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Characterizing positroid quotients of

uniform matroids

Zhixing Chen, Yumou Fei, Jiyang Gao, Yuxuan Sun
& Yuchong Zhang

ABSTRACT We study two-step flag positroids (Pi, P2), where P is a quotient of P». We pro-
vide a complete characterization of all two-step flag positroids that contain a uniform matroid,
extending and completing a partial result by Benedetti, Chévez, and Jiménez. Our character-
ization reveals that “non-local information” is necessary for characterizing flag positroids. To
contrast general positroids with the special case of lattice path matroids, we show that the
containment relations of Grassmann necklaces and conecklaces fully characterize flag lattice
path matroids, but are insufficient for general flag positroids. Additionally, we prove that the
decorated permutations of any elementary quotient pair are related by a cyclic shift, resolving
a conjecture of Benedetti, Chavez and Jiménez.

1. INTRODUCTION

Positroids are an important class of matroids that can be represented by full-rank ma-
trices with nonnegative maximal minors. They were first introduced by Postnikov in
his study of the totally nonnegative Grassmannian [14]. The applications of positroids
span several domains, including cluster algebra [13] and physics [8, 2].

Positroids also have many nice properties. They are closed under matroid dual-
ity and cyclic shifts of the ground set. Moreover, they are in bijection with many
combinatorial objects, including Grassmann necklaces and decorated permutations
[14, 10].

An ordered pair of matroids (M7, Ms) is called a (two-step) flag matroid if M is
a quotient of My, which means that every circuit of Ms is a union of circuits of M;.
If both M; and My are positroids, then the pair is called a (two-step) flag positroid.

Characterizing flag positroids via circuits is computationally challenging, as enu-
merating all unions of circuits requires exponential time. Since positroids can be
represented concisely by many combinatorial objects such as Grassmann necklaces, it
is natural to seek a more practical combinatorial criterion for flag positroids.

QUESTION 1.1 ([10]). Find a concise combinatorial criterion of flag positroids.

This question was first posed in [10, Section 7], prompting numerous attempts to
address it [11, 3, 4, 6]. In particular, several necessary conditions are identified for
two-step flag positroids, such as [11, Proposition 6.2] and [3, Remark 36]. In contrast,
finding sufficient conditions appears to be more challenging. To the authors’ knowl-
edge, existing sufficient conditions mainly focus on special cases: [4] provides a neces-
sary and sufficient condition for flag lattice path matroids (a subclass of positroids),
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and [3] gives a sufficient but not necessary condition for elementary quotients (that
is, quotients that decrease the rank by at most 1) of uniform matroids.

Our main result gives a necessary and sufficient characterization of all two-step
flag positroids that contain a uniform matroid, based on their CW-arrows (a close
relative of Grassmann necklaces, first defined by [11]).

THEOREM 1.2. Given integers 0 < r < k < n. Let M be a positroid of rank k —r on
[n], and let Uy, be the uniform matroid of rank k. Then (M, Uy ) is a flag positroid
if and only if the union of any r +1 CW-arrows of M has cardinality at least k + 1.

We note that our criterion is verifiable in O(n?) time. The proof of Theorem 1.2

employs a novel rank analysis based on the results of [9]. We also note that both the
statement and the proof of Theorem 1.2 differ significantly from the partial charac-
terization in [3].
REMARK 1.3. Consider the case where k < n. Then each CW-arrow is a clockwise
arrow of length no more than k on the circle of perimeter n. While each CW-arrow is
a “local structure” on the circle (that is, involving only a few positions close to each
other), Theorem 1.2 considers a union of multiple CW-arrows that can be arbitrarily
far away from each other. Since whether one positroid is a quotient of another is deter-
mined by the combined effects of distantly separated local structures, characterizing
flag positroids requires non-local information (in terms of positions on the circle).
This explains why previous attempts at characterizing flag positroids such as [11,
Conjecture 6.3] have been unsuccessful (we provide a simple counterexample for [11,
Conjecture 6.3] in Example 5.3). The authors view this insight as a main conceptual
contribution of this paper.

»

A canonical “local property” of flag positroids is the “Grassmann necklace con-
tainment condition” [3, Remark 36]. In contrast to Remark 1.3, we show that the
containment of both Grassmann necklace and Grassmann conecklace is sufficient to
characterize the quotients among lattice path matroids.

THEOREM 1.4. Let M and N be lattice path matroids. Then M is a quotient of N
if and only if the Grassmann necklace of N contains the Grassmann necklace of M
entrywise, and the Grassmann conecklace of N contains the Grassmann conecklace of
M entrywise.

Theorem 1.4 demonstrates that certain “local properties” may naturally “globalize”
for lattice path matroids but not for general positroids. In fact, the same counterex-
ample for [11, Conjecture 6.3], as shown in Example 5.3, also shows that Theorem 1.4
is not true for general positroids.

We remark that a complete characterization of flag lattice path matroids was al-
ready obtained by [4], and the purpose of our Theorem 1.4 lies more in providing
contrast to Theorem 1.2.

Since CW-arrows are closely related to Grassmann necklaces, it is natural to con-
sider counterparts of Grassmann necklace containment conditions in CW-arrows. Sur-
prisingly, they turn out to be intimately related to the cyclic shift operation introduced
by [3] for decorated permutations (another canonical representation of positroids). Us-
ing this connection, we resolve the following conjecture in [3].

THEOREM 1.5 ([3, Conjecture 37)). If M, N are positroids and M is an elementary
quotient of N, then the decorated permutations associated with M and N are related
by a cyclic shift.

Note that since cyclic shift is a counterpart of the necklace containment condition
(as shown in Theorem 3.14), it is by our standards a “local property,” and thus does
not provide a sufficient characterization of flag positroid (see Example 5.3).
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This paper is structured as follows. Section 2 provides necessary background on
flag matroids and positroids. Section 3 builds a connection between the containment
of Grassmann necklaces and cyclic shifts, culminating in a proof of Theorem 1.5.
Theorems 1.2 and 1.4 are proved and discussed in further detail in Sections 4 and 5,
respectively.

2. PRELIMINARIES

Throughout this work, we denote the set {1,2,...,n} by [n], and denote the collection
of k-element subsets of [n] by (I7).

2.1. MATROIDS AND QUOTIENTS OF MATROIDS. Matroids are combinatorial struc-
tures that abstract and generalize the concept of linear independence. We refer the
readers to [12] for a more detailed exposition.

DEFINITION 2.1. Let E be a finite set and B be a nonempty collection of subsets in E.
The pair M = (E,B) is a matroid if for all B,B’' € B and x € B~ B’, there exists
y € B’ \ B such that (BU{y}) \ {x} € B. The set E is the ground set of M, and
the elements of B = B(M) are the bases of M.

DEFINITION 2.2. It can be shown that all bases of a matroid have the same cardinality.
We call this cardinality the rank of M, denoted by rk(M). Moreover, we associate
with every matroid M = (E, B) a rank function rky, : 2" — N defined by rkps(S) :=
max{|SNB|: B B}.

PROPOSITION 2.3 ([12, Lemma 1.3.1]). For any matroid M = (E,B), its rank func-
tion is submodular, which means that if A and B are subsets of E, then tkas(A) +

DEFINITION 2.4. Given a matroid M = (E,B), a subset I C E is called an inde-
pendent set of M if it is contained in some basis of M. Otherwise, we say that I is
dependent. If a subset C C E is dependent, but every proper subset of C' is indepen-
dent, then C is said to be a circuit of M.

DEFINITION 2.5. Given a matroid M = (E,B), the collection B* = {E \ B | B € B}
also forms the set of bases of a matroid. The matroid (E,B*), denoted by M*, is called
the dual of M.

The rank functions of a matroid and its dual are related by the following formula.

PROPOSITION 2.6 ([12, Proposition 2.1.9]). Let rkps be the rank function of M on the
ground set E, and rkys+ be the rank function of M*. Then for any S C E we have

I‘kM* (S) = I“kM(E AN S) + ‘S| - I‘k(M)
We now define the quotient relation on matroids, the central object of study in this
paper.
DEFINITION 2.7. Given two matroids M and N on the same ground set E, we say
that M is a quotient of N, or (M, N) forms a flag matroid, if every circuit of N is
the union of a collection of circuits of M. If in addition the rank of M is exactly one
less than the rank of N, then M 1is called an elementary quotient of N.

The quotient relation has a convenient characterization using rank functions.

PROPOSITION 2.8 ([15, Proposition 8.1.6]). Given two matroids M, M’ on the same
ground set E, M is a quotient of M’ if and only if for all pairs of subsets A, B of E
with A C B,

I‘kM(B) — I‘kM(A) § I‘kM/(B) — I‘kM/(A)
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2.2. GALE ORDERS. Positroids are a special class of matroids linked with the cyclic
structure (1,2,...,n,1) of the ground set [n]. We first introduce some useful notions
for any ordering of the ground set.

DEFINITION 2.9. For any total order <., on [n], the Gale order <g ., induced by <,
is a partial order on subsets of [n|: for two k-element subsets A, B € ([Z]), we say
A <gw B if a; <u b; for all i € [k], where a; (resp. b;) is the i-th smallest element
of A (resp. B) under the order <.

The special orderings we use are the cyclic orders <; defined by
1<;t+1<;---<;n<;1<2<---<;0—1.
With a slight abuse of notation, we use <; to also denote the Gale order induced

by <;-
The following proposition provides another characterization of matroid quotients.

PROPOSITION 2.10 ([7, Theorems 1.3.1 and 1.7.1]). If B is the collection of bases of
a matroid on a ground set ordered by <., then there is a unique basis A € B such
that A <gw A’ for any A’ € B. Moreover, if B and B’ are the collections of bases of
two matroids M and M’ respectively, and M is a quotient of M', then their unique
minimal bases satisfy the containment relation

min B C min B'.
<G,w <G,w

2.3. GRASSMANN NECKLACES AND POSITROIDS. The following combinatorial struc-
ture helps us define positroids.

DEFINITION 2.11 ([14, Definition 16.1]). For 0 < k < n, a Grassmann necklace of type
(k,n), or simply a necklace, is a sequence I = (I1,Is,...,I,) of subsets I; € ([Z]) such
that for every i € [n],

(1) ifi € I, then L1 = (I; ~ {i}) U{j} for some j € [n],

(2) Zfl Q Ii, then Ii+1 = Ii,

where I,11 = 1.

The original definition of positroids [14] is matroids whose bases correspond to
nonzero maximal minors of a k x n matrix with all maximal minors nonnegative. In
this paper, we adopt the following equivalent definition proved by [10].

DEFINITION 2.12 ([10, Theorem 6]). For any Grassmann necklace I = (I1,...,I,) of
type (k,n), the set

B(I) = {B € CZ]) I, < B foralli € [n]}

forms the collection of bases of some matroid. Such a matroid is said to be a positroid
on the ground set [n]. In addition, we always have I; = ming, {B(I)} for all i € [n].

We also introduce the following dual version of Grassmann necklaces, which coin-
cides with the “upper Grassmann necklace” defined in [10].

DEFINITION 2.13. For a positroid M = ([n], B), the sequence (J1,...,Jn) with J; :=
maxg;{B(I)} fori € [n] is called the Grassmann conecklace, or simply the conecklace,
of M.

As a general convention, in the examples throughout this paper, a set of Arabic
numerals is denoted by their concatenation.
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EXAMPLE 2.14. Consider the positroid P = ([5], {1234, 1235,1245,1345}). Its asso-
ciated Grassmann necklace is T = (1234, 2341, 3451,4512,5123), and its Grassmann
conecklace is J = (1345,3451,4512, 5123,1234).

A special class of positroids we study in Theorem 1.4 is lattice path matroids,
defined as follows. It is proved in [10] that lattice path matroids are positroids.

DEFINITION 2.15 ([5, Definition 3.1]). A lattice path matroid (LPM) MU, L], where
UL e (") and U <, L, is a matroid ([n], B) with B := {B e(M U< B L}.

2.4. DECORATED PERMUTATIONS. The paper [14] also introduces decorated permuta-
tions, a class of combinatorial objects that are in bijection with Grassmann necklaces.

DEFINITION 2.16 ([14, Definition 13.3]). A decorated permutation 7 on [n] consists
of data (r, col), where m € &,, and col : [n] — {0,+1} is a mapping such that col *(0)
1s the set of unfized points of .

Following the convention of [14], we add underlines to elements in col™*(—1), over-
lines to col*(1), and nothing to others. We say elements in col "'(1) and col™*(—1)
are loops and coloops respectively.

As a general convention in examples throughout this paper, a decorated permu-
tation 7 is represented by concatenating the numbers 7°(1),...,7'(n), with each
number either underlined, overlined, or undecorated.

EXAMPLE 2.17. Given decorated permutation 7 = (m,col) = 4135627, we have
col 1(0) = {4,1,5,6}, col ' (1) = {3}, and col *(—1) = {7}. Thus, its loop is 3
and coloop is 7.

To state the bijection between Grassmann necklaces and decorated permutations
on the same ground set from [14, Lemma 16.2], we introduce the concept of anti-
ezxceedance.

DEFINITION 2.18 ([14]). Given a decorated permutation 7, the set of its i-anti-
exceedances is

Wi(r) :=={j € [n] | j <i 7 '(j) or col(j) = —1}.
PROPOSITION 2.19 ([14, Lemma 16.2]). Given a decorated permutation m on [n], the
sequence (Wi(m),...,Wyp(7")) is a Grassmann necklace. Conversely, the following

procedure maps a Grassmann necklace I = (Iy,...,1I,) to a decorated permutation
o' = (o, col).

(1) If Liys = (I N {i}) U{j} with i # j, let o(i) = j and col(i) = 0.
(2) If Ii11 = I, let o(i) = i; moreover, if i € I;, let col(i) = —1, otherwise
col(i) = 1.

These two maps between Grassmann necklaces and decorated permutations are mu-
tually inverse.

ExXAMPLE 2.20. Consider w* = 15234. Denote its corresponding necklace by I. By
calculating anti-exceedances, we obtain the same Grassmann necklace as in Exam-
ple 2.14. Applying the procedure in Proposition 2.19 to this necklace gives rise to
15234, the decorated permutation we started with.

Decorated permutations also give a canonical bijection between the Grassmann
necklace and the Grassmann conecklace of a positroid.

PrOPOSITION 2.21 ([10, Lemma 17]). Let M be a positroid over [n]. Let I =
(I1,...,I,) be its Grassmann necklace and let ' be its decorated permutation. Then
the Grassmann conecklace J = (J1,...,J,) of M is given by J; = 7~ 1(I;).
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REMARK 2.22. In some other literature, for example, in [1] and [3], they use a slightly
different convention for decorated permutations compared to Proposition 2.19. Specif-
ically, their decorated permutation (7, col) corresponds to our (71, col), meaning that
their “numbers” are our “positions” and vice versa.

3. CYCLIC SHIFTS AND NECKLACE CONTAINMENT

In [3], the authors introduce the notion of cyclic shifts, an operation on decorated per-
mutations that cyclically shifts some elements. Their main conjecture, [3, Conjecture
37] (that is, our Theorem 1.5), claims that the decorated permutations of any elemen-
tary quotient of a positroid M can be represented by a cyclic shift of the decorated
permutation of M. The primary goal of this section is to prove this conjecture.
We first introduce the definition of cyclic shifts.

DEFINITION 3.1 ([3, Definition 22]). Given a decorated permutation ©° = (m,coly) on
[n] and a subset A C [n], we define a new decorated permutation (o,coly) = pi(n)
as follows.

(1) Foralli € A, let o(i) = 7(i) and col, (i) = col, (7).
(2) Fori¢ A, let o(i) = w(j), where j is the mazimum element of [n] \ A under
<;.

(3) Fori ¢ A, let coly(i) =1 if o(i) = i. Otherwise, define col, (i) = 0.
We call pA(m°) the cyclic shift of 7 with respect to the set A.

Intuitively, /Z{ freezes all positions in A. Then, among the remaining positions, it
cyclically shifts the numbers one place to the right and decorates new fixed points as
loops.

EXAMPLE 3.2. Let 7 = 1654237, then pass () = 3614527.

REMARK 3.3. The convention in [3] is slightly different from ours. Specifically, the
subset A in our definition represents the fixed positions, while in [3] it represents fixed
numbers. This is because we use a different convention of decorated permutations. See
Remark 2.22.

We are now ready to state our Theorem 1.5 more formally. In addition to the claim
that the decorated permutations of an elementary quotient pair is related by a cyclic
shift, we can use Grassmann conecklaces (Definition 2.13) to characterize the shifted
positions.

THEOREM 3.4 (Formal statement of Theorem 1.5). Let (M, N) be a flag positroid over
[n] with tk(M) =rk(N)—1. If o' and 7 are the decorated permutations of M and N
respectively, then o = pA(m), where A = [n] ~ Uiep (ST N J7). Here (J7 )ien) and

1
(J7)iem) are the Grassmann conecklaces of M and N, respectively.

NoTATION. If a positroid M is an elementary quotient of a positroid IV, and o' and 7
are their corresponding decorated permutations respectively, then we denote o' < 7.

REMARK 3.5. It remains an open question whether there is a concise characteriza-
tion—based solely on 7'—of those sets A for which pA () < 7.

3.1. RELATING CYCLIC SHIFTS TO NECKLACE CONTAINMENT. As we alluded to in
the introduction, the cyclic shift operation of decorated permutations turns out to be
the “counterpart” of containment relations in Grassmann necklaces. The main goal
of this subsection is to formally establish this connection.
To achieve this, we introduce a key tool called Grassmann matrices, which act as
a bridge between Grassmann necklaces and what we refer to as Grassmann intervals.
Throughout this paper, we adopt the convention that the cyclic interval (i,i] = @.
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DEFINITION 3.6. Given a decorated permutation © on [n|, we define the Grassmann
interval ST associated with each i € [n] to be the cyclic interval (w=1(i),i]. In the
exceptional case where 7' (i) = i, we set ST = [n]. The Grassmann matrix M7™ is
the n x n binary matriz where the i-th row is the indicator vector of the Grassmann
interval ST . Specifically, the entry (M™); ; is equal to 1 if j € ST and 0 otherwise.

We remark that the “Grassmann interval” used here is almost the same as the
“CW-arrow” defined by [11] (see Remark 4.2 for further discussion). Our definition
of Grassmann intervals serves to demonstrate more clearly the close relation of CW-
arrows to Grassmann necklaces, as captured by the following lemma.

In the following, for decorated permutations 7* and o* over [n], we use I™ and I°
to denote the corresponding Grassmann necklaces, and use J™ and J° to denote the
corresponding Grassmann conecklaces, respectively.

LEMMA 3.7. Given a Grassmann matrix M™, the j-th column of M™ is the indicator
vector for IT. Consequently, the sum of each column of M™, which we hereafter denote
by rk(*), coincides with |IT|, the rank of the associated positroid.

Proof. By definition,

(M) s = 1, ifiisa j anti-exceedance (i <; m~1(i) or col.(i) = —1);
n 0, otherwise.

And hence by Proposition 2.19, the j-th column of M? is the indicator vector for I7,
and the sum of each column of M7 equals rk(o?). O

EXAMPLE 3.8. Let 7 = 1654237, then the Grassmann matrix is

0000000
1100011
1110001
M™=10000000
0001100
0011110
1111111

The Grassmann interval ST = (771(3),3] = (6,3] = {7,1,2,3} = {1,2,3,7} can be
read through the third row of M™, and I] = {5,6,7} of the Grassmann necklace I™
can be read through the fourth column of M™.

Lemma 3.7 immediately implies the following corollary.
COROLLARY 3.9. I7 C IT for any i € [n] if and only if ST C ST for any i € [n]

Proof. By Lemma 3.7 and Definition 3.6 respectively, both conditions are equivalent
to (M7);; < (MT),; for any ,j € [n]. O

To establish connections with the cyclic shift o° = pA(7°), we define shift intervals
ST?. In fact, shift intervals record the rows of M™ — M?.

DEFINITION 3.10. Given two decorated permutations o°, ' over [n|, we define the i-th
shift interval as cyclic interval (7=1(i),0=1(4)]. In the exceptional case where o (i) =i
and 7 (i) = i, we set S;°7 == [n].

EXAMPLE 3.11. Let 7 = 456123 and o° = 246153. We have
S5 =(r"1(2),2] = {6,1,2}, 55 =(0"'(2),2] = {2}, and
S37 = (r1(2),07(2)] = {6,1} = ST\ 5.
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We use shift intervals as an intermediary to bridge Grassmann necklace contain-
ment and the cyclic shift. In the next two lemmas, we separately show that both
the necklace containment relation and the cyclic shift condition are equivalent to the
same condition on shift intervals, thereby establishing the desired equivalence between
necklace containment and the cyclic shift.

LEMMA 3.12. Given two decorated permutations o*,m over [n] where rk(c’) = rk(m') —
1, L, ST = [n] if and only if ST C ST for any i € [n].

Proof. The “if” direction: by Lemma 3.7, as multi-sets, | |\, ST is rk(7*) copies of
[n], and | |I_, S7 is rk(c®) copies of [n]. Hence, if S7 C ST for any i € [n], then we
have

n

[n] = rk(r)[n] - rk(o (I_I S”) (LI S“) = LI (57~ 57) =L ST

i=1

The “only if” direction: if | |7, S = [n], then by the triangle inequality,

n=> 577> Z ISTI=1S71) = D ISTI =D 157| = n (vk(w) — rk(0)) = n.
i=1 i=1 i=1 i=1
Equality holds only if S¢ C ST for any i € [n]. O

LEMMA 3.13. Given two decorated permutations o’,m over [n] where rk(c) = rk(m') —
1, o' = pi(n) for some A C [n] if and only if | [I_, ST = [n].

Proof. The “only if” direction: we assume that o° = pA(r’) for some A C [n]. If
|A| = n then o° = 7°, contradicting the assumption rk(c’) = rk(7*) = 1. If |[A| = n—1,
then o' # 7' implies the shifted element turns from a coloop to a loop. Let i be
the only shifted element, then S = [n] and S7*7 = @ for any j € [n] \ {i}, and
consequently statement | |1, S7°7 = [n] holds.

Now assume |A| < n —2. Let [n] ~ A= {i1,...,i}, where i; <; -+ <3 ig. Denote
i¢+1 = 41. Then we know from Definition 3.1 that 7([n] \ A) are the shifted numbers.
For each j ¢ 7([n] \ A), by Definition 3.10 we have S7'? = @. We also know from
Definition 3.1 that o~!(7(i,)) = i,41 for each r € [¢]. So

14
|_| Z'm 7/7"+1

The “if” direction: assume that | |\, S7"? = [n] holds. Reorder all the non-empty
cyclic intervals as ST/ ;71)7 .. S:Z such that 11 <1 -+ <1 ip. We claim o' = ﬁ)(w:)
for A= [n] ~ {i1,..., %}

Note that the left endpoint of each cyclic interval S:&?T) is 7= 1(m(i,)) = i,. By

|:N

(- et 6] = L] 5, = L 7

r=1 r=1

LI, S77 = [n] and 41 <y -+ <y g, we have ST/7 = (ir,ir41]. Moreover, by Def-

inition 3.10, S U) = (7= Y7 (i), 0 (7 (i))], and hence i, 1 = o~ 1(n(i,)) for any
re 4.
The shifted numbers of pA () are 7([n]~ A), corresponding to 7 (i1 ), (iz), . . . , 7 (ir).

We have shown that o(iy41) = 7(i,) for any r € [¢]. Moreover, as Lemma 3.12 shows
each SY is contained in ST, which would be violated if any new fixed point of o' were
a coloop. By Definition 3.1, we conclude that o = pA(7), as claimed. O

We now conclude with the following theorem.

THEOREM 3.14. Let M and N be two positroids on [n], and rk(M) = rk(N)—1. Let o°
and 7 be the decorated permutations of M and N, and I° and I™ be the Grassmann
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necklaces of M and N, respectwely Then, If C IT for alli € [n] if and only if there
exists A C [n] such that o° = pAi().

Proof. The conclusion follows directly by combining Lemmas 3.12 and 3.13 and Corol-
lary 3.9. U

3.2. CHARACTERIZING SHIFTED POSITIONS. As stated in Theorem 3.4, for elemen-
tary quotient pairs, we can characterize the shifted positions using Grassmann co-
necklaces. We first prove the following lemma that connects Grassmann conecklaces
with positions of decorated permutations.

LEMMA 3.15. Assume o' = (0,col,) and = (m,col,) are decorated permutations on
[n], and let J7 and J™ be the Grassmann conecklaces of o' and 7, respectively. If
JZ C JT for any i € [n], then we have
{a € [n] | o(a) # w(a) or col,(a) # colz(a)} = U (JT N J7).

Proof. By Propositions 2.21 and 2.19 and Lemma 3.7, we have
JI=n'1f) = {7 n] | a <; 7 "(a) or coly(a) = —1}

={r"'a)en]|ic S;T} ={a€n]|ieST,}t
Therefore, since J7 € J[ for any i € [n], we have S7 ) C ST, for any a € [n].
Hence,

JENIr ={ac i€ Shy~ Sy}
={a€n]|i€ (o(a),n(a)]} U{a € [n]|coly(a) =1,col(a) =—1}.

That is to say,

n

U (S~ J7) ={a € n]| (o(a),m(a)] # @} U{a € [n] | cols(a) = 1, colr(a) = —1},

i=1

or equivalently,

s

Z (JFNJ?)={a€[n]|o(a) # w(a) or col,(a)# col(a)},

as desired. O

1

We are now ready to conclude the proof of Theorem 3.4.

Proof of Theorem 3.4. By Propositions 2.10 and 2.12, if the positroids in Theo-
rem 3.14 form a flag positroid (M, N), the Grassmann necklaces satisfy I¢ C IT.
Therefore, Theorem 3.14 implies that there exists A C [n] such that o

pA(m). By the definition of cyclic shift (Definition 3.1), we must have A =
{a € [n] | o(a) = m(a) and col,(a) = colr(a)}, which is equal to [n] U, (JF ~ J7)
by Lemma 3.15. g

4. POSITROID QUOTIENTS OF UNIFORM MATROIDS

The goal of this section is to prove Theorem 1.2, which gives a complete characteri-
zation of flag positroids (M, Uy,,) in terms of CW-arrows. Our proof relies on input
from the previous papers [11, 9], which is discussed in Subsection 4.1. We then present
our contributions and prove Theorem 1.2 in Subsection 4.2. Finally, in Subsection 4.3,
we explore the r = 1 special case of Theorem 1.2 and its relation to Theorem 1.5.
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4.1. PREPARATIONS AND PREVIOUS RESULTS. We first introduce the definition of
CW-arrows.

DEFINITION 4.1 ([11]). Let 7 = (m,col) be a decorated permutation on [n]. For each
i € [n], the CW-arrow starting at i is defined by

C; = [, if #(i) =4 and col(i) = —1,
Tl e < n(i)),  otherwise.

REMARK 4.2. The intuition behind CW-arrows is that, we put 1,...,n on a circle
in the clockwise order, and draw an arrow from ¢ to m(i) clockwise. The numbers
covered by the arrow are in the CW-arrow starting at <. When ¢ is a coloop, the arrow
goes through the entire circle, whereas when 4 is a loop, its CW-arrow is a singleton.
Moreover, CW-arrows can be viewed as Grassmann intervals with their left endpoints
included.

We give the readers some working examples to check Theorem 1.2.

EXAMPLE 4.3. Consider the uniform matroid Uy, a positroid P of rank 2 whose
decorated permutation is 154623, and a positroid @ of rank 1 whose decorated per-
mutation is 623451. The CW-arrows of P are 1,2345, 34, 456, 5612, 6123. The readers
could check that the union of any 3 of them has cardinality of at least 5. The CW-
arrows of Q) are 123456, 2,3,4,5,61. If we take 2,3,4,5, the cardinality of the union
of these 4 CW-arrows is less than 5. Therefore, P is a quotient of Uy g, but @ is not.

We then define the CW-function, which counts the number of CW-arrows contained
in a set.

DEFINITION 4.4 ([11]). Let M be a positroid on [n] without coloops and let rkys :
2"l N be its rank function. If (Cy,...,Cp) are the CW-arrows of M, then the
CW-function cwyy : 20" — N is defined by

" oU{C;, C A if A
CWM(A) = Zz:l {C = }7 Zf 7é [n]7
n —rkas([n]), if A=[n].
Readers might concern about the assumption that M has no coloops. This is be-

cause later in the proof of the theorem, we always only deal with positroids with no
coloops.

3

REMARK 4.5. Given the definition, the condition in Theorem 1.2 could be rephrased
as “for any k-element subset A of [n] we have cwy(A) < r”

EXAMPLE 4.6. Consider the matroids from Example 4.3. We have cwp(3456) = 2 and
cw(1456) = 3.

The following lemma shows that we can read the rank of a cyclic interval from the
CW-function.

LEMMA 4.7 ([11, Proposition 3.4)). Let M be a positroid on [n]. If J is a cyclic interval
of the form J ={f € [n] : £ <; j} for some j € [n], then we have

tka(J) = |J| — ewpr (J).
REMARK 4.8. The paper [11] did not define the value of the CW-function on the
whole set A = [n], and their Proposition 3.4 does not include this case. Nevertheless,
in our Lemma 4.7, the case J = [n] is trivial given that we defined cws([n]) to be
n —rky([n]).

We now define a dual version of CW-arrows, which arise naturally by considering
counter-clockwise arrows instead of clockwise arrows (see Remark 4.2).
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DEFINITION 4.9 ([11]). Let m* = (m, col) be a decorated permutation. For each i € [n],
the CCW-arrow starting at i is defined by

O — [n], if m(i) =1 and col(i) = 1,
ey <x(i) 1}, otherwise.

The following function counts the number of CCW-arrows contained in a set. Note
that here we assume that M has no loops rather than M has no coloops. The reason
is that although we primarily deal with positroids without coloops, we only consider
CCW-arrows of the matroid dual of such positroids.

DEFINITION 4.10. Let M be a positroid on [n] without loops. If (CCy,...,CC,) are
the CCW-arrows of M, then the CCW-function cewyy : 20" — N is defined by

Yoini H{CC; C A}, if A# [n],
rkas([n]), if A=[n].
The following key result from [9] shows that the rank of an arbitrary subset of

[n]—mnot just cyclic intervals as in Lemma 4.7—can be read from the CCW-arrows,
though in a less efficient manner.

cewpr(A) == {

LEMMA 4.11 ([9, Theorem 25]). Let M be a positroid on [n] without loops and let
A C [n]. There exists a partition A= Ay U---U Ay such that

t
(1) rkar(4) = (rkM([n]) — cewar([n] ~ Aj)).

j=1

REMARK 4.12. The paper [9] establishes their results for positroids without loops and
without coloops, for simplicity ([9, Remark 11]). However, to justify Lemma 4.11, we
may assume without loss of generality that M has no coloop so that [9, Theorem 25]
still applies. Indeed, in (1), deleting a coloop element contained in A decreases both
sides of the equation by 1, while deleting a coloop element contained in [n] \ A leaves
both sides unchanged.

4.2. OUR IDEAS. The starting point of our investigation is the question of whether
positroid quotients can be characterized concisely using rank functions. However,
there are two immediate obstacles to this approach: (1) although rank functions do
characterize general matroid quotients (Proposition 2.8), verifying this criterion re-
quires exponential time; and (2) even for a given set in a positroid, computing its
rank is not straightforward (Lemma 4.11). Our key idea is that when one of the two
positroids is a uniform matroid, Proposition 2.8 admits a simplification that (when
sufficiently exploited) may allow us to bypass the need to compute ranks directly,
thereby avoiding the computational complexity lying in (1) and (2).

Concretely, we observe the following version of Proposition 2.8 for quotients of
uniform matroids.

LEMMA 4.13. Let M be a matroid on [n] of rank k —r. Then M is a quotient of Uy,
if and only if tkps(A) = k —r for any k-element subset A C [n].

Proof. The “only if” direction: take arbitrary A C [n] where |A| = k. Since M has
rank k — r, we know that rkj;(A) < k — r from the definition. Then, based on the
rank inequality in Proposition 2.8, we know that

rkar([n]) — tkar (A) < tkey, (7)) — ko, , (A) = thkm(A) 2> tha([n]),

because rky, ,([n]) = rky, ,(A) = k. Moreover, as rky/([n]) = k — 7, we have
tkp(A) = k — r. Therefore, rkp(A) =k —r.
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The “if” direction: consider arbitrary B C A C [n]. By Proposition 2.8, we only
need to verify the rank inequality

I‘k]\/[(A) - I‘kM(B) < l"kUkm (A) - I‘k[]k’n (B)

First, notice that
k, if |A] >k,

|Al, otherwise.

rkUk,n (A) = {

When |A|, |B| > k, the rank inequality holds immediately since we have zeros on both
sides. When |A|, |B| < k, because B C A, we know that

tkas(A) —rky(B) < |A| = |B| = 1ky, , (A) — rky, , (B).
Finally, consider the case |A| > k and |B| < k. Then it suffices to show
rkys(B) > |B| -,

as rky, ,, (A) = k, tkar(A) = k —r, and rkys(B) = | B|. By our assumption, if we take
a set C such that B C C and |C| = k, we have

tkapr(B) +k —|B| 2 1tkpy(C) =k —r = rtky(B) > |B| -,
which gives the desired inequality. O

As noted in Remark 4.5, our goal is to show that the criterion cwys(A) < r for
all k-element subsets A of [n] is equivalent to the quotient relation. The forward
implication is the more challenging direction, which requires proving that the CW-
function upper bounds on k-element subsets are sufficient to guarantee the quotient
property. Towards that end, we first observe that the CW-function upper bounds on
k-element subsets naturally “lift” to upper bounds for larger subsets, as formalized
by the following lemma.

LEMMA 4.14. Let M be a positroid on [n] without coloops. For any nonempty subset
A C [n], there is an element x € A such that cwy (A~ {z}) = cwp(A) — 1.

Proof. If A = [n], pick an arbitrary € [n]. Since A = [n], by definition, cwy(A) =
n —rkas([n]) = n — |Wi(n%)|, where 7 is the decorated permutation associated with
M. Notice that |[Wy(7)| equals the number of CW-arrows C; where ¢ > m(¢), and for
all such C;, we have 1 € C;. Thus, A~ {1} contains all n CW-arrows except for those
|W1(m")] CW-arrows and one additional CW-arrow starting at 1. Therefore, we have

cwy (AN A{z}) =n— |Wi(n)| -1 =cwp(A) — 1.

If A # [n], pick an element z € A such that (x — 1 (mod n)) ¢ A. This element
exists; otherwise, A = [n]. There is at most one CW-arrow that is contained in A and
contains z, namely, the one starting at z. Therefore, cwpr(AN{z}) > cwp(4)—1. O

COROLLARY 4.15. Let M be a positroid on [n] without coloops. If cwy (A) < 1 for
all k-element subsets A C [n], then cwyr(A) < |A| — k + r for all A C [n] such that
|A| > k.

Proof. Take an arbitrary A where |A| > k. By Lemma 4.14, we know that there exist
elements w1, ..., 4| such that cwa (A~ {z1,..., 24— }) = cwn(A) — (JA| = k).
Combining with the assumption yields the desired inequality. 0

Before heading into the proof of Theorem 1.2, we record another basic fact about
the CW-function: it provides a simple upper bound for the rank function of a positroid.
This helps prove the reverse (and easier) direction that if a positroid M is a quotient
of Uy n, then cwas(A) < r for any k-element subset A C [n].

Algebraic Combinatorics, Vol. 9 #2 (2026) 492



Positroid quotients

LEMMA 4.16. Let M be a positroid on [n] without coloops. Then for any proper subset
A C [n], we have tkpr(A) < |A] — cwar(A).

Proof. If A is a cyclic interval, note that rkps(A) = |A| — cwps(A) from Lemma 4.7.
If A is not, it can be written as a disjoint union of cyclic intervals A = | | A;. Then
by submodularity of the rank function (Proposition 2.3), we have

rkas(A) = rkyy <|_|Az) < ZrkM Z |A; |—ZCWM = |A|—cwp (4). O

Now we are ready to prove our theorem. The “if” direction is the harder direction,
and the main idea is to apply Lemma 4.11 to the dual matroid of M.

Proof of Theorem 1.2. We first prove the “only if” direction by contradiction. Given
that M is a quotient of Uy ,, it follows that M has no coloops since coloops are not
contained in any circuits. Assume there exist r + 1 CW-arrows of M whose union
has cardinality less than k 4 1, and notice that this is equivalent to saying that there
exists a k-element subset A C [n] where cwps(A) = r + 1. By Lemma 4.16 we have
rkar(A) < k—r —1, and by Lemma 4.13 we know that M is not a quotient of Uy, »,
resulting in a contradiction.

We then prove the “if” direction. By Remark 4.5, the assumption is equivalent to
cwpr(A) < r for all k-element subset of [n]. We firstly argue that M cannot have
coloops. Suppose j is a coloop of M. Consider the CW-arrows whose end points are
in [j+ 1,7+ k] ~ W;(n’), where 7' is the decorated permutation associated with
M. By Proposition 2.19 we know that W;(n’) has size k — r, and since 7'(j) = j
we know that j € W;(n"). Thus the number of CW-arrows whose end points are
nlj+1,5+k ~W;(r) is at least k — (k —r — 1) = r + 1. Since all these CW-
arrows are contained in [j +1,j + k| due to the definition of W;(*), this implies that
ewp([j+ 1,5+ k]) = r+ 1, contradicting the assumption.

Now fix a k-element subset A C [n]. Let M* be the dual of M. By applying the
Lemma 4.11 to [n] \ A and the dual matroid M*, we obtain a partition [n] \ A =
A; U+ U A; such that

(2) rkar ([ i: (rkM* — cewnr-([n] ~ Aj)).

j=1
We thus have

(by Proposition 2.6)
= Al = () + sk (] )

(by (2)) = |A] = n+ rkar([n +Z (tkar () = cowar-(In] ~ 45))

(by duality) = |A| —n+rku([n —|—Z (n—rkM n]) — cwps([n] \Aj)>

(by Corollary 4.15) > |A] — n+ 1k ([n]) + Z (n — k(M) — |[n] \ A + rk(M))
= rk(M).

Since A is arbitrary, an application of Lemma 4.13 shows that M is a quotient of
Uk n- O
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4.3. THE CASE OF ELEMENTARY QUOTIENTS. In this subsection, we interpret Theo-
rem 1.2 in the context of Section 3. Recall from Remark 3.5 that, given a decorated
permutation 7 over [n], we want to find a concise characterization of sets A C [n]
such that pA(7') < 7. Since Theorem 1.2 is a necessary and sufficient condition for
the quotient, it helps answer this question for the case 7 = my, .

For every proper subset A C [n], there is a unique way to decompose A into a
collection of cyclic intervals that are disjoint and pairwise non-adjacent, written as
A =la1,01]U--- Ulas, bs] where no pair 4,j € [s] satisfies b; + 1 = a; (mod n). We
call each of these cyclic intervals a cyclic component of A.

EXAMPLE 4.17.Let A C [9] be {1,2,4,6,7,9}, then the cyclic intervals of A are
{4},16,7] and ]9, 2].

Using the concept of cyclic components, we can state the main result of this sub-
section.

THEOREM 4.18. Let 1 < k < n—1, and let o° be a decorated permutation on [n]. Then
0 < T if and only if 0 = pA(mpn) for some A C [n], where the union of any two
distinct cyclic components of A has cardinality at most k — 1.

Proof. The “only if” direction: the existence of an A C [n] such that o = pA (4.,
follows from Theorem 3.4. Let [a,b1] and [ag, ba] be any two distinct cyclic compo-
nents of A. We show that |[ay, b1]|+][az, b2]| < k—1.Let ¢ = mp (a1 —1) = (a1 +k—1
(mod n)). After the cyclic shift, we would have o(b; + 1) = ¢;. By Lemmas 3.12

and 3.13, we know that the cyclic interval ST = (a1 — 1,¢1] = [a1,¢1] contains the
cyclic interval S = (b1 + 1,¢1] = [b1 + 2, ¢1]. Therefore, the CW-arrow [by + 1, ¢1]
of ¢ has cardinality |[a1,c1]| — |[a1,b1]] = k — |[a1, b1]|. Similarly, we may define

¢y = Tpn(az — 1) and deduce that the CW-arrow [by + 1,¢q] of o' has cardinality
k — |laz, bo]|.

Case 1: the CW-arrows [b1+1, ¢1] and [ba+1, ¢o] are disjoint. Then by Theorem 1.2,
the sum of their cardinalities, (k — |[a1,b1]]) + (kK — |[az, b2]|), is at least k + 1, and
thus |[a1,b1]| + |[ag,b2]| <k-1

Case 2: the CW-arrows [b; + 1, ¢1] and [b2 + 1, ¢2] are not disjoint. Without loss of
generality, assume that bo+1 € [b1 +1, ¢1]. Then, since [ay, b1] and [az, bo] are distinct
cyclic components, we have by + 1 ¢ [az, bs], and moreover, [az,b2] C [by + 2,¢1].
Therefore, we have

|[ar, b1][ + [[az, ba]| < |lar, ] U b1 + 2, e1]| < [ar, ea]| =1 =k = 1.

The “if” direction: assume o = pA(m.,) for some A C [n], and the union of any
two distinct cyclic components of A has cardinality at most k¥ — 1. By [3, Theorem
26], we know that rk(c’) = k— 1. We then show that the union of any two CW-arrows
of o has cardinality at least k + 1, which implies ¢* < 7y, ,, due to Theorem 1.2. Let
[b1+1, 1] and [ba+1, 2] be the two CW arrows and assume, on the contrary, that the
cardinality of their union is at most k. Then we must have by +1 ¢ A, since otherwise
1 =0(b1+1) = n(b1+1) = (b1 +1+k (mod n)) and |[b1+1, 1]| = k+1. Similarly,
we have by +1 ¢ A. We again divide our proof into two cases.

Case 1: the CW-arrows [by + 1,¢1] and [be + 1,cq] are disjoint. Observe that
(w,;il(cl), b1] and (w,;i(CQ), bs] are both cyclic components of A. Therefore,

|[b1+1, ea[+|[b2+1, e[ = k— (W;Z}L(Cl),bl]’Jrk—‘(W;Zi(Cz)’bz} 2 2k—(k—1) = k+1.

Case 2: the CW-arrows [by + 1,¢1] and [be + 1, ¢2] are not disjoint. Without loss
of generality, assume by +1 € [by + 1,¢1]. Since by + 1,00+ 1¢ A and o' = ﬂ(ﬂk,n),
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there exists some x € [by + 1, bo] such that o(by + 1) = 7y (), that is, co = 7 ().
Thus,

|[b1 -I-].,Cl] U [bg +1,CQ]| Z |[b1 -I-].,{I?] U [QC—F 1,7Tk’n(£f)” 2 k+ ]. D

EXAMPLE 4.19. Consider 4 g = 56781234. If A = {1, 3, 5, 8}, then the size of the union
of any two components in {3}, {5}, [8, 1] does not exceed 3 = 4 —1. By Theorem 4.18,
we have prssg (mag) < mag. If A ={1,2,5,8}, then the union of two components {5}
and [8, 2] has size 4, violating the condition. As a result, 52’52(7%8) is not a quotient
of T4,8-

REMARK 4.20. The paper [3] also focuses on characterizing elementary positroid quo-
tients of uniform matroids. They proved that the condition |A| < k—1 is sufficient for
PA(Thm) <Tm ([3, Theorem 28]), while a necessary condition is that each individual
cyclic component of A has cardinality at most k£ —1 ([3, Theorem 26]). In comparison,
our results show that the precise necessary and sufficient condition lies between these
two: specifically, the union of any two cyclic components must have cardinality at
most k£ — 1.

5. FLAG LPMS AND NECKLACE CONTAINMENT

The main objective of this section is to examine the “non-locality” phenomenon in
Theorem 1.2, as highlighted in Remark 1.3. To illustrate this concept, we introduce
and prove Theorem 1.4, which serves as a contrasting example.

5.1. LOCALITY OF NECKLACE CONTAINMENT. Recall that in the proof of Theo-
rem 3.4, we crucially utilized the observation that a flag positroid satisfies the “neck-
lace containment relation.” That is, for any flag positroid (M, N), if the Grassmann
necklace of M and N are I? and I”, respectively, we have I7 C IT for all i € [n]
(due to Propositions 2.10 and 2.12). By Definition 2.13, we know that the Grassmann
conecklaces J? and J™ of M and N also satisfy J7 C JT for all i € [n]. We record
this observation as follows.

PROPOSITION 5.1. Given a flag positroid (M, N), let I°,I™ be the Grassmann neck-
laces of M and N, and let J°,J™ be the Grassmann conecklaces of M and N, respec-
tively. Then I C IT and JZ C JT for alli € [n].

The perspective developed in Section 3 also reveals that necklace containment
relations can be translated into containment relations of Grassmann intervals (which
are essentially equivalent to CW-arrows). We formalize this useful observation in the
following proposition. The first item is merely a restatement of Corollary 3.9, while the
second follows easily from duality (see also the beginning of the proof of Lemma 3.15).

PROPOSITION 5.2. Given decorated permutations o and 7 over [n], let SY,...,S2
and ST,..., S be their Grassmann intervals, as defined in Definition 3.6. Then

(1) I7 CIT for alli € [n] if and only if ST C ST for all i € [n].

(2) J7 CJT foralli € [n] if and only if ST, € ST, for alli € [n].

o(i) =

We claim that both the necklace containment I C IT" and the conecklace contain-
ment J7 C JT can be viewed as “local criteria.” As in Remark 1.3, consider the case
where all CW-arrows of ¢* and «° are of length much smaller than n. In other words,
each SY or ST covers only a few consecutive positions on the circle of elements in [n].
However, Theorem 1.2 reveals that even when all CW-arrows are short, characterizing
quotient relations requires accounting for multiple CW-arrows that may be arbitrarily
far apart. Consequently, it is natural that “local criteria” such as the containment of
necklaces and conecklaces fail to characterize quotient relations among positroids. We
illustrate this with a concrete example.
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EXAMPLE 5.3. Let M be a positroid given by the decorated permutation 261534 and
take N to be the uniform positroid Usg. The necklace and the conecklace of M
are (134,234, 346,461,561,613) and (356, 561,562, 623,234, 235) respectively. For N,
they are (1234, 2345,3456,4561,5612,6123) and (3456,4561,5612,6123,1234, 2345).
They satisfy the containment conditions. However, rkps([6]) — rkps(1245) = 1 while
tkn([6]) — rkn(1245) = 0. This means M is not a quotient of N, since the rank
condition of quotient in Proposition 2.8 is violated. Therefore, the converse of Propo-
sition 5.1 is not true.

5.2. A CONJECTURE OF OH AND XIANG. Oh and Xiang [11] conjectured that flag
positroids can be characterized by certain “covering” relations of CCW-arrows (Defi-
nition 4.9).

CONJECTURE 5.4 ([11, Conjecture 6.3]). Let M and N be positroids on [n] without
loops or coloops. If every CCW-arrow of M is the union of some CCW-arrows of N,
then M is a quotient of N.

It is not hard to see that Example 5.3 disproves this conjecture. In fact, if M
is the positroid given by the decorated permutation 261534, all CCW-arrows of M
have length at least 3. Since every cyclic interval of length 3 is a CCW-arrow of Uy g,
it follows that every CCW-arrow of M is the union of some CCW-arrows of Uy g.
However, M is not a quotient of Uy ¢, as argued in Example 5.3.

5.3. THE CASE OF LPMS. Lattice path matroids (LPMs) are a special class of
positroids that is defined solely by the first term of its Grassmann necklace and co-
necklace (see Definition 2.15). By Proposition 5.1, we know that if the LPM M [U’, L']
is a quotient of M[U, L], then U’ C U and L’ C L. The work of Benedetti and Knauer
[4] provides a necessary and sufficient criterion on U’, L', U and L for which M[U’, L’]
is a quotient of M[U, L].

THEOREM 5.5 ([4, Theorem 19]). Consider an LPM M[U, L] over [n]. Order the el-
ements of U and L as u; < --- < uy and b1 < --- < Uy, respectively. Then an LPM
MU', L] is a quotient of M[U, L] if and only if U' C U, L' C L, and the elements of
UNU' and LN L' can be ordered as u;, < --- <w;, and €j, <--- </, , respectively,

such that for each s € [2] one has js < is and u;, —€j, < is— js.

The paper [4] also shows using this criterion that Conjecture 5.4 holds for LPMs.
That is, unlike the case of general positroids, if M and N are LPMs over [n], the con-
dition that every CCW-arrow of M is the union of some CCW-arrows of N suffices to
ensure the quotient relation. We next show that for LPMs, in fact, even the weaker
condition of necklace and conecklace containment suffices to ensure the quotient re-
lation, that is, the converse of Proposition 5.1 is true in the case of LPMs.

THEOREM 5.6 (Formal statement of Theorem 1.4). Given a lattice path matroids N’
and N over [n]. let I'| I be the Grassmann necklaces of N' and N, and let J',J be
the Grassmann conecklaces of N' and N, respectively. Then N’ is a quotient of N if
and only if I} C I; and J! C J; for alli € [n].

To prove Theorem 5.6, we first apply Proposition 5.2. After that, the (iii) = (i)
direction of [4, Proof of Theorem 41] essentially fills in the rest of the proof. For the
sake of completeness, we provide a sketch of the proof (largely similar to [4, Proof of
Theorem 41]) here.

Proof of Theorem 5.6. The “only if” direction follows from Proposition 5.1, so we
focus on the “if” direction. Let N’ = M[U’,L'] and N = M[U, L]. By assumption we
have U' =I] C I, =U and L' = J{ C J; = L. Order the elements of U \ U’ and
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L~NL asu;, <---<w;, and ¢;, <--- < {;_, respectively. Assume on the contrary
that M[U’, L'] is not a quotient of MU, L]. Then by Theorem 5.5, for some s € [z]
we have either js > 45 or u;, —¥¢;, > i, — js. We consider the smallest s such that this
is the case.

Case 1: j, > i,. Let o and 7 be the decorated permutation of N’ and N,
respectively. It is easy to see that m(¢;,) = u;,. Let © = ¢; . By the minimality of
the choice of s, we must have z € L’. Since j; > 15, the number of elements in L’
that are at most x is at least ¢5 — s + 1, and thus the number of elements in U’
that are at most o(x) is at least i5 — s + 1. Therefore o(x) > u;_, and thus we have
m(x) = ui, < o(z) < z. But by Proposition 5.2, we have S7 C ST, leading to a
contradiction (note that since z € L', if o(z) = & then o'(z) = z and 57 ) = [n]).

Case 2: u;, — {;, > is — js. Let 0" and 7 be the decorated permutation of N’
and N, respectively. Let y be the smallest element of [n| \ L greater than ¢;_, or
equivalently, the (¢;, — js + 1)-th smallest element of [n] \ L. Such a y exists because

b, —js <ui, —is—1<n—|U-1=n—|L| -1

Now 7(y) is the (¢;, — js + 1)-th smallest element of [n] \ U. Since u;, —is > £}, — js,
it follows that w;, > 7(y). This means the number of elements in [n] \ U’ that are at
most 7(y) is at most (¢;, — js + 1) + (s — 1), while the number of elements in [n] \ L’
that are at most y is at least (¢;, — js + 1) + s. Therefore, we have o(y) > 7(y) > y.
But by Proposition 5.2, we have Sg(y) - S;“(y), leading to a contradiction (note that
since y € L, if w(y) = y then 7' (y) =7 and S;r(y) = Q). O

Theorem 5.6 (and [4, Proof of Theorem 41]) stands in contrast to Example 5.3,
demonstrating that in some sense, it is much easier to ensure quotient relations be-
tween LPMs than between general positroids.

REMARK 5.7. Note that in the proof of Theorem 5.6, while the conecklace containment
J! C J; is used for all ¢ € [n], we only used the necklace containment I/ C I, for i = 1.
By symmetry, we could also use the necklace containment for each component and
only use the conecklace containment for ¢ = 1. It is certainly impossible not to use
the conecklace containment at all. For example, consider M[14,57] and M|[145,467].
In this case, we have

I’ = (14,24,34,45,56,16,17) and I = (145,245,345, 456, 156, 167, 147).

So we have I! C I, foralli =1,2,...,7, but M[14,57] is not a quotient of M [145, 467
because J| € J.
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