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An intersection matrix for affine hyperplane
arrangements

Jens Niklas Eberhardt & Carl Mautner

Abstract For a real affine hyperplane arrangement, we define an integer intersection matrix
with a natural q-deformation related to the intersections of bounded chambers of the arrange-
ment. By connecting the integer matrix to a bilinear form of Schechtman–Varchenko, we show
that there is a closed formula for its determinant that only depends on the combinatorics of
the underlying matroid. We conjecture an analogous formula for its q-deformation. Our work
also applies more generally in the setting of affine oriented matroids.

Additionally, we give a representation-theoretic interpretation of our q-intersection ma-
trix using Braden–Licata–Proudfoot–Webster’s hypertoric category O (or more generally
Kowalenko–Mautner’s category O for oriented matroid programs). This paper is part of a
broader program to categorify matroidal Schur algebras defined by Braden–Mautner.

1. Introduction
1.1. An intersection matrix associated to hyperplane arrangements. Let
C be an arrangement of n affine hyperplanes in Rr. We assume that the hyperplanes
are generically translated, so that the intersection of any d hyperplanes is either empty
or of codimension d. We further assume that the associated central arrangement C0
is essential.

We now explain how to associate an integer intersection matrix to P0pCq, the set
of bounded regions of the arrangement C (meaning bounded connected components
of the complement of the hyperplanes Rr ´

⋃
HPC H).

Note that our assumptions imply that the closure A of any bounded region A is a
simple polytope. For a simple polytope P of dimension d, let f0pP q be the number of
vertices of P , and more generally for i “ 0, 1, . . . , d, let fipP q denote the number of
i-faces of P . For regions A, B, let dpA, Bq be the number of hyperplanes separating
them.

Definition 1.1. For bounded regions A, B P P0pCq, let

SpA, Bq “ p´1qdpA,Bq ¨ f0pA X Bq.

Fix an ordering on the set P0pCq. The intersection matrix SpCq is the matrix with
rows and columns labelled by P0pCq and pA, Bq-entry given by SpA, Bq.

Remark 1.2. For unimodular hyperplane arrangements, the matrix SpCq appeared
in [13] where it was identified with an intersection form in the cohomology of the
corresponding smooth hypertoric variety, see Section 3.
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Example 1.3. Consider the following two arrangements C and C1 with two bounded
chambers that differ by a translation of one of the hyperplanes.

H1

H2

H3 H4

A1

A2
H1

H2

H3 H4

B1

B2

The corresponding intersection matrices are

SpCq “

ˆ

3 1
1 3

˙

, SpC1q “

ˆ

3 ´2
´2 4

˙

.

A first objective of this paper is to relate the matrix S to a bilinear form defined
by Schechtman–Varchenko [17] for hyperplane arrangements. Then using a formula
of Schechtman–Varchenko it follows that the determinant of S can be described in
terms of the combinatorics of the underlying matroid M associated to C defined by
normal vectors to the affine hyperplanes.

To state the determinant formula we need the following notation. Let I be the
ground set of the matroid M . Denote by F the set of coloop-free flats and by µ the
Möbius function of the matroid M . For any flat K, let µ`pKq “ p´1qrpKqµpH, Kq be
the unsigned Möbius function, which is always positive and equal to the number of
nbc bases of K. Crapo’s beta invariant βpKq for a flat K is defined as

βpKq :“ p´1qrpKq
ÿ

K1:K1ďK

µpK 1qrpK 1q,

where K 1 runs over all flats contained in K. The beta invariant can be computed
by using the following formula, which holds for any e P I that is neither a loop nor
coloop,

βpMq “ βpM ´ eq ` βpM{eq,

together with the facts that βpMq “ 0 if M is a loop or is not connected and βpMq “ 1
if M is a coloop. In particular it follows that, for any matroid M , βpMq ě 0.

Theorem 1.4 (Determinant formula). The determinant of the matrix SpCq is

det SpCq “
ź

KPFztIu

|IzK|βpM{Kqµ`
pMpKq

˚
q.

Note that while the matrix SpCq depends on the choice of generic translation, the
theorem implies that its determinant does not.

Example 1.5. In Example 1.3, the proper coloop-free flats in the underlying matroid
M are H and F “ tH1, H2u. Indeed, we find that

detpCq “ detpC1q “ 8 “ 41 ¨ 21 “ |I|βpMqµ`
pHq|IzF |βpM{F qµ`

pMpF q
˚

q.
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1.2. A q-intersection matrix. The second objective of this paper is to introduce
a q-version of the intersection matrix and a conjectural determinant formula.

For a simple polytope P of dimension d, the h-polynomial of P is defined as hpxq “

fpx ´ 1q, where fpxq “ f0pP q ` f1pP qx ` f2pP qx2 ` . . . ` fdpP qxd. In particular, note
that hp1q “ fp0q “ f0pP q.

Definition 1.6. For bounded regions A, B P P0pCq, let

SqpA, Bq “ p´qqdpA,Bq ¨ hpA X B, q2q,

where hpP, q2q is the h-polynomial of P evaluated at q2.
Fix an ordering on the set P0pCq. The q-intersection matrix SqpCq is the matrix

with rows and columns labelled by P0pCq and pA, Bq-entry given by SqpA, Bq.

Note that if we set q “ 1 in the expression for SqpA, Bq, we recover SpA, Bq “

p´1qdpA,Bq ¨ f0pA X Bq, so S1pCq “ SpCq.
In Theorem 3.1 we give an algebraic interpretation of the matrix SqpCq. Namely,

we show that the q-matrix SqpCq appears as a Gram matrix for the Euler form on the
Grothendieck group of hypertoric category O defined by Braden–Licata–Proudfoot–
Webster [6, 7].

For a positive integer n, let rnsq2 “ 1 ` q2 ` . . . ` q2n´2.

Conjecture 1.7. The determinant of the matrix SqpCq is

det SqpCq “
ź

KPFztIu

r|IzK|s
βpM{Kqµ`

pMpKq
˚

q

q2 .

Example 1.8. Returning to Example 1.3, the q-intersection matrices are

SqpCq “

ˆ

1 ` q2 ` q4 p´qq2

p´qq2 1 ` q2 ` q4

˙

, SqpC1q “

ˆ

1 ` q2 ` q4 ´qp1 ` q2q

´qp1 ` q2q 1 ` 2q2 ` q4

˙

.

It follows that
det SqpCq “ det SqpC1q “ p1 ` q2 ` q4 ` q6qpq2 ` 1q “ r4sq2 r2sq2 .

The coloop-free flats ‰ I “ tH1, . . . , H4u in the underlying matroid M are H and
F “ tH1, H2u and so

ź

KPFztIu

r|IzK|s
βpM{Kqµ`

pMpKq
˚

q

q2 “ r|I|s
βpMqµ`

pHq

q2 r|IzF |s
βpM{F qµ`

pMpF q
˚

q

q2 “ r4sq2 r2sq2

in agreement with our conjecture.

1.3. Motivation from matroidal Schur algebras. In [8], Braden and the sec-
ond author introduced matroidal Schur algebras, a class of cellular (in fact quasi-
hereditary) algebras associated to any matroid M , and showed that the canonical
bilinear forms associated to their cell modules can be identified with Schechtman–
Varchenko’s (or more generally Brylawski–Varchenko’s [10]) bilinear forms on flag
space for the dual matroid M˚. From the proof of Theorem 1.4 it follows that for any
hyperplane arrangement C as above, the matrix SpCq is a Gram matrix for the bilin-
ear form on a cell module for the matroidal Schur algebra associated to the matroid
underlying C0.

We expect that for the matroid represented by C0 there is a natural q-analogue of
the matroidal Schur algebras for which SqpCq is a Gram matrix for the bilinear form
on a cell module and that this q-matroidal Schur algebra is categorified by hypertoric
Harish-Chandra bimodules.

For general non-representable matroids, it is not clear to us how to define an
analogue of SqpCq. However, in the next section we explain how our definitions and
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results do naturally extend to the setting of affine oriented matroids. This gives hope
that one could define q-matroidal Schur algebras at least for orientable matroids.

1.4. Intersection matrices for affine oriented matroids. A reader who is
only interested in hyperplane arrangements may skip this section. We will assume
knowledge of the basics of oriented matroid theory and refer to the book [3] for
definitions.

In this context, the role of the central arrangement C0 is played by an oriented
matroid M, while the role of the affine arrangement C is played by an affine oriented
matroid pM̃, gq. We assume that M̃{g “ M and that pM̃, gq is generic in the sense
that for any cocircuit Y of M̃, if |zpY q| ą d, then Y pgq “ 0. Note that every cen-
tral arrangement C0 and any arrangement C obtained from generic translation of the
hyperplanes as above naturally gives rise to an underlying oriented matroid M and
affine oriented matroid pM̃, gq, generic in the sense described (see [15, Example 2.4]).

Let L denote the set of covectors of M̃ and let L` “ tX P L | Xpgq “ `u be
the affine face lattice of M̃. Let L`` be the bounded complex, defined as the set of
covectors, of which all faces are in L`. The maximal elements of L` are the topes of
M̃. Let P0pM̃q denote the bounded topes of M̃, or equivalently the maximal elements
of L``. By our assumption on M̃, for any A P P0pM̃q, the opposite poset of all faces
of A in L, known as the Las Vergnas face lattice FlvpAq of A, is the face lattice of
a pure simplicial complex, whose vertices correspond to the facets of Y and whose
maximal simplices correspond to the cocircuit faces of Y .

Like we did for polytopes, for any bounded covector Y of rank d ` 1, let f0pY q

be the number of cocircuit faces of Y , and more generally for i “ 0, 1, . . . , d, let
fipY q denote the number of rank i ` 1-faces of Y and hpY, xq “ fpY, x ´ 1q, where
fpY, xq “ f0pY q ` f1pY qx ` f2pY qx2 ` . . . ` fdpY qxd. For topes A, B, let dpA, Bq be
the number of i P I such that Apiq ‰ Bpiq.

Definition 1.9. For topes A, B P P0pM̃q, let

SpA, Bq “ p´1qdpA,Bq ¨ f0pA ^ Bq

and
SqpA, Bq “ p´qqdpA,Bq ¨ hpA ^ B, q2q,

Fix an ordering on the set P0pM̃q and let SpM̃q (resp. SqpM̃q) be the matrix with rows
and columns labelled by P0pM̃q and pA, Bq-entry given by SpA, Bq (resp. SqpA, Bq).

Remark 1.10. In the setting of affine oriented matroids, Theorem 3.1 also gives an
algebraic interpretation of this matrix. Namely, SqpM̃q appears as a Gram matrix
for the Euler form on the Grothendieck group of category O for an oriented matroid
program defined in [15], which generalizes hypertoric category O.

Let M be the underlying (unoriented) matroid of M and again let F denote the
set of coloop-free flats of M . Then we have the following extension of Theorem 1.4:

Theorem 1.11. The determinant of the matrix SpM̃q is

det SpM̃q “
ź

KPFztIu

|IzK|βpM{Kqµ`
pMpKq

˚
q.

We expect that Conjecture 1.7 also holds in this more general setting:

Conjecture 1.12. The determinant of the matrix SqpM̃q is

det SqpM̃q “
ź

KPFztIu

r|IzK|s
βpM{Kqµ`

pMpKq
˚

q

q2 .
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1.5. Relation to other work. The bilinear forms of Schechtman–Varchenko [17],
which play a role in this paper, were originally introduced in the context of complex
hyperplane arrangements, where each hyperplane H is equipped with a complex num-
ber ‘exponent’ apHq. In particular, one could also obtain a q-analogue of the matrix
SpCq by setting apHq “ q for all H P C, but this does not recover the q-analogue we
describe above.

The Schechtman–Varchenko determinant formula is similar in flavor to (and in fact
a ‘quasiclassical’ version of) another bilinear form introduced by Varchenko [19] asso-
ciated to a weighted real affine hyperplane arrangement. Varchenko’s form is defined
on the vector space with basis parametrized by the set of all (not just bounded) regions
of the arrangement and the pairing for two regions A and B is defined to be the prod-
uct of the weights all hyperplanes that separate the regions. It would be interesting
to understand the relation between Varchenko’s matrix and the intersection matrix
considered here. Note that we identify our intersection matrix with the Schechtman–
Varchenko form for the Gale dual arrangement, so we expect a duality involved in
any connection to the Varchenko form. A more recent survey of Varchenko’s work and
proof of his determinant formula appears in Aguiar–Mahajan’s book [1, Chapter 8].

In our proof of Theorem 1.4 we describe a basis, parametrized by compact regions
of C, of the flag space for the Gale dual arrangement CK

0 . Björner–Wachs [4] also
define a basis of the same flag space, but parameterized by the set of chambers of
CK

0 bounded with respect to a generic covector. Under Gale duality, the choice of a
generic translation C of C0 corresponds to a choice of generic covector ξ for CK

0 and
the set of compact regions of C are in canonical bijection with the set of ξ-bounded
regions in CK

0 . It would also be interesting to compare these two bases.
As mentioned in Remark 1.2, the integer matrix S for unimodular hyperplane ar-

rangements appears in [13], where it arises from a cohomological intersection pairing.
The authors of that paper also show that the form is identified with a pairing coming
from the independence complex of the underlying matroid and we note that their
proof contains versions of Lemmas 2.1, 2.2, and 2.3 below.

1.6. Outline. Section 2 contains a proof of the main result. In Section 3 we describe
how the matrices under consideration arise in the geometry of hypertoric varieties
and show that they can be realized in representation theory as an Euler form on
the Grothendieck group of hypertoric category O. In Appendix A we conclude with
examples illustrating the conjecture, particularly in the affine oriented matroid setting.

2. Proof of Theorem 1.4 and 1.11
While Theorem 1.4 can be viewed as a special case of Theorem 1.11 (and so it would
be enough to prove 1.11), we prove the two statements in parallel in the hopes that
the paper is still accessible to those who are not familiar with the oriented matroid
setting.

Let ΛpIq be the exterior algebra over Z on the set I. Let B “ Λr
r Ă ΛpIq be the

sublattice generated by monomials corresponding to bases of M .
In the hyperplane arrangement setting, fix an orientation of our underlying vector

space Rr and a normal direction for each hyperplane. In particular, each region A
of the arrangement is then described by a sign vector A : I Ñ t`, ´u encoding
whether the region lies on the positive or negative side of each hyperplane. For each
basis b Ă I, let eb “ i1 ^ . . . ^ ir, where i1, . . . , ir is an ordering of b such that the
orientation defined by the ordered list of corresponding normal vectors agrees with
our fixed choice of orientation of Rr.
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In the affine oriented matroid setting, we fix a choice of basis orientation χ of M
(see [3, Def. 3.5.1]). For a basis b of M , let eb “ χpi1, . . . , irq ¨ i1 ^ . . . ^ ir, where
i1, . . . , ir is an arbitrary ordering of b. By the definition of χ, eb is well-defined.

Note that for hyperplane arrangements there is a natural bijection between the set
of bases of M and the set of vertices of C, where a basis b of M corresponds to the
intersection Yb “

⋂
iPb Hi. In the affine oriented matroid setting, this translates to a

bijection between the set of bases of M and the set of feasible cocircuits [15, Lemma
2.6] and we let Yb be the feasible cocircuit corresponding to a basis b.

For each bounded region (or tope) A P P0, let

ϕpAq “
ÿ

b

˜

ź

iPb

Apiq

¸

¨ eb P B,

where the sum runs over all bases b such that Yb is a vertex (cocircuit face) of A and
Apiq is the sign vector for A evaluated at i.

We equip B with the perfect pairing x , y defined by xeb, eb1 y “ δb,b1 .

Lemma 2.1. For any A, B P P0, there is an equality

xϕpAq, ϕpBqy “ SpA, Bq.

Proof. The pairing xϕpAq, ϕpBqy “ x
ř

p
ś

iPb Apiqq ¨ eb,
ř

p
ś

iPb1 Bpiqq ¨ eb1 y is equal to
the sum over common vertices (cocircuit faces) Yb of A and B, of

ź

iPb

Apiq
ź

iPb

Bpiq “
ź

iPb

ApiqBpiq.

Now if b is a common vertex, then the sign vectors for A and B agree for all hy-
perplanes Hj where j R b (as A and B can only be separated by hyperplanes in b).
Thus for any common vertex b, the sign

ś

iPb ApiqBpiq “
ś

iPI ApiqBpiq “ p´1qdpA,Bq

only depends on the the number dpA, Bq. The number of common vertices is equal to
f0pA X Bq and so we conclude that

xϕpAq, ϕpBqy “ p´1qdpA,Bq ¨ f0pA X Bq “ SpA, Bq,

as we wished to show. □

Let U Ă B “ Λr
r be the kernel of the restriction of the standard differential B :

ΛpIq Ñ ΛpIq to Λr
r.

Lemma 2.2. For each A P P0, ϕpAq P U .

Proof. We need to show that BpϕpAqq “ 0. By definition, ϕpAq “
ř

bp
ś

iPb Apiqq ¨ eb

and so BpϕpAqq “
ř

bp
ś

iPb Apiqq ¨ Beb. Now a monomial eJ can only appear in Beb

with non-zero coefficient if J “ bztiu for some i. The intersection of the hyperplanes
corresponding to elements of J is a line (or rank 2 pseudosphere) and so intersects
the closure of the polytope A in an edge. Thus there are only two bases corresponding
to vertices of A such that eJ can appear in the differential, say b1 “ J \ ti1u and
b2 “ J \ ti2u.

Fix an ordering of J “ tj1, . . . , jr´1u such that the orientation corresponding to
the ordered list i1, j1, . . . , jr´1 agrees with the chosen orientation of Rr. Then eb1 “

i1 ^j1 ^ . . .^jr´1. Note that Api1q “ ˘Api2q if and only if eb2 “ ¯i2 ^j1 ^ . . .^jr´1.
In other words, eb2 “ ´Api1qApi2qi2 ^ j1 ^ . . . ^ jr´1.

We conclude that the only terms of ϕpAq “ p
ś

iPb Apiqq ¨ Beb whose boundary
could contribute a non-zero multiple of j1 ^ . . . ^ jr´1 are p

ś

iPb1
Apiqq ¨ Beb1 and

p
ś

iPb2
Apiqq ¨ Beb2 . By our choice of ordering, the multiplicity of j1 ^ . . . ^ jr´1 in
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p
ś

iPb1
Apiqq¨Beb1 is given by Api1qp

ś

jPJ Apjqq and its multiplicity in p
ś

iPb2
Apiqq¨Beb2

is given by
Api2qp

ź

jPJ

Apjqqp´Api1qApi2qq “ ´Api1qp
ź

jPJ

Apjqq.

Thus there is cancellation and BpϕpAqq “ 0.
In the oriented matroid setting the same cancellation follows from the dual pivoting

property (PV*) for basis orientations (see [3, p. 125]). □

Lemma 2.3. The set tϕpAq | A P P0u forms a Z-basis of U .

Proof. We recall that U “ KerpBq “ H̃r´1pINpMqq is the top reduced homology of the
independence complex of M , which by [2, Theorem 7.8.1] is isomorphic to Zµ`

pM˚
q.

Note that as U is the kernel of a map between free modules, U is a direct summand
of the lattice B.

We will first show that the cardinality of P0 is equal to µ`pM˚q, the rank of U .
For a hyperplane arrangement, by Gale duality, the set P0 of compact regions in C
is in natural bijection with the regions in CK

0 that are bounded for the corresponding
generic covector. By [12, Theorem 3.2], the number of such regions is equal to µ`pM˚q.

More generally, duality for oriented matroid programs [3, Corollary 10.1.11] gives
a natural bijection between P0 and the set of topes of M̃_ bounded with respect
to g. By our genericity condition on g, the (unoriented) matroid underlying M̃_ is
the free single-element extension of M˚ (in the sense of [16, Section 7.2 and Exercise
7.2.3]). It follows that the flats of the matroid underlying M̃_ are just the flats of
M_, but with g added to the flat I. A version of Zaslavsky’s theorem on the number
of bounded regions [3, Proof of Theorem 4.6.5] then gives:

#P0 “ p´1qr´1
ÿ

B

µpH, Bq,

where the sum runs over all flats of the matroid underlying M̃_ that do not contain
g or in other words all proper flats of M˚. We conclude that |P0| “ µ`pM˚q.

By Lemma 2.2 and the fact that U is a direct summand of B of rank equal to the
number of bounded regions (or bounded topes), it suffices to show that tϕpAq | A P P0u

is part of a Z-basis for B.
Let ξ P pRrq˚ be a generic choice of covector (generic in the sense that ξ is

nonconstant when restricted to any positive dimensional face of C). Analogously in
the oriented matroid setting, we choose a generic Euclidean single-element extension
pM̃, g, fq of the affine oriented matroid. The choice of ξ (or f) allows us to define
the set P of ξ-bounded regions (or f -bounded topes). Optimizing the function ξ on
each ξ-bounded region gives a natural bijection µ between the set Bas of bases of
M and the set P. More generally, in the oriented matroid setting there is a natural
bijection [15, Cor. 2.15] µ between Bas and the set P, which takes a basis b to the
unique tope whose optimal cocircuit Yb has zero set equal to b.

We extend the set tϕpAq | A P P0u by extending the map ϕ to all of P. Namely,
for A P P, we let

ϕpAq “
ÿ

b

˜

ź

iPb

Apiq

¸

¨ eb P B,

where the sum runs over all bases b such that Yb is a vertex (feasible cocircuit face)
of A and Apiq is the sign vector for A evaluated at i.

The same argument as in Lemma 2.1 shows that more generally for any A, B P P,

xϕpAq, ϕpBqy “ p´1qdpA,Bq ¨ #tfeasible vertices of A ^ Bu.
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Let eb “ p
ś

iPbpµpbqqpiqqeb. (Note that in the hyperplane arrangement setting, µpbq

is a region and pµpbqqpiq denotes its sign with respect to hyperplane i, as defined in
the third paragraph of this section.) Note that teb | b P Basu is a Z-basis for B and
that

ϕpAq “
ÿ

b

˜

ź

iPb

Apiq

¸

¨ eb “
ÿ

b

˜

ź

iPb

Apiq ¨ pµpbqqpiq

¸

¨ eb

“
ÿ

b

p´1qdpA,µpbqq ¨ eb

because Apiq “ pµpbqpiqq for all i R b.
As the set teb | b P Basu is a Z-basis for B, to show that tϕpAq | A P Pu is a basis

for B, it suffices to show that the matrix y expressing ϕpAq for each A P P in terms
of the eb’s is invertible.

Note that y has entries:

yA,B “

#

p´1qdpA,Bq if Yµ´1pBq is a face of A

0 otherwise,

and y has a natural q-analogue Y with entries:

YA,B “

#

p´qqdpA,Bq if Yµ´1pBq is a face of A

0 otherwise.

In the proof of the ‘numerical Koszulity condition’ [15, Theorem 7.14], this matrix Y
is proven to be invertible (in fact, an explicit inverse matrix is given in terms of the
dual matroid) and so when we set q “ 1, it is still invertible. □

Having shown that tϕpAqu forms a Z-basis for U and by Lemma 2.1 that the
determinant of S is therefore equal to the determinant of the restriction to U of
the form on B, we will complete our proof by identifying the determinant with one
introduced and computed by Brylawski–Schechtman–Varchenko in [17, 10].

We first recall the setting and main theorem of [10].(1) Let Λi
jpMq Ă ΛpIq denote

the sublattice generated by monomials corresponding to subsets of I of cardinality i
and rank j. Let BM

v “ Bv : Λr`1
r pMq Ñ B denote the composition

Λr`1
r pMq Ñ Λr

r´1pMq ‘ Λr
rpMq Ñ Λr

rpMq “ B,

where the first map is the restriction of the standard differential B of ΛpIq to Λr`1
r pMq

and the second map is the projection to the second factor. Brylawski–Varchenko
consider A rpMq :“ B{ Im Bv, the top graded part of the Orlik–Solomon algebra and
its dual

F rpMq :“ A rpMq˚ “ pBpMq{ Im Bvq˚ “ pIm BvqK Ă BpMq˚.

Remark 2.4. Brylawski–Varchenko refer to F rpMq as flag space because they identify
it with the quotient of the free Z-module on F ℓr, the set of flags or ordered pr ` 1q-
tuples of flats F r “ r∅ Ì K1 Ì . . . Ì Kr “ M s, modulo the relation:

(FS) For every 0 ă i ă r, and any flag F̂ r with an i-gap (meaning a flag with the
i-th flat removed), we have

ÿ

F r:F rĄF̂ r

F r “ 0,

(1)While Schechtman–Varchenko [17] define flag space for hyperplane arrangements and compute
the determinant of the associated bilinear forms, we will follow Brylawski–Varchenko [10] as it also
covers matroids and thus we can use it for our oriented matroid setting.
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the sum of all complete flags that agree with F̂ r (except at level i) is equal
to zero.

This identification of F r and A r˚ comes from the map F ℓr b B Ñ Z such that for
eb “ i1 ^ . . . ^ ir, the map sends F b eb to signpσq if and there exists a permutation σ
such that Ki “ iσp1q _ iσp2q _ . . ._ iσpiq for all i and 0 otherwise. Brylawski–Varchenko
show that this map descends to a perfect pairing F r b A r Ñ Z.

Using the perfect pairing x , y on B we can identify B˚ with B by sending F P B˚

to
B̃pF q :“

ÿ

b

F pebqeb P B,

where the sum runs over the bases b of M . Then we can transfer x , y to a perfect
pairing on B˚ defined as:

xF, F 1y “ F pB̃pF 1qq “ F p
ÿ

b

F 1pebqebq “
ÿ

b

F pebqF 1pebq.

Brylawski–Varchenko define their symmetric bilinear form on flag space as the
restriction of this pairing on BpMq˚ to F rpMq and prove that its determinant [10,
Theorem 4.16] (with the choice of weight function (or ‘collection of exponents’) appq “

1 for all p P I) is given by(2)

ź

KPFztHu

|K|βpKqµ`
pM{Kq.

Let δM
h “ δh : Λr´1

r´1pMq Ñ BpMq denote the composition

Λr´1
r´1pMq Ñ Λr

r´1pMq ‘ Λr
rpMq Ñ Λr

rpMq “ BpMq,

where the first map is the restriction of the adjoint δpeq “
ř

sPI s ^ e to the standard
differential B of ΛpIq to Λr`1

r pMq and the second map is the projection to the second
factor.

By [8, Proposition 3] the lattice UpMq “ KerpBM q Ă BpMq is the orthogonal
complement to ImpδM

h q Ă BpMq. Finally, under the duality D : BpMq
»
Ñ BpM˚q

described in [8, Section 3.5], the subset UpMq “ ImpδM
h qK Ă BpMq becomes identified

with ImpBM˚

v qK “ F n´rpM˚q Ă BpM˚q. We conclude that the determinant of the
restriction of x , y to UpMq is equal to the Brylawski–Varchenko determinant for the
dual matroid and so

det SpCq “
ź

LPF˚zt∅u

|L|βpM˚
pLqqµ`

pM˚
{Lq,

where F˚ denotes the set of coloop-free flats of M˚.
Finally, using the fact that L ÞÑ K :“ IzL defines an order reversing bijection

between the F˚ and F , together with the facts µ`pM˚{Lq “ µ`pMpKq˚q and
βpM˚pLqq “ βppM{F q˚q “ βpM{F q, we identify the previous expression with

ź

KPFztIu

|IzK|βpM{Kqµ`
pMpKq

˚
q,

as we wished to show.

(2)In [10] Brylawski—Varchenko’s determinant formula is expressed as a product over all flats (not
just coloop-free flats). Note however that if a flat contains a coloop, then the restriction MpKq is
either separable (and hence βpMpKqq “ 0), or K is a single coloop (in which case |K| “ 1). Thus
flats with coloops do not contribute when appq “ 1 for all p P I.
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3. Intersection matrices in hypertoric geometry and hypertoric
category O

In the special case where C is a unimodular hyperplane arrangement, the matrix S
has a geometric interpretation that appeared in the literature in [13], where it is
identified with a cohomological intersection form. More precisely, if C is unimodular,
then there is a corresponding smooth hypertoric variety M̃ defined by a hyperkähler
quotient construction. The affinization of M̃ is a conical affine hypertoric variety M
and the fiber over the cone point is a union of toric varieties described by polytope
regions of the arrangement C. In this context, Hausel–Swartz show that S arises as
the intersection matrix on the top-dimensional cohomology of this fiber.

More generally, for any real hyperplane arrangement (and oriented matroid
program) the matrix S can also be viewed as arising from the Euler form on the
Grothendieck group of hypertoric (or oriented matroid) category O. Hypertoric
category O was introduced by Braden–Licata–Proudfoot–Webster [7] as a certain
category of modules over a deformation quantization for hypertoric varieties, analo-
gous to the Bernstein–Gelfand–Gelfand category O of (possibly infinite-dimensional)
representations of a semi-simple complex Lie algebra. Moreover, they proved that
their hypertoric category O is equivalent to modules over a finite-dimensional
quadratic algebra, defined from linear programming data and introduced in their
paper [6]. In [15], Kowalenko and the second author generalized this notion from the
setting of linear programming to that of oriented matroid programs.

To be more precise, the input for defining hypertoric (resp. oriented matroid) cate-
gory O is a linear program (resp. oriented matroid program) meaning an essential real
affine hyperplane arrangement C, generic as in the previous section (resp. an affine ori-
ented matroid pM̃, gq, generic in an analogous way) together with a choice of generic
covector ξ (resp. generic single-element extension pM̃, g, fq of the affine oriented ma-
troid). For any such linear program (resp. Euclidean oriented matroid program), the
resulting algebra A “ ApC, ξq (resp. ApM̃, f, gq) is quasihereditary and Koszul.

The simple objects in the resulting category O, ApC, ξq ´ mod (resp. ApM̃, f, gq ´

mod), are parametrized by bases of the matroid underlying the hyperplane arrange-
ment (resp. oriented matroid M̃{g) or correspondingly by regions of the arrangement
that are bounded by ξ (resp. topes that are bounded with respect to f). For two
compact regions/topes the number SqpA, Bq arises in this context as the Euler form
on the Grothendieck group between the corresponding simple modules.

Theorem 3.1. For a linear program (or Euclidean oriented matroid program)

SqpA, Bq “ xrLAs, rLBsyq “
ÿ

i

p´qqi dim Exti
OpLA, LBq

where LA, LB P O are the simple modules corresponding to the chambers A, B bounded
by ξ (or f).

Proof. To prove this, we will pass to the Koszul dual side. Denote by Ogr “ A-modgr

the graded category O. We denote by xny and v : Ogr Ñ O the functors shifting and
forgetting the grading.

We denote by O_,gr the category associated to the Gale-dual linear/oriented ma-
troid program. It arises as graded modules over the quadratic dual algebra A!. Then
Koszul duality yields an equivalence of categories

K : DbpOgrq Ñ DbpO_,grq.
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There is a natural bijection between chambers in the Gale dual programs and Koszul
duality interchanges simple and projective modules as well as the graded and coho-
mological degrees:

KpLAxiyq “ P _
A x´iyr´is.

Consider the Euler form xrLAs, rLBsyq :“
ř

ip´qqi dim Exti
OpLA, LBq. The

Koszulity of Ogr implies that

Exti
Ogr pLA, LBxjyq “ 0

for all j ‰ i. Thus
ÿ

i

p´qqi dim Exti
OpLA, LBq “

ÿ

i

p´qqi dim Exti
Ogr pLA, LBxiyq.

By Koszul duality:
ÿ

i

p´qqi dim Exti
Ogr pLA, LBxiyq “

ÿ

i

p´qqi dim HomO_,gr pP _
A , P _

B x´iyq.

As O_,gr is equivalent to modules over A!, then
ÿ

i

p´qqi dim HomO_,gr pP _
A , P _

B x´iyq “
ÿ

i

p´qqi dimpeAA!eBqi,

where eA and eB are the primitive idempotents of A! corresponding to the indecom-
posable projective objects P _

A and P _
B . By [6, Theorem 4.14] (resp. [15, Theorem 5.12]

for Euclidean oriented matroid programs), A! is isomorphic to an algebra

B “
⊕

pA,BqPPˆP
RABx´dpA, Bqy

associated to our original linear program (resp. Euclidean oriented matroid program)
that is bigraded by the set P such that eAA!eB is isomorphic to RABx´dpA, Bqy.
Thus

ÿ

i

p´qqi dimpeAA!eBqi “
ÿ

i

p´qqi dimpRA,Bx´dpA, Bqyqi

“ p´qqdpA,Bq
ÿ

i

p´qqi dimpRA,Bqi.

For linear programs, RA,B can be identified with the cohomology of the complex
toric variety XAXB associated to the polyhedron A X B, see [6, Theorem 4.8]. Since
the polyhedron A X B is compact and simple, XAXB is projective and has at worst
finite quotient singularities. By [9, Proposition A1], XAXB is hence rationally smooth,
and by [14, Corollary 8.2.22] the rational intersection cohomology and intersection
cohomology of XAXB agree. Now [18, 3.1 Theorem] computes the graded dimension
of the intersection cohomology in terms of the h-polynomial hpA X Bq, so that

dimpRA,Bq2i “ dim IH2ipXAXB ,Qq “ hipA X Bq

where hi denotes the coefficient of xi in hpA X Bq. Moreover, RA,B is zero in odd
degrees. That concludes the proof in the linear program setting.

For Euclidean oriented matroid programs, we use [15, Corollary 7.8], which shows
that

dimpRA,Bq2i “ | tfeasible vertices of A ^ B with i outgoing edgesu | “ hipA ^ Bq.

Again, RA,B is zero in odd degrees. That concludes the proof for Euclidean oriented
matroid programs. □
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Appendix A. Examples of the q-determinant formula
A.1. Points on a line. Consider the arrangement Cn in R1, consisting of n ` 1
affine hyperplanes, say Hi “ t´iu for i “ 1, . . . , n ` 1. We then obtain the bounded
regions Ai “ p´i, ´pi ` 1qq for i “ 1, . . . , n. So the intersection Ai X Aj is either a
line segment, a point or empty and we obtain

SpAi, Ajq “

$

’

&

’

%

2 if i “ j,

´1 if |i ´ j| “ 1,

0 else.
SqpAi, Ajq “

$

’

&

’

%

1 ` q2 if i “ j,

´q if |i ´ j| “ 1,

0 else.
which yields the (q-)Schechtman–Varchenko matrices

SpCnq “

¨

˚

˚

˚

˚

˝

2 ´1

´1 2
. . .

. . . . . . ´1
´1 2

˛

‹

‹

‹

‹

‚

, SqpCnq “

¨

˚

˚

˚

˚

˝

1 ` q2 ´q

´q 1 ` q2 . . .
. . . . . . ´q

´q 1 ` q2

˛

‹

‹

‹

‹

‚

.

A straightforward induction shows that

det SpCnq “ n ` 1 and det SqpCnq “ rn ` 1sq2 .

In fact, SpCnq is the Cartan matrix of the root system An, and SqpCnq (up to a factor
of q) is the quantum Cartan matrix, see [11].

On the other hand, the underlying matroid is isomorphic to the uniform matroid
U1,n`1 and H is the only coloop-free set ‰ I. The product in Conjecture 1.7 hence
has a single factor

r|IzH|s
βpMqµ`

pHq

q2 “ rn ` 1s
βpU1,n`1qµ`

pHq

q2 “ rn ` 1sq2 .

Figure 1. The pseudoline arrangement Cps

A.2. A pseudoline arrangement. As a first example of Conjecture 1.12, we con-
sider the oriented matroid defined by the pseudoline arrangement Cps depicted in
Figure 1, which has 21 compact topes. A computer calculation shows that

detpSqpCpsqq “ r8s6
q2 .
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5678 4678 4578 4568 4567 3678 3578 3568 3567 3478
3468 3467 3458 3457 3456 2678 2578 2568 2567 2468
2467 2458 2457 2378 2368 2367 2358 2357 2356 2348
2347 2346 2345 1678 1578 1568 1567 1478 1468 1467
1458 1457 1456 1368 1367 1358 1357 1348 1347 1346
1345 1278 1268 1267 1258 1257 1256 1248 1247 1246
1245 1238 1237 1236 1235

Table 1. Feasible cocircuits of pṼ, gq

12345678 12345678 12345678 12345678 12345678
12345678 12345678 12345678 12345678 12345678
12345678 12345678 12345678 12345678 12345678
12345678 12345678 12345678 12345678 12345678
12345678 12345678 12345678 12345678 12345678
12345678 12345678 12345678 12345678 12345678

Table 2. Bounded topes of pṼ, gq

In this case the underlying (unoriented) matroid is the uniform matroid U2,8. The
only coloop-free flats K of U2,8 are H and I itself. Thus the product in the conjecture
has a single factor, namely for K “ H, and the conjectural formula reduces to

r|IzH|s
βpU2,8{Hqµ`

pHq

q2 “ r8s
βpU2,8qµ`

pHq

q2 “ r8s6
q2 ,

where the last equality holds because µ`pHq “ 1 and

βpU2,8q “ βpU2,7q ` βpU1,7q “ βpU2,7q ` 1 “ βpU2,6q ` 2 “ . . . “ βpU2,2q ` 6 “ 6.

A.3. An affine Vámos oriented matroid. We conclude with an example where
the underlying matroid is not representable. Recall that the Vámos matroid V (rank
4 on 8 elements) is not representable over any field, but is orientable by [5]. Let V
be the oriented matroid obtained as labelled and oriented in [5]. While there are
many possible generic one-element lifts, for the purpose of checking an example, we
simply pick one. Namely, let pṼ, gq be the affine oriented matroid obtained from V by
adjoining g to V using the lexicographic one-element lift defined by the cobasis {3, 6,
7, 8}. The set of feasible cocircuits for pṼ, gq is given in Table 1 and the corresponding
set of bounded topes P0pṼq is given in Table 2. Using a computer calculation, we find
that

detpSqpṼqq “ r8s15
q2 r4s5

q2 .

On the other hand the Vámos matroid V has 5 proper nonempty coloop-free flats,
namely the 5 circuits K1, . . . , K5, each of size 4. Computing the right hand side of
Conjecture 1.7 gives

ź

KPFztIu

r|IzK|s
βpM{Kqµ`

pMpKq
˚

q

q2 “ r|I|s
βpV qµ`

pHq

q2 ¨

5
ź

i“1
r|IzKi|s

βpM{Kiqµ`
pMpKiq

˚
q

q2

“ r8s
βpV qµ`

pHq

q2 ¨ pr4s
βpU1,4qµ`

pU1,4q

q2 q5 “ r8s15
q2 ¨ r4s5

q2 .

Thus the conjecture holds for this example.
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