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embedding of the long root geometry for the
group SL(n + 1, K)

Ilaria Cardinali, Luca Giuzzi & Antonio Pasini

ABSTRACT The long root geometry A,, (1) (K) for the special linear group SL(n+1, K) admits
an embedding in the (projective space of) the vector space of the traceless square matrices of
order n+1 with entries in the field K, usually regarded as the natural embedding of A, (1 n} (K).
S. Smith and H. Volklein in [10] have proved that the natural embedding of Aj (1 23(K) is
relatively universal if and only if K is either algebraic over its minimal subfield or perfect with
positive characteristic. They also give some information on the relatively universal embedding of
A27{172}(K) which covers the natural one, but that information is not sufficient to exhaustively
describe it. The “if” part of Smith-Voélklein’s result also holds true for any n, as proved by
Vélklein in [13] in his investigation of the adjoint modules of Chevalley groups. In this paper
we give an explicit description of the relatively universal embedding of A, 1,3 (K) which covers
the natural one. In particular, we prove that this relatively universal embedding has (vector)
dimension equal to ? + n? + 2n where 0 is the transcendence degree of K over its minimal
subfield (if char(K) = 0) or the generating rank of K over KP? (if char(K) = p > 0). Accordingly,
both the “if” and the “only if” part of Smith-Voélklein’s result hold true for every n > 2.

1. INTRODUCTION

1.1. DEFINITIONS, BASICS AND A FEW KNOWN RESULTS. Given a field K and an
integer n > 2, we denote by A, (1 ,1(K) the {1,n}-Grassmannian of a geometry of
type A, defined over K. Explicitly, A, (1,}(K) is the point-line geometry defined as
follows. Its points are the point-hyperplane flags (p, H) of PG(n,K) and it admits two
types of lines, namely the sets £, s of all points (p, X) of A, {1 ,}(K) with S a given
subspace of codimension 2 of PG(n,K), p a given point of S and X a generic hyper-
plane of PG(n,K) containing S and the sets {1,z of all points (z, H) of A, {1 ,,}(K)
with H a given hyperplane of PG(V), L a given line of H and x a generic point of L.
In particular, when n = 2 the 2-codimensional subspaces and the hyperplanes of the
projective plane PG(2, K) are the points and the lines of PG(2, K). In this case ¢, g is
the set of flags (p, X) of PG(2,K) with X a line of PG(2,K) through the point p and
01, mr is the set of flags (z, L) with = a point of the line L of PG(2,K). The geometry
Ay 1,0y (K) is called the point-hyperplane geometry of PG(n,K).
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1.1.1. Terminology for projective embeddings of point-line geometries. We assume
that the reader is familiar with the notions of projective embeddings of a point-line
geometry (henceforth also called embeddings for short), and projections and isomor-
phisms of embeddings. Given two embeddings ¢ and &’ of the same geometry, we say
that & covers &’ if €’ is isomorphic to a projection of e. We recall that an embedding
is relatively universal if it is not covered by any other embedding; it is absolutely
universal if it covers any other embedding of the given geometry.

We refer the reader to Appendix A for a synthetic survey of the relevant notions
we will use and also to Ronan [7], Shult [8] and [9, chp. 4] and Kasikova and Shult
[4] for more on this topic. We only recall the following fact here: every projective
embedding ¢ of a given geometry I' is covered by a relatively universal embedding &,
uniquely determined up to isomorphisms and characterized by the following property:
€ covers all embeddings of I that cover €. We call € the (relatively) universal cover of
e (see [8]).

1.1.2. The natural embedding of A, 11, (K). Let A be the K-vector space of the
(n+1) x (n+ 1) matrices with entries in K having null trace. The natural embedding
of Ay, (1,n3(K) is the projective embedding enat: Ay 1,0} (K) — PG(A) mapping the
point (p, H) of A,, 11,1 (K), where p is represented by a non-null (row) vector v € V' =
V(n+1,K) and H is represented by a non-null linear functional @ € V* (regarded as
a column vector), to the point of PG(A) represented by the (n + 1) x (n + 1)-matrix
a Q.

Note that, as proved in [6, Corollary 1.15], when the field K admits non-trivial
automorphisms, then An,{1,n}(K) admits no absolutely universal embedding. Never-
theless, the (relatively) universal cover of e,,; always exists. We shall denote it by
Enat-

The natural embedding ey,¢ is homogeneous, which means that the full automor-
phism group of A,, 11 ,}(K) lifts to PG(A) as a group of collineations. In particular,
with G = SL(n+1,K), the group G acts (in general unfaithfully) on A turning it into
a G-module. The action of G on A is the adjoint one, that is every g € G maps the
matrix a € A onto a - g := ¢ 'ag € A.

Note that A is just the Lie algebra of G, which is the Weyl module for G associated
with the highest root of the root system of type A, (whence the name long root
geometry of G, often used for A,, 11 ,1(K) in the literature). Clearly, G acts as PSL(n+
1,K) on both the geometry A, {1 ,}(K) and the vector space A.

The full automorphism group of A,, {1 ,,3(K) is contributed by all collineations and
all dualities of PG(n, K). Hence G acts on A, 11 ,1(K) as a proper subgroup of that
group. In particular, G does not act transitively on the set of lines of A, 1 ,1(KK).
Indeed no element of G switches the two families of lines of A, {1 ,3(K). In order
to switch them we need a duality of PG(n,K). Nevertheless G is close to being flag-
transitive on A, 11 »}(K). Indeed it acts transitively on the set of points of A, {1 ,,} (K)
and permutes transitively the lines of each of the two families. Moreover, if £ is a line
of A, {1,,)(K) then the stabilizer of £ in G acts 2-transitively on the set of points of £
and, for every point = = (p, H) of A,, 11 ,}(K), the stabilizer of z in G acts transitively
on the set of lines through z in each of the two families, namely the lines ¢;, g for L
a line of H through p and the lines ¢, s for S a hyperplane of H containing p.

1.1.3. The relatively universal cover of epat. Since enat is homogeneous, its relatively

-~

universal cover Enat: Ay (1,0} (K) = PG(A) is G-homogeneous as well, hence the vec-

tor space A hosting the relatively universal cover £, can be regarded as a G-module.

-~

The group G induced by G on PG(A) stabilizes the &,a¢-image Enat(Ay 1,0} (K)) of
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Ay 1,0y (K) and the transitivity properties of G on A, 1,,3(K) yield corresponding
transitivity properties of G on Epat (A 41,0y (K)).
Let 9 be a point of A, 11 ,3(K) and let £y and £ be two lines on x¢, one from

-~

each of the two families of lines of A,, 11 »}(K). Moreover, let py be a point of PG(A)
and Lo and E{) be two lines of PG(/T) through pg such that the projection of A onto
A maps po, Zo and E{) onto €nat (o), €nat(£0), €nat(€)) respectively. If we know how
G acts on A then Enat (An (1,0} (K)) is basically known. Indeed, for every point z of
Am{l,n}(K), we have © = g(x¢) for some g € G. Accordingly, we can assume that
Enat () = G(Enat(x0)), where g is the lifting of g to A. Similarly for lines.

We call a pair of triples {(xo, €0, £5), (Po, EO, Ef))} as above a pivot for £,,;. Clearly,
changing the pivot amounts to shifting €,.; by a collineation of PG(A\).

Of course, in this way the embedding &,,,¢ is recovered up to collineations of PG(E)
which stabilize every fiber of the projection : A — A. We can then replace €,,¢ with
~ 0 Epat for a collineation v of PG(/T) such that w o~y = .

For n = 2, Smith and Vélklein [10] prove that the module A is a central extension
of A, that is A= M- A where G acts trivially on M. Then, relying on the theory of
cohomology, they prove that the dual M™* of M is isomorphic to the first cohomology
group H'(A* G) = Z1(A*,G)/B'(A*,G), obtaining that ena; = Epna if and only if
M* = 0 if and only if K is algebraic over its minimal subfield or perfect of positive
characteristic. Relying on this result, Vélklein [13, Corollary 1] proves that, if K has
these properties, then, for every split Chevalley group G defined over K but not
of Dynkin type C,, the adjoint module of G affords a relatively universal projective
embedding of the long root geometry associated to G (the C,,-case is excluded because
in this case the ‘adjoint embedding’ of the long-root geometry is Veronesean instead
of projective). In particular, if K is either algebraic or perfect of positive characteristic
then the natural embedding e,a¢ of A, {1,,) (K) is relatively universal.

1.2. THE MAIN RESULT OF THIS PAPER. We shall give an explicit description of
the relatively universal cover &nat : Ay (1,0} (K) — PG(A) of the natural embedding
€nat * Ap {10} (K) = PG(A) for any n. Generalizing the result obtained by Smith and

Volklein [10] for the case n = 2, we firstly prove the following.

LEMMA 1.1. As a G-module, Aisa non-split central extension A=M-A of A and
M* = HY(A*G).

The vector space H'(A*, G) is in turn isomorphic to the space Der(K) of all deriva-
tions of K (Volklein [12], also Theorem C.1 of this paper). So, the dual M* of the
space M we are looking for must be isomorphic to Der(K).

The vector space Der(K) can be described as follows. Let Nger(K) be the largest
subfield of K such that all derivations of K induce the trivial derivation on it. A subset
Q of K\ Nger(K) is a derivation basis of K if for every mapping v : £ — K there
exists a unique derivation d,, € Der(K) such that d, induces v on Q. Referring to
Appendix B for more details, here we only recall the following: every field admits
derivation bases and all derivation bases of a given field have the same cardinality.
So, given a derivation basis Q of K, the vector space Der(K) is canonically isomorphic
to the vector space K of all K-valued functions on €. Thus, we are looking for a
K-vector space M such that M* =2 K.

With € as above, for every w € Q let d,, be the derivation of K such that d,,(w) =1
and d,,(w') = 0 for every w’ € Q ~ {w}. The set {d, }wecq is linearly independent in
Der(K) = K and spans a subspace Derqg(K) of Der(K) isomorphic to the subspace
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KU of K? formed by the functions with finite support. So Der(K) is isomorphic to
the dual of Derg(K), since K is isomorphic to the dual of K®Ifin,

Assuming that M = Derq(K) is the vector space we are looking for, so that A =
M x A as a vector space, we have to find out how the group G acts on M x A. Theorem
2.8 of this paper and the isomorphism Der(K) = H'(A*, G) as described in Theorem
C.1 suggest to try the following action:

1) g:(ma)eMxA — (m+ > Tr(g-do(g™')-a)dy, g 'ag) € M x A
weN

where a € A and g € G are regarded as matrices, d,,(g~!) is the matrix obtained by
applying d,, to each of the entries of the matrix which represents g=1, g -d,(¢7') - a
is the product of the matrices g, d,,(¢g~!) and a@ and Tr(g - d,, (g~ ') - a) is the trace of
the matrix obtained in that way.

Note that d,(g~!) is the null matrix for all but at most finitely many choices of
w € Q since, as we shall show in Appendix B (Proposition B2), for every k € K we
have d,, (k) # 0 for finitely many (possibly no) choices of w € Q. Hence only a finite
number of non-zero summands are involved in the sum Y o Tr(g - du(g™") - a)de.
So, even when (2 is infinite, that sum makes sense.

The following, to be proved in Section 3, is our main theorem.

THEOREM 1.2. As a G module, A is the same as the G-module defined by (1) on M x A

-~

where M = Derq(K) and, up to collineations of PG(A), we can always assume to have
chosen the pivot of the embedding Enat : Ap 11,0} (K) — PG(A) in such a way that Epa
acts as follows.

For every point (p, H) of Ap 1n}(K), if v € V = V(n + 1,K) represents p and
A € V* represents H, then €,y maps (p, H) onto the point of PG(E) represented by
the vector

(2) (O v-du(N) - du, A-v)

weN
where, regarded \ = (\;)I4 as a (column) vector, we put dy,(N) = (dy,(N\;))11]

(Of course, the scalar v - d, () in (2) is the value d,(\)(v) taken by d,(\) € V*
on v). As we shall show in the Appendix B, we have Der(K) = {0} if and only if
K is either algebraic over its minimal subfield or perfect of positive characteristic.
Therefore,

COROLLARY 1.3. The natural embedding enar of An (1,n}(K) is relatively universal if
and only if K is algebraic over its minimal subfield or perfect with positive character-
istic.

REMARK 1.4. An explicit description of A is missing in [10] even for n = 2, which
is the case that paper is devoted to. The authors of [10] prove that, when n = 2, the
G-module A is an extension of A by a trivial G-module M and M* = H'(A*,G)
(= Der(K) ), but they neither describe M when dim(M™*) is infinite nor explain how
G acts on A. All they say on this action is a formula which follows from formula (2.5)
of [10] and should describe the action of G on ﬁ/H for a generic hyperplane H of M.
However that formula is incorrect (it even fails to define an action of G). Indeed both
in that formula and in (2.5) the authors wrongly write g~ - d(g) instead of g-d(g~')
(compare our formula (1)). The correction of that error has been the starting point of
our paper.

Algebraic Combinatorics, Vol. 9 #1 (2026) 234



The relatively universal cover of the adjoint embedding of Ay (1,n}

Organization of the paper. In Section 2 we prepare the tools to be used in the
proof of Lemma 1.1 and Theorem 1.2. In the first part of the section we recall some
generalities on extensions of modules for a given group G. In the second part, given
a geometry I' admitting an action of G as a subgroup of Aut(I') and a G-module
V hosting a G-homogeneous embedding ¢ of I', properties of the extensions of V
which host a cover of € are discussed. Section 3 contains the proofs of Lemma 1.1
and Theorem 1.2. We close our paper with three appendices. In the first appendix
we recall a construction of the relatively universal cover of a given embedding, due
to Ronan [7]. In the second one we give all information on Der(K) to be used in

this paper and in the third one we offer an explicit description of the isomorphism
Der(K) = HY(A*,G).

2. MODULE EXTENSIONS AND PROJECTIVE EMBEDDINGS

Throughout this section G is a given group and K a given field. A right (left) G-module
is a pair (V, p) where V' is a K-vector space and p is a homomorphism from G to the
group of invertible linear transformations of V' such that p(g192)(v) = p(g2)(p(g1)(v))
(respectively p(g1)(p(g2)(v))) for any two elements g;,92 € G and every v € V. By a
little abuse, if a homomorphism p as above is given we say that V is a G-module, for
short. If V' is a right (left) G-module we write v - g (respectively g - v) for p(g)(v), for
every g € G and v € V. We extend this notation to subspaces of V' and subgroups
of G in a natural way. Explicitly, let V' be a right G-module, X and v respectively a
subset and a vector of V and F and g a subset and an element of G. Then we put
X-g:={v-g}vex, vF :={vg}ger and X - F = Uyexv-F = Uger X - ¢. In particular,
v+ G is the orbit of v under G and if X -G = X then G is said to stabilize X. We will
also take the liberty of writing g(v), g(X), F'(v) and F(X) instead of v-g, X - g, v- F
and X - F respectively, but only when this free notation can make our formula easier
to read.

All modules to be considered in the sequel are right G-modules. In particular, given
a (right) G-module V, the action of G on the dual V* of V is defined as follows:

(3) E-g: 2V — Ex-gt), VYgeG, VeEeV™,

In short, £-g = £og~ !, where o stands for composition of mappings. According to this
definition, we have € - (g192) = (£ - g1) - g2 for every choice of £ € V* and ¢1,¢2 € G.
So, given a right G-module structure on V, definition (3) indeed makes V* a right
G-module.

REMARK 2.1. Let V = V(n,K), the vectors of V' and those of V* being regarded as
1 X n matrices and n x 1 matrices respectively. Let G be a group of n X n matrices
acting on V' (on the right) in the natural way: x - g is just the product of the matriz x
times the matriz g. According to (3), the g-image £ - g of a linear functional & € V*
is the product g~ '€ of the inverse of the matriz g times the matriz . As the matrix
g is replaced by its inverse, the group G indeed acts on the right on V*, even if g—!
occurs on the left in the matric product g~ €.

2.1. GENERALITIES ON EXTENSIONS OF (G-MODULES. Given a G-module U, a sub-
module of U is a subspace of U stabilized by G in its action on U. If W is a submod-
ule of U then an action of G is naturally defined on the quotient U/W as follows:
(u+W)-g:=u-g+ W for every coset u+ W of W and every g € G.

Given another G-module V', the module U is an extension of V if U admits a
submodule W, called the kernel of the extension, such that V' = U/W (isomorphism
of G-modules). We write U = W -V to mean that U is an extension of V with
kernel W.
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If dim(W') = d we say that U is a d-extension of V. In particular, if d =1 then U
is a 1-extension of V. In case W = {0} the extension U is trivial.

We say that a non-trivial extension U = W -V splits if there is an injective linear
mapping ¢ : V — U such that ¢(V) is stabilized by G and 7o ¢ = idy, where 7 is the
canonical projection of U onto U/W = V as vector spaces. If this is the case then U
is the direct sum of W and ¢(V) (direct sum of G-modules, of course); with a little
abuse, U = W @V (equivalently U = W x V as only two summands are involved).
An extension U is said to be non-split if it does not split.

Given a subspace Wy of W stabilized by G, the quotient U/W) is again an extension
of V called a quotient of U (a proper quotient if Wy C W).

DEFINITION 2.2. We say that the extension U = W -V of V is totally non-split if
every proper quotient of U is non-split as an extension of V.

The following definitions will also be used in this paper.

DEFINITION 2.3. Let U = W -V be an extension of V. We say that the extension U is

e central if G acts trivially on the kernel W of U,

e 1-complete if U admits no non-split 1-extension,

o 1-universal if every non-split 1-extension of V is isomorphic to a quotient of
U over a hyperplane of W stabilized by G,

e 1-non-split if U/H is a non-split extension of V for every hyperplane H of W
stabilized by G.

REMARK 2.4. If a group acts on a 1-dimensional K-vector space, then it necessarily
acts on it as a subgroup of the multiplicative group of K. Consequently, the trivial
action is the unique action of a perfect group on a 1-dimensional vector space. So, if
G is perfect then all 1-extensions of a G-module V' are central.

Let U = W -V be an extension of V and suppose X is a complement of W in
the vector space U. The elements of V' are then cosets of W so for every v € V the
intersection vy := v N X is an element of X. The map tx: V — X, 1x(v) =vx isa
vector space isomorphism.

For every g € G, we define an action gx of g on X as follows:

(4) gxi$€X—>(($+W)'g)X.

Since (x +W)-g=x-g+ W (with z - g computed in U) and wxy = wnNX =0 for
every w € W, this action is well defined. According to (4), the vector space X can be
regarded as a G-module and ¢x is a module isomorphism.

If X is not stabilized by G in the action of G on U, the subspace X is not a
submodule of U. However vx - g — (v-g)x € W for every v € V and g € G. We put
(5) wx(v,g) == vx-g—(v-g)x
and define Wx as the subspace of W spanned by the elements wx (v, g)’s for v € V
and g € G. The group G acts as follows on Wy :

(6) wx (v,01) - g2 = wx(v,9192) — wx (vg1, g2)-

Also, according to (5)

(7) wx(v,1) = vx —vx =0

for every v € V. (Note that the equality wx(v,1) = 0 can also be deduced formally

from (6), simply putting g; = 1 in that formula). As a consequence of equation (6),
we have the following.

LEMMA 2.5. The group G stabilizes the subspace Wx of W.
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The subspace X is stabilized by G if and only if Wx = {0}. So, U is non-split if
and only if Wx # {0} for every complement X of W. Combining these remarks with
Lemma 2.5 we immediately obtain the following.

PROPOSITION 2.6. The extension U = W -V is totally non-split if and only if Wx =W
for every complement X of W in U.

PROPOSITION 2.7. A central extension U =W -V of V' is totally non-split if and only
if it is 1-non-split.

Proof. The ‘only if’ part of the statement is trivial. We prove the ‘if’ part by contra-
position. Suppose there exists a proper subspace Wy of W such that U/Wj splits as
U/Wo =W/Wy x X where X = V. So, if H is a hyperplane of W containing Wy (nec-
essarily stabilized by G because G acts trivially on W since U is a central extension
by hypothesis) then the extension U/H = W/H -V splits as U/H =W/H x X. O

2.2. CENTRAL 1-EXTENSIONS. As Smith and Volklein recall in [10, pag. 134] the
central 1-extensions of a G-module V correspond in a standard way to the elements
of the first cohomology group H!(V*, G) of G over the dual V* of V. In this subsection
we shall discuss this claim. We shall also recall its proof, since in this case the proof
is more enlightening than the statement itself. We are not going to recall basics on
cohomology of groups. We refer to Hall [3, chapter 15] for them. Of course, many
more expositions are available on this matter, but [3] is enough for our needs.

2.2.1. Preliminaries. Let U = W -V be a central extension of V and X be a comple-
ment of W in U. As G acts trivially on W equation (6) yields

(3) wx (v, 91) = wx (v,9192) — wx(vg1,92), V91,92 € G, Vv € V.
For every v € V define wi (v, +) : G — W as follows:
9 wk(v,9) = wx(v,g”"), Vg € G.

With this notation, we can rewrite (6) as follows:
wi(v,g7'91") = wk(vgr,95") +wk(v,91), Yg1,92 € Gy Yu V.

Replacing g; ! with f; and gy ! with fo and next changing our notation again, renam-
ing f1 and f2 as go and g1 respectively, the above yields

(10) wi (v,9192) = wi(vgy ", g1) + wk (v, 92).

Given g € G, we can regard wk (-, g) as a linear mapping fx(g) : v = w¥k (v, g) from
V to W (in fact to Wx). Accordingly, w% (-, +) can be regarded as the mapping fx
from G to the space L(V, W) of linear mappings from V to W which maps every g € G
onto fx(g). With this notation, the mapping w’ ((+)gy ', g1) : v — wi (vgy ', 1) is
the same as fx(g1) - g2. (Recall that if f is a mapping from a G-module V to a set S

and g € G then f-g= fog™!; compare (3)). With this notation we can rewrite (10)
as follows

(11) Ix(g192) = fx(g1)- 92 + fx(g2)-

Note that fx(1)(v) = 0 for every v € V. Indeed fx(1)(v) = wik(v,1) = wx(v,1)
and wx(v,1) = 0 by (7). Hence fx(1) = 0, namely fx is a 1-cochain of G over
L(V,W). Formula (11) now makes it clear that fx is a 1-cocycle of G over L(V, W),
ie. fx € ZYL(V,W),G).

Let now o € W* be a linear functional of W and, with fx as above, for every
g € G put

(12) ax(g) = aofx(g) =aocwx(-,g7").

Algebraic Combinatorics, Vol. 9 #1 (2026) 237



ILARIA CARDINALI, LUucA Giuzzi & ANTONIO PASINI

So, ax (g) is the linear functional of V* which maps every v € V onto a(wx (v, g~1)).
As fx € ZY(L(V,W),G), the map ay is a 1-cocycle of G over the dual V* of V, i.e.
ax € ZY(V*, Q). Explicitly, ax (1) = 0 and

ax(g192) = ax(g1)- g2 + ax(g2), V91,92 € G.

2.2.2. Central 1-extensions of V and the group H'(V*,G). We are now ready to
prove the main theorem of this subsection. In order to state it properly, we need some
conventions and a definition. Given a G-module V', every central 1-extension of V' can
be realized in K x V' by choosing a function ¢ : V' x G — K satisfying the following
property

(13) d(v,9192) = ¢(v,91) + d(vg1,92), YW eV, Vg1,90 € G

(which is nothing but (8) where wx is now called ¢) and defining the action of G on
K x V as follows:

(14) g (tv) eKxV — (t+¢(v,g),v-9), Vg€G, YveV.

Note that ¢(v,1) = 0 for every v € V, as one can see but putting g; = 1 in (13).

We denote by Uy the extension of V realized in this way. In the theorem we are going
to state only l-extensions of V realized on K x V as explained above are considered.

Given two extensions U = W -V and U’ = W’ -V of the same G-module V,
an isomorphism from the extension U to the extension U’ is just an isomorphism of
G-modules from U to U’ which maps the kernel W of U onto the kernel W' of U’.
However, this notion of isomorphism is unsuitable for the next theorem. The notion
we need in it is the following one.

Let U =W -V and U’ = W' -V be two extensions of ¥V with the same underlying
vector-space structure, namely U = U’ and W = W’ as vector spaces. We say that an
isomorphism of extensions from U to U’ is rigid (with respect to the given underlying
vector-space structure) if it induces the identity mapping on both W and U/W.

Explicitly, if U = W -V and U’ = W’ -V have the same vector space structure,
say U = U' = W x X as vector spaces for a given copy X of the G-module V, and
¥ : U — U’ is a rigid isomorphism from U to U’, then there exists a linear mapping
A X — W such that ¢ maps every vector (w,v) € W x X onto (w + A(v),v). Of
course, for ¥ to be an isomorphism of G-modules the mapping A must satisfy the
following condition:

(15) Av-g) = A@v)-g = wi(v,g) —wx(v,g), Vg €G, Yo eV,
with wx (v, g) and w’ (v, g) defined according to (5) in U and U’ respectively.

THEOREM 2.8. The rigid isomorphism classes of the central 1-extensions of V' bijec-
tively correspond to the elements of HY(V*,G). In particular, all split 1-extensions of
V' are pairwise rigidly isomorphic and their rigid isomorphism class corresponds to

the null element of HY(V*,G).

Proof. Let Uy be the (central) 1-extension of V' defined by a mapping ¢ as previously
explained and let fy : G — V* be the function which maps every g € G onto the linear
functional fs(g) : v € V — ¢(v,g~ ). Property (13) on ¢ implies that ¢(v,1) = 0 for
every v € V. Hence fy(1) = 0 and fy is a 1-cocycle of G over V*, namely f4(1) =0
and

(16) folgrg2) = fo(91) - 92 + fo(g2), V91,92 € G.

Conversely, for every cocycle f € Z'(V*,G) the mapping ¢f : V x G — K defined
by the clause ¢¢(v,g) := f(g7*)(v) yields a central l-extension Us of V. Of course,
de) = U¢ and U¢f = Uf.
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The extension Uy splits if and only if there exists a linear functional A € V* such
that the subspace Vy = {(A(v),v) },ev is stabilized by G in its action on K x V defined
as in (14). This amounts to A(v) + ¢(v,g) = A(v - g), which in turn is equivalent to
folg) = X-g—A. So, Uy splits if and only if f; is 1-coboundary. The above also shows
that, conversely, if f € B'(V*,G) is a 1-coboundary then Uy splits.

So far we have proved that the central 1-extensions defined on K x V by a clause
like (14) bijectively correspond to the elements of Z'(V* @), the split ones corre-
sponding to the elements of BY(V* G). In order to finish the proof it remains to
prove that, with U = Uy, U’ = Uy, f = fs and " = f4, the extensions U and U’
are rigidly isomorphic if and only if f/ — f € BY(V*,G).

Let 9 be a rigid isomorphism from U to U’. Then there exists a linear functional
A € V* such that ¢ maps (¢,v) € U onto (¢t + A(v),v) € U’. In the present setting,
Condition (15) amounts to the following

(17) P(v,9) +A(v-g) = Av) +¢'(v,9), YweV, Vg €G.

Hence ¢/(v,9) — ¢(v,9) = Av - g) — A(v). Equivalently, f'(g~")(v) — f(g7")(v) =
(A-g7 ) (v) — A(v) for every v € V and every g € G. In short, f’ — f is the same as the
coboundary g — A - g — \. Hence f and f’ represent the same element of H'(V*, G).

Conversely let f' = f + 3 for 8 € BY(V*,G), say 8(g) = A — \- g for every g € G
and a suitable A € V*. Then U and U’ are rigidly isomorphic, a rigid isomorphism
¢ : U — U’ being defined as follows: ¢ (t,v) = (t — A(v),v). O

REMARK 2.9. As noticed in Remark 1.4, formula (2.5) of [10] and the formula which
immediately follows from it are incorrect. Indeed in those two formulas Smith and
Vilklein inadvertently put f4(g)(v) equal to ¢(v,g) instead of ¢(v,g~1).

Keeping the assumption that U and U’ have the same vector-space structure, semi-
rigid isomorphisms from U to U’ can also be considered. We define them by dropping
the requirement to induce the identity on W but keeping the hypothesis that the
identity is induced on U/W.

Recall that HY(V*,G) is a vector space over the same field K as V. So, we can
consider the projective geometry PG(H!(V*, G)) of the linear subspaces of H(V*, G).
Keeping the setting implicit in Theorem 2.8 for central 1-extensions of V| consider
semi-rigid isomorphisms of central l-extensions of V. In this setting, a semi-rigid
isomorphism is the composition of a rigid isomorphism with a rescaling t — kt of the
1-dimensional vector space K. Up to a few minor modifications, the proof of Theorem
2.8 also yields the following.

COROLLARY 2.10. The semi-rigid isomorphism classes of the mon-split central 1-
extensions of V bijectively correspond to the points of PG(HY(V*,G)).

2.2.3. Central extensions of rigid G-modules. We say that a G-module V is rigid
if its automorphism group is the center of the group GL(V') of all invertible linear
transformations of V; explicitly, if ¥ € GL(V') centralizes G then ¢ = k-idy for some
k € K~ {0}. For instance,

CLAIM 2.11. The adjoint SL(n + 1, K)-module is rigid.

Proof. This statement is implicit in Taussky and Zassenhaus [11, Theorem 2] but
it can also be proved it in a straightforward way. Let G = SL(n + 1,K) and A =
sl(n+1,K) and let L := GL(A) be the group of all vector space automorphisms of A.
Obviously G, in its adjoint action on A, is a subgroup of L. The automorphism group
of the G-module A is the centralizer C(G) of G in L. All we have to show is that
CL(G) is equal to the center Z(L) of L. Proving this claim is a routine exercise, which
however is a bit laborious. In order to speed up calculations, it is convenient to choose

Algebraic Combinatorics, Vol. 9 #1 (2026) 239



ILARIA CARDINALI, LUucA Giuzzi & ANTONIO PASINI

a set U of generators of G that are easy to handle and check that Cr(U) = Z(L). For
instance, we can choose the union of a standard complete family of root subgroups;
explicitly, U = {I +tex), |t € K, k,h € {1,2,...,n+ 1}, k # h} where ey, is the
square matrix of order n + 1 with all null entries but the (k, h)-entry, which is equal
to 1. The calculations to perform in order to check that with this choice of U indeed
Cr(U) = Z(L), are left to the reader. O

LEMMA 2.12. Suppose V' is a given rigid G-module and U = W -V is a 1-non-split
central extension of V. with W its kernel. Then U/Hy % U/Hy (as G-modules) for
any choice of distinct hyperplanes Hy, Hy of W.

Proof. Up to replacing U with U/(H; N Hy), we can assume with no loss of generality
that dim(W) = 2. So, there exists a basis {wy,ws} of W such that H, = (w;) for
i = 1,2. With the notation of (8), given a complement X of W in U, for every
g € G there exists linear functionals ¢1(-,g),d2(-,9) € X* such that wx(v,g) =
o1 (v, g)wy + Pa(v, g)ws for every v € X. Recall that X can also be equipped with a
G-module structure, where the action gx of g € G on X is defined as in (4).

Suppose by contradiction that U/H; = U/Hs and let ¥ be an isomorphism from
U/H; to U/Hs. Then there exist an automorphism ¢x of X (with X regarded as a
G-module, as explained above) a scalar k € K\ {0} and a linear functional A € X*
such that ¥ (twy,v) = ((kt + A(v))ws,¥x (v)) for every (t,v) € K x X. As ¢ is an
isomorphism of G-modules and G acts trivially on W, for every x € X and g € G we
have

((P2(¥x (), 9) + AMz)) w2, ¥x (2) - 9x) = ((kpr(z,9) + MA@ - gx))w2, ¥x (- gx)),
namely
(18) P2(Vx (2),9) + Mz) = kdi(z,9) + Az - gx).-

However V is central by assumption and X is a copy of the G-module V', which
is rigid by assumption. Hence ¥x = k' - idx for some k' € K~ {0}. Consequently
p2(x (2),9) = ¢p2(kK'x,g) = k' pa(x, g) and (18) amounts to the following:

k 1 1
(19) $2(z,9) = - (¢1(=’E79) + oA gx) - k)\(m)> :
Put p:= k=X and w) := k'~ 'kwy. From (19) we obtain

(200 wx(z,9) = du(w,g)(wr +ws) + (u(x - gx) — p(x))wy, Vo € X, Vg € G.

Let now Hj be the hyperplane of W containing wy + w) (unique since dim(W) = 2
by assumption). In view of (20), the extension U/Hj can be described as the direct
sum K @ X with G acting on it as follows:

(21) g:tereKapX — (t+Az gx)—ANz) Dz 9x,

for every g € G. It is clear from (21) that the subspace X’ := {A(z) ® x}rex of
U/H; = K@ X is stabilized by G. As X’ NK = {0}, the 1-extension U/H3 of V splits
over X', This contradicts the assumption that U is 1-non-split. 0

REMARK 2.13. As a byproduct of (19), two central 1-extensions of a given rigid G-
module are isomorphic (if and) only if they are semi-rigidly isomorphic.

THEOREM 2.14. Let U = W -V be a central extension of a rigid G-module V. Suppose
that U is both 1-non-split and 1-universal. Then all non-split 1-extensions of V are
central and H*(V*,G) = W*.

Algebraic Combinatorics, Vol. 9 #1 (2026) 240



The relatively universal cover of the adjoint embedding of Ay (1,n}

Proof. As U is l-universal, every non-split l-extension of V' can be obtained (up
to isomorphisms) by factorizing U over a hyperplane of W. Since U is central by
assumption, all non-split 1-extensions of V' are central and, since U is also 1-non-
split, U/H is a non-split 1-extension of V for every hyperplane H of W. Moreover,
by Lemma 2.12 no two distinct hyperplanes of W give rise to isomorphic 1-extensions
of V. It follows that the hyperplanes of W bijectively correspond to the isomorphism
classes of the non-split 1-extensions of V. By Corollary 2.10, the hyperplanes of W
bijectively correspond to the points of PG(H(V*,G)).

We still must show that the above bijection between the set of hyperplanes of W
and the set of points of PG(H'(V* @)) is induced by an isomorphism from W* to
H'(V*,G). The isomorphism we look for is provided by equation (12), where for every
a € W*~ {0} a l-cocycle ax € Z1(V*,G) is defined which yields a 1-extension of
V' isomorphic to the extension obtained by factorizing U over the kernel of a. Since
the hyperplanes of W correspond to the points of PG(H!(V*,G)), we are sure that
ax is not a coboundary. Replacing « with ko for a scalar £ € K~ {0} amounts
to replace ax with kax, hence the class [ax] € HY(V*,G) with k[ax]. (Note also
that, if the 1-extension defined by ax is realized on K x V' as implicitly assumed in
Corollary 2.10, when we replace ax with kax we apply a semi-rigid automorphism
to that extension). Clearly, if & and 8 are linear functionals in W* and v = a + 8
then vy = ax + fx. O

2.3. PROJECTIVE EMBEDDINGS AND EXTENSIONS. We remind the reader that, ac-
cording to the definition of projective embedding, if ¢ : I' — PG(V) is a projective
embedding of a point-line geometry I' in the projective space PG(V') of a vector space
V', the image ¢(T") of T by & spans PG(V).

In many (but not all) cases, if the geometry I' admits a (possibly non faithful)
action Gr of a group G as a subgroup of its automorphism group and £: I' — PG(V)
is a Gp-homogeneous projective embedding of T', then the vector space V' is naturally
endowed with a structure of G-module in such a way that the projective action P(G)
of G on PG(V) is just the lifting of Gr to PG(V') through e (hence Gr = P(G) and
P(G) stabilizes e(T")). If this is the case we say that G lifts to V' through €. Henceforth,
when dealing with homogeneous embeddings, we shall always implicitly assume that
this is indeed the case.

Given a G-module V and a point-line geometry I', if I' admits an embedding
e : T — PG(V) such that P(G) stabilizes £(I"), then we say that the module V' hosts
the embedding e.

In the previous paragraphs we distinguish between G and Gr or P(G) but hence-
forth we will freely omit to do so, provided that this abuse will not cause any misun-
derstanding.

Our aim in this subsection is to determine conditions which ensure that, given a
G-module V hosting an embedding € of a geometry I' and an extension U of V', the
G-module U hosts a cover of €, possibly the relatively universal cover of ¢.

Throughout this subsection I" is a given (connected) point-line geometry, G a group
acting (possibly non-faithfully) on I' as a group of automorphisms and ¢ : I' —
PG(V) is a given projective embedding of I'. We assume that G lifts to V' through e.
Accordingly, V is a G-module.

DEFINITION 2.15. With ', G, V and ¢ as above, let ¢/ : I' — PG(V’) be a cover of €
and 9 : V' — V the projection of ¢’ onto . We say that ¢’ is a G-cover of € if G also
lifts to V' through & and % is a morphism of G-modules from V' to V', namely the
kernel W of 9 is stabilized by G and v induces an isomorphism of G-modules from
V'/W to V. (So, V' is an extension of the G-module V' with W as its kernel).
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For instance, let €: ' — PG(‘A/) be the relatively universal cover of €. Then € is a

G-cover of € (Appendix A, Proposition A.1). If moreover V is central as an extension
of V then all covers of ¢ are G-covers.

REMARK 2.16. We need 1 to be a morphism of G-modules for, otherwise, we could
hardly exploit results on module extensions in the investigation of covers of projective
embeddings. However one might wonder if it is really necessary to assume this
property openly in Definition 2.15. Is it not possible to obtain it from a seemingly
weaker but more natural property? For instance, assume only that ¥ maps the action
of G on £'(T') onto the action of G on &(T), namely ¥ (' (p) - g) = Y(E'(p)) - g for
every point p of T' an every g € G. Then, since €' (T') spans PG(V"), the kernel W of
Y is stabilized by G and v maps the action of G on PG(V'/W) onto the action of G
on PG(V). For certain choices of G (when G is perfect, for instance) this forces 1 to
induce an isomorphism of G-modules from V' /W to V', but we do not know if this is
always the case.

LEMMA 2.17. Let € : T — PG(V') be a G-cover of € and suppose that V' is central
as an extension of the G-module V. Suppose moreover that G acts transitively on the
set of points of T'. Then V' is a totally non-split extension of V.

Proof. By way of contradiction suppose that V’ splits, i.e. V/ = W @ X where X is a
complement of W # {0} stabilized by G. Let vg € V'~ W be a representative vector of
a point €’(pg) € &'(T"). So vy = wp + x¢ for suitable vectors wg € W and x5 € X \{0}.
As G acts point-transitively on T, every other point of ¢/(T') can be obtained as
g(e'(po)) for some g € G, so it is represented in V' by vg - g = wog + xog = wo + Tog,
since G acts trivially on W. So, for every point p € T', the point &’(p) can be represented
by a vector of the form wy+x, where wy € W does not depend on p and x,, € X ~{0}.

Let now p; and ps be two collinear points in I'. The vector v := x,, — zp, =
(wo + xp,) — (wo + xp,) represents a point of the line of PG(V”’) through ¢’(p;) and
¢’(p2). That line is a line of £'(T"), since p; and py are collinear in I'. Hence there
exists a point p3 in the line of T' through p; and py such that (v) = &'(p3). However
v € X, since v = x,, — xp, and zp,, Ty, € X. So €'(p3) is represented by a vector
v € X. On the other hand, €'(p3) is represented by wg + x,,. Therefore wy = 0 and
Tp, is proportional to v. So, every point of ¢'(I') is represented by a vector in X.
This implies that ¢'(I") generates PG(X) which is a proper subspace of PG(V’). A
contradiction has been reached.

Therefore V' is non-split. Since V//Wj is a central extension of V', the same ar-
gument used for V'’ applies to V'/Wy. Hence V'/W, is non-split for any arbitrary
proper subspace Wy of W. So, V' is totally non-split. O

In the sequel V/ = W -V is a given extension of V' and 7 is the morphism from
PG(V') to PG(V) induced by the natural projection of V' onto V. For the moment
we assume neither that V' hosts a cover of € nor that it is central as an extension of
V. We also make no assumptions on G.

Given a point p’ € PG(V') ~ PG(W), let p := w(p’). Let G, and G, be the
stabilizers in G of p’ and p in the action of G on respectively PG(V’) and PG(V).
Clearly, G,y C G, but in general G, C Gy,

DEFINITION 2.18.If G,y = G), then we say that p’ is well-stabilized (in G). Similarly,
given a line ¢/ of PG(V') skew with PG(W) let £ = w(¢'). We say that ¢ is well-
stabilized if Gy = Gy.

The group G stabilizes the set of well-stabilized points (lines) of PG(V’). Indeed
if z is a point or a line of PG(V’) then G,., = g7 'G,g. Assuming that z is exterior
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to PG(W), the same holds for 7(x). Note also that 7(z - g) = n(z) - g. Hence G,.4 =
Gr(a).g if and only if Gy = Gr(y)-

LEMMA 2.19. Let O’ be an orbit of G on the set of well-stabilized points (lines) of
PG(V’). Then w bijectively maps O" onto an orbit O of G on the set of points (lines)
of PG(V).

Proof. Since w(z-g) = 7(z) - g for every point or line z of PG(V’) exterior to PG(W),
the projection m maps O" onto an orbit O of G. Let x,y € O'. Then G, = Gr(y)
and Gy = Gr(y). Moreover y = x - g for some g € G. Accordingly, 7(y) = m(z) - g. If
m(x) = 7(y) then g € Gr(,). Hence g € G, since z is well-stabilized. Consequently
Y=z O

DEFINITION 2.20. We say that a point (a line) of PG(V’) N\ PG(W) is an e-point (an
e-line) if m maps it onto a point (a line) of £(T"). Since the group G stabilizes ¢(I") in
its action on PG(V'), it also stabilizes the set of e-points and the set of e-lines in its
action on PG(V’).

DEFINITION 2.21. We say that a well-stabilized e-point p’ € PG(V') is very well-
stabilized (in Q) if the set of e-lines through p’ contains a subset L(p’) of well-stabilized
e-lines such that 7 induces a bijection from L(p’) to the set of lines of £(I") through
the point w(p") of e(I") and the stabilizer of p’ in G stabilizes L(p’).

Clearly, G stabilizes the set of well-stabilized e-points of PG(V").

DEFINITION 2.22. We say that G is semi-flag-transitive on I' if it is transitive on the
set of points of I' and for every line ¢ of I', the stabilizer of ¢ in G is transitive on the
set of points of £.

For instance, SL(n + 1,K) acts semi-flag-transitively but not flag-transitively on
An,{l,n}(K)~

LEMMA 2.23. Suppose that G acts semi-flag-transitively on T' and at least one very
well-stabilized e-point exists in PG(V"). Then the G-module V' admits a submodule
V" satisfying both the following:
(1) W+ V"=V (hence V" is an extension of V. with W N'V" as its kernel);
(2) V" hosts a G-cover e of e and the restriction of ™ to V"' yields the morphism
from the embedding " to the embedding €.

Proof. Let p{, be a very well-stabilized e-point of PG(V’) and L(pj) a set of lines
through pj, as in Definition 2.21. Let O" = {p{,- g}4ec be the orbit of G containing py,.
By the semi-flag-transitivity of G on I' we have that ¢/ C O’ for every line ¢’ € L(p().
Hence ¢/ - g C O’ for every ' € L(p}) and every g € G.

Let TV be the subgeometry of PG(V’) with O’ as the set of points and {¢'-g : ¢’ €
L(pg), g € G} as the set of lines. By Lemma 2.19 the projection 7 induces an isomor-
phism from I to £(T"). Accordingly, the mapping ¢” which maps every point p of T’
onto 7~ 1(g(p)) N O’ is a projective embedding of T in the span (O’) of O" in PG(V").
This embedding is clearly a G-cover of €.

Let V" be the subspace of V' corresponding to (O’). Clearly V" is stabilized by
G and, since £(0’) (which is the point-set of €(I')) spans PG(V), we also have that
W+V"=V. O

THEOREM 2.24. Suppose that G acts semi-flag-transitively on I' and at least one very
well-stabilized e-point exists in PG(V'). Assume also that V' is central as an extension
of V.. The following are equivalent.
(1) The vector space V' hosts a G-cover €' of € and w is the morphism from
g toe.
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(2) The extension V! =W -V is totally non-split.
(3) The eatension V' is 1-non-split.

Proof. The equivalence of claims 2 and 3 has been stated in Proposition 2.7. With
V" as in the statement of Lemma 2.23, the equivalence of 1 and 2 amounts to the
following: V" = V' if and only if V’ is totally non-split. The ‘only if’ part of this
claim follows from Lemma 2.17. Turning to the ‘if’ part, suppose by contradiction
that V/ C V' and put W' = V" N W. Then V'/W' = W/W' & V" /W'. However
V" /W' 2V as stated in claim 1 of Lemma 2.23. So, at least one proper quotient of
V' splits, against the hypotheses made on V. O

THEOREM 2.25. Suppose that G is perfect and V is rigid. Then every 1-universal
1-non-split central extension of V' is 1-complete.

Proof. Let V.= W -V be a l-universal 1-non-split central extension of V. By way
of contradiction suppose V=KV-= (K - W) -V is a non-split extension of V
where dim(K) = 1. By assumption, G acts trivially on W = (K - W)/K and since
it is perfect (perfect groups have trivial 1-dimensional representations), G also acts
trivially on K. So, given a basis {ko} of K, the action of G on K x W is as follows:
g € G maps (k,w) € K x W onto (k + kg(w)ko,w) where k; € W* is a linear
functional of W. Accordingly, gi1g2 maps (k,w) onto (k + kg, 4,(w)ko,w). However
(k,w)-g192 = ((k,w)-g1)-92 = (k+kg, (w)ko+kg, (w)ko, w). Therefore kg, 4, = kg, +kg,
and the action of G on K x W is commutative. Since G is perfect, this action is
necessarily the trivial one, hence k, is always the null functional.

We shall now prove that V = (K x W) -V is a 1-non-split extension of V. Now it
is convenient to regard K x W as a direct sum K @ W rather than a product: in this
way K and W can be regarded as vector subspaces of V.

Suppose for a contradiction that a hyperplane W’ of K & W exists such that 1% JW'
splits. Suppose firstly that W’ contains K. Then the kernel (W + K)/K = W of the
extension (V + K)/K of V admits a hyperplane W’/K such that the quotient of
(V + K)/K over W/K splits. However (V + K)/K = V, which is 1-non-split by
assumption. Therefore W' cannot contain K. Hence K & W = W’ @ K. We are
assuming that V/W’' = (W’ + K)/W’ @ X/W' for a subspace X of V containing
W’ and stabilized by G. Clearly, X = V/ K =V (isomorphisms of G- modules) So
V = K & X where X 2V is stabilized by G. Consequently, the extension V = K -V
splits. This contradicts the assumption that Visa non-split extension of V. Thus, we
are forced to conclude that V is 1-non-split.

Consider now the quotient V/ = V/W = K - (V/W) 2 K - V, which is a non-split
central 1-extension of V (had V' been split then V = K -V would split as well).
However V is l-universal, by assumption. Consequently, this extension can also be
obtained as a quotient of V over a suitable hyperplane H of W. So, we can obtain
V' by factorizing V over two different hyperplanes of K & W, namely W and K & H.
This is impossible in view of Lemma 2.12 since, as proved in the previous paragraph,
V is 1-non-split and V' is rigid by assumption. Ultimately, we have proved that 1%
cannot exist. 0

Let &: ' — PG(I7) be the relatively universal cover of € and let W be the kernel
of the projection 7 : V = V of £ onto e.

Then, as remarked in the comment following Definition 2.15, the embedding £ is a
G-cover of . Accordingly, G acts on 17, stabilizes W and 7 induces an isomorphism
of G-modules from ‘7/W to V.So V =W -V is an extension of V.
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THEOREM 2.26. Let&: I' — PG(V) be the relatively universal cover of ¢ and let W be
the kernel of the projection m:V — V of € onto e. So V.=W -V is an extension of
V. Suppose that G acts trivially on W and semi-flag-transitively on T'. Then both the

following hold.

(1) The extension V =W -V is totally non-split.
(2) Suppose that every mon-split 1-extension of V' contains at least one e-point
very well-stabilized in G. Then the extension V is 1-universal.

Proof. Claim 1 follows from Lemma 2.17. Turning to claim 2, let V/ = K -V be a
non-split 1-extension of V. By assumption, PG(V"’) contains at least one e-point very
well-stabilized by G. Let V" be as in the statement of Lemma 2.23. Then V" = V.
Indeed if otherwise then V" = V and, since dim(K) = 1, claim 2 of Lemma 2.23
(with K in the role of W) forces V' = K ®V = K x V, contradicting the hypothesis
that V' is non-split. So, V" = V' as claimed. Part 1 of Lemma 2.23 now implies that
V' hosts a cover €’ of €. Since € is the universal cover of ¢, it also covers &', namely
we obtain &’ by factorizing V over a subspace (in fact a hyperplane) of W. Clearly
£, being relatively universal, is also the relatively universal cover of ¢’. Hence it is a
G-cover of ¢’. Accordingly, the G-module V' is a quotient of V. Claim 2 is proven. [J

REMARK 2.27. By Theorems 2.25 and 2.26, under the hypotheses of claim 2 of Theo-
rem 2.26, if G is perfect and V is rigid then V s also 1-complete. We conjecture that
a stronger conclusion can be drawn, namely that under these hypotheses V admits no
non-split extensions, but we have done no serious attempts to prove this.

COROLLARY 2.28. Let £: T — PG(V) be the relatively universal cover of e and let W
be the kernel of the projection m : VoV of € onto . So V =W -V is an extension
of V. Suppose that G acts trivially on W and transitively on the set of points of T'.
Suppose moreover that G is perfect and V is rigid.

Let V a 1-universal and 1-non-split central extension of V. and suppose that this
extension hosts a G-cover € of €. Then V = V.

Proof. As & covers € and € is the relatively universal cover of ¢, the embedding &
also covers &. Accordingly, V = V/K for some subspace K of W and ¢ is a G-
cover. Suppose by contradiction that K # {0}. Let H be a hyperplane of K. Then
‘7/H = (K/H)-V is a central 1-extension of V and hosts a G-cover of £&. By Lemma
2.23 with V and ¢ in the roles of V and e respectively and ‘7/H in the role of V’,
we obtain that 17/ H is a non-split 1-extension of V. However, under the hypotheses
assumed on G and V, Theorem 2.25 states that V' admits no non-split 1-extension.
Therefore K = {0}, namely V = V. O

3. PROOF OF LEMMA 1.1 AND THEOREM 1.2
Henceforth T' := A, (1,,,(K), G = SL(n + 1,K), A is the adjoint module for G

-~

described in the Introduction of this paper, eyt : I' = PG(A) and €4 : T' — PG(A)
are respectively the natural embedding of I' and its relatively universal cover and
M is the kernel of the projection from &,,¢ to enat (see Appendix A.1). We know
that e, is G-homogeneous. Since the relatively universal cover of a G-homogeneous
embedding is a G-cover, A= M- A is an extension of the G-module A with M as the
kernel.

3.1. PROOF OF LEMMA 1.1. The next proposition is a generalization of Theorem
(1.4) of [10].
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PROPOSITION 3.1. A = M - A is a central extension of A.

Proof. Throughout the proof of this lemma we adopt the following notation. Given a
subfield F of K and a set X of vectors of a K-vector space V', we denote by (X)r the
F-span of X in V, namely the set of all F-linear combinations of a finite number of
vectors of X . The dimension dimp({X)r) of (X)F is its dimension as an F-vector space.
Chosen a basis B of V, we put V(F) := (B)r and denote by P(V(FF)) the projective
geometry of V(F), regarded as a subgeometry of PG(V), every 1-dimensional subspace
of (B)r being identified with the 1-dimensional subspace of V' containing it.

With V = V(n + 1,K), we denote by I'(F) the point-hyperplane geometry of
PG(V(IF)) = PG(n,F), regarded as a subgeometry of A, (1 ,,} (K). Put G(F) := SL(n+
1,TF) and let A(F) be its adjoint module, these modules being nested in such a way
that if F C F/ then A(F') = (A(F))s. Also M(F) := A(F) N M, where A(F) is the
K-span in A of the set of vectors which represent the points of the image &pa (T'(F)) of
I'(F) in PG(A) via &,a;. Clearly, if F C F/ then A(F) C A(F’), hence M (F) C M(F').
Note also that, for every subfield F of K, the projection of A onto A along M maps
A(F) onto A. Indeed A(F) D A(F) and (A(F))x = A.

Let Ky be the minimal subfield of K. Put Gy := G(Ky) for short. By Cooper-
stein [2] the geometry I'(Ky) admits a generating set X of size n? + 2n = dim(A).
(Cooperstein mentions only finite prime fields in [2], but the results he obtains in that
paper hold as well when K is the field of rational numbers). Therefore, if we choose
a representative vector for every point of £,,:(X) we obtain a set Bx of generators
of A(Kp). However dim(A(Kp)) > dim(A) = n2 + 2n. Accordingly, Bx is a basis of
A(Ko) and dim(A(Ko)) = dim(A) = n% 4 2n. As the projection of A onto A along M
maps E(Ko) onto A, we obtain that E(Ko) is a complement of M in 121\; with no loss,
we can also assume that A(Kg) = A. We have proved that M (K) = {0}.

For every subfield F of K the group Gy, being a subgroup of G(FF), stabilizes M (FF).
Let ® be the set of all subfields F of K such that the action of G on the module M (F)
is trivial. The action of Gy on M (Ky) = {0} is obviously trivial. Hence ® # @. Let
now ({Fi}icr, ) be a chain of subfields of K. For any x € M(lJ,c; Fi) there exists
i € I such that x € M(IF;). It follows that M(U,c; Fi) = U;c; M (F;). Therefore, if
Go acts trivially on M (F;) for every i € I then it also acts trivially on M({J;; F;).
Accordingly, every chain in ® admits an upper bound in ®. By Zorn’s lemma ® admits
a maximal element, say K;.

Proving the lemma amounts to prove that K; = K. Suppose by contradiction that
K; € K. Pick an element v € K\ K; and let Ky := Kj () be the simple extension of
K; by means of 7. In view of Blok and Pasini [1, Corollary 4.8] the geometry I'(Ky) is
generated by T'(K;) and possibly one extra point p € T'(Ky) ~T'(K; ). Therefore A(K;)
has codimension at most 1 in A(Ks). However A(Ky) = M(Kj) - A and A(K;) =
M(Ky) - A. Tt follows that M (K;) has codimension at most 1 in M (Ks). The group
Gy acts trivially on M (K;) by the choice of K;. Therefore M (K;) € M(Ks), since
K; is maximal in ®. So, M(K;) has codimension 1 in M (K7) and, chosen a vector
v e M(Ksy) N M(K;) , we have M(Kz) = M(K;) - (v)k (as a Go-module). Since Gy
acts trivially on both M (K;) and M (Ks)/M (K;) = (v)k, its action on M (K3) can be
only as follows:

(22) (z,tv) - g = (tf(g) + x,tA(g)v), Vg€ Go, Vt €K, Vo € (M(Ky));

where A in a homomorphism from Gy to the multiplicative group of K and f is a
mapping from Gy to the additive group of M (K;) such that

(23) flg192) = f(g1) + A(g1)f(g2),  Vg1,92 € Go.
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However G| is perfect. Hence A(g) = 1 for every g € Go. Accordingly, (23) boils down
to the following:

flg192) = f(g1) + f(92), V1,92 € Go.
So, f is a homomorphism from Gy to the additive group of M(K;). The latter is
commutative while Gy is perfect. Therefore f(g) = 0 for every g € Gy. Formula (22)
now shows that Go centralizes M (Kj), namely Ko € ®. This conclusion contradicts
the maximality of K; in ®.

Therefore K = K; € ® and the action of Gy on M = M(K) is trivial. To conclude,
observe that the group G := SL(n+ 1, K) does not admit any proper normal subgroup
containing Gy. Indeed G/Z(G) is simple. Hence the action of G on M must also be
trivial. O

As noticed in the Introduction, the group G acts semi-flag-transitively on I'. More-
over, it lifts to the adjoint module A through e,,¢; hence &,.¢, being the relatively
universal cover of €,,¢, is a G-cover of €,,,¢. Furthermore A= M- Ais a central exten-
sion of A, as proved in Proposition 3.1. Therefore Ais a totally non-split extension
of A, by Lemma 2.17. In particular:

COROLLARY 3.2. The extension A is 1-non-split.

Before proceeding further, we need to recall a construction of the dual A* of A as
a quotient of the space M, +1(K) of all square matrices of order n + 1 with entries in
K and give some information on the isomorphism H'(A*, G) = Der(K).

The dual module A* of A is isomorphic in a standard way to the G-module
M, +1(K)/(I), where (I) is the space of all scalar matrices, namely the 1-dimensional
subspace of M,,11(K) generated by the identity matrix I. For every o € A* there
exists a unique coset p(a) € My41(K)/(I) such that

(24) ala) = Tr(b-a), Vbe p(a), Ya e A.

(Of course, b-a is the usual row-by-column product of b and a and Tr(b-a) is the trace
of the matrix b-a). The mapping p defined as above is the standard isomorphism from
A* to M, 41(K)/(I). So, we may take the liberty of regarding A* and M,,1(K)/(I)
as the same objects, thus restating (24) as follows:
(25) ala) = Tr(p(a)-a), VYae A¥, Vae€ A,
where p(«) stands for a chosen representative of p(«), the one we like. Henceforth we
shall conform to this setting.

The isomorphism Der(K) = H!(A*, G) can be explained as follows (see Appendix

C, Theorem C.1). For every derivation d € Der(K) let fq : G — A* be defined as
follows:

(26) fa(g)(a) = Ti(g™" -d(g)-a), Vg€G, Vac A,
where ¢ is regarded as a matrix, say g = (gi7j)2j:11, and d(g) := (d(g”))fj_zl1 As d(I)

is the null matrix, the mapping f; is a 1-cochain of G over A*.

CLAaM 3.3. The mapping fq is a 1-cocycle of G over A*. It is a coboundary precisely
when d is the null derivation.

Proof. Recalling that d(g192) = d(g1)g2 + g1d(gz) for any choice of g1,g2 € G and
with the help of well known properties of the trace operator, it is straightforward to
check that fy satisfies (16):

falgr92) = falgr) - g2+ falg2), Vg1,92 € G.

So, fa € Z(A*,G). Turning to the second part of the claim, let f; € B'(A* G).
So, there exists a € A* such that f4(g9)(a) = a(a) — a(gag™?) for every a € A.
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In particular, with ¢’ € Cg(g) such that Tr(¢’) = Tr(g) and a = g — ¢’ we have
fa(9)(g —¢') = 0. By (26) we obtain

(27) Tr(g~'d(g)g) = Tr(g~"d(9)g)

For t € K~ {0}, let g and ¢’ be the diagonal matrices of order n + 1 with
(t,t71,1,1,...,1) and respectively (1,¢,¢t71,1,...,1) as the (n+ 1)-tuples of diagonal
entries. So g¢’ = ¢’g and Tr(g) = Tr(g’). With g and ¢’ chosen in this way we have

Tr(g~"d(g)g) = Tr(d(g)) = (1 —t7?)d(t) and Tr(g~'d(g)g’) = (t' —1)d(?).
Therefore (2 —t=2 —t~1)d(t) = 0 by (27) and the above. Hence either d(t) = 0 or
2t2 —t—1 = 0. However d(t) = 0 in the latter case too, since in that case t is algebraic
over the minimal subfield of K. So, d(¢) = 0 in any case, namely d = 0. O

Clearly, the mapping d : Der(K) — Z'(A*,G)/B'(A*,G) which maps every d €
Der(K) onto the coset fy+ B1(A*,G) is a homomorphism of vector spaces. By Claim
3.3, the homomorphism § is injective and maps Der(K) onto a subspace of H!(A*, G).
Actually, § maps Der(K) onto H'(A*,G) (Appendix C, Theorem C.1). Therefore
Der(K) = H'(A*,G) and § provides an isomorphism from Der(K) to H(A*, G), the
canonical one.

We are now ready to prove our next proposition. Qur proof is actually a general-
ization of an argument used by Smith and Volklein in their proof of Lemma (2.4) of
[10].

PROPOSITION 3.4. FEvery non-split 1-extension of A admits epaq-points very well-
stabilized in G.

Proof. Let V := K- A be a 1l-extension of A, necessarily central since G is perfect.
With the vector space V regarded as the direct product V =K x A of K and A, the
group G acts as follows on V:

(taa’)EK'AH(t+¢(aag)7a'g)€K'A7

where, in view of the proof of Theorem 2.8, ¢(+,g) = fs(g7 ") for a 1-cocycle fy €
ZY(A*, @), with fs, € BY(A*,G) if and only if V splits. So, assuming that V does
not split, we have f, € Z'(A*,G) \ B'(A*, G). The value ¢(a, g) taken by ¢(-,g) at
a € A is thus the value taken by fs(g7 ') at a.

Let [fs] be the element of H'(A*,G) represented by f,. Replacing f; with an-
other representative f of [fy] amounts to replace ¢ with ¢, hence V' with a rigidly
isomorphic copy of V. So, if d is the derivation corresponding to the element [f4] of
H'(A*,G), up to isomorphism, we can choose V so that f, = f4. With this choice,
¢ = ¢pq where
(28) ¢a(a,g) = fa(g™")(a) = Tr(g-d(g™)-a), VgeG, Vae A
Given a € A, let G 4(4) be the stabilizer in G of the 1-space A(a) := (a) 4 in the action
of G on A and Gy (,) the stabilizer of V'(a) := ((0,a))v in the action of G on V. As we
know, G'v(q) € G a(q)- We shall prove that there exist vectors a € A which represent
points A(a) € enat(I') such that Gy (q) = G a(a)-

Take as a the matrix e,41,; all of whose entries are null except for the entry
(n+1,1), which is equal to 1. This matrix represents the point enat(po, Ho) € €nat(T)
where py € PG(n,K) is represented by e; = (1,0,...,0) and the hyperplane Hy of
PG(n,K) is represented by the equation z,,,1 = 0. The stabilizer G 4(c, ., ,) of the
point A(en41,1) consists of the matrices (g,])?jzll € G with g1, = ¢gint1 = 0 for
j > 1and i < n. If g is one of these matrices then g - d(g~1) - ent1,1 = tept1,1 for
some t € K. Consequently, with ¢ chosen as in (28), we have

dalent1,1,9) = Tr(g-d(g™") - engt11) = 0, Vg€ Gaenyy)s
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which implies that Gy, ., ,) = G
V(ent1,1) is well-stabilized in G.

Let ¢y and ¢, be the lines of PG(V) spanned by (0, e,+1,1) and (0,e,,1), respec-
tively (0, en+1,1) and (0, e,,+1,2). The projection of V onto A maps ¢y and ¢}, onto the
lines £4 and ¢/, of e,,4(I") spanned by e,y1,1 and respectively e, 1 and e,+1,2. Hence
both ¢y and ¢{, are ena¢-lines. An argument similar to that exploited in the previous
paragraph shows that both ¢y and ¢, are well-stabilized.

Recall that T' admits two families of lines and, given a point (pg, Hy) € T, the
stabilizer of (pg, Hp) in G permutes transitively the lines through (pg, Ho) in each of
the two families. The lines £4 and ¢/, correspond to lines of I' in different families.
Hence, with Go := G a(e,.,, ), the set La :={la-g,¥) - g}gec, is the full set of lines
of €nat(I') through A(eny1,1). Put Ly == {¢v - g, ¢}, - g}geq,- This is a proper subset of
the set of lines of PG(V') through V(en41,1). Each of the lines in Ly is well-stabilized,
since it is the image by an element of G of ¢y or #{,, which are both well-stabilized.
The projection of V onto A bijectively maps Ly onto L 4. Ultimately, we have proved
that V(ep+1,1) is very well-stabilized. O

)- So far, we have proved that the point

€n41,1

REMARK 3.5. The error mentioned in Remark 1.4, which amounts to take (26) for
(28), spoils also the proof which Smith and Vélklein give for their Lemma 2.4, but in
that context that error has no effect.

COROLLARY 3.6. The extension A = M - A is 1-universal.
Proof. This follows from Propositions 3.1 and 3.4 and Theorem 2.26. d

Corollaries 3.2 and 3.6 together with Proposition 3.1 and Theorem 2.14 (which
can be applied since A is rigid, as stated in Claim 2.11) yield the following, which
completes the proof of Lemma 1.1.

PROPOSITION 3.7. We have M* = H'(A*,G).

REMARK 3.8. The isomorphism M* = H(A* G) has also been obtained by Smith
and Vélklein [10] in case n = 2, but in a way quite different from ours. Their proof
heavily relies on homological algebra. We have preferred a more direct approach.

3.2. PROOF OF THEOREM 1.2. Let A be the extension of A defined as in (1). In (1)
the kernel of this extension is denoted by M, however this can be confusing since
in the previous subsection M stood for the kernel of A which, as far as we know at
this stage, might be different from the kernel of A when dim(Der(K)) is infinite. In
order to avoid any confusion, we denote the kernel of A by M’. So, M’ is equal to the
subspace Derq(K) of Der(K) spanned by {d, }wcq for a given derivation basis 2 of
K.

The mappings from € to K bijectively correspond to the derivations of K. Explicitly,
a mapping v : 0 — K corresponds to the derivation d, described by the following
formal sum:

we
This sum does make sense since, in view of Proposition B.2, for every k € K only a
finite number of summands occur in the sum d,, (k) = ) .o v(w)dy (k). On the other
hand, v also defines a linear functional A, of M’ = Derq(K), uniquely determined
by the condition A, (d,) = v(w) for every w € Q. Accordingly, the derivations of K
bijectively correspond to the linear functionals of M’. If d corresponds to the linear
functional A, then for every a € A we have

(29) Tr(g-d(g™")-a) = MY Tr(g-du(g™) a)dy) = > Tr(g-du(g™") a)A(dw).
weN weR
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With this premise, we turn to A. The extension A is obviously central. Moreover,
LEMMA 3.9. The extension A is both 1-universal and 1-non-split.

Proof. Let V be a non-split 1-extension of A. Then, in view of Theorem 2.8 and
the isomorphism Der(K) = H!(A*,G), we have V = V, for a non-null derivation
d € Der(K), where V; = K x A with G acting on it as in (14) with ¢ = ¢4 as in (28).
If X is the linear functional corresponding to d then

(30) dala,g) = Tr(g-d(g™")-a) = Y Tr(g-du(g™")-a)- A(d)

weN

for every g € G and a € A. This makes it clear that V is isomorphic to the quotient
of A over the kernel of \, which is a hyperplane of M’. Thus we have proved that A
is 1-universal.

Conversely, let A be a non-zero linear functional of M’ and let H be its kernel. Then
A/H is described by the mapping ¢4(-, -) defined by (30), which is the mapping
associated with the derivation d corresponding to A. Clearly d # 0, since A # 0.
Therefore, by Theorem 2.8, the extension V; defined by d is non-split. So, A is also
1-non-split. O

LEMMA 3.10. The extension A admits eyae-points very well-stabilized in G.

Proof. As in the proof of Proposition 3.4, the point represented by (0, e,41,1) is very
well-stabilized. This can be proved in just the same way as in the proof of Proposition
3.4. For instance, in that proof we have shown that, for every derivation d, we have
Tr(gd(g~')ent1,1) = 0 for every g stabilizing (e,11,1). In particular, this holds for
d = d, for every w € (), which is what we need to claim that this point is well-
stabilized. g

COROLLARY 3.11. The extension A hosts a G-cover of €yat.

Proof. In view of Lemmas 3.9 and 3.10, the conclusion follows from Theorem 2.24. [

Lemma 3.9, Corollary 3.11 and Corollary 2.28 now yield the desired conclusion:
PROPOSITION 3.12. 4 = A.

Formula (2) remains to be proved. Let now V = V(n + 1,K) and V* its dual,
with the vectors of V' regarded as rows and those of V* as columns. So, for A € V*
and v € V the tensor product A ® v is just the row-by-column product A - v while
A(v) =v-A=Tr(A-v). The group G, regarded as a group of matrices, acts as follows
on V and V*: every g € G maps v € V onto v-g and A € V* onto g~—!- \. Accordingly,
g maps A - v onto (g71A) - (vg) = g7t (A-v)g, as we know.

Let e; = (1,0,...,0) and 1,41 = (0,...,0,1)%. So, 141 - €1 = €p41,1 is the matrix
we have considered in the proof of Proposition 3.4. The points of e, (") are repre-
sented by the matrices g~ ten119 = (97 ny1) - (e19) = A - v, where A = g7 19,41
and v = e;g. The vector of A which corresponds to A - v is

(Z Tr(g-du(g™") - eng1.1)dw, A - 0).

weR

However

Tr(g-du(g™") - ent11) =
Tr(g - dcu(gil) “NMng1€1) = Tr(dW(gil) “Nng1€1g) = Tr(dW(gil) “Nn1?)
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and d,(g71) - nn+1 = du(9 Mns1) = du()\), because g~ 'd,(n,+1) = 0 (since
dw(nnJrl) 0)

mg-dw<g—1>-en+l,1> = Tr(du(V)v) = v-du(}) (= —du(v) - \).

Formula (2) is proven. The proof of Theorem 1.2 is complete. O

APPENDIX A. THE RELATIVELY UNIVERSAL COVER OF A GIVEN
EMBEDDING

A.1. BASICS ON COVERS OF EMBEDDINGS. Given a (connected) point-line geometry
Ilet e : T — PG(V) and ¢ : T — PG(V’) be two of its projective embeddings.
We say that &' covers e (and we write &’ > ¢) if there exists a semilinear mapping
¢ : V' — V such that e = ¢oe’. The mapping ¢ is surjective (since ¢/ (I') and ¢(T") span
PG(V') and respectively PG(V)). Moreover it is unique up to rescaling (this follows
from the connectedness of T"). We call it the projection of €’ onto . Put W = ker ¢.
We say that W is the kernel of the projection of ' onto . So V=2 V'/W and we say
that ¢ is the quotient of €’ over W, also writing e = ¢'/W.

The embeddings ¢’ and ¢ are said to be isomorphic (and we write e = &’) if ¢ is
bijective. If 1) is not injective we say that &' is a proper cover of € and ¢ is a proper
quotient of €’.

An embedding € is absolutely universal if it covers all embeddings of I". Clearly,
the absolutely universal embedding is unique up to isomorphism. An embedding is
relatively universal if it admits no proper cover.

In general a geometry might or might not afford the absolutely universal embed-
ding. However, Ronan in [7] shows that for every projective embedding of a point-line
geometry € : I' — PG(V) there exists an embedding € : I' — PG(‘A/) covering all
embeddings which cover . Clearly, the embedding & is unique up to isomorphisms
and relatively universal. We call it the (relatively) universal cover of e.

A.2. RONAN’S CONSTRUCTION OF THE RELATIVELY UNIVERSAL COVER. Given a pro-
jective embedding ¢ : I' — PG(V'), for every point p (line £) of " let V,, (respectively
Vi) be the 1-dimensional (2-dimensional) subspace of V' corresponding to e(p) (re-
spectively £(¢)). Denoted by & and .Z the set of points and the set of lines of T', take
a copy V), of V,, and a copy V, of V; for every p € & and every ¢ € Z. All these
copies are assumed to be pairwise disjoint but for sharing the same null vector. Of
course, for every p € & (every ¢ € £) an isomorphism ¢, : V,, = V,, (respectively
¢ Vi — Vp) is given. For every p € & and every ¢ € £ containing p, we put
Lpe =ty " 01y Form the direct sum

= (@ Vpy)a (D Vo).

peEP e’

Let W be the subspace of V spanned by the set
J =A{v—tpe(v) : veV,, pe P el pecl}

Put V := V/W.Then V hosts a projective embedding £ of I" and & covers €. Explicitly,
Ep) =Vy:=(Vp+W)/W and €(¢) = V; := (V+ W) /W for every p € & and every
¢ € &. The natural projection 7y of V' onto V, which maps V,, onto V,, according

to ¢, and V, onto V; according to t¢, induces a projection 7 : V = V of £ onto ¢.
Obviously, ker(7) = ker(my)/W.

As proved by Ronan [7], the embedding & constructed in this way is indeed the
universal cover of e.
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PROPOSITION A.1. With V and 7 as above, every semilinear mapping g of V' stabiliz-
ing €(T") lifts to a unique semilinear mapping g of V' such that 7(0 - g) = 7(0) - g for
every v € V.

Proof. Immediate, since g lifts to a semilinear mapping of V which stabilizes both
the generating set J of W, hence W itself, and the kernel ker(my ) of 7y . O

APPENDIX B. THE VECTOR SPACE OF THE DERIVATIONS OF A FIELD

In this appendix we recall some information on the derivations of a field. The proofs
of the results we are going to state can be found in [14, chp. II, §§12 and 17] (also
[5, chp. VIII]); what of the following is not explicitly included in [14] or [5] is anyway
not too difficult to prove.

A derivation of a field K is a mapping d : K — K such that

(31) dz+y)=d(z)+d(y) and d(zy) = d(z)y + zd(y), Vz,y € K.

The null derivation is the derivation which maps every = € K onto 0. Clearly, the sum
of two derivations is a derivation. Moreover, for every k € K and every derivation d
of K, the mapping kd :  — kd(z) is still a derivation. So, the derivations of K form
a K-vector space, usually denoted by Der(K). (The space Der(K) also admits a Lie
algebra structure, with [d,d'] = dod — d’' o d as the bracket product, but this is not
relevant for us here).

Recall that the algebraic closure in K of a subfield K’ of K is the subfield K of K
formed by all elements of K that are algebraic over K. The set Nge; (K) of the elements
x € K such that d(z) = 0 for every d € Der(K) contains the algebraic closure Ky in K
of the minimal subfield Ky of K. When char(K) = p > 0 then Ny, (K) also contains
the image KP = {2P},cx of the Frobenius endomorphism of K. Note that Ko C K.
Indeed when char(K) = p > 0 and K contains the algebraic closure of Ko, then the
subfield K is the union of all finite subfields of K and all of them are contained in
KP.

The above already entails a complete description of Ny, (K). Indeed, as we shall
state in a few lines (Theorem B.1), when char(K) = 0 then Ny, (K) = Kq while
Nier(K) = K? when char(K) =p > 0.

As will be clear from the sequel, if dim(Der(K)) is infinite then it is uncountable.
When this is the case, we can hardly exhibit even one single example of a vector-basis
of Der(K). Neglecting the vector-bases of Der(K), we introduce the following notion.

A derivation basis of K is a subset Q of K \ Nger(K) such that for every mapping
v : Q — K there exists a unique derivation d, € Der(K) such that v is the restriction
of d,, to §2. Note that 2 = & is allowed. Of course, Q2 = & when K = Ny, (K), namely
K admits only the null derivation.

Recall that, given a subfield K’ of K, a subset X of K is said to generate K over K’
(to K'- generate K, for short) if K'U X generates K as a field. Clearly, a K'-generating
set X of K is minimal only if X N K’ = &.

THEOREM B.1. Every field admits derivation bases and all derivation bases of a given
field have the same cardinality. Moreover,

(1) a field K admits the empty set as its (unique) derivation basis if and only if
K= Nder(K> ;

(2) when char(K) = 0 then Ny (K) is the algebraic closure Ko in K of the min-
imal subfield Ko of K and the derivation bases of K are the transcendence
bases of K over Ky;

(3) when char(K) = p > 0 then Nge,(K) = KP and the derivation bases of K are
the minimal KP-generating sets of K.
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The common cardinality of the derivation bases of a field K will be called the
derivation rank of K and denoted by drk(K). By claim (2) of Theorem B.1, when
char(K) = 0 then drk(K) is the transcendence degree of K over K. When char(K) =
p > 0 then drk(K) is the KP-generating rank of K, namely the common size of the
minimal KP-generating sets. Given a derivation basis 2 of K, when char(K) = 0
every k € K belongs to the algebraic closure in K of the subfield of K generated by
Naer(K) U Q. for a finite (possibly empty) subset € of 2. When char(K) = p > 0
every k € K belongs to the subfield of K generated by Nge, (K) Uy for a finite subset
Qy, of Q. In either case, with the derivation d,, (for w € ) defined as in Section 1.2,
we have d,, (k) # 0 only if w € Q. Consequently,

PROPOSITION B.2. For every k € K, we have d,(k) = 0 for all but finitely many
(possibly no) choices of w € .

Obviously, if Q is a derivation basis of K then Der(K) is isomorphic with the K-
vector space K of all mappings from Q to K. So, if drk(K) is finite then drk(K) =
dim(Der(K)), otherwise drk(K) < dim(Der(K)).

AprPENDIX C. THE 1ISOMORPHISM H!(sl(n + 1,K)* SL(n + 1,K)) = Der(K)

Let A be the adjoint module for the group G = SL(n + 1,K) and let A* be its dual.
Consider the following mapping from Der(K) to the space C1(A*, G) of the 1-cochains
of G over A*:

Der(K) — Cl(A%,G),
d € Der(K) — d4+(d) : i

acA — Tr(g~'d(g)a)

As proved earlier in this paper (Claim 3.3) for every d € Der(K) the mapping § 4+ (d) :
G — A* is indeed a 1-cocycle of G over A* and d4+(d) is a coboundary if and only
if d = 0. Clearly, the mapping 64+ : Der(K) — Z!(A* G) is linear and injective.
Therefore the mapping

5 Der(K) —  H'(A%G)
A {deDer(K) — 6a-(d) + BY(A*,G)

is an injective linear mapping from Der(K) to H(A*,G) = Z1(A*,G)/B'(A*,G). Tt

is an isomorphism if and only if it is surjective. Equivalently, d o= is an isomorphism
if and only if §4+ maps Der(K) onto a complement of B!(A*,G) in Z'(A*,G).

In this appendix, with the help of a celebrated result of Taussky and Zassenhaus
(Theorem 1 of [11]) we shall prove the following,.

THEOREM C.1. Let n > 2. Then the mapping 0 4+ defined as in (32) is an isomorphism
from Der(K) to a complement of BY(A*,G) in Z'(A*,G).

REMARK C.2. The case n = 2 of Theorem C.1 is covered by Lemma (2.2) of Smith
and Vilklein [10]. However the proof that Smith and Vélklein offer for that lemma
is not very clear. They show that if n = 2 then Der(K) = H(A*,G), obtaining this
conclusion from the main theorem of Viélklein [12] and a few more results from the
literature to fix the case where |K| < 9, but they do not explain why this isomorphism is
provided by the mapping 6 4. If dim(Der(K)) < oo then § a-, being linear and injective,
is also surjective and, therefore, it is an isomorphism. However dim(Der(K)) can be
infinite. When this is the case, knowing that Der(K) = H(A*, Q) is of no help.
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C.1. PRELIMINARIES. With G, A and A* as above, let M := M,,;1(K) be the vector
space of square matrices of order n + 1 with entries in K, regarded as a G-module
with G acting by conjugation on it:

geEG : meM — m-g:=g ‘mg.
Clearly, the space C'(M,G) of 1-cochains of G over M properly contains C!(A4, G).
Nevertheless,

LEMMA C.3. We have Z*(M,G) = Z1 (A, G).

Proof. Let f € ZY(M,G). The equality f(gig2) = f(g1) - g2 + f(g2) implies
Tr(f(g192)) = Tr(f(g1)) + Tr(f(g2)). Since G is perfect, the latter equality implies
that Tr(f(g)) = 0 for every g € G. Therefore f(g) € A, since A is the subspace of M
formed by the matrices m € M with Tr(m) = 0. O

Let 8y : Der(K) — C1(M, G) be defined as follows:

Der(K) — C*(M, G),
(33) om
d € Der(K) — dp(d) : g € G — g~ td(g) € M.

Tt is straightforward to check that dp7(d) is indeed a 1-cocycle of G over M for every
d € Der(K). Clearly, §y, is an injective linear map from Der(K) to Z'(M,G). The
following is Theorem 1 of Taussky and Zassenhaus [11].

THEOREM C.4. When either n > 2 or K # F3 the mapping 0y defined as in (33)
is an isomorphism from Der(K) to a complement of BY(M,G) in Z'(M,G). When
n =1 and K = F3 then Der(K) = {0} but |H (M, G)| = 3.

The 1-dimensional subspace K := (I) of M generated by the identity matrix I € M
is the centralizer Cp/(G) of G in M. Given m € M, we denote the coset m + K by
the symbol [m]. As explained in Section 3.1 (formula (24)), the mapping

M/K —s A*
p ac A
] € M/K —s w(im)): [ 1
Tr(ma)

is well defined and provides an isomorphism of G-modules from M /K to the dual A*
of A. Accordingly, x induces an isomorphism from Z'(M/K,G) to Z'(A*,G) which
maps B'(M/K,G) onto B'(A*, G). The composition dy;/x := k' 0 §4- maps every
d € Der(K) onto the cocycle 0y (d) € Z'(M/K, G) acting as follows:

Suyk(d) : ge G — [gtd(g)] € M/K.
So, Theorem C.1 is equivalent to the following.

THEOREM C.5. Letn > 2. Then the mapping dyr/ i defined as above is an isomorphism
from Der(K) to a complement of B*(M/K,G) in Z'(M/K,G).

The rest of this subsection is devoted to a proof of Theorem C.5. We need to
distinguish two cases: the plain case, where either char(K) = 0 or char(K) =p > 0
but p does not divide n + 1 and the singular case, where char(K) = p > 0 divides
n+ 1.
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C.2. THE PLAIN CASE. In this case Tr(I) # 0. Therefore every coset of K in M
meets A in a unique element. Accordingly, M /K and A are isomorphic as G-modules.
Moreover, for my,ms € M, if [my] = [m2] then m; — my - g = ma — mg - g for
every g € G. Therefore every coboundary f,, : ¢ € G - m —m - g of G over M
can be represented by a matrix m € A. It follows that B*(M,G) = B'(A, G). Since
ZYM,G) = Z1(A,G) as stated in Lemma C.3, we immediately obtain Theorem C.5
from Theorem C.4 and the isomorphism M/K = A.

C.3. THE SINGULAR CASE. Now char(K) = p > 0 divides n+1. Consequently Tr(I) =
0 and, therefore, for every [m] € M/K all matrices of [m] have the same trace. We put
Tr([m]) := Tr(m) for m € [m]. Given F € Z'(M/K,G), a 1-cochain f € C*(M,G)
represents F' is [f] = F', namely [f(g)] = F(g) for every g € G.

LEMMA C.6. We have Z*(M/K,G) = Z(A/K,G).

Proof. Let F € ZY(M/K,G). Then Tr(F(g1g1)) = Tr(F(g1)) + Tr(F(g2)) by the
cocycle condition on F' for any choice of g1,¢92 € G. So, the map g € G — Tr(F(g)) is
a homomorphism from G to the additive group of K. However G is perfect. Therefore
Tr(F(g)) = 0 for every g € G. In other words, if f € C1(M/K, G) represents F, then
Tr(f(g)) = 0 for every g € G, namely f € C*(4,G). O

LeMMA C.7. Bvery F € ZY(M/K,G) admits at most one representative in Z*(M, G).

Proof. Let fi, fo € Z'(M,G) be such that [fi] = [f2]. Then there exists a mapping
A : G = K such that f1(g9) — fa(g) = A(g)I for every g € G. However f; — fo €
ZY(M,G). Hence the mapping fy : g € G — A(g)[ is a cocycle. The cocycle condition
on fy forces A(g192) = A(g1) + A(g2). Therefore A is the null mapping, since G is
perfect. O

The following is obvious.

COROLLARY C.8. If every F € ZY(M/K, Q) admits a representative in Z'(M,G) then
the function which maps every F € Z1(M/K,G) onto its representative in Z*(M,G)
(unique by Lemma C.7) is an isomorphism from Z'(M/K,G) to Z*(M,G) and maps
BY(M/K,G) onto B*(M,G).

REMARK C.9. Under the hypotheses of Corollary C.8 we have
ZHA/K,G) = Z'(M/K,G) = ZY(M,G) = Z'(A,G)

and the isomorphism from Z*(M/K,G) to Z'(M,G) induces an isomorphism from
BY(M/K,G) = BY(A/K,G) to BY(M,G). Hence

HY(A/K,G) = H'(M/K,G) = H'(M,G).
However, under the hypotheses we have made on K, the space H(M,G) is a proper
homomorphic image of H'(A,G), with kernel of dimension 1. Indeed B'(A,G) C
BY(M, G) has codimension 1 in BY(M,G), the complements of B*(A,G) in B*(M,G)

being provided by the K-spans of the coboundaries f, : g € G - m—m-g form e M
such that Tr(m) # 0.

If the hypothesis of Corollary C.8 is satisfied then the statement of Theorem C.5
immediately follows from Theorem C.4. So, in order to obtain Theorem C.5 we only
need to prove the following:

Cram C.10. Bvery F € ZY(M/K,G) admits a representative in Z*(M,G).
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Proof. Note firstly that if n = 2 and K = F3 then H'(M/K,G) = {0}, as Smith and
Volklein show in the proof of Lemma (2.2) of [10]. On the other hand, Der(F5) = {0}.
So, in this case there is nothing to prove. Accordingly, henceforth we assume that
(n7 K) 7é (27 ]FS)'

As in proof of Claim 2.11, we denote by e; ; the square matrix with all null entries
except the (i.j)-entry, which is 1. Also, w; j(t) :== I +te; j. So, U = {u; ;(t) | i #j, t €
K} is a (redundant) set of generators of G.

Put J := {1,2,...,n + 1} and, given k € J, let J := J ~ {k}. We set Uy, :=
{ui;(t) | t € K, i,j € Jx, © # j} and denote by Gy and M}, the subgroup of G
generated by Uy and respectively the subspace of M generated by {e; ;}i je,. Clearly
M, =2 M,(K) and Gy = SL(n,K) is the derived subgroup of the stabilizer in G of
both the subspace M}, of M and the matrix ey, € M.

Let m : M — Mj be the projection of M onto M} which maps every matrix
m= 3 icgMijei; of M onto [mly = mp(m) =32, ;o7 mijei,;. With this notation
9 =gl + ex.r for every g € Gi, and |m - g, = [mu| - g = |my| - |g[x for every m € M
and every g € Gy. If we want to be pedantic, the groups Gy and 7, (Gy) are different
but, since they are isomorphic in an obvious way, we shall regard them as the same
object. Accordingly, if g € Gy, we shall omit to distinguish between g and |g|x. The
obvious isomorphisms G, = SL(n,K) and M}, = M, (K) provide an isomorphism of
modules from (My, Gy) to (M, (K),SL(n,K)). Also, if K} = m;(K) is the K-span of
|7| in My, and K is the subspace of M,,(K) spanned by the identity matrix of M, (K),
then the isomorphism from (My, G) to (M, (K),SL(n,K)) induces an isomorphism
from (My /Ky, Gy) to (M, (K)/K',SL(n, K)).

Let F € ZY(M/K,G). Given k € J the restriction Fy, : g € Gy, — m(F(g)) €
My /Ky of F to Gy, is a cocycle of Gy over My /Kj. The characteristic p of K does
not divide n, as p divides n+ 1 by assumption. Therefore the module (M /Ky, G,) =
(M, (K),SL(n,K)) falls into the plain case, but with n replaced by n — 1. We have
already proved that the conclusion of Theorem C.5 holds true in the plain case. (That
conclusion holds true also if n = 2, since our assumption that (n,K) # (2,F3) forbids
the exceptional case of Theorem C.1 to occur for (M, Gy)). Therefore there exist a
unique derivation dy € Der(K) and a representative fi € C1(M,G) of F such that
|fi(9)lk = g7 di(g) for every g € Gy. Accordingly, fr(g) = g~ 'dx(g) + mx(g) for a
suitable matrix my(g) = m k(9)erk + 22,y (M (9)eir + mii(g)er:)-

We have Tr(fx(g)) = Tr(g'dk(g)) + mx x(g). However Tr(g~'dx(g)) = 0 because
g tdi(g) € My, (C M), the mapping &pr, (di) : g € Gx — g tdi(g) is a cocycle of
G}, over My, and Z'(My, Gy) = Z'(Ay,Gr) by Lemma C.3, where A, C M;, is the
subspace formed by the traceless matrices of Mj. Moreover Tr(fx(g)) = 0 by Lemma
C.6 (on (M, @)). Therefore my, 1 (g) = 0. So,

(34) fe(9) = g7 di(9) + Y (mik(9)ein + mui(g)er)-
ik
We call fir a k-partial cocycle. If f, and f; are two k-partial cocycles which both
represent F, then fi(g) — f.(g) € K for every g € G. As dj, is uniquely determined
by k, equation (34) implies that fi(g) = fi.(g) for every g € G.
So far we have assumed only that n > 2 but from here on we need to distinguish
the case of n > 3 from the case n = 2.

Case 1. Let n > 3. Let ¢ = w;;(t) € U and, for k,h € J ~ {i,j} and let f
and f; be a k-partial cocycle and a h-partial cocycle which both represent F. As
u; j(t) € Gy N G, have fi(u; ;(t)) — fa(ui;(t)) € K. Recall that u; ;(¢)™1 =1 — te; ;
and d(u; j(t)) = d(t)e; ; for every derivation d. Hence u; ;(t) " d(u; ;(t)) = d(u; ;(t)) =
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d(t)e; ; for every derivation d. In view of this fact and equation (34), the condition
Jr(ui;(t)) — fu(uij(t)) € K is equivalent to the following, where X is a suitable
mapping from K to K and we write m,. k, Mg, Mg p, My s instead of m, g (u; ;(t)),
My (i (1)), ms k(w;;(t)) and my s(u; ;(t)), for short.

(35) (di(t) —dn(t))eij+ Y (Mrrrk+mprerr) = > (Menesn+mnsens) = At
r#k s#h

This equation implies A(¢) = 0 and di(t) = dp(t) for every t € K. Hence di, = dp,
namely dj does not depend on the particular choice of k. Accordingly, henceforth we
write d instead of dy.

Equation (35) also implies that m,. x(g) = my (g) = 0 for r & {k, h} and m; »(g) =
mps(g) =0 for s & {h,k}. So, for g = u; ;(t) and {k,h} N {i,j} = @ equation (34)
boils down to the following:

(36) filg) = g7 'd(g) + Mp keh.k + Mi.n(g)er h-

Given k ¢ {i,j}, equation (36) holds for every h & {i,j,k}. If n > 3 then, given
k & {i,j}, at least two choices are left for h & {i, 7, k}. Consequently (36) implies
that mp k(9) = mrnr(g) = 0, namely fi(g) = g 'd(g). In this case F admits a
representative f € C1(M,G) such that f(g) = dp(d)(g) = g~ 'd(g) for every g € U.
As U is a set of generators for G, the cocycle dp/(d) is a representative of F. So,
Claim C.10 is proved. Actually, we have proved more than that claim. Indeed we have
proved just the statement of Theorem C.5.

Let now n = 3. Then (36) shows that, for every partition {{i,j},{k,h}} of
{1,2,3,4}, the cocycle F admits a representative fr ) € C1(M, Q) such that

(37) frreny(uii(8) = d(t)ei; +mp ki j(t)enk + M i j(t)ern

for suitable functions mp ;i ;, Mk ha; 0 K — K. Since {i,j} N {k,h} = &, we have
wi j (t)up,n(s) = up,s(s)u; j(t). By (37) and the cocycle condition on F', this equality
implies that there exists a mapping A : K x K — K such that

(38) s ki i (8)(enn — €kg) — 82mp ki i (E)ern+
+tm ik n(s)(eii — €j5) + Pmjakn(s)ei; = At, s)1.

Therefore szmhkﬂ-,j(t) = tQmj’i;k,h(s) = 0 for every choice of s,t € K, namely
M ki (t) = My n(s) = 0 for any s,t € K. Consequently, A(t,s) = smp ky,;(t) =
tm;ikn(s) = 0. By the same argument but with wuy n(s) replaced by wup i(s) we
also obtain that my 5 ;(t) = 0 for every ¢t € K. Accordingly, (37) just says that
Jie,ny (i j(t)) = d(t)e; ;. The conclusion now follows in the same way as when n > 3.

Case 2. Let n = 2. Formula (34) is still valid but we cannot use it to compare
Jr(ui;(t) with fp(u;;(t)) for h & {3,7,k}, since now {i,j,k} = {1,2,3} = J. We
shall exploit commutation relations on pairs of elements of the set U of generators we
have chosen for G. In view of this task, having introduced a bit more notation will be
helpful.

Given two matrices my,mg € M, if my — mo € K then we write m; = mo. With
this notation, given three representatives f, f/, f of Fin C'(M, G) and two elements
g1, g2 of G, the cocycle condition on F implies that

(39) fla1) g2+ f'(g2) = f"(g192)-
Consequently, if g1g2 = go2g1 then
(40) flg1) g2+ f(92) = f'(g2) 91+ fgn).
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From (39) with ¢ = g and g2 = g~ we also obtain

(41) fla™) = ~flg) 97"

Let (g1,92) = 919297 “g5* be the commutator of g, and g. By (39) and (41) we
obtain

(42)  f"((91.92) = fl91) - 9291 95" + (f'(92) = F(90) 91 92" — F'(92) 9
With the help of (40), recalling that u; ;(t) and ug 5 (s) commute when either j = h
or i = k, from (34) we obtain that for every ordering (4, j, k) of {1,2,3} there exist
scalars a; j, b; ; € K such that

(43) fk(um- (t)) = dk(t)ei,j + am- (te;m- — t2€k7j) + bi,j (t2€i,k -+ tej’k), Yt c K.

Moreover a; j+a; ; = 0 and b; j+bi ; = 0 for every ordering (7, j, k) of {1,2,3}. Recall
now that also (u; ;(t),u;x(s)) = u; x(ts) for every ordering (4, j, k) of {1,2,3}. With
elementary but laborious calculations from (42) we obtain that a; ; =0, ; j = b, =0
and

(44) dk(t) + dz(S) = dj(ts), Vi, s € K.
Equation (44) implies that d = d; = d; = d for a unique derivation d € Der(K),
while the conditions a; ; = b; ; = 0 imply that

fuluij(t) = d(t)eiy (= (I —teij)d(tes; = ui;(t)" d(t)eiy).
As in the previous cases, [0y (d)(u)] = F(u) for every generator u € U of G. The
conclusion follows. O

The proof of Theorem C.5 is complete. Thus, Theorem C.1 is proven.
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