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An intersection matrix for affine hyperplane

arrangements

Jens Niklas Eberhardt & Carl Mautner

ABSTRACT For a real affine hyperplane arrangement, we define an integer intersection matrix
with a natural ¢g-deformation related to the intersections of bounded chambers of the arrange-
ment. By connecting the integer matrix to a bilinear form of Schechtman—Varchenko, we show
that there is a closed formula for its determinant that only depends on the combinatorics of
the underlying matroid. We conjecture an analogous formula for its g-deformation. Our work
also applies more generally in the setting of affine oriented matroids.

Additionally, we give a representation-theoretic interpretation of our g-intersection ma-
trix using Braden—Licata—Proudfoot—Webster’s hypertoric category O (or more generally
Kowalenko—Mautner’s category O for oriented matroid programs). This paper is part of a
broader program to categorify matroidal Schur algebras defined by Braden—Mautner.

1. INTRODUCTION

1.1. AN INTERSECTION MATRIX ASSOCIATED TO HYPERPLANE ARRANGEMENTS. Let
C be an arrangement of n affine hyperplanes in R”. We assume that the hyperplanes
are generically translated, so that the intersection of any d hyperplanes is either empty
or of codimension d. We further assume that the associated central arrangement Cgy
is essential.

We now explain how to associate an integer intersection matrix to Py(C), the set
of bounded regions of the arrangement C (meaning bounded connected components
of the complement of the hyperplanes R" — .. H).

Note that our assumptions imply that the closure A of any bounded region A is a
simple polytope. For a simple polytope P of dimension d, let fo(P) be the number of
vertices of P, and more generally for i = 0,1,...,d, let f;(P) denote the number of
i-faces of P. For regions A, B, let d(A, B) be the number of hyperplanes separating
them.

DEFINITION 1.1. For bounded regions A, B € Py(C), let
S(A,B) = (-)™P) . fo(An B).

Fix an ordering on the set Po(C). The intersection matriz S(C) is the matriz with
rows and columns labelled by Py(C) and (A, B)-entry given by S(A, B).

REMARK 1.2. For unimodular hyperplane arrangements, the matrix S(C) appeared
in [13] where it was identified with an intersection form in the cohomology of the
corresponding smooth hypertoric variety, see Section 3.
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ExAMPLE 1.3. Consider the following two arrangements C and C’ with two bounded
chambers that differ by a translation of one of the hyperplanes.

H3 H4 H3 H4
H
A '
By "
2
A, B
H2 Hl

The corresponding intersection matrices are

31 y 3 =2
S(C) = (13>7 S(C") = (_2 4>.

A first objective of this paper is to relate the matrix S to a bilinear form defined
by Schechtman—Varchenko [17] for hyperplane arrangements. Then using a formula
of Schechtman—Varchenko it follows that the determinant of S can be described in
terms of the combinatorics of the underlying matroid M associated to C defined by
normal vectors to the affine hyperplanes.

To state the determinant formula we need the following notation. Let I be the
ground set of the matroid M. Denote by F the set of coloop-free flats and by u the
Mébbius function of the matroid M. For any flat K, let u* (K) = (—1)"5) u(, K) be
the unsigned Mobius function, which is always positive and equal to the number of
nbc bases of K. Crapo’s beta invariant S(K) for a flat K is defined as

BEK) == (-1 Y WK )r(K),

K"'K'<K

where K’ runs over all flats contained in K. The beta invariant can be computed
by using the following formula, which holds for any e € I that is neither a loop nor
coloop,

B(M) = (M —e) + B(M]e),

together with the facts that S(M) = 0if M is a loop or is not connected and S(M) = 1
if M is a coloop. In particular it follows that, for any matroid M, (M) = 0.

THEOREM 1.4 (Determinant formula). The determinant of the matriz S(C) is

detS(@C) = ] [\K[PM/FORTMUDT),
KeF\{I}

Note that while the matrix S(C) depends on the choice of generic translation, the
theorem implies that its determinant does not.

ExaMPLE 1.5. In Example 1.3, the proper coloop-free flats in the underlying matroid
M are @ and F = {Hy, Ho}. Indeed, we find that

det(C) = det(C') = 8 = 41 - 21 = |T|PADu" (@) | 1\ | BM/F)u™ (M(F)¥)
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1.2. A ¢-INTERSECTION MATRIX. The second objective of this paper is to introduce
a g-version of the intersection matrix and a conjectural determinant formula.

For a simple polytope P of dimension d, the h-polynomial of P is defined as h(z) =
f(z—1), where f(z) = fo(P) + fi(P)z + fa(P)z?+ ...+ fa(P)x?. In particular, note
that A(1) = £(0) = fo(P).

DEFINITION 1.6. For bounded regions A, B € Py(C), let
Sq(A» B) = (_Q)d(A)B) ’ h(Z N E, q2)7

where h(P,q?) is the h-polynomial of P evaluated at ¢°.
Fiz an ordering on the set Py(C). The g-intersection matriz S,(C) is the matriz
with rows and columns labelled by Py(C) and (A, B)-entry given by S,(A, B).

Note that if we set ¢ = 1 in the expression for S,(4, B), we recover S(4, B) =
(=1)¥AB) . f3(A A B), so S1(C) = S(C).

In Theorem 3.1 we give an algebraic interpretation of the matrix S,(C). Namely,
we show that the g-matrix S, (C) appears as a Gram matrix for the Euler form on the
Grothendieck group of hypertoric category O defined by Braden-Licata—Proudfoot—
Webster [6, 7).

For a positive integer n, let [n],2 =1+ ¢% + ...+ ¢>" 2

CONJECTURE 1.7. The determinant of the matriz Sq(C) is

M/K)ut(M(K)*
det S4(C) = H U[\KHQBQ( /)t (M(K)*)
KeF\{I}

ExAMPLE 1.8. Returning to Example 1.3, the g-intersection matrices are
_(1+P+¢t (=97 N (1+@+q* —q(1+¢%)
Sq(c) - ( (7(])2 1 +q2 +q4 ) Sq(c ) - 7q(1 + q2) 1 +2q2 +q4 .
It follows that
det S,(C) = det So(C") = (1+ ¢ + ¢* + ¢°)(¢* + 1) = [4]2[2] 2.

The coloop-free flats # I = {Hy,...,H} in the underlying matroid M are ¢ and
F = {Hy, Hy} and so

M/K)ut (M(K)* Mut M/FYut (M (F)*
[T (g oMo QIR S0 @ p | S OIEDT) — (4] 2] o
KeF\{I}

in agreement with our conjecture.

1.3. MOTIVATION FROM MATROIDAL SCHUR ALGEBRAS. In [8], Braden and the sec-
ond author introduced matroidal Schur algebras, a class of cellular (in fact quasi-
hereditary) algebras associated to any matroid M, and showed that the canonical
bilinear forms associated to their cell modules can be identified with Schechtman—
Varchenko’s (or more generally Brylawski—Varchenko’s [10]) bilinear forms on flag
space for the dual matroid M*. From the proof of Theorem 1.4 it follows that for any
hyperplane arrangement C as above, the matrix S(C) is a Gram matrix for the bilin-
ear form on a cell module for the matroidal Schur algebra associated to the matroid
underlying Cy.

We expect that for the matroid represented by Cy there is a natural g-analogue of
the matroidal Schur algebras for which S4(C) is a Gram matrix for the bilinear form
on a cell module and that this g-matroidal Schur algebra is categorified by hypertoric
Harish-Chandra bimodules.

For general non-representable matroids, it is not clear to us how to define an
analogue of S;(C). However, in the next section we explain how our definitions and
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results do naturally extend to the setting of affine oriented matroids. This gives hope
that one could define g-matroidal Schur algebras at least for orientable matroids.

1.4. INTERSECTION MATRICES FOR AFFINE ORIENTED MATROIDS. A reader who is
only interested in hyperplane arrangements may skip this section. We will assume
knowledge of the basics of oriented matroid theory and refer to the book [3] for
definitions.

In this context, the role of the central arrangement Cy is played by an oriented
matroid M, while the role of the affine arrangement C is played by an affine oriented
matroid (M, g). We assume that M/g = M and that (M, g) is generic in the sense
that for any cocircuit Y of M, if |2(Y)| > d, then Y(g) = 0. Note that every cen-
tral arrangement Cy and any arrangement C obtained from generic translation of the
hyperplanes as above naturally gives rise to an underlying oriented matroid M and
affine oriented matroid (M, g), generic in the sense described (see [15, Example 2.4]).

Let £ denote the set of covectors of M and let £t = {X € L | X(g) = +} be
the affine face lattice of M. Let £** be the bounded complex, defined as the set of
covectors, of which all faces are in £*. The maximal elements of L1 are the topes of
M. Let Py(M) denote the bounded topes of M, or equivalently the maximal elements
of £1%. By our assumption on M, for any A € PO(M), the opposite poset of all faces
of A in L, known as the Las Vergnas face lattice §,(A) of A, is the face lattice of
a pure simplicial complex, whose vertices correspond to the facets of Y and whose
maximal simplices correspond to the cocircuit faces of Y.

Like we did for polytopes, for any bounded covector Y of rank d + 1, let fo(Y)
be the number of cocircuit faces of Y, and more generally for ¢ = 0,1,...,d, let
fi(Y) denote the number of rank i + 1-faces of Y and h(Y,z) = f(Y,z — 1), where
fY,z) = foV) + i)z + fo(Y)2? + ... + fo(Y)z? For topes A, B, let d(A, B) be
the number of i € I such that A(i) # B(3).

DEFINITION 1.9. For topes A, B € Py(M), let
S(A,B) = (=1)"P) - fo(A A B)
and
Sq(A, B) = (=)™ - (A A B, %),
Fiz an ordering on the set Po(M) and let S(M) (resp. Sq(M)) be the matriz with rows

and columns labelled by Po(M) and (A, B)-entry given by S(A, B) (resp. S4(A, B)).
REMARK 1.10. In the setting of affine oriented matroids, Theorem 3.1 also gives an
algebraic interpretation of this matrix. Namely, S,(M) appears as a Gram matrix
for the Euler form on the Grothendieck group of category O for an oriented matroid
program defined in [15], which generalizes hypertoric category O.

Let M be the underlying (unoriented) matroid of M and again let F denote the
set of coloop-free flats of M. Then we have the following extension of Theorem 1.4:

THEOREM 1.11. The determinant of the matriz S(M) is
det S(M) = n |I\K|ﬂ(M/K)/L+(M(K)*)-
KeF\{I}

We expect that Conjecture 1.7 also holds in this more general setting:

CONJECTURE 1.12. The determinant of the matriz Sy(M) is
~ M/K)pt (M(K)*
det S, (M) = [ [I\[)M/Fm QO™
KeF\(I}
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1.5. RELATION TO OTHER WORK. The bilinear forms of Schechtman—Varchenko [17],
which play a role in this paper, were originally introduced in the context of complex
hyperplane arrangements, where each hyperplane H is equipped with a complex num-
ber ‘exponent’ a(H). In particular, one could also obtain a g-analogue of the matrix
S(C) by setting a(H) = ¢ for all H € C, but this does not recover the g-analogue we
describe above.

The Schechtman—Varchenko determinant formula is similar in flavor to (and in fact
a ‘quasiclassical’ version of) another bilinear form introduced by Varchenko [19] asso-
ciated to a weighted real affine hyperplane arrangement. Varchenko’s form is defined
on the vector space with basis parametrized by the set of all (not just bounded) regions
of the arrangement and the pairing for two regions A and B is defined to be the prod-
uct of the weights all hyperplanes that separate the regions. It would be interesting
to understand the relation between Varchenko’s matrix and the intersection matrix
considered here. Note that we identify our intersection matrix with the Schechtman—
Varchenko form for the Gale dual arrangement, so we expect a duality involved in
any connection to the Varchenko form. A more recent survey of Varchenko’s work and
proof of his determinant formula appears in Aguiar-Mahajan’s book [1, Chapter 8].

In our proof of Theorem 1.4 we describe a basis, parametrized by compact regions
of C, of the flag space for the Gale dual arrangement Ci. Bjorner-Wachs [4] also
define a basis of the same flag space, but parameterized by the set of chambers of
Cd‘ bounded with respect to a generic covector. Under Gale duality, the choice of a
generic translation C of Cy corresponds to a choice of generic covector ¢ for Cg- and
the set of compact regions of C are in canonical bijection with the set of £&-bounded
regions in Cy. It would also be interesting to compare these two bases.

As mentioned in Remark 1.2, the integer matrix S for unimodular hyperplane ar-
rangements appears in [13], where it arises from a cohomological intersection pairing.
The authors of that paper also show that the form is identified with a pairing coming
from the independence complex of the underlying matroid and we note that their
proof contains versions of Lemmas 2.1, 2.2, and 2.3 below.

1.6. OUTLINE. Section 2 contains a proof of the main result. In Section 3 we describe
how the matrices under consideration arise in the geometry of hypertoric varieties
and show that they can be realized in representation theory as an Euler form on
the Grothendieck group of hypertoric category O. In Appendix A we conclude with
examples illustrating the conjecture, particularly in the affine oriented matroid setting.

2. PROOF OF THEOREM 1.4 AND 1.11

While Theorem 1.4 can be viewed as a special case of Theorem 1.11 (and so it would
be enough to prove 1.11), we prove the two statements in parallel in the hopes that
the paper is still accessible to those who are not familiar with the oriented matroid
setting.

Let A(I) be the exterior algebra over Z on the set I. Let B = AZ < A(I) be the
sublattice generated by monomials corresponding to bases of M.

In the hyperplane arrangement setting, fix an orientation of our underlying vector
space R" and a normal direction for each hyperplane. In particular, each region A
of the arrangement is then described by a sign vector A : I — {+,—} encoding
whether the region lies on the positive or negative side of each hyperplane. For each
basis b < I, let e, = i1 A ... A i, Where i1,...,4, is an ordering of b such that the
orientation defined by the ordered list of corresponding normal vectors agrees with
our fixed choice of orientation of R".

Algebraic Combinatorics, Vol. 9 #2 (2026) 503
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In the affine oriented matroid setting, we fix a choice of basis orientation x of M
(see [3, Def. 3.5.1]). For a basis b of M, let e, = x(i1,...,%r) - 91 A ... A iy, Where
i1,.-.,% is an arbitrary ordering of b. By the definition of y, e} is well-defined.

Note that for hyperplane arrangements there is a natural bijection between the set
of bases of M and the set of vertices of C, where a basis b of M corresponds to the
intersection Y, = ﬂieb H;. In the affine oriented matroid setting, this translates to a
bijection between the set of bases of M and the set of feasible cocircuits [15, Lemma
2.6] and we let Y} be the feasible cocircuit corresponding to a basis b.

For each bounded region (or tope) A € Py, let

=Y (H Am) eB

b i€b

where the sum runs over all bases b such that Y}, is a vertex (cocircuit face) of A and
A(1) is the sign vector for A evaluated at i.
We equip B with the perfect pairing { , ) defined by {ep, ep) = Ipp.

LEMMA 2.1. For any A, B € Py, there is an equality
(¢(A),9(B)) = S(A, B).
Proof. The pairing (¢p(A), ¢(B)) = O (I Licp A7) - v, 23([ ey B()) - €wr) is equal to

the sum over common vertices (cocircuit faces) Y, of A and B, of

[TAG]]BG) =] A6 BG).

i€b i€b i€b
Now if b is a common vertex, then the sign vectors for A and B agree for all hy-
perplanes H; where j ¢ b (as A and B can only be separated by hyperplanes in b).
Thus for any common vertex b, the sign [ [, A(1)B(i) = [[;e; A(i)B(i) = (—1)3AB)
only depends on the the number d(A, B). The number of common vertices is equal to
fo(A n B) and so we conclude that

(9(4),6(B)) = (1)) fo(An B) = S(4, B),

as we wished to show. O

Let U < B = Al be the kernel of the restriction of the standard differential ¢ :
A(I) — A(T) to AT.
LEMMA 2.2. For each A € Py, ¢p(A) eU.
Proof. We need to show that d(¢(A)) = 0. By definition, ¢(A) = >, ([ L;cp A(%)) - €
and so 0(p(A)) = >, (I [;ep A(7)) - dep. Now a monomial e; can only appear in dey
with non-zero coefficient if J = b\{i} for some 7. The intersection of the hyperplanes
corresponding to elements of J is a line (or rank 2 pseudosphere) and so intersects

the closure of the polytope A in an edge. Thus there are only two bases corresponding
to vertices of A such that e; can appear in the differential, say by = J u {i;} and

b2 =Ju {22}

Fix an ordering of J = {j1,...,jr—1} such that the orientation corresponding to
the ordered list 41, j1,...,jr—1 agrees with the chosen orientation of R". Then e;, =
11 AJ1A...Ajr—1. Note that A(i1) = +A(i2) if and only if e, = Fig AJ1 Awo AJroq.
In other words, e, = —A(41)A(i2)i2 A j1 A oo A Jre1-

We conclude that the only terms of ¢(A) = (] [,c, A(7)) - dep, whose boundary
could contribute a non-zero multiple of ji A ... A jr—1 are (][, A(7)) - dep, and

(I Ticy, A(4)) - Oep,. By our choice of ordering, the multiplicity of j1 A ... A jr—1 in
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(I Licy, A(2))-Oep, is given by A(i1)(] [y A(j)) and its multiplicity in (] [;¢;, A(7))-des,
is given by
Alia) ([ [ AG) (= A(i) A(i2)) = = AG)([ [ AG)).
jeJ jeJ
Thus there is cancellation and d(¢(A4)) = 0.
In the oriented matroid setting the same cancellation follows from the dual pivoting
property (PV*) for basis orientations (see [3, p. 125]). O

LEMMA 2.3. The set {¢(A) | A€ Py} forms a Z-basis of U.

Proof. We recall that U = Ker(0) = H,_1(IN(M)) is the top reduced homology of the
independence complex of M, which by [2, Theorem 7.8.1] is isomorphic to Zn (M),
Note that as U is the kernel of a map between free modules, U is a direct summand
of the lattice B.

We will first show that the cardinality of Py is equal to pt(M*), the rank of U.
For a hyperplane arrangement, by Gale duality, the set Py of compact regions in C
is in natural bijection with the regions in Cg that are bounded for the corresponding
generic covector. By [12, Theorem 3.2], the number of such regions is equal to ut (M*).

More generally, duality for oriented matroid programs [3, Corollary 10.1.11] gives
a natural bijection between Py and the set of topes of MY bounded with respect
to g. By our genericity condition on g, the (unoriented) matroid underlying MY s
the free single-element extension of M* (in the sense of [16, Section 7.2 and Exercise
7.2.3]). Tt follows that the flats of the matroid underlying MY are just the flats of
MY, but with g added to the flat I. A version of Zaslavsky’s theorem on the number
of bounded regions [3, Proof of Theorem 4.6.5] then gives:

#Po = (1) Y, B),
B

where the sum runs over all flats of the matroid underlying MY that do not contain
g or in other words all proper flats of M*. We conclude that [Py| = p™ (M*).

By Lemma 2.2 and the fact that U is a direct summand of B of rank equal to the
number of bounded regions (or bounded topes), it suffices to show that {¢(A) | A € Py}
is part of a Z-basis for B.

Let £ € (R")* be a generic choice of covector (generic in the sense that £ is
nonconstant when restricted to any positive dimensional face of C). Analogously in
the oriented matroid setting, we choose a generic Euclidean single-element extension
(M, g, f) of the affine oriented matroid. The choice of £ (or f) allows us to define
the set P of £-bounded regions (or f-bounded topes). Optimizing the function £ on
each £-bounded region gives a natural bijection u between the set Bas of bases of
M and the set P. More generally, in the oriented matroid setting there is a natural
bijection [15, Cor. 2.15] u between Bas and the set P, which takes a basis b to the
unique tope whose optimal cocircuit Y; has zero set equal to b.

We extend the set {¢(A) | A € Py} by extending the map ¢ to all of P. Namely,
for A e P, we let

B(A) = (H A(i)) ey € B,
b i€b
where the sum runs over all bases b such that Y} is a vertex (feasible cocircuit face)

of A and A(7) is the sign vector for A evaluated at 1.
The same argument as in Lemma 2.1 shows that more generally for any A, B € P,

($(A),p(B)) = (=1)*AB) . ffeasible vertices of A A B}.
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Let e, = ([ [, (16()) (%) )es. (Note that in the hyperplane arrangement setting, 1(b)
is a region and (u(b))(7) denotes its sign with respect to hyperplane i, as defined in
the third paragraph of this section.) Note that {e, | b € Bas} is a Z-basis for B and

that
$(A) =) (1_[ A(i)) ep =Y. (H A(i) - (u(b))(i)> “ep

b i€b b i€b
= (1) dan) g,
b

because A(i) = (u(b)(7)) for all i ¢ b.

As the set {e, | b€ Bas} is a Z-basis for B, to show that {¢(A) | A € P} is a basis
for B, it suffices to show that the matrix y expressing ¢(A) for each A € P in terms
of the ep’s is invertible.

Note that y has entries:

{(1)‘1(‘4’3) if Y,,-1(py is a face of A
YA, B =

0 otherwise,
and y has a natural g-analogue ) with entries:

Yoo (—q)“AB) if Y,-1(p) is a face of A
4B 0 otherwise.

In the proof of the ‘numerical Koszulity condition’ [15, Theorem 7.14], this matrix )
is proven to be invertible (in fact, an explicit inverse matrix is given in terms of the
dual matroid) and so when we set ¢ = 1, it is still invertible. O

Having shown that {¢(A)} forms a Z-basis for &/ and by Lemma 2.1 that the
determinant of S is therefore equal to the determinant of the restriction to U of
the form on B, we will complete our proof by identifying the determinant with one
introduced and computed by Brylawski-Schechtman—Varchenko in [17, 10].

We first recall the setting and main theorem of [10].(V) Let A;(M) < A(I) denote
the sublattice generated by monomials corresponding to subsets of I of cardinality ¢
and rank j. Let oM = g, : A”*1(M) — B denote the composition

ATFH M) — AT (M) @ AL(M) — AJ(M) = B,
where the first map is the restriction of the standard differential @ of A(I) to ATF1(M)
and the second map is the projection to the second factor. Brylawski—Varchenko

consider &/ (M) := B/Im 0,, the top graded part of the Orlik—-Solomon algebra and
its dual

F(M) =" (M)* = (B(M)/Im d,)* = (Im d,)* < B(M)*.
REMARK 2.4. Brylawski—Varchenko refer to .7 " (M) as flag space because they identify

it with the quotient of the free Z-module on Z¢", the set of flags or ordered (r + 1)-
tuples of flats F" = [& < K1 < ... < K,. = M|, modulo the relation:

(FS) For every 0 < i < r, and any flag FT with an i-gap (meaning a flag with the
i-th flat removed), we have
> FT=o,

Fr:FroFT

(DWhile Schechtman-Varchenko [17] define flag space for hyperplane arrangements and compute
g Sp yperp g

the determinant of the associated bilinear forms, we will follow Brylawski—Varchenko [10] as it also

covers matroids and thus we can use it for our oriented matroid setting.
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the sum of all complete flags that agree with Fr (except at level ) is equal
to zero.
This identification of #" and &/™* comes from the map #¢" ® B — Z such that for
€p =11 A ... A, the map sends F®ey, to sign(o) if and there exists a permutation o
such that K; = i,(1) Vig2) V... Vig() for all i and 0 otherwise. Brylawski—Varchenko
show that this map descends to a perfect pairing %™ ® &/" — Z.

Using the perfect pairing ( , ) on B we can identify B* with B by sending F € B*
to

B(F):= Y F(ey)e, € B,
b

where the sum runs over the bases b of M. Then we can transfer ( , ) to a perfect
pairing on B* defined as:

(F,F"y = F(B(F')) = FQ_ F'(ep)es) = Y Fle)F'(e).
b b

Brylawski—Varchenko define their symmetric bilinear form on flag space as the
restriction of this pairing on B(M)* to .#"(M) and prove that its determinant [10,
Theorem 4.16] (with the choice of weight function (or ‘collection of exponents’) a(p) =
1 for all p e I) is given by(®

H | K| PEIRT (M/K),
KeF\{z}
Let 6)7 = 65, : AI_1(M) — B(M) denote the composition
ATZH (M) — AT (M) @ AL(M) — AL(M) = B(M),
where the first map is the restriction of the adjoint é(e) = > ._; s A e to the standard
differential 0 of A(I) to ATT*(M) and the second map is the projection to the second
factor.

By [8, Proposition 3] the lattice U(M) = Ker(é™) < B(M) is the orthogonal
complement to Im(6}) < B(M). Finally, under the duality D : B(M) > B(M*)
described in [8, Section 3.5], the subset U (M) = Im ()L = B(M) becomes identified
with Im(6M*)L = Zn—r(M*) < B(M*). We conclude that the determinant of the

restriction of (, ) to U(M) is equal to the Brylawski—Varchenko determinant for the
dual matroid and so

det S(C) = n | L|PAT*(L)u* (MF/L),
LeF*\{&}
where F* denotes the set of coloop-free flats of M*.

Finally, using the fact that L — K := I\L defines an order reversing bijection
between the F* and F, together with the facts p™(M*/L) = p™(M(K)*) and
B(M*(L)) = B(M/F)*) = B(M/F), we identify the previous expression with

n |T\K|PM/ Bt (M(E)®)
KeF\{I}

as we wished to show.

1 [10] Brylawski—Varchenko’s determinant formula is expressed as a product over all flats (not
just coloop-free flats). Note however that if a flat contains a coloop, then the restriction M(K) is
either separable (and hence 8(M(K)) = 0), or K is a single coloop (in which case |K| = 1). Thus
flats with coloops do not contribute when a(p) = 1 for all p € I.
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3. INTERSECTION MATRICES IN HYPERTORIC GEOMETRY AND HYPERTORIC
CATEGORY O

In the special case where C is a unimodular hyperplane arrangement, the matrix .S
has a geometric interpretation that appeared in the literature in [13], where it is
identified with a cohomological intersection form. More precisely, if C is unimodular,
then there is a corresponding smooth hypertoric variety 9t defined by a hyperkihler
quotient construction. The affinization of 9t is a conical affine hypertoric variety 9t
and the fiber over the cone point is a union of toric varieties described by polytope
regions of the arrangement C. In this context, Hausel-Swartz show that S arises as
the intersection matrix on the top-dimensional cohomology of this fiber.

More generally, for any real hyperplane arrangement (and oriented matroid
program) the matrix S can also be viewed as arising from the Euler form on the
Grothendieck group of hypertoric (or oriented matroid) category O. Hypertoric
category O was introduced by Braden-Licata—Proudfoot—Webster [7] as a certain
category of modules over a deformation quantization for hypertoric varieties, analo-
gous to the Bernstein—-Gelfand—Gelfand category O of (possibly infinite-dimensional)
representations of a semi-simple complex Lie algebra. Moreover, they proved that
their hypertoric category O is equivalent to modules over a finite-dimensional
quadratic algebra, defined from linear programming data and introduced in their
paper [6]. In [15], Kowalenko and the second author generalized this notion from the
setting of linear programming to that of oriented matroid programs.

To be more precise, the input for defining hypertoric (resp. oriented matroid) cate-
gory O is a linear program (resp. oriented matroid program) meaning an essential real
affine hyperplane arrangement C, generic as in the previous section (resp. an affine ori-
ented matroid (M, g), generic in an analogous way) together with a choice of generic
covector £ (resp. generic single-element extension (/\;l7 g, f) of the affine oriented ma-
troid). For any such linear program (resp. Euclidean oriented matroid program), the
resulting algebra A = A(C,£) (resp. A(M, f,g)) is quasihereditary and Koszul.

The simple objects in the resulting category @, A(C, &) —mod (resp. A(M, f,g) —
mod), are parametrized by bases of the matroid underlying the hyperplane arrange-
ment (resp. oriented matroid M /g) or correspondingly by regions of the arrangement
that are bounded by ¢ (resp. topes that are bounded with respect to f). For two
compact regions/topes the number S, (A, B) arises in this context as the Euler form
on the Grothendieck group between the corresponding simple modules.

THEOREM 3.1. For a linear program (or Euclidean oriented matroid program)

Sq(A, B) = {[Lal, [Lp])q = ) (~a)' dimExto(La, Lp)

g

where Lo, Lp € O are the simple modules corresponding to the chambers A, B bounded

by € (or f).

Proof. To prove this, we will pass to the Koszul dual side. Denote by 08" = A-mod®"
the graded category O. We denote by (n) and v : @8 — O the functors shifting and
forgetting the grading.

We denote by OV-&" the category associated to the Gale-dual linear/oriented ma-
troid program. It arises as graded modules over the quadratic dual algebra A'. Then
Koszul duality yields an equivalence of categories

K : D(08") — Db(OY&").
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There is a natural bijection between chambers in the Gale dual programs and Koszul
duality interchanges simple and projective modules as well as the graded and coho-
mological degrees:

K(Lali)) = P{{=D[—i].
Consider the Euler form {([Lal],[Lg])y := Y.,(—q)'dimExt{(La,Lp). The
Koszulity of 08" implies that

Extle (La, Lp(j)) =0
for all j # . Thus

Y (—q)" dim Extgy(La, Lp) = >.(—q)" dim Extipu (La, Lpi)).

By Koszul duality:
D (—q)" dim Extioer (La, Lp(iy) = ¥ (—q)" dim Homow e (PY , Py {(—i)).
As OV# is equivalent to modules over A', then

2, (=9)' dim Homov s (P, Py (~i)) = Y (~¢)" dim(eaA'ep);,

i i
where e4 and ep are the primitive idempotents of A" corresponding to the indecom-
posable projective objects Py and Py . By [6, Theorem 4.14] (resp. [15, Theorem 5.12]
for Euclidean oriented matroid programs), A' is isomorphic to an algebra

B = @  Rap(—d(A,B))
(A,B)ePxP

associated to our original linear program (resp. Euclidean oriented matroid program)
that is bigraded by the set P such that eqA'ep is isomorphic to Rap{—d(A, B)).
Thus

D (—q)' dim(eaA'ep)i = Y (—q)" dim(Ra p{—d(A, B)));

= (—q)*P) Z(—Q)i dim(R4,B)i-

For linear programs, Ra p can be identified with the cohomology of the complex
toric variety X 4~p associated to the polyhedron A n B, see [6, Theorem 4.8]. Since
the polyhedron A n B is compact and simple, X 4~ p is projective and has at worst
finite quotient singularities. By [9, Proposition Al], X 45 is hence rationally smooth,
and by [14, Corollary 8.2.22] the rational intersection cohomology and intersection
cohomology of X4~ p agree. Now [18, 3.1 Theorem| computes the graded dimension
of the intersection cohomology in terms of the h-polynomial h(A n B), so that

dim(R 4, 5)2i = dim TH*(Xa~pB,Q) = hi(An B)

where h; denotes the coefficient of z* in h(A n B). Moreover, R4 p is zero in odd
degrees. That concludes the proof in the linear program setting.

For Euclidean oriented matroid programs, we use [15, Corollary 7.8], which shows
that

dim(R a4, g)2; = | {feasible vertices of A A B with i outgoing edges} | = h;(A A B).
Again, R, p is zero in odd degrees. That concludes the proof for Euclidean oriented

matroid programs. O
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APPENDIX A. EXAMPLES OF THE g-DETERMINANT FORMULA

A.1. POINTS ON A LINE. Consider the arrangement C, in R!, consisting of n + 1
affine hyperplanes, say H; = {—i} for i = 1,...,n + 1. We then obtain the bounded
regions A; = (—i,—(i + 1)) for i = 1,...,n. So the intersection A; N A; is either a
line segment, a point or empty and we obtain

2 ifi=y, 1+¢% ifi=j,
S(Ai, Aj) = { -1 ifli—j|l=1, Sy(Ai, Aj)y =< —q  if]i—j] =1,
0 else. 0 else.

which yields the (¢-)Schechtman—Varchenko matrices
2 —1 1+¢> —q
sey= | C S = 4T
AP — | o —q
-1 2 —q 1+ ¢?
A straightforward induction shows that
det S(Cn) =n+1 and det S4(Cp) = [+ 1] 2.

In fact, S(C,,) is the Cartan matrix of the root system A,,, and S,(C,,) (up to a factor
of ¢) is the quantum Cartan matrix, see [11].

On the other hand, the underlying matroid is isomorphic to the uniform matroid
Ui n+1 and J is the only coloop-free set # I. The product in Conjecture 1.7 hence
has a single factor

[N\GEM D) = [ g A D) — 1],

FIGURE 1. The pseudoline arrangement Cps

A.2. A PSEUDOLINE ARRANGEMENT. As a first example of Conjecture 1.12, we con-

sider the oriented matroid defined by the pseudoline arrangement Cp,s depicted in

Figure 1, which has 21 compact topes. A computer calculation shows that
det(S4(Cps)) = [8]6

g
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5678 4678 4578 4568 4567 3678 3578 3568 3567 3478
3468 3467 3458 3457 3456 2678 2578 2568 2567 2468
2467 2458 2457 2378 2368 2367 2358 2357 2356 2348
2347 2346 2345 1678 1578 1568 1567 1478 1468 1467
1458 1457 1456 1368 1367 1358 1357 1348 1347 1346

1345 1278 1268 1267 1258 1257 1256 1248 1247 1246
1245 1238 1237 1236 1235

TABLE 1. Feasible cocircuits of (V, g)

12345678 12345678 12345678 12345678 12345678
12345678 12345678 12345678 12345678 12345678
12345678 12345678 12345678 12345678 12345678
12345678 12345678 12345678 12345678 12345678
12345678 12345678 12345678 12345678 12345678
12345678 12345678 12345678 12345678 12345678

TABLE 2. Bounded topes of (V, g)

In this case the underlying (unoriented) matroid is the uniform matroid Usg. The
only coloop-free flats K of Uy g are (¥ and [ itself. Thus the product in the conjecture
has a single factor, namely for K = ¢, and the conjectural formula reduces to
B(U: Uz,s)p™
UI\®|] 2,8/t (D) _ [8]52( 28)1" (D) _ [8]6

q%»

where the last equality holds because pu* () = 1 and
B(Uag) = B(Uzyz) + B(Ur7) = B(Usa7) + 1 = f(Uze) +2=... = B(Usz2) + 6 = 6.

A.3. AN AFFINE VAMOS ORIENTED MATROID. We conclude with an example where
the underlying matroid is not representable. Recall that the Vamos matroid V' (rank
4 on 8 elements) is not representable over any field, but is orientable by [5]. Let V
be the oriented matroid obtained as labelled and oriented in [5]. While there are
many possible generic one-element lifts, for the purpose of checking an example, we
simply pick one. Namely, let (f), g) be the affine oriented matroid obtained from V by
adjoining ¢ to V using the lexicographic one-element lift defined by the cobasis {3, 6,
7, 8}. The set of feasible cocircuits for (f), g) is given in Table 1 and the corresponding
set of bounded topes ’PO(f}) is given in Table 2. Using a computer calculation, we find
that

det(S,(V)) = [8]12[4]%.

¢?1*lq
On the other hand the Vamos matroid V has 5 proper nonempty coloop-free flats,
namely the 5 circuits K1, ..., K5, each of size 4. Computing the right hand side of
Conjecture 1.7 gives

5
H HI\KHB(M/K) wt (M (K)* [m B(V nt(2) 1—[ INK; ‘ 5(M/K) +(M(K)*)
KeF\{I} bl
Vpt U +(U
= SJA O ([ s (sl
Thus the conjecture holds for this example.

Algebraic Combinatorics, Vol. 9 #2 (2026) 511



JENS NIKLAS EBERHARDT & CARL MAUTNER

Acknowledgements. The authors warmly thank the referee whose comments helped
to improve the exposition and Nick Proudfoot for catching a critical typo. The sec-
ond author thanks Ethan Kowalenko and Maksim Maydanskiy, who were helpful in
checking the Vamos example. The first author was supported by Deutsche Forschungs-
gemeinschaft (DFG), project number 45744154, Equivariant K-motives and Koszul
duality. The second author was supported in part by NSF grant DMS-1802299.

(1]
2]

3

4

[5

(6]
[7]
(8]
(9]
(10]
(11]

(12]

(13]

(14]

(15]
(16]
(17]

(18]

(19]

REFERENCES

Marcelo Aguiar and Swapneel Mahajan, Topics in hyperplane arrangements, Mathematical Sur-
veys and Monographs, vol. 226, American Mathematical Society, Providence, RI, 2017.

Anders Bjorner, The homology and shellability of matroids and geometric lattices, in Matroid
applications, Encyclopedia Math. Appl., vol. 40, Cambridge Univ. Press, Cambridge, 1992,
pPp. 226-283.

Anders Bjorner, Michel Las Vergnas, Bernd Sturmfels, Neil White, and Giinter M. Ziegler, Ori-
ented matroids, second ed., Encyclopedia of Mathematics and its Applications, vol. 46, Cam-
bridge University Press, Cambridge, 1999.

Anders Bjorner and Michelle L. Wachs, Geometrically constructed bases for homology of par-
tition lattices of type A, B and D, Electron. J. Combin. 11 (2004/06), no. 2, article no. 3
(26 pages).

Robert G. Bland and Michel Las Vergnas, Orientability of matroids, J. Combinatorial Theory
Ser. B 24 (1978), no. 1, 94-123.

Tom Braden, Anthony Licata, Nicholas Proudfoot, and Ben Webster, Gale duality and Koszul
duality, Adv. Math. 225 (2010), no. 4, 2002-2049.

Tom Braden, Anthony Licata, Nicholas Proudfoot, and Ben Webster, Hypertoric category O,
Adv. Math. 231 (2012), no. 3-4, 1487-1545.

Tom Braden and Carl Mautner, Matroidal Schur algebras, J. Algebraic Combin. 46 (2017),
no. 1, 51-75.

M. Brion, Rational smoothness and fized points of torus actions, Transform. Groups 4 (1999),
no. 2-3, 127-156.

T. Brylawski and A. Varchenko, The determinant formula for a matroid bilinear form, Adv.
Math. 129 (1997), no. 1, 1-24.

Edward Frenkel and Nicolai Reshetikhin, Deformations of W-algebras associated to simple Lie
algebras, Comm. Math. Phys. 197 (1998), no. 1, 1-32.

Curtis Greene and Thomas Zaslavsky, On the interpretation of Whitney numbers through ar-
rangements of hyperplanes, zonotopes, non-Radon partitions, and orientations of graphs, Trans.
Amer. Math. Soc. 280 (1983), no. 1, 97-126.

Tamés Hausel and Edward Swartz, Intersection forms of toric hyperkdhler varieties, Proc.
Amer. Math. Soc. 134 (2006), no. 8, 2403—-2409.

Ryoshi Hotta, Kiyoshi Takeuchi, and Toshiyuki Tanisaki, D-modules, perverse sheaves, and
representation theory, Progress in Mathematics, vol. 236, Birkh&user Boston, Inc., Boston, MA|
2008.

Ethan Kowalenko and Carl Mautner, A category O for oriented matroids, J. Comb. Algebra 7
(2023), no. 1-2, 159-226.

James Oxley, Matroid theory, second ed., Oxford Graduate Texts in Mathematics, vol. 21,
Oxford University Press, Oxford, 2011.

Vadim V. Schechtman and Alexander N. Varchenko, Arrangements of hyperplanes and Lie
algebra homology, Invent. Math. 106 (1991), no. 1, 139-194.

Richard Stanley, Generalized H -vectors, intersection cohomology of toric varieties, and related
results, in Commutative algebra and combinatorics (Kyoto, 1985), Adv. Stud. Pure Math.,
vol. 11, North-Holland, Amsterdam, 1987, pp. 187-213.

Alexandre Varchenko, Bilinear form of real configuration of hyperplanes, Adv. Math. 97 (1993),
no. 1, 110-144.

JENS NIKLAS EBERHARDT, Institute of Mathematics, Johannes Gutenberg-Universitdt Mainz

E-mail : mail@jenseberhardt.com

CARL MAUTNER, Department of Mathematics, University of California Riverside

E-mail : mautner@math.ucr.edu

Algebraic Combinatorics, Vol. 9 #2 (2026) 512


mailto:mail@jenseberhardt.com
mailto:mautner@math.ucr.edu

	1. Introduction
	1.1. An intersection matrix associated to hyperplane arrangements
	1.2. A q-intersection matrix
	1.3. Motivation from matroidal Schur algebras
	1.4. Intersection matrices for affine oriented matroids
	1.5. Relation to other work
	1.6. Outline

	2. Proof of Theorem 1.4 and 1.11
	3. Intersection matrices in hypertoric geometry and hypertoric category O
	Appendix A. Examples of the q-determinant formula
	A.1. Points on a line
	A.2. A pseudoline arrangement
	A.3. An affine Vámos oriented matroid

	References

