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Restriction coefficients for partitions with at

most three columns

Mitchell Lee

ABSTRACT Let r > 0, and let A and u be partitions such that Ay < r» + 1. We present a
combinatorial interpretation of the plethysm coefficient (sy, s, [sr]). As a consequence, we solve
the restriction problem for partitions with at most three columns. That is, for all partitions
A with A1 < 3, we find a combinatorial interpretation for the multiplicities of the irreducible
&, -submodules of the Schur module S*C™, considered as an &,-module.

1. INTRODUCTION

For all partitions A, let S*: Vectc — Vecte denote the corresponding Schur functor,
where Vectc denotes the category of vector spaces over C. Recall that for all positive
integers n, we have that S*C" is a (finite-dimensional) polynomial G L,,(C)-module.
If A\ has at most n parts, then S*C™ is irreducible, and otherwise S*C™ = 0. All
irreducible polynomial GL,,(C)-modules arise in this way [4, Section 6.1].

The composition of two Schur functors decomposes into a direct sum of Schur
functors. That is, there exist nonnegative integers pf;ﬂj > 0, indexed by triples of
partitions, such that for all u, v, there is a natural (in the vector space V') isomorphism

SH(S"V) = @(SMV)Piis.
X

In what follows, we will use the notation (sx, s, [s,]) instead of p), ,. Here, sy, s,
and s, denote Schur symmetric functions, (e, e) denotes the Hall inner product, and
flg] denotes the plethysm of the symmetric functions f and g, which was defined
by Littlewood in 1936 [11]. The numbers (s, s,[s,]) are called plethysm coefficients.
Plethysm coefficients have several known representation-theoretic interpretations, but
finding a combinatorial interpretation of (sy,s,[s,]) remains a central open problem
in algebraic combinatorics [2, 12].

An important special case is that v has only one row, so that s, = h,. is a complete
homogeneous symmetric function for some r > 0. Even in this case, no combinatorial
interpretation of (sx,s,[s,]) = (sx, sulhr]) is known. In this article, we present such
a combinatorial interpretation in the case that \ has at most r + 1 columns.

THEOREM 1.1. Let r > 0, and let A\ and p be partitions with \y < r+ 1.
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(a) If r is even, {(u) <7 +1, and

A= |pl = prga-i
for 1 <i<r+1, then (sy,s,lh]) = 1.
(b) Ifr is odd, p1 <r+1, and

)\iT = |M| - Mz+2—z‘
for 1 <i<r+1, then (sx,su[h]) = 1.
(c) Otherwise, (sx,s,[hy]) = 0.

An easy consequence is that if A has at most three columns, then we may in fact
compute (s, s, [hr]) for all r.

COROLLARY 1.2. Let A and p be partitions with Ay < 3. For all r > 4, we have the
following.

(1) (sx;sulhol) = {

1 if u has at most one row and A = @

0 otherwise

1 ifdA=u
0 otherwise

@) (sxsulll) = {

1 if f(p) <3 and X = (py + pa, pin + ps, p2 + pis) ™
0 otherwise '

B)  (snssulhal) = {

1 oifpn <1Tand A= (i, pf , p07)"
0 otherwise '

(4)  (snssulhsl) = {

1 iffpu= =0
0 otherwise ’

G)  (snssulhel) = {

Corollary 1.2 allows us to solve a special case of the important restriction problem,
which we now review. Let A be a partition. Because &,, is a subgroup of GL, (C) via
permutation matrices, we may restrict the Schur module S*C™ to &,, and then write
the result as a direct sum of irreducible &,,-modules. In this way, we obtain, for each
partition p with |u| = n, a positive integer

i = dim Homsg,, (V,,,S*C™),

where V, is the Specht module corresponding to the partition p. The coefficients 7§
are called restriction coefficients.
In 1935, Littlewood proved that
(6) 7 = (sx, su[H]),
where H = 14 hj +hg+--- denotes the sum of all complete homogeneous symmetric
functions [10]. However, there remains no known combinatorial formula for r{'. The
problem of finding such a combinatorial formula is known as the restriction problem.
The restriction problem continues to be a popular research topic and has been
studied from many perspectives [1, 7, 8, 17, 16, 23]. Here is a small and far from
comprehensive sampling of recent results. In 2021, Orellana and Zabrocki introduced
the drreducible character basis {3} of the ring of symmetric functions and used it to
provide an algorithm for computing r§ [20]. In 2024, the author introduced an abelian
group homomorphism % called the Frobenius transform on the ring of symmetric
functions and used it to prove several results about the vanishing of 7§ [9]. In 2024,
Narayanan, Paul, Prasad, and Srivastava found a combinatorial interpretation of
in the case that p has one column and A is either a hook shape or has at most
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two columns [14]. In 2025, Narayanan found a combinatorial interpretation of r{ in
the case that A is a hook shape [15]. In 2025, Pak, Panova, and Swanson found a
combinatorial interpretation of r{ in the case that A has at most two rows [21].

Using Corollary 1.2, we may solve the restriction problem in the case that A has
at most three columns. In this case, we present the following formula for r§. (Recall
thatH:1+h1—|—h2+---.)

THEOREM 1.3. Let A, u be partitions. If \y < 3, then

r\ = <H > € S(ustva—va—1) /2.1 —vatra—r) /2, (—1 v bra—r) 25NV Su> ;

TV
where the sum is over all integers k and all partitions v such that vT C X\ and
(—v1 4+ v2 +v3 — 1) /2 is a nonnegative integer.

Because of the Littlewood—Richardson rule, which allows us to expand the expres-
sion
He'r‘s(u1+l/2—l/3—r)/2,(u1—1/2+u3—r)/2,(—1/1+u2+u3—r)/28)\/uT
as a nonnegative linear combination of Schur functions, the formula presented in The-
orem 1.3 is combinatorial. We will explicitly describe a combinatorial interpretation
of r§ in the case that A has at most three columns in Section 4.

2. PRELIMINARIES

Unless otherwise noted, the material in this section can be found in any standard
reference on the theory of symmetric functions [3] [13, Chapter I] [24, Chapter 7].

2.1. SYMMETRIC FUNCTIONS. Let A denote the ring of symmetric functions with
integer coefficients in the infinitely many variables x1, z2, x3, .. ..

For a sequence A\ = (Aq,...,As) of rational numbers, define the length £(\) = ¢
and the size [A\| = Ay + -+ Xp. Let ex = ey, ---ex, and hy = hy, - - - hy, denote the
corresponding elementary and homogeneous symmetric functions, respectively, where
we use the convention that e,, = h,,, =0 for m € Q < N.

If Aq,..., Ar are integers and Ay = --- > Ay = 0, let s) denote the corresponding
Schur symmetric function. When a sequence (Ag,...,\s) appears as a subscript in
this way, we will commonly omit the parentheses; for example, €132 is shorthand
for e(132,1) = eseqel.

We say that A is a partition if A\1,..., A\ are integers and Ay > -+ > Ay > 0. Let
Par denote the set of all partitions. It is well known that (e))acpar, (Ar)repar, and
(sx)aepar are all bases for A over Z. Let AT denote the transpose (i.e. conjugate) of a
partition A.

Let (o,0): A x A — Z denote the Hall inner product of symmetric functions. Let
w: A — A denote the linear map given by w(ey) = hy for all partitions A. It is well
known that w is a ring homomorphism and an involution and that w(sy) = syr for
all partitions A.

For a variable t, let

H(t)=> ht"=]] : _lm =exp | Y %tk e Aft]

n>0 i>1 k>1

Et) = ent” = [[(1+ait) =exp | 3 P18 | € AL

n>0 i>1 k>1

It is clear that F(—t) = (H(t)) L.
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Let A denote the ring of symmetric formal power series; i.e. formal sums >onfrs
where f, € A is homogeneous of degree n for all n. Let H = H(l)=1+hyi+ha+--- €
A. In the remainder of this article, we will often silently generalize definitions and
results from A to A using the appropriate limit. For example, even though we have
explicitly stated that the Hall inner product is a function (e, e): A x A — Z, we may
write an expression such as

(2+ 3hy — hy, H),
which is understood to denote the limit

n—roo
2.2. LITTLEWOOD-RICHARDSON COEFFICIENTS. For all partitions A, u, v, let

cﬁ)y = (Sx, SpuSu)-

The numbers cf;ﬂj are known as Littlewood-Richardson coefficients. The well known

Littlewood—Richardson rule, which we state below, is a combinatorial interpretation
of ¢} .
w,v

DEFINITION 2.1. Let A/ be a skew shape. A Littlewood-Richardson tableau of shape
A is a semistandard Young tableau T of shape A/ u such that the concatenation of the
reversed rows of T is a lattice word; i.e. every prefix has at least as many occurrences
of i as occurrences of i + 1 for all positive integers i.

THEOREM 2.2 (Littlewood—Richardson Rule, [3, Chapter 5], [13, Chapter 9], [24, Ap-
pendix 1]). Let A\, u, v be partitions. Then C/i,v is the number of Littlewood—Richardson
tableauz of shape \/u and content v. (In particular, if p € A, then cf;’,j =0.)

Littlewood—Richardson coefficients are the structure constants for multiplication
in the Schur basis. In other words, for all partitions u, v, we have

5,8, = Zcz\ws)\.
A
Moreover, for all partitions A, i, the skew Schur function sy, is given by

_ A
Sx/p = E ChuSu-
v

Let us define a horizontal strip to be a skew shape A/p with no two boxes in the
same column and define a wvertical strip to be a skew shape with no two boxes in
the same row. One important special case of the Littlewood—Richardson rule is the
following.

THEOREM 2.3 (Pieri’s Formula, [13, (5.16, 5.17)], [24, Theorem 7.15.7]). Let y be a
partition, and let r > 0. Then,

hysy = Z Sx

A/p s a horizontal strip
[N pul=r

€rSy = E Sx-

A
A/ is a vertical strip
[N/ pl=r

and

Algebraic Combinatorics, Vol. 9 #2 (2026) 546



Restriction coefficients for partitions with at most three columns

2.3. THE COALGEBRA STRUCTURE. In 2021, Orellana and Zabrocki used the coalge-
bra structure of A to study the restriction problem [19]. This coalgebra structure will
also be useful in the proof of Theorem 1.3. For an introduction to the material in
this subsection, see the 2020 lecture notes of Grinberg and Reiner on Hopf algebras
in combinatorics [6, Chapter 2].

Let V: A ® A — A denote the multiplication map, and let n: Z — A denote
the natural inclusion. (All tensor products in this article are over Z.) Define the
comultiplication A: A — A ® A and counit e: A — Z to be the Z-linear maps given
respectively by

(7) A(sy) = Z 5@ Sx/p = Zcﬁwsu ® sy
"8%

©w

and

(53) = {1 if A=

0 otherwise

for all partitions A. It is well known that with the operations A and ¢, the ring A is a
commutative and cocommutative graded Hopf algebra over Z. The antipode S: A — A
is given by S(f) = (—=1)4e/w(f) for all homogeneous f € A [5].

Because the Littlewood-Richardson coefficients Cfl,u appearing in (7) are also the
structure constants for multiplication in the Schur basis, the comultiplication A is
adjoint to multiplication with respect to the Hall inner product. That is, for f,g,h € A,

we have

(A(f), g @ h) = ([, gh),
where the angle brackets on the left-hand side of the equation denote the bilinear
form (e, 0): A®@ A X A® A — Z given by

<a®b7c®d> = <a,c><b,d>.

We remark that this is one of the defining properties of a positive self-adjoint Hopf
(PSH) algebra, of which A is an example [25, Chapter 2]. However, the definition of
a positive self-adjoint Hopf algebra is not necessary for our proofs.

For all integers k > 0, let A®* denote the k-fold tensor power of A; that is,

A =A@ - @A.
k
Define the iterated multiplication V*~1D: A® — A and iterated comultiplication
A=) A s A®K by
VED =Vo...0(V® id®(k—3)) o(V® id®(k—2))
Alk=1) _ (A® id®(’“’2)) o (A® id®(’“’3)) o---0A.

2.4. PLETHYSM. There are two operations called “plethysm”, both denoted using
square brackets, that we will refer to in this article. The first is the plethysm of one
symmetric function by another, which is classical and was mentioned in Section 1. The
second is the plethysm of a symmetric function by an element of a polynomial ring
Z[t1,...,ts], which we describe below. For more information, see the 2011 exposition
of Loehr and Remmel, which describes the plethystic calculus more generally [12].

LEMMA 2.4 ([12, Example 1]). Let £ > 0. There exists a unique binary operation
ofe]: A X Z[ty, - ,tg] = Z[t1,- -+ ,tg] satisfying the following properties.
(i) For all g € Z[t1,--- ,t4], the function e[g]: A — Z[t1, - ,te] is a ring homo-
morphism.
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(ii) For all k > 0, the function pyle|: Zlt1, -+ ,te] = Zt1,- - ,te] is a ring homo-
morphism.
(iii) For all k and i, we have pi[t;] = t¥.

K2

The operation from Lemma 2.4 can be expressed explicitly as a Hall inner product
as follows.

LEMMA 2.5 ([9, Lemma 7.16]). Let M1, ..., My be monic monomials in the variables
t1,...,tg, and let ay,...,ay € Z. For all f € A, we have

(8) f [Z anMn] = <f, 1T H(Mn)“"> :
We now collect a few basic results of the plethystic calculus. Recall that S: A — A
is the antipode (Section 2.3).

LEMMA 2.6 (Associativity of Plethysm, [12, Theorem 5]). Let f,g € A and h €
Zlt1,- -+ ,te). Then,

flglhll = (flgD)[h] € Z[t1, - -+ ,te].
LEMMA 2.7 (Negation Rule, [12, Theorem 6)). Let f,g € A. Then,

fl=g] = S(Nlgl-
LEMMA 2.8 (Monomial Substitution Rule, [12, Theorem 7]). Let f € A and let
My,...,My € Z[ty,...,ts be monic monomials. Then,

f [Z Mn] = f(My,..., My).

2.5. THE PLETHYSTIC ADDITION FORMULA. Recall the following formula.

PROPOSITION 2.9 (Plethystic Addition Formula, [13, (8.8)] [12, Section 3.2]). Let A be
a partition and let f,g € A. Then,

salf + 91 = sulflsayulal-

For our purposes, it will be useful to rephrase Proposition 2.9 in terms of mul-
tiplication and comultiplication. To this end, for all g € A, let o[g]: A — A denote
plethysm by g, which is a ring homomorphism. Explicitly,

(elgD(f) = flg]

for all f € A. Proposition 2.9 can then be written in the following form.
PROPOSITION 2.10. For all f,g € A, we have
o[f +9l=Vol(o[fl@e[g]) 0 A.
Proof. 1t suffices to show that
(olf + 9D (sx) = (Vo (o[f] @ e[g]) o A)(s2)
for all partitions A. After unfolding the definitions, this is exactly Proposition 2.9. O
By applying Proposition 2.10 repeatedly, we obtain the following generalization.
PRrROPOSITION 2.11. Let k > 0, and let g1,...,9x € A. Then,
olgi+- 4 gkl =VF Vo (efgi] @ @ e[gy]) o AKTY.
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2.6. THE JACOBI-TRUDI IDENTITIES. A key ingredient in the proof of Theorem 3.2
is the well known Jacobi—Trudi identities, which we now recall.

THEOREM 2.12 (Jacobi—-Trudi Identities, [13, (5.5)], [24, Section 7.16]). Let £ > 0, and
let A€ NC with Ay > -+ > Ao Then,

9) sx = det(hr,—iyj)f o1
and
(10) sy = det(ex, ;)i jo1-

3. PROOFS OF MAIN RESULTS

3.1. PLETHYSM ADJOINTS. For all g € A, let o[g]: A — A denote the adjoint to
plethysm by g under the Hall inner product. In other words,

(11) flg™1 = {F sulal)sn

for all f € A. The notation e[g"] was introduced by Ryba in 2021 [22].

Because o[g] is an algebra homomorphism, e[g] is a coalgebra homomorphism.
Moreover, by taking the adjoint of both sides of Proposition 2.11, we obtain the
following.

PROPOSITION 3.1 ([22, Proposition 2.5]). Let k > 0, and let ¢1,...,gx € A. Then,
o(gr+-+gr) =2 o (efgi] @ @e[gp]) o VI,
Of special note is the plethysm adjoint
F = o[H*]: A — A,

which the author has referred to as the Frobenius transform in 2024 [9, Remark 3.2].
By (6), the Frobenius transform is given on the Schur basis by

sa[HY] = Zrﬁ{su.
I

Thus, Theorem 1.3 is equivalent to the statement that for all partitions A with A\ < 3,
we have

(12) SA[HL] = HZ67“5(1/1+V2—1/3—r)/2,(1/1—V2+1/3—7‘)/2,(—1/1+1/2+U3—7‘)/25)\/VT7

TV

where the sum is over all integers r and all partitions v such that v7 C A and
(=11 + va + v3 — 1)/2 is a nonnegative integer. In what follows, our goal will be to
prove (12).

Let us recall the following formulas for Z#{hy\} = hy[H1] and F{e\} = ex[H1],
where A is a partition.

THEOREM 3.2 ([18, Equation (6)], [9, Theorem 1.4(a,b)]). Let £ > 0, and let A € N*.

(a) We have
ha[H*] = Z H Py,

M jeNt

where the sum is over all functions M : N* — N such that

> M(j)j=

JEN¢
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(b) We have

@A[HL]:Z hM(J') if j1+ -+ je is even
M je{0,1}¢ en@y fJ1+--+Jeis odd ’

where the sum is over all functions M: {0,1}* — N such that
> M=\
je{o, 1}
For r, £ > 0, let
WC(t,r) ={(j1,---,je) EN |1+ +jo =1}
denote the set of all weak compositions of 7 into £ parts, and let
B(t,r) ={(1,-5e) € {0, 1} [G1 + -+ je =1}

denote the set of all binary vectors of weight r and length ¢. To prove (12), we will
use the following new formula for the plethysm adjoints hy[h;-] and ex[h]. We will
only use part (b) of Theorem 3.3 in what follows, but we include both parts because
they may be of some independent interest.

THEOREM 3.3. Let £, > 0, and let A € N¢.

(a) We have
1= II  hwa
M jEWC(L,r)
where the sum is over all functions M : WC({,r) — N such that
> M@j=A
JEWC(L,r)
(b) We have

harqy  if rois even
BT O 1R A
M jeBis) \EMG) if r s odd
where the sum is over all functions M: B(¢,r) — N such that
> M=\
JEB(L,r)

Proof. (a) Let t1,...,t; be variables. Observe that for all f € A, we have

(13) (f,(H(tx) -+ H(te)[hy]) = (fhe], H(t1) -+ H(ty))

(14) = (fhe][ts +-- -+ t4]

(15) = flhe[ts 4+ -+ ]

(10 —r] Y e
JEWC(L,r)

(17) =<f7 11 H(t?--~ti/>>-
JEWC(L,r)

For (13), we used the definition of the plethysm adjoint. For (14), we used Lemma 2.5.
For (15), we used the associativity of plethysm (Lemma 2.6). For (16), we used the
monomial substitution rule (Lemma 2.8). For (17), we used Lemma 2.5 again.
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It follows that

(H(t)) - Ht)) b = [ HE 1),
jewe(e,r)

Taking the coefficient of ¢ - - - t?’f on both sides yields the desired result.
(b) Let tq,...,t; be variables. Observe that for all f € A, we have

(18) (fo (H ()™ H(t) ™)y ]) = (fThe], H(t) ™ H(te) ™)

(19) = (fIhDl=(tr 4 -+ 1))

(20) = flhe[=(tr -+ 1)]]

(21) = fl(=D)"er[ts + -+ tel]

(22) =fl=Dm >0 Het

JEB(L,r)

(23) = <f7 H H(t ...t;/z)(l)r>_

JEB(L,r)

For (18), we used the definition of the plethysm adjoint. For (19), we used Lemma 2.5.
For (20), we used the associativity of plethysm (Lemma 2.6). For (21), we used
the negation rule (Lemma 2.7). For (22), we used the monomial substitution rule
(Lemma 2.8). For (23), we used Lemma 2.5 again.

It follows that

(24) (H(t)™'---H(t) 1= [ HEP - 5)Y"

JjEB(L,r)
Using the equation E(—t) = (H(t))™!, the left-hand side of (24) simplifies to
(E(—ty)--- E(—t;))[h;] and the right-hand side simplifies to

HjeB(z,r) H(tjil o t%e) if 7 is even

HjGB(Z,r) E(—t---t)*) ifrisodd |
Taking the coefficient of (_1)"\|ti\1 e 't?‘f on both sides yields the desired result. [
3.2. SPECIALIZING TO PARTITIONS WITH AT MOST r+1 COLUMNS. In this subsection,

we will prove Theorem 1.1 and Corollary 1.2. First, consider the following special case
of Theorem 3.3(b).

LEMMA 3.4. Let r > 1, and let A € Z"™t'. Then,
exlhit] = IL23 Aiaipron, if s even
' H:ill e/r—x; if ris odd
Recall that we use the convention that hy, = e, =0 for allm € Q ~~ N.

Proof. Apply Theorem 3.3(b) with £ = r + 1. Note that B(r + 1,7) = {j1,. ., Jr+1}s
where j; € N"t! denotes the vector whose ith component is 0 and whose other com-
ponents are 1. The condition

> M@=
JEB(r+1,r)
appearing in Theorem 3.3(b) is equivalent to the statement that

(M(j1) + -+ M(jrg1)) — M(j:) = \i
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for all 4. This system of equations only has one solution; namely,
M(j:) = [Al/r = X
The lemma follows. O

Proof of Theorem 1.1. Our strategy will be to compute sy [h:-]. By the second Jacobi-
Trudi identity (10), we have

_ r—+1
S\ = det(%f—iﬂ)i,j:l

= Z (71)7T6)\T—A+7r7
TE€ES, 11
where A = (1,2,3,...,r 4+ 1) is the reverse staircase shape, and we consider 7 as an
element of Z"t! via one-line notation.
Therefore, by Lemma 3.4, we have
1 L
salhi] = Z (_1)W6AT7A+7T[hr]

TES, 41

=Y {Hfff Pix=anl/r—(i—itn(i)) 1 715 even

r+1 . .
TES 41 Hi:l 6‘/\_A+ﬂ.‘/7._(>\i_i+7r(i)) if r is odd

r+1 . .
_ Z (_1)71, Hzill h(|>\\/T—/\z‘)+i—ﬂ'(i) if r is even )
H:=1 e(\/\|/r—)\i)+i—7r(i) if r is odd

TES, 41

Let us now simultaneously perform the changes of variables i +— r+2—1¢ and 7w — 7"°
in the above product and sum respectively, where 7" is the reverse complement of 7,
given by n7¢(i) = (r +2) — w(r + 2 — i) for 1 <4 < r 4 1. This yields

r+1 ) .
E =1 "I/ V_itn(i) if ris even

S)\[hf:] = (71)7‘!’ H’Z,«:_ll (IA/r=Art2—s)—it+m(3) . .
Hi:l e(lM/Tf/\TJrQ—i)*i#’Tr(i) if r is odd

TE€ES, 41
r+1 . .
det (h(a|/r-Arso-)-iti); =y 1718 even
(25) = rf1 . .
det (e(p\|/r,>\r+27i),i+j)w,:l if r is odd

If |[Al/r — A1 € N, then the right-hand side of (25) is the determinant of a matrix
whose last row is 0, 5o (sy, s, [hr]) = (sa[ht], 5,) = 0. It is clear that if [A|/r— A1 € N,
then the hypotheses of Theorem 1.1(a) and the hypotheses of Theorem 1.1(b) are
both impossible, so the theorem is proved.

Hence, we may assume that |A|/r — A\ € N, which implies that

(A7 = Arsrs o A7 = A1)
is a partition with zeroes appended to the end. In this case, we may simplify the
right-hand side of (25) using the Jacobi-Trudi identities (Theorem 2.12) to obtain
SA[hf] _ SO/ A A =) %f r 15 even '
S(l/\‘/7'_A7‘+17'“7|)‘V7—_A1)T lfT 1S Odd

We conclude that if r is even, then

1 if p= (A7 = Aeg1y -5 A7 — A1)
) hr =
(oxs sulfr]) {0 otherwise
and that if r is odd, then

(55, Su[hr]) = {1 if o= (A7 = Argts - A= 20T |

0 otherwise
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This is easily seen to be equivalent to the theorem. O

Proof of Corollary 1.2. The first two equations follow from the basic properties of
plethysm, and the other three follow from Theorem 1.1. O

In what follows, we will primarily use the following form of Corollary 1.2, which is
the result of using (11).

COROLLARY 3.5. Let A be a partition with Ay < 3. For allr > 4, we have the following.

H ifx=0
26 hi)] = .
(26) slho] {O otherwise

(27) S)\[hi'] = S).

(28) AP ] = ST 4AT AT /2, (AT - AT4AT) /2, (- AT+AT+AT ) /2-
exr  if AT =T =T

29 hy]={ M ! 5.

(29) il 3] {0 otherwise
1 if =02

30 sa[hit] = .

(30) Al ] {0 otherwise

In (28), we use the convention that
ST +AF=A])/2,(\ AT +AT) /2, (AT a5 +a7) /2 = 0
if (=M +2M +A5)/2¢N.

3.3. PERFORMING THE COMULTIPLICATION. In this subsection, we will complete the
proof of Theorem 1.3. Let

D = span{sy | A1 < 3} CA.

Because the Littlewood-Richardson coefficient cﬁ,y is zero if puy > A\ or v1 > Aq, we
have that D is a subcoalgebra of A, meaning that A(D) C D ® D. Thus,

for all k.

By (30), we have f[ht] = n(e(f)) for all f € D and all » > 4. (Recall that
7 and e are the unit and counit of A, respectively; see Section 2.3.) Therefore, by
Proposition 2.11, for all f € D, we have

FIHT] =l f[(1+ Ry 4 )]

= lim (VO o (o[1] @ o] @~ @ efhi]) 0 AW)(f)
= lim (V¥ o (o[11] ® o[h{] @ o[h3] @ a[hy] @ (0. )*F %) 0 AW)(f)

= (V& o (o[1*] @ o[ni] @ o[hy] @ e[hz]) 0 AP)(f)
(32) = (V& o (o[11] ® o[hz] @ o[hy] @ e[hi]) 0 AP)(f).

Let us now apply (32) to the Schur function f = sy, where X is a partition with
A1 < 3. By the definition of comultiplication (7), we have

(33) A®)(sy) = Z Sx) @ 8x@ /A1) @ Sx@) /a@ O Sy /@),
A A(2) A(3)
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where the sum is over all partitions A", A2, AX(®) Therefore,

(34)  s[HY= > st swenola]swepolb] - syaolhi]
A AR AB)
(35) =H Y swahgl ssapehy]-syolbhi]
AR @)
(36) =H Z er S\ (P ] Sapa@ (M1
rA(3)
(37) =H Z €y - S)\(S)/(T7T,7.)T[h%'] . S)\/)\(:s)
rA(3)

where the sum is over all integers r > 0. For (34), we used (32) and (33). For (35),
we used (26). For (36), we used (29). For (37), we used (27).

Finally, we reindex the sum in (37) by taking v = (A®)T | and we apply (28). This
yields

SA[HL} = HZ@T ’ S(Vl—T7V2—T7V3—T‘)T[h2L] “SA/WT

:HE CrS(vi+ve—v3—1)/2,(v1 —vatvs—7)/2,(—v1+vatrs—7) /25N /LT s

TV

proving (12) and thus Theorem 1.3.

4. THE COMBINATORIAL INTERPRETATION

We may now derive a combinatorial interpretation of the restriction coefficient r¥,
where A, u are partitions with A\; < 3.

COROLLARY 4.1. Let A, pu be partitions with \y < 3. Then, rX is the number of tuples
(r, v, A\ X NG 7M7) phere

e r >0 is an integer;

o v, XM X2 NG gre partitions;

o (—v1 +vo+v3—1)/2 is a nonnegative integer;

o TW s a Littlewood-Richardson tableau of shape A vT and content AL

o T3 js a Littlewood-Richardson tableau of shape X? /AN and content ((vy +

vo—v3—1)/2,(11 —va +vs—71)/2, (-1 2+ v —1)/2);
o X3 /X2 s q vertical strip with v boxes;
o /A is a horizontal strip.

Proof. This is the result of starting with Theorem 1.3, expanding each skew Schur
function and product of Schur functions using Littlewood—Richardson coefficients,
and expanding each product of an elementary or complete homogeneous symmetric
function with a Schur function using Pieri’s formula (Theorem 2.3). O
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