest vertex of D,,, , which is
below Dy, , , the diagonal containing ag;_1).

e Let ag; be the largest integer such that as; < ag;—1 and ag; is in f(w) (we
know such integer exists because the number 1 is in f(w) by assumption).
Note that the diagonal D,,, containing ay; is either equal to D or is
below D

azq—1
a2i—1°"
EXAMPLE 6.23. Consider H, for ¢ = [21365487], whose Hasse diagram is depicted in
Figure 9 (left) and heap diagram is depicted in Figure 9 (right). Let w denote the
c-singleton with f(w) = {1,6,7,12,13,14,20,21,27}, the order ideal highlighted in
round disks in the figure. Then the decreasing sequence defined in Notation 6.22 is
ap, a1, az, az, a4, as, ae, ar, ag =
27,26,21,19, 14,11, 7, 5, 1

LEMMA 6.24. Let w be a c-singleton such that f(w) contains the poset element 1 of
H., and let ag > a1 > -+ > agy, denote the decreasing sequence defined in Notation
6.22. Then we have

k
(4) O(’U}) = O(bao) - Z[O(bam—l) - O(ba2i)] :

i=1
Proof. Note that if j > ¢, then o(b;) — o(b;) is the vector with 1’s in the positions ¢ + 1
through j (inclusive) and 0’s elsewhere. That is, the transpose of o(b;) — o(b;) is

positions ¢+1
to j

——
(00...0 11...1 00...0)
The relation (4) follows from Notation 6.22. O

NOTATION 6.25. Suppose w is a c-singleton such that f(w) contains the poset element 1
in H. and f(w) is not of the form {1,2,...,xz}. Define the sequence ag > a3 > -+ > agi
as in Notation 6.22; necessarily, k > 1.
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FIGURE 9. Heap of [21365487]-sorting word of the longest element
wg in Ag, used in Examples 6.23, 6.26, 6.28, and 6.31

e Let x:=ag, and y := agg_1.

e Let v denote the permutation such that b, = b,v with reduced word v :=
[R(z+1)...R(y)] corresponding to {z + 1,...,y} C He.

e Let w denote the reduced word of w constructed by taking the subsequence
R, corresponding to the order ideal f(w).

e Let wg,r denote the permutation such that w = b, wgyr, and let wg,¢ be the
reduced word of we,s which is a suffix of w.

EXAMPLE 6.26. Let ¢ and w be as in Example 6.23. Following Notation 6.25, we have
the following.
e rx=qag=landy=a7=>5
e v=[R(z+1)...R(y)] = [R(2)...R(5)] = [1321]. The elements of the poset
corresponding to the letters of v are highlighted in rectangles in Figure 9.
e The reduced word w for the permutation w is

[R(1) - R(6)R(7) - R(12)R(13)R(14) - R(20)R(21) - R(27)] = [265876878] .
e Since b, = by = s9, the reduced word wyg,¢ for the permutation wgys is
[R(6)R(7) - R(12)R(13)R(14) - R(20)R(21) - R(27)] = [65876878] .

LEMMA 6.27. Assume the situation and notation given in Notation 6.25. View the
word v as a concatenation of maximal decreasing runs (each supported on a single
diagonal). Let p > 1 be the integer such that [p(p — 1) ...] is the rightmost mazimal
decreasing run of v.
Then the following results hold.
(1) supp(v) € {1,...,p}.
(2) We have supp(wsys) € {p+2,...,n}; in particular, we have w(j) = by(j) for
each1 <j<p+1.
(3) wv is a c-singleton such that f(wv) contains 1.
(4) Furthermore, if we construct a decreasing sequence aj, > a} > --- for wv
following the iterative algorithm given in Notation 6.22, we get precisely

ap > ap > -+ > a2,
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that is, the same sequence for w but with the last two integers removed.

Proof. Tt follows from Notation 6.25 that f(b,) = f(by)U{z+1,...,y}. By construction,
each of the poset elements 1,. ..,z is either in D, or in a diagonal below D,. Let 3’
denote the poset element in H. (corresponding to the simple reflection s,) which is
the first number in the rightmost maximal decreasing run of v. Note that D, = D,,.

(1)

We consider two cases.

(Case I) Suppose D, = D,. Then {x +1,...,y} are in the same diagonal, and

thus v consists of a single decreasing run [p(p —1)...].

(Case II) Otherwise, D, is below D,. Then D, contains no element of f(w). This

(2)

means ¥y’ is the southeast-most vertex of D, and y’ corresponds to the
simple reflection s, in the heap diagram of H..
We cannot have p = 1 because then it would be impossible to have a
diagonal below D, by Lemma 6.9(b). We also cannot have p = n because
of the following argument: for the sake of contradiction, suppose p = n.
Since the element ag is comparable to every poset element in {1,...,a0}
labeled n (by Lemma 6.7), we have that y' < a¢ in H.. Since f(w)
contains ag but not y’, this contradicts the fact that f(w) is an order
ideal.
Since g’ is the southeast vertex of a diagonal in H. and since p < n,
Lemma 6.9(a) tells us that ¢’ is the minimum element of H,. with label p.
If v has other decreasing runs, they correspond to diagonals below D,,
so by Lemma 6.9(b) they consist of letters smaller than p. Therefore,
supp(v) C {1,...,p}.
First, we will prove that, for any z in H. which corresponds to a letter in wgyr,
the vertex z is in a diagonal above D, and in an antidiagonal below A, .

Let 2z be such a poset element in H.. We know that z is in a diagonal above
D, by definition of the algorithm given in Notation 6.22.

To show that z is in an antidiagonal below A, suppose otherwise. Then
z is in either in A,/ or in an antidiagonal above A,/. So there must be some
element y” € {y/,...,y} in D, such that y”" < z for. This contradicts the fact
that f(w) is an order ideal, since y” ¢ f(w) and z € f(w).

Since D, = D,, we have that z is in a diagonal above D, and z is in
an antidiagonal below A, . Since y’ is a poset element of H, with label p,
Lemma 6.8 tells us that z has label in {p 4 2,...,n}. Thus the letters in wgyu¢
belong to the set {p +2,...,n}. In particular, since w = b, wgy¢, this implies
w(j) = by(j) foreach 1 < j < p+ 1.

Observe that f(by)U{x+1,...,y} is an order ideal because it is equal to f(b,).
Furthermore, none of the newly added poset elements x + 1, ...,y is related
by a covering relation to any poset element z corresponding to a letter in wg,¢
because supp(v) C {1,...,p} while supp(wsut) C {p+2,...,n}, due to parts
(1) and (2), respectively. Since f(w) is an order ideal consisting of f(b,) and
the elements corresponding to wg,¢, we can conclude that f(w)U{z+1,...,y}
is an order ideal; it contains 1 because f(w) does. Hence wwv is a ¢-singleton
containing 1.

Finally, since f(w) and f(wv) are identical except that

flwv) — flw)={x+1,...,y}
= {(azk) + ]., N 7(12;6,1},

every step in the iteration produces the same ag > a1 > -+ > ag_1). Since
f(wv) contains all poset elements 1, ...,y = asg—_1, and also all poset elements
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y+1,...,a3(4—1), the algorithm tells us to that the last entry of the sequence
for f(wv) is ag(—1)- O

EXAMPLE 6.28. Continuing with Examples 6.23 and 6.26, Lemma 6.27 tells us that we
have the following.

(1) The rightmost maximal decreasing run of v is [321], so p = 3. The poset
element 3 from the proof of Lemma 6.27 is also equal to the number 3; in
general p and 3’ need not be equal.

(2) We see that supp(wset) C {p+2,...,n} ={5,6,7,8}.

(3) We have f(wv) = f(w)U{2,3,4,5}, all the highlighted vertices (in both round
disks and rectangles). The permutation wv is a c-singleton containing the
poset element 1.

(4) The decreasing sequence ag > -+ > ag for wv is 27 > 26 > 21 > 19 > 14 >
11> 7.

LEMMA 6.29. Let w be a c-singleton such that f(w) contains the poset element 1 in
H.. Then
k
(5) X(w) = X(b(lo) - Z[X(bam‘,—l) - X(bazl)]
i=1

where ag > a1 > -+ > agy are as defined in Notation 6.22.

Proof. We prove this by induction on k. When k£ = 0, we have w = b,,, and the result
holds.

Suppose the equation holds for all c-singletons w such that f(w) contains 1 for some
k > 0. Let w be a c-singleton such that f(w) contains 1, and its decreasing sequence
of integers ag > a; > -+ > ag(r41) are as defined in Notation 6.22. We need to show
that

k+1
(6) X(w) = X(bao) - Z[X(bam‘fl) - X(ba2i)] :
i=1
Let v be the permutation such that bg,,,, = ba,,,,v, and let v’ = wv. By Lemma

6.27(3) and (4), v’ is a c-singleton such that f(w’) contains 1 and the decreasing
sequence of integers for w’ is ag > a1 > -+ > ag.
By the inductive hypothesis, Equation (5) holds for w’:

k

(7) X(U}/) = X(bao) - Z[X(ba%—l) - X(ba2i)] :
i=1

We now compare the four matrices X (w'), X (w), X (bar+1), and X (bar42). Note
that there exists p such that the following holds:

e supp(v) C {1,...,p}, by Lemma 6.27(1), and
o w(j) = baky2(j) for each j =1,...,p+ 1, by Lemma 6.27(2).

Since supp(v) C {1,...,p}, the permutation v sends the set {1,...,p,p+ 1} to
itself, so
w' () = w(v(j)) = bary2(v(j)) = bary1(j) for each j =1,...,p+ 1.

Thus, the first p+ 1 rows of X (w) and X (bax12) are the same, and the first p + 1 rows
of X(w') and X (bog+1) are the same. This means the first p+ 1 rows of X (w') — X (w)
and X (bog11) — X (bag+2) are the same.

Furthermore, since supp(v) C {1,...,p}, we have

w'(5) = w(j) and bagy1(j) = bars2(j) for each j > p+ 2.
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So, rows p + 2 through n + 1 of the matrices X (w') — X (w) and X (bag+1) — X (bag+2)
are all 0’s. Therefore, we have

X(w') = X(w) = X (bar+1) — X (bart2).

= X(w/) — [X(bgk_H) — X(b2k+2)]

<Z a21 1 (ba21‘,)}> - [X(b2k+1) - X(b2k+2)] by (7)

=1

k+1
a27 l (ba2i)]’
i=1
completing our argument for (6). O

LEMMA 6.30. Let w be a c-singleton such that the order ideal f(w) does not contain
the poset element 1 in H.. Let ¢ := R(1), so that by = sq. Then the following holds.

(1) supp(w) C {g+2,.. n}, that is, w(j) =7 for 1 <j < g+ 1.
(2) Let w' = wsy. Then w' is a c-singleton and f(w') contazns the poset element
1 of H.

(3) Let the decreasing sequence ag > ay > -+ > agy be the sequence for w' defined
in Notation 6.22. Then

k
0( Z 021 1 - baQi)] - O(bl) :

i=1

(4) The two matrices X (w) and

k
Z (121 1 (ba%” - X(bl)

i=1
only differ on the main diagonal.
Proof. First we prove (1). Since the order ideal f(w) does not contain the poset element
1in H,, every element of f(w) is in a diagonal above D; and in an antidiagonal below
Aj. Since the label of poset element 1 is ¢, by Lemma 6.8 the label of every element

of f(w)isin {g+2,...,n}.
Claim (2) is immediate. For (3), we have

k
0( Z azl 1 ba2i)]

i=1

by Lemma 6.24. Then the claim follows from the fact that o(w’) = o(w) + o(b1).
It remains to prove part (4). We subtract the two matrices:

X(w) X Z a2z 1 (ba2i)] - X(bl)

k
(b1)] by Lemma 6.29, since f(w') contains the poset element 1
(w
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Since w’ = wsy, and since ¢ and ¢ + 1 are fixed points of w, we have

w'(q) =q+1, w(q) = ¢,
w'(g+1) =gq, w(g+1)=q+1,

w'(j) = w(j) for each j # q,q+ 1.

This means X (w’) — X (w) is all zeros except for the 2 x 2 square along the diagonal
in rows ¢ and g + 1. This square has —1’s on the diagonal and 1’s as the other two
elements.

Since by = s,4, the matrix X (b;) is the identity matrix with the rows ¢ and ¢+ 1
swapped. Subtracting X (w') — X (w) from X (by), we get that X (b1) — X (w’) + X (w)
is the identity matrix. Therefore, the matrix (8) has 0’s everywhere except along the
main diagonal. (]

EXAMPLE 6.31. As in Examples 6.23, 6.26, and 6.28, consider H, for ¢ = [21365487].
Tts heap diagram is given in Figure 9 (right). The c¢-singleton w with reduced word
[65876878] and one-line notation 123479865 satisfies Lemma 6.30 because it does
not contain the poset element 1 in H.. In this example, ¢ = 2, so by = s9; and
w' = [658768782]. We see that

X(by — X(w'") + X (w)

100000000 100000000 100000000
001000000 001000000 010000000
010000000 010000000 001000000
000100000 000100000 000100000

=(000010000}]-1]000000100|+]000000100
000001000 000000001 000000001
000000100 000000010 000000O01O0
000000010 000001000 000001000
000000001 000010000 000010000
100000000
010000000
001000000
000100000

=(000010000
000001000
000000100
000000010
000000001

which is the identity matrix.

Proof of Theorem 6.21. Let w be any c-singleton. If f(w) contains the element 1 of
the poset H., let the sequence ag > a1 > --- > ag, be as defined in Notation 6.22.
Then, by Lemma 6.29, we have

k
X(’LU) = X(bao) - Z[X(ba%—l) - X(ba2i)] :
i=1
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We apply U, o II. to both sides of the above equation:

k
UeoHo(X(w)) = Ue o He(X (bay)) — Z[UC 0 (X (bay,_,)) — Ue 0 ILe(X (bay, )]
k
= 0(bg,) — Z[o(ba%_l) — 0(ba,,)] by Proposition 6.13

= o(w) by Lemma 6.24

Otherwise, suppose f(w) does not contain the element 1 of the poset H.. Then, by
Lemma 6.30(4) and the fact that II. does not take entries in the main diagonal, the
statement is also true. d

We will now prove our main result, which is about Heap(sort.(wg)). Recall from
Proposition 6.3 that Heap(sort.(wg)) and H. have the same heap diagram (see Re-
mark 6.5).

THEOREM 6.32. The c-Birkhoff polytope Birk(c) is unimodularly equivalent to the order
polytope O(H) where H = Heap(sort.(wyp)).

Proof. The projection II. is injective and preserves lattice points (Theorem 5.9), so it
is a unimodular transformation on Birk(c). By Proposition 6.13, the transformation
U, has determinant 1. Thus U, o II.. is a unimodular transformation on Birk(c). From
Theorem 6.21 we know U, o I, sends vertices of Birk(c) to vertices of O(H). Since the
vertices of Birk(c) are the c-singleton permutation matrices (Remark 3.7), there are
the same number of vertices in Birk(c) and O(H) by Remark 3.4. All points of O(H)
are in the convex hull of its vertices, so we have that O(H) is the image of Birk(c)
under U, o II.. Therefore, U, o II.. is a unimodular transformation which sends Birk(c)
to O(H). O

If dim(O) denotes the dimension of an integral polytope O and Vol(O) denotes the
usual relative volume of O, the normalized volume of O is equal to dim(O)! Vol(O).
The following corollary recovers, and generalizes, a result of Davis and Sagan in [19].

COROLLARY 6.33. The normalized volume of the c-Birkhoff polytope counts the follow-
ng:
(1) linear extensions of Heap(sort.(wp))
(2) reduced words in the commutation class of sort.(wp)
(3) maximal chains in L(c-singletons)
(4) longest chains in the c-Cambrian lattice
(5) mazximal chains in the lattice of permutations which avoid the four patterns
312, 231, 132, and 213, as a sublattice of the weak order on the symmetric
group A,
(6) ways to add indecomposable projective representations and perform the knitting
algorithm for constructing the Auslander—Reiten quiver of the quiver Q(c)

Proof. Let H = Heap(sort.(wy)). Since Birk(c) and O(H) are unimodularly equivalent,
they have the same volume. By Theorem 3.2(3), the normalized volume of O(H) is
equal to the number of linear extensions of H.

By Lemma 2.25, each of the sets (2) through (5) is in bijection with the linear
extensions of H. Furthermore, by Remark 6.10, set (6) is also in bijection with the

linear extensions of H. 0
REMARK 6.34. In Corollary 4.17, we gave an upper bound of ("H) on the dimension

of Aff(c). A consequence of Theorem 6.32 is that Birk(c) and O(Heap(sort.(wp))) have
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FIGURE 10. For ¢ = [1234567] mark with red X’s the entries which are
guaranteed to be zero by Proposition 4.4, and we show the projection
II, with (black) numbers.

the same dimension. Since the latter is full-dimensional, we know this dimension is
("'QH) This implies that Aff(c) is also (";1)—dimensional. In particular, the relations
in Proposition 4.15 are a maximal set of independent relations on Aff(c).

7. EXAMPLES

7.1. TAMARI ORIENTATION. We consider the Tamari Coxeter element ¢ = s189 - S,
throughout this subsection. The statement of Theorem 6.32 in this case gives an
affirmative answer to Question 5.1 of Davis and Sagan’s paper [19].

The Tamari case is special as there are no upper-barred numbers. This means
that, by Proposition 2.22, the c-singletons in the Tamari case are exactly 132 and 312
avoiding permutations. Note that there are 2 permutations in A, which avoid 132
and 312 (see [50]), hence there are 2™ vertices of the ¢-Birkhoff polytope and 2™ order
ideals of Heap(sort.(wg)). Applying Algorithm 6.1 in this case produces a heap as in
Figure 5, which shows the heap for A4 on the left and the heap for general A, on the
right.

The relations on Aff(c) are simpler to describe in the Tamari case. The statement of
Proposition 4.4 reduces to the following: for all X € Aff(c), the entries strictly below
both the main diagonal and main antidiagonal are 0. Figure 10 shows the case of Az;
the entries that are always 0 are depicted by red X’s.

The function v. reduces to v.(i) = ¢ — 1 in the Tamari case, simplifying Lemma
4.10, which allows Theorems 4.11 and 4.13 to be simplified as well.

COROLLARY 7.1. Let ¢ = $189 - - - 8, and let w be a c-singleton. Then, for eachy € [n+1]
and 0 < z <y — 1, there is exactly one value in {w(1),...,w(y)} which is equivalent
to z modulo y.

Consequently, for any point X = (X(i,7)) € Aff(c), we have

ZZX(Z7J) =1

j=zi=1
where our equivalence in the first sum is modulo y.

Proof. When y < "7”, the first statement follows from Lemma 4.10, so suppose
Yy > "T” We can use the same argument as in part 1, case i of the proof of Lemma
4.10 to show we cannot have distinct values 1 < @ < b < y such that w(a) = w(b)
(mod y) even when y > "T'*'Q Then, by the pigeonhole principle, for each z, there is
one i € [y] such that w(i) = z (mod y). The final statement of the corollary again

follows from the fact that this statement is true for all generators of Aff(c). O
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The projection II. is also simple to describe in this case. The entries chosen are
exactly those strictly above the main diagonal, with order given by reading the columns
from right to left, and in each column reading from top to bottom. See Figure 10 for
the example of Ar.

We conclude by giving an example of the unimodular transformation from the
projection of Birk(c) to O(H,) in the Tamari case for Az. The leftmost matrix is U, and
the middle is the result of applying II. to the vertices of Birk(c). The column vectors to
the left of the vertical line are the projections of the vectors X (b;) for 1 < i < 6. The
vectors to the right of the vertical line are the projections of the identity permutation,
Id, and s1s2s3, the two c-singletons which are not non-trivial prefixes of R.. In the
rightmost matrix, we have the indicator vectors of H, = Heap(R.) = Heap([121321]),
where again to the left of the vertical line we have all the vectors of the form o(b;),
and the vectors to the right of the vertical line are o(Id) and o(s;s2s3).

100000 00000100 000001(00
110000 00001000 000011(00
111000 00010001 00011101
100100 00111000 001111(00
000110 01000101 01111101
100101 11000001 11111101

7.2. BIPARTITE ORIENTATION. Let ¢ be the Coxeter element where the odd-indexed
simple transpositions all appear before the even-indexed transpositions throughout
this section. That is, if n is odd let ¢ = s183---$,8284---S,_1 and if n is even let
€= 8183 Sn_18284 - Sp. We refer to these as bipartite Coxeter elements as for each
n the heap Heap(c) consists of only maximal and minimal elements. Figure 11 displays
the heaps for sort.(wp) for bipartite Coxeter elements in A7 and Ag.

S1 S3 S5 7
S2 S4 S6
/ \ / \ 52 54 56 58
S1 S3 S5 S7
\ / \ / 51 53 S5 St
S2 S4 S6
/ \ / S92 S4 Sg S8
S1 S3 S5 S7
N S

»
N
V)
W~
»
o
V)
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V)
flary
w
w
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3
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Vo)
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/N N,/ N\
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fiary
V)
w
V2]
ot
2]
3

FIGURE 11. Left: Heap of the [1357246]-sorting word of the longest
element wy in A7. Right: Heap of the [13572468]-sorting word of the
longest element wq in As.

Notice that in the bipartite case all even numbers in [2, n] will be lower-barred and

all odd numbers in [2,n] will be upper-barred. In particular, from Proposition 2.22, we
have that w € A,, is a ¢-singleton if and only if w avoids patterns 312 and 132 where
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“2” is an even number and patterns 213 and 231 where “2” is an odd number. This
set of conditions is referred to as the alternating scheme in [27] and the number of
c-singletons for each n is enumerated in Theorem 4 of [30]. We mark the entries which
are always 0 by X in each permutation matrix for the bipartite ¢-singleton in A7 and
Ag below.

36 | X |33 X |28 X |21 |13
28 X |25 X 20| X |13
X34 X |29 X |22]|14
X126 X |21] 7 |14
35 X 30| 7 |23|15
27| X |22 8 |15
X 131] 8 |24]16
31239 |16
3219 25|17
24 | 10 | 17
3 10 | 26 | 18
X 11 | 18
X X 27119
5] 1 X X 19
5 cTX T2 X 501 |11 X X 20
21X 16| X |12 X X

Now, we calculate some examples from Lemma 4.10. First, we compute v, and
v.—1 when c is the bipartite Coxeter element [1357246] in A;. Notice that if i < ”T'H,
Ve() + ve-1(i) = 0 and otherwise v.(4) + v.-1(i) =n + 1.

i 12 [3[4[5][6[7]8
ve(d) |01 [-1]2[6]3[5]4
Ver(i) [0 -1 1T |2][2[5[3]4

We pictorially exhibit the relations from Theorems 4.11 and 4.13 for the bipartite
case in A7. In each figure, the sum of all entries with the same suit will be 1. We begin
with the cases y = 2 (left) and y = 3 (right) from Theorem 4.11.

S OX[R[XTOIX] & &AM X|O[X|&[X] N
S O X[ HIX[O|IO| S & XIOIX| &0 b
X AR YRS E IR
X X
X X X X
X X X X X X

Finally, from Theorem 4.11 when y = 4, we get the following relations for A7. These
relations along with column relations imply the relations for y = 4 from Theorem 4.13.

| O X MX]OIX|d
* OIX M X|OIO |
| OV M XTOTO| S
AR LI INARAR..
X
X X
X X X

Lastly, we give the relations for y = 2 (left) and y = 3 (right) from Theorem 4.13.
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X X X X X X
X X X X
X X
X * MO X M & SO
S OO X[ [X[O|® S (6O X X | & O
S X |O|IX S X[O| & | X|QOIX| & X |&| O
For our example, the “diagonal reading word" of H,, as defined in (2), is
R. = [1][321] [54321] [7654321] [765432] [7654] [76] .
Using R., we can compute by, ba, ..., bag. Then the unimodular transformation matrix
U, from the projection of Birk(c) to O(H,) defined in Proposition 6.13 is below.

0 0 0 0 0 0 0

[eloloNoloRoleoloNoleNoloeNeloloNoll o)
[eloloNoloRololoNoeleloloeNolNolall oo NNl
OO0 O0OO0OO0COHKHEHHFLFOODOODOOO
OO0 O0OO0OO0COHHFHOOOOOOOO
OO0 O0OO0OHOODODODOOOOOOOO
O HFEFFRPOOOODOODODODOODOODOOOOOO
O HFOOOOOOODOOOOOOOOO0O
QOO0 OO0OOOO0OO0COOOOOOOOO0O
OO0 O0ODO0OOO0OO0OOOOOOO0O
QOO0 OO0COOOOCOOO0OOOOOOO0O
COCOOO0OO0OOOODOO0OOOOOOOOOOC0O

[eNeleRoloNoleNooololoolololololololololoRo ol S =k =N
[eNeNeNeolololoNeolololoNeoNoNoloN el NoloNeNeNel ool Sl
[ejeololeooolololol"I=i=lclololelolololeloloNolelol ol
COO0OO0O0CO0DO0DO0OO0OO0O0DOOO0OO0OHOOODOOHOODOOO
OHOO0OO0O0OO0OrHROO0OO0OO0OOO0OO0OOKHRFEFEREEOOODOO
QOO0 ODOODO0DO0DOOO0OO0OOHHOODOOOOOOO
[eNeNeNeoloNoloNeNololeNeNeoNolo o Nl Ho oo oo oo oo Nel
HOMFRMFEFOOOORRFERFEFFEFFERFEFFRFRFOOOODODOOOODOOO
OO OO0 O0OORKHRKRHHOODOOODODODOOOODOOO
COO0OO0O0CO0OOORFHFREFRFREFFEFOODOOODODODOOODODODOOO
[eNeoNeNololoNeNeNel e loNo o e Nolo oo N oo o No o No o]
[eNeNeoNololoNeNelol HeNe oo loNoNoloNo oo oo oo No Nl
HFOORHFHRFEPFFRPHFOOODOODODODODODODODOODODODOODOODODOOOO
COO0OO0OHHEHFHFOOODODOOOODODDODODODODDODODOOOOO
COO0OO0OHHOOOOODODOOODODOOO0ODODOOODOODOOO
=N = leololeNolololoNeloNoNoNeNoloNoloNoloNoNoloNolNol
el NeoNolloloNeNeolololoNeoloNoloNoNoloNoNoNoloNoNoNo NNl

coocoococoo
coocoococoo
o~rooococoo
cocoocoococoo
coocoococoo
coocoococoo
coocoococoo
(SR =R=N =Yy
coocor~rocoo
R ROOOO
—ooo0oo0o0oo

This is a unitriangular matrix, and thus has determinant 1.

8. FUTURE WORK

In Definition 3.5, we defined Birk(c) to be the convex hull of the permutation matrices
X (w) of all e-singletons w; and we proved that Birk(c) is unimodularly equivalent to
the order polytope O(Heap([u])) of Heap([u]), where [u] = sort.(wg) which is a reduced
word for wg. Since the c-singletons are in bijection with the order ideals of Heap([u])
(see the bijections Perm and f defined in Proposition 2.19 and Proposition 2.20), the
polytope Birk(c) is equal to the convex hull of

(9) {X(Perm(I)) | I is an order ideal of Heap([u])}.

Inspired by (9), we could similarly define a subpolytope of the Birkhoff polytope
for an arbitrary reduced word. This leads us to the following open question.

QUESTION 8.1. Let w € A, and [u] be a reduced word for w. Is the order polytope
of Heap([u]) unimodularly equivalent to the convex hull of the permutation matrices
corresponding to order ideals of Heap([u]) ?

We used SageMath [24] to compare several polytope invariants including dimensions,
(normalized) volumes, f-vectors for the two polytopes in all cases in Aj, A, A3 and
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Ay, and found that they are always equal except for two counterexamples of [u]:
[3432312343] and [2123243212]. While not conclusive, this data suggests that our main
result, Theorem 6.32, can potentially be extended much further. In the next example,
we explore the counterexample of [2123243212].

EXAMPLE 8.2. Counsider the reduced word R = [2123243212] for wy € A4. The heap
H = Heap(R) of R is illustrated in Figure 12. Since H has ten elements, the order
polytope O(H) is of dimension 10 (see Section 3.1).

51/52
\52
\S
S / 3\5
O
52/ 3
L
\52

FIGURE 12. Heap of [2123243212], a reduced word for the longest
element wg in Ay

On the other hand, consider the subpolytope B of the Birkhoff polytope in A4
defined by taking the convex hull of the permutations corresponding to the order
ideals of H. In contrast to O(H ), the dimension of B is at most 9. To see this, first
we list the twelve permutations.

10000 10000 00100 00100
01000 00100 10000 01000
00100 01000 01000 10000
00010 00010 00010 00010
00001 00001 00001 00001
Id S9 S9851 5981892
00100 00100 00100 00100
01000 00010 01000 00010
00010 01000 00010 01000
10000 10000 00001 00001
00001 00001 10000 10000
$285185283 5285152538592 52818528384 5281852835254
00100 00100 00001 00001
00010 00001 00100 00010
00001 00010 00010 00100
01000 01000 01000 01000
10000 10000 10000 10000
8§9851852853525483 S525152535254583S82 S5251525352545835281 S525158253525453525152
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We notice that none of the permutation matrices has a 1 in entries (1,2), (1,4),
(4,3), (5,2), (5,3), or (5,4). Moreover, we see that each matrix has exactly one nonzero
entry out of the following set {(1,1),(2,1),(3,1), (4,2), (4,3)}. Therefore, we get the
following relations on the affine span of the vectors given by the permutations above:

X(1,2)=0 X(1,4)=0 X(4,3)=0 X(5,2)=0 X(5,3)=0 X(5,4)=0

X(1L,1)+X(2,1)+X(3,1)+X(4,2)+X(4,3)=1

Of the ten row and column relations from Lemma 4.1, we have that any set of 9
is linearly independent but the last would be a linear combination of the 9. Each of
these extra relations is linearly independent with a set of 9 row and column relations.
This implies that the affine span of these vectors lives in at most a 25— (94+6+1) =9
dimensional subspace of R?°. In particular, the convex hull of these vectors cannot be
unimodularly equivalent to the order polytope of Heap([2123243212]) as the latter is
10-dimensional.

We note that the answer to Question 8.1 does depend on the reduced word [u], not
just the permutation w. For example, our main theorem shows that the answer to
Question 8.1 is yes when [u] = sort.(wg) but Example 8.2 shows that the answer to
Question 8.1 is no when [u] = [2123243212], even though both are reduced words for
wo € Ag.

Our second future research direction is to consider other types.

QUESTION 8.3. Does Theorem 6.32 extend beyond type A?

Experiments in SageMath suggest that the answer is generally no. In particular, this
does not seem to hold for type D. However, preliminary computations in SageMath
are promising for type B.

Finally, in the paper that inspired our work, [19], Davis and Sagan explored both
pattern-avoiding Birkhoff polytopes B, (II) and pattern-avoiding permutahedra P, (II).
In this paper we defined ¢-Birkhoff polytopes Birk(c), which coincides with B,, (IT)
when ¢ = s;1...8,-1 and II = {132,312}. Similarly, we can define c-permutahedra as

P(c) ={(a1,...,an) | a1...a, is a c-singleton}
so that P(c) and P, (IT) again coincide when ¢ = s; ...s,_1 and IT = {132, 312}.

QUESTION 8.4. Could any of Davis and Sagan’s results in [19] be recovered or extended
by investigating c-singleton permutahedra?
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