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Splicing positroid varieties

Eugene Gorsky & Tonie Scroggin

ABSTRACT We construct an explicit isomorphism between an open subset in the open positroid
variety II7 ~ in the Grassmannian Gr(k,n) and the product of two open positroid varieties
Hzm_a_‘_l X Hz,a+k—1' In the respective cluster structures, this isomorphism is given by freezing
a certain subset of cluster variables and applying a cluster quasi-equivalence.

1. INTRODUCTION

In this paper, we study certain maps between the open positroid varieties. Recall
that the Grassmannian Gr(k,n) can be realized as the space of k x n matrices of
rank k, modulo row operations. We will denote the columns of such a matrix V by
(v1,...,vy), and extend them periodically by v;;, = v;. The open positroid va-
riety IIj  is then defined [14] by the condition that the k cyclically consecutive
vectors v, Viy1,-. ., Vit+k—1 are linearly independent for all i. Equivalently, the minors
Ajit1....i+k—1(V) do not vanish. In the last decades, open positroid varieties (and
more general positroid strata in Gr(k,n)) have attracted a lot of attention in com-
binatorics, algebra, geometry and physics. We focus on two results which motivated
this paper.

First, by the work of Scott [7, 15] open positroid varieties carry a cluster structure
which we review in Section 2.3. In particular, there is a certain collection of minors of
V providing cluster coordinates on II} . Many more cluster coordinates are obtained
from these by mutations.

Second, by the work of Galashin and Lam [10] the torus-equivariant homology of
Hz’n is closely related to the Khovanov-Rozansky homology HHH of the torus
link T'(k,n — k) . In fact, II ,, (up to a certain algebraic torus) is isomorphic to a
braid variety in the sense of [5, 4], and by [18] the torus-equivariant homology of any
braid variety is related to the Khovanov-Rozansky homology of the corresponding
link. Furthermore, by [3, 11] any braid variety admits a cluster structure.

The multiplication of braids T'(k,s) - T'(k,t) — T'(k,s + t) induces a natural map
in Khovanov-Rozansky homology

HHH(T'(k,s)) @ HHH(T (k,t)) — HHH(T (k, s + t)).
This suggests that there might be a map of open positroid varieties:

o [e] o
(1) g s X Mg gy = I g oe
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In this paper, we construct such a map with particularly nice properties and describe
its image.

Given a k x n matrix V = (v1,...,v,) as above and 1 < a < n — k, we consider a
submatrix V1 = (v, ..., v,). This submatrix belongs to I1}, ,, ., if and only if certain
additional minors of V' do not vanish, which defines an open subset U, C II7 . On
this open subset, we define the second matrix

V2 = (Ul, vy Vg, Uty - - ;uk727vn)
where u; are certain vectors (8) spanning the one-dimensional intersection (see Lemma
3.7):
<va; Ua+17 s 7va+i> N <vn7k:+i+1; <oy Un—1, Un> = <ul>

Diagrammatically, we can visualize the rule for computing u; in Figure 1. The diagram
represents a specific braid word for the half-twist braid, thought of as a subword of a
longer torus braid (see Figure 6). The regions in the diagram are labeled by certain
subspaces in C* such that every vertical cross-section forms a complete flag and two
neighboring flags have a prescribed relative position. For example, in Figure 1 we get
complete flags

0cC <’U3> C <’U3,U4> C <’U3,’U4,’U5> C <1}3,’U4,’U5,’Uﬁ> C C5
on the left and
0 C (vi0) C (v, v10) C (vs,v9,v10) C {(v7,v8,v9,v10) C C®

on the right which determine all intermediate subspaces. See Section 5 for more details.
Curiously, this figure resembles the process of mRNA splicing [1, Figure 2].

(v3,v4,v5, v6) /_X (v7,v8,v9,v10)

(vs,v9, v10)

FIGURE 1. Braid diagram and flags for £k = 5,n = 10 and a = 3.
Here (u1) = (v3,va) N (v7,vs, V9, v10), (U2) = (3, v4,v5) N (vs, V9, V10)
and <U3> = <U37U4,’U5,’U6> N <’U9,1}10>.

We can now state our main result.

THEOREM 1.1. Choose an integer a such that 1 < a < n —k.
a) The map @, : V — (V1,Va) is well defined and yields an isomorphism

~ (e} (o)
Ull — Hk,nfaﬂkl X Hk,a+k71‘

b) The subset U, admits a cluster structure obtained by freezing certain explicit
cluster variables in the rectangle seed for IIy .
¢) The map @, is a cluster quasi-isomorphism (in the sense of [8]) between U, and

[e] o
Hk,n—a—i—l X Hk,a—i—k—l .

REMARK 1.2. For a = 1 we have V; =V € Hzm and V, € szk = pt, so ®; is the
identity map. Most of the time, we will assume 2 < a < n—k so that ®, is nontrivial.
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Note that the inverse map <I>;1 : HZ,n—a—s—l X Hz7a+k_1 — Hzm has image U,
and fulfills our expectation (1) with s =n—a+1—F%k and t = a — 1. We give an
interpretation of ®, in terms of braid varieties in Section 5. In a future work, we plan
to use the explicit description of the map ®, to study a more explicit relation between
the homology of 11}, ,, and link homology. For example, in the case k = 2 there are no
vectors u;, and the map ®, has the form

(V1. 0n) = (Vas vy Un)y (V1,00 Vg, Up).

Such a map and its generalizations were studied in detail by the second author in [16],
where the corresponding maps on de Rham cohomology were described explicitly.

Finally, we would like to notice a striking similarity between our map and the so-
called BCFW recursion in theory of scattering amplitudes. In [6] this recursion was
reinterpreted as a rational map (see [6, Definition 4.2]) U : Iy, — Iy n, X Iy np
which is closely related but slightly different from our ®,:

U(v1,..ey0n) = (V1,000 Vay UL, Un )y (Vag1s .-y Un—2, Uz, U3).

Here w; are defined similarly to our u;, but are distributed between both matri-
ces V1, Va. As a result, the effect of ¥ on the cluster structure is significantly more
complicated, see [6, Theorem 4.7]. It would be interesting to find a knot-theoretic
interpretation of ¥ and generalizations of W for k # 4.

The paper is organized as follows. In Section 2 we recall some background on open
positroids and cluster structures. In Section 3 we describe the construction and the
main properties of the map ®,, and prove Theorem 1.1(a). In Section 3 we consider
the cluster structures on all varieties in question and prove Theorem 1.1(b,c). Finally,
in Section 5 we relate our constructions to braid varieties.

After this paper first appeared on the arxiv, the authors collaborated with Soyeon
Kim and José Simental on [13, 12]. In [13], we introduce a class of positroid varieties
called skew shaped positroids, and generalized the map ®, and Theorem 1.1 for
these. In [12], we study even more general splicing maps for braid varieties. See [13, 12]
for more details.

2. BACKGROUND

2.1. GRASSMANNIANS AND OPEN POSITROIDS. The Grassmannian Gr(k,n) is the
space of all k-dimensional subspaces of C™, presented as the row span of a k x n
matrix V of maximal rank.

Let v1,...,v, be the columns of V' where v; are k-dimensional vectors. Given an
ordered subset I € ([Z]), the Pliicker coordinate Ar(V') is the minor of k x k submatrix
of V in column set I. We will sometimes consider the exterior algebra A®*CF, and
identify A7(V) with v, A-+- Awv;, € AF(CF) =~ C for I = {iy,...,ix}

The row operations have the effect of changing V to AV for an invertible k& x k
matrix A. This implies v; — Av; and Ay — det(A)A; for all 1. In particular, A; can
be considered as projective coordinates on Gr(k,n), or as affine coordinates on the
affine cone (/}\r(k‘,n) For a subvariety X C Gr(k,n), we define X C (/}\r(k:,n) as the
affine cone over X.

Knutson-Lam-Speyer [14] constructed the stratification

Gr(k,n)= | | 103
feBk,n

where II% are open positroid varieties indexed by a finite set By, of bounded affine
permutations, see [10, Section 4.1] for more information. This positroid stratification
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contains a unique open stratum, the top dimensional positroid variety, defined such
that cyclically consecutive Pliicker coordinates are non-vanishing, i.e.

pn =V €Gr(k,n) s Arp  k(V), A2z kr1(V),- s Ani2 k—1(V) # 0}

As above, we can also consider the open subset ﬁzn C @(k, n) defined by the same
inequalities. Note that

dim I, = dim Gr(k,n) = k(n — k), dimII§,, = dim Gr(k,n) = k(n — k) + 1.

2.2. CLUSTER ALGEBRAS. Cluster algebras are an interesting class of commutative
rings which are defined by a seed s consisting of a quiver, or exchange matrix, and
cluster variables, which are a finite collection of algebraically independent elements of
the algebra. To simplify the exposition, we are focused on skew-symmetric exchange
matrices.

A quiver @ is a directed graph with d vertices and no length 1 or 2 cycles. It
corresponds to a skew-symmetric integer matrix €;; called the exchange matrix defined
by

a  if there are a arrows from vertex ¢ to vertex j;
(€ij) = { —a if there are a arrows from vertex j to vertex i;
0 otherwise

The vertices of () can be either mutable or frozen. Given a mutable vertex k, one can
define the new quiver uy(Q) using the following steps:
(1) If there is a path of the vertices i — k — j, then we add an arrow from ¢ to
j-
(2) Any arrows incident to k change orientation.
(3) Remove a maximal disjoint collection of 2-cycles produced in Steps (1) and
(2).
The cluster variables A1, ..., A4 corresponding to the initial seed are a collection of
algebraically independent variables, labeled by the vertices of (). We assume that the
variables corresponding to frozen vertices are invertible. For each seed s and each
mutable variable Ay, there is another chart pg(s) with the quiver ug(Q) and cluster
coordinates A1, ..., A}, ..., Aqg where A is defined by

(H A?ki_;'_ H A’L_8k1>
’

1:€i >0 1:€,<0

2) = i

The cluster algebra Ag is a subalgebra of the field C(Aq, ..., Aq) of rational functions
in the initial seed, generated by all cluster variables in all seeds. The rank of a cluster
algebra is the number of mutable vertices of Q.

The cluster variety X = X is an affine algebraic variety defined as X = SpecAq. It
has the algebra of regular functions C[X] ~ A and field of rational functions C(X).
Geometrically, a seed s of Ay correspond to an open toric chart U o~ (CH? c X
parametrized by the cluster coordinates Ay,..., Ay in s, which are invertible on U
and extend to regular functions on X. The frozen variables correspond to global
invertible functions on X. For more details on cluster algebras and cluster varieties
(and the more general case of skew-symmetrizable exchange matrices), see [7, 19].

Additionally, for each mutable variable Ay we define the exchange ratio g3, as the
ratio of incoming and outgoing cluster variables :

Eki
Hi:ski>0 AZ

T YR
1 <0 “ 71
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We will need the notion of exchange ratios in the definition of quasi-equivalences.

DEFINITION 2.1 ([8, 9]). Let ¥ and X be seeds of rank r in C(X). Let Q, A;, §; denote
the quiver, cluster variables and exchange ratios in X and use primes to denote these
quantities in 3g. We assume that Ayy1,...,Aq are frozen. Then ¥ and Xg are quasi-
equivalent, denoted ¥ ~ X, if the following hold:

e The groups P, Py C C[X] of Laurent monomials in frozen variables coincide.
That is, each frozen variable A} is a Laurent monomial in {A,y1,...,Aa}
and vice versa.
e Corresponding mutable variables coincide up to multiplication by an element
of P: fori € [r], there is a Laurent monomial M; € P such that A; = M; A} €
C(X).
e The exchange ratios (3) coincide: §; = g, for i € [r].
Quasi-equivalence is an equivalence relation on seeds. Seeds X, %o are related by a
quasi-cluster transformation if there exists a finite sequence p of mutations such that
(%) ~ Xo.

By the main result of [8], it is sufficient to check the conditions of quasi-equivalence
for one cluster in ¥ and ¥, and this automatically implies quasi-equivalence between
all corresponding clusters in ¥ and .

2.3. CLUSTER STRUCTURES ON OPEN POSITROIDS. In 2003, Scott [15] established

that the coordinate ring of (/}\r(k, n) has a cluster structure using Postnikov arrange-
ments. In this paper, will we use a different construction using rectangles seed Xy, ,,
that generate the cluster structure for the Pliicker ring Ry, ,, isomorphic to C[(/}\r(k, n))
as detailed in [7, Section 6.7]. The cluster structure in the Pliicker ring Ry ,, is gener-
ated from the mutations on the rectangular seed ¥y ,,. Since (unlike [15]) we always
assume that the frozen variables are invertible, we in fact consider a cluster structure
on (C[ﬁzn]

We first construct the quiver @)y, where vertices are labeled by rectangles r con-
tained in the k x (n — k) rectangle R along with the empty rectangle @. The frozen
vertices are defined as rectangles of size k x j for 1 < j < n —k, size i x (n — k) for
1 <1<k, and @. The arrows connect from the 7 X j rectangle to the i x (j + 1) rec-
tangle, the (4 1) x j rectangle, and the (i — 1) x (j — 1) rectangle with the conditions
that the rectangle has nonzero dimension, fits inside of R and does not connect two
frozens. There is also an arrow from the @ rectangle to the 1 x 1 rectangle, see Figure
2.

Each rectangle r contained in the k x (n—k) rectangle R corresponds to a k-element
subset of [n] representing a Pliicker coordinate. This correspondence is determined by
positioning 7 in R such that the upper left corner coincides with the upper left corner
of R. There exists a path from the upper right corner to the lower left corners of R
which traces out the smaller rectangle r, with steps from 1 to n, where the map from
r to I(r) is given by the vertical steps of the path, see Figure 3. Define

#M"™ = {Ap( @ 7 rectangle contained in k x (n — k) rectangle}

We may now define the rectangles seed Sy, = (2", £ (Qr.n))-
We can summarize (and slightly rephrase) the above constructions as follows. We
define ordered subsets

(3) I(a,i)) ={a,a+1,...,a+i—1,n—k+i+1,...,n},

wherea=n—k—j+1.

Algebraic Combinatorics, Vol. 9 #2 (2026) 581
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FIGURE 2. The quiver ()3 3. Vertices are labeled by rectangles con-
tained in a 3 x 5 rectangle. The grid is arranged such that the rectan-
gles width increases from left to right and the heights increase from
top to bottom.

a
7 a+1
a+i—1 k
n—k+i1+1
n—1 R
n
n—k

FIGURE 3. The Pliicker coordinate Ay, corresponding to a rectan-
gle r is given by the vertical steps in the path from the upper right
corner to the lower left corner of the rectangle R of size k x (n — k)

that cuts out the rectangle r positioned in the upper left corner of
R.

THEOREM 2.2 ([15]). The cluster variables in the initial seed are given by the minors
Aja,iy for1 <a <n—kand1 <i <k, and an additional frozen variable Ay _g11,.. n-
Furthermore:

1) The variables Ap(q,q) are frozen for a =1 and i =k, and mutable otherwise.

2) The quiver Qg consists of the following arrows:

Arai) — Ara—1,9)

@ | ™~

Af(aiv) — Ara—1,i+1)

3) There is an additional arrow Ay _gi1,..n — AI(n_k71).

Algebraic Combinatorics, Vol. 9 #2 (2026) 582
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Agrg —— Ayrg A3z Agrg — | Aqrg

N N N A

Aggg — Aysg Aszyg Agzg — | Aqgg

NI NN

FI1GURE 4. Cluster variables in ﬁ§78 corresponding to the rectangles seed.

See Figure 4 for the ﬁ§78 example and Figure 5 for the general case.

Below we will also use the cluster structure on I} ,. The corresponding quiver
can be obtained from @, by deleting the vertex &, and the cluster variables in the
initial seed are given by the ratios Al(a,i)/An7k+1,‘..,n~ More precisely, we have the
following:

PROPOSITION 2.3. We have a quasi-equivalence of cluster varieties
() ko = CF X IIR
and the corresponding quasi-equivalence of cluster algebras
10 + o
(C[ k,n] = C[Anfkﬂrl,...,n] ® (C[ k,n]'

Proof. This result is well known, but we provide a proof for the sake of completeness.

Define the map f : U, — C* x1IIf , by sending each Plicker coordinate
Af(ayiy 10 Ar(ayi) = Ar(ai)/An—k+1,...n- We note that this map is well defined since
Ap_ki1,.n = Af(n—k+1,k) is nonzero by definition of HZ,W We show that this map
defines a quasi-equivalence by verifying that it preserves exchange ratios in the cases
illustrated in Figure 5.

(a) Left corner: In C[II} , ], the mutable variable Aj¢, 1) in the left corner has
a total of two incoming arrows and two outgoing arrows. However, under the map
f the cluster variable Aj(,_x41,%) is mapped to 1, and therefore, the arrow from

El(n,kﬂyk) to Ar(n—k,1) vanishes. We now have that the mutable variable Aj(n,k,l)
in C[II} ] has one incoming arrow and two outgoing arrows. However, we see that
the exchange ratios under the map f are equivalent:

Arn—k—1,2)

~ Al(n—k+1,k) Al(n7k71,2)AI(nfk+1,k) J
= = = YAarn-k1y*

Yairn) © Brwsoin) Sitka) Artn—k-1,1)A1(n—k2)
Al(n—k+1,k) DI(n—k+1,k) ’ ’
(b) Boundary: Either 2 <a<n—-k—1landi=1,ora=n—kand 2 < i <

k—1. In (C[ﬁin], the mutable variable Ay, ;) has two incoming arrows and two

outgoing arrows. Under the map f, the mutable variable A I(a,i) 10 (C[Hz,n] still has
two incoming and outgoing arrows where each of the corresponding variables have
a factor of (Al(n_k+1’k))_1 which cancels in the computation of the exchange ratio

yAI(a,'i).
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,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

/

JAVIEEY) %—; Arn—k-1,1) —%—> Argn—k-21) — Ara-r-31) 3 Argry — Areny —

R VRN SN L SN

! Aftn—k2) H:—h‘ Apn-k-12) 4%—> Afn-k-22) — Din-k-32) | : Ajsa — A2 —

. N I N N

Arn-t3) —h: Arnk-13) — Dignr-23) — Dror-33 | - Araa — Areg —

N NN

Afn—ka) % Afnok—14) — Dignoi—24) — Dignop-zay |+ - Arza) —— Arpay —

Afntk-2) — Drn-k-1k-2) — Dink-2k-2) — Dfn-k-3k-2) - Arz -2y — A k-2 —
I N N N N

Al(n—k,k—l) — A](n—k—l.k—l) — Al(n—k—lkfl) — Al(n—k—:s.k—l) AI(fi‘k—l) *>AI(2.L~—1)*>
[ U N A N I N NG

‘Al(n—k.k) ‘ ‘Al(n—k—l,k) ‘ ‘Al(n—k—lk) ‘ ‘Al(n—k—&k) ‘ ‘Al(s,k) ‘ ‘AI(Z.I»-) ‘ ‘AI(LA") ‘

FiGURrE 5. Cluster variables in ﬁzn in the rectangle seed.

(c) Interior: Similarly to the boundary case, the mutable variable Az, ;) in C[ﬁzn]

and A I(ay) in (C[Hzm] both have three incoming arrows and three outgoing arrows.

Therefore, the factor (Ay(,— k+1,k))71 cancels out in the computation of the exchange

ratio yx - O
I(a,i

Thanks to Proposition 2.3, below we will freely translate various results and com-
putations between the cluster structures on IIy , and on II} . In particular, we will

always compute the exchange ratios in ﬁzn, since they coincide with the ones in II}, .

3. CONSTRUCTION
Let II} ,, be the open positroid variety in the Grassmannian Gr(k,n).

DEFINITION 3.1. Given 2 < a < n — k, we define an open subset U, C I}, by the
inequalities

(6) Ug ={Asan #0, 1 <i<k—1}.

For0<s<i—1and 0<t<k—1—1 we define ordered subsets

I'(a,s,i) ={a,...,a+s—l,a+i,a+s+1,...,a+i—1,n—k+i+1,...,n},
Il (a,s,i)={a,...,a+s—1l,a+s+1,...,.a+i—l,a+in—k+i+1,...,n},
and

I"(a,t,i)={a,....,.a+i—1,n—k+i+1,....n—t—1l,a+i,n—t+1,...,n},
I’ (a,t,i)={a,...,a+i—l,a+in—k+i+1,....n—t—1,n—t+1,...,n},

Note that I'(a,s,i) is obtained from I(a,i) by replacing a + s by a + ¢ (without
changing the order), while I (a,t,i) is obtained from I(a,i) by replacing n — t by
a +1i. Also, I'(a,s,i) and I. (a,s,i) are related by an (i — s)-cycle while I"(a,t,1)

sort
and I .(a,t,i) are related by a (k —i — 1 — t)-cycle.

Algebraic Combinatorics, Vol. 9 #2 (2026) 584
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LEMMA 3.2. Given a matrix V € Uy, for all 1 < i < k — 2 we have an identity

k—i—1

AI AI’I t
Vars = Z (a $,%) Vats + Z B (a, z) Uns
I(a,i)

5—0 AI(a %) —
i—1 k—i—1
; AI (a,s,?) ; AI” (a,t,2)
— (_1)1—3—1 sort Vasts + k—i—t sort \ b Up—t
;) Al(ai) Z Af(a,i)
Proof. Since Aj,4)(V) # 0, the vectors v, . .., Vati—1,Vn—k+it1;-- -, Un SPan Ck. We

can uniquely write v44; as linear combination of these:
Vg+i = ToVq + - - + Ti—1Va+ti—1 + Yk—i—1Vn—k+i+1 + - - - + YoUn-

Now the coefficients x4, y; are determined by Cramer’s Rule:

gy = Altasi) _pime1 Blin(eed) | Brran) _ i Bllletd)

N Af(ai) A(ai) A(ai)

EXAMPLE 3.3. For a = 3 the open subset Uz C II5 g is defined by Asss, Azzs # 0,

indicating that the vectors vz, v7, vg span C? and the vectors vs, v4, vg span C3. Using

Cramer’s rule we may express the vector vy as
Ay7g A348 Ag7y Ay7g Azyg Agyr
Vg = v3 + 7+ vg = v3 + vr — Ug
Asrs A378 Agzrs Agrs Agzrs Aszrs

EXAMPLE 3.4. The open subset Us C II3 , is defined by

A3.7,8,9,10, 83,4,89,10, A3,4,5,9,10, A3,4,5,6,10 7 0.
From this collection of nonvanishing Pliicker coordinates we have
5 _ _ _
C° = (v3,v7,v8,v9,v10) = (V3, V4, Vs, V9, V10) = (V3, V4, Vs, Vg, V10)-

By Cramer’s Rule, we can expand vy, vs, vg in the respective bases:

Ay7.8910 As3.48910 As47910 A3z 47810 A3 47389
vy = vs + v7 — vg + Vg — V10
A3 789,10 A3 789,10 A37.89,10 A3 789,10 A3 789,10
Ay 589,10 A3 589,10 A3 459,10 A3 458,10 A3 4589
Us = — V3 + V4 + —
A34.89.10 A34.89.10 A3.4.89.10 A34.89,10 A3 489,10
A4 5,6,9,10 A35.6,9,10 A3 469,10 A3 456,10 A3 4569
Ve = v3 — v4 + Vs + Vg — V10
As.45910 As3.45910 As3.45910 As3.4509.10 As.45910
DEFINITION 3.5. Given a matriz V = (v1,...,v,) in U,, we define two matrices V1, Vs
as follows:
(7> ‘/v]. - (Ua""7vn)7 ‘/72 - (/l}].)"'7/l}a7ul"'7uk727vn)
where
h—i1
AI/asz AI”atz
(8) - Ua+2 E A g A ————Unp—t-
_ I(a,i) — I(a,i)

The second equation in (8) follows from Lemma 3.2.

ExAMPLE 3.6. Continuing Example 3.3, we decompose the matrix
V= (Ul Vg V3 V4 Vs Vg U7 ’Us)
into
Vi = (v3 vg vs5 v6 vy vs), Vo= (v1 v2v3uvs)

where
Agrg Asgg A347

U3 = vy —
Asrg Asrg A378
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LEMMA 3.7. Assume that V € U,. Then for 1 < i < k — 2 the intersection of two
subspaces

(Va, Vat1s -+ Vati) N (Vn—ktit1s Un—k+it2s - - -, Un)-
is one-dimensional and spanned by the vector u;.

Proof. By (8) and Lemma 3.2 the vector u; is indeed contained in this intersection.
Since Ar(q,it1) # 0, the vectors vg, ..., v,y are linearly independent and hence u; #
0. Since Aj(q,5) # 0, the vectors v, yit1,. .., v, are linearly independent as well and
altogether the two subspaces span C*. Now

M (g, Vat1s -+ s Vati) NV {(VUn— ki1, Un—ktit2s---,0n) = (+1)+(k—i)—k=1. O
LEMMA 3.8. a) We have

Vg NUL AN AU = Vg N Vg1 N N Vgpie
b) We have

Ar(ak-1)
Af(ay)

52

Ui N+ NUg—o N\ Uy = Un—k+it+1 N NVUp_1 A\ Up.

Proof. a) By (8) we have
Ui € Vati+ (Vay -y Vatio1),
so
Vo ANUL Ao Aty = Ug A (Va1 + o)A (Vapi ++02) = 0a AVgg1 A A Ugyi
b) Similarly, by the second equation in (8) we have

Ao k—i—1,4)

u; € Un—ktitl + (Vn_kyite, .-, Un).

AI(a,i)
Note that I"(a, k—i—1,14) is obtained from I(a,%) = {a,...,a—i—1,n—k+i+1,...,n}
by replacing n — k + i + 1 with a + ¢, so in fact I"'(a,k —i —1,i) = I(a,i + 1). Now

Arai Aok
Ui A A2 AUy = <AI((’+)1)vn_k+,-+1 +.. > AeeeA (AIE””;vn_l +.. > Ay =
I(a,i I(a,k—2

Arair)) Al@i+2)  Alek-1)

Un—ktitl N A Up.
Afai)  Ar@it))  Ar@ak-2) Fri

The factors in the coefficient cancel pairwise except for Az, x—1)/A1(qi)- O
LEMMA 3.9. If V €U, then Vi €I}, and Vo €11} .

Proof. The first statement is clear by the definition of U,. To prove the second one,
we need to compute the following minors:

1) Ay, p4k—1(V2), b+k—1 < a. This minor does not change, so Ay, prr—1(V2) =
Ay, prk—1(V) #0.

2) Ay ptk—1(Va),b<a<b+k—1. Let i =b+k—1—a, then by Lemma 3.8(a)
we get
Ab7.__,b+k_1(V2) = Vp A A Va A U1 JANRERWAN U; =
Ub/\"'/\va/\va+1/\"'/\va+i:Ab ,,,,, b+k,1(V)7é0.
3) Aa,...,a+k71(‘/2) = Vg AU N ANUp—2 ANVUp = Vg N\ -+ NVgqp—2 N\ Up, 7£ 0 by

definition of U,.
4) Finally, we need to consider the minor u; A - -+ Aug—_a A v, A vy ---v; which by
Lemma 3.8(b) equals

Alf(a,kfl) Al(a,kq)

Un—kaitl Ao Ao Avy -+ vy = Ap—ktit1,ni,..i# 0. 0O

AI(a,i) AI(a,i)
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THEOREM 3.10. The map ®, : V — (V1, V2) defined by (7) is an isomorphism between
Us C I} ,, and the product 1Ty |,y } 1T} (1p y.

REMARK 3.11. We have dim U, = dimII} , = k(n — k) while
dimILy g +dimlly 0y =k(n—a+1—k)+k(a—1)=k(n—k).

Proof. By Lemma 3.9 the map @, : U, — II3 .y X II7 ) is well defined. We
need to construct the inverse map, reconstructing V' from V; and V5. Since V7 and V5
are both defined up to row operations, we need to choose appropriate representatives
in their equivalence classes and make sure that they glue correctly to V.

For Vi, choose a representative in the equivalence class arbitrarily and label the
column vectors by (vq,...,v,). Since Vi € 11y, ., we have A, ) # 0. By Lemma
3.2, we can define the vectors uq,...,ux—2 by (8). Applying row operations to Vj
is equivalent to the multiplication by an invertible (k x k) matrix A on the left. It
transforms v; to Av;, multiplies all the minors of V; by det A, and transforms u; to

9)

i—1 i—1
AI/(a j,1) det(A) AI’(a j i)
i_>Aai_£ ‘%—Aa_—A ai—g 77]#(}} _—Az
(22 Va+ par Had) et( ) ( v +J) Va+ par Tad) Va+j U

By Lemma 3.8(a) we get vy AUy« Uk—2 AUy = Vg A Vg1 Ugtk—2 A V. This
is nonzero since V; € Hz)n_a_H, so the vectors vg,uq,...,ur_2,v, form a basis
of CF. Therefore we can uniquely find a representative for V5 of the form V, =
(V15 Va1, Vas UL, -« ., Ug—2,Vp). Indeed, if V3 = (v],..., v}, _;) is some other rep-
resentative then

Vo = (Vay Uty - oy U—2, V) (U, - - . ,v(’l+k._1)*1V2'.
By (9), row operations V; — AV also change Vo — AV, Now we can define V =
(v1,...,V4-1,Vq,- . .,Vy) where the vectors vy, ...,v,—1 are the first (a — 1) columns
of V5 and (vg,...,v,) = V1. By the above, this is well defined up to row operations.

Similarly to the proof of Lemma 3.9, one can check that V' € II} , and Vi €
I} ,,_ 441 immediately implies that V' € U,. This completes the proof. g

4. CLUSTER ALGEBRA INTERPRETATION

We would like to compare the quivers and cluster coordinates (4) for the matrices V,
V1 and Vi, which we denote by Qv, Qv, and Qv,. As in Proposition 2.3, we prefer to
work with the affine cones T/J;, ﬁz7n—a+1 and ﬁg)a_i_k_l. By construction, the empty
rectangle in both Qv and Qy, corresponds to A,,_k11... »(V). On the other hand, by
Lemma 3.8(a) the empty rectangle in Qy, corresponds to the minor

AI(GJC)(VQ) =V ANUL N Uk—2 N Vp = Vg N Vag1 A~ Vatk—2 N\ Un
= Arar-1)(V) = Arap—1)(V1)

which is connected to A,_1 1(V2).
Clearly, the open subset U, C II} , is defined by freezing the cluster variables
Ar(a,i)(V) in Qy, which are identified with Ay ;) (V1). We need to analyze the be-
havior of all other minors in Qy under ®@,.
LEMMA 4.1. a) Ifb > a then A](bﬂ)(V) = Al(b_a+17i)(V1).
b) If b < a then
AI a,k—
A(ITJ)DAI(ZJ,'L')(V) = Az, (Va).
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Proof. Part (a) is clear from (7). For part (b), we first assume b+i—1 > a and write
Ar,iy(Va) = vp A vg A(ur A At (q—pg1)) A (Ui A= Aug—o A vy).
By Lemma 3.8 we get

Vg AUL A - AU (g—bt1) = Va N Vat1 A A Upgi—1

and
Ara
Ui A At Ay = =R A At Ao,
AI (a,i)
S0
A Af(ak—1)
1,0 (V2) = N (Vo A Vbyim1) A (Vn—ktit1 Ao AUpo1 Avp)
a,i
Af(ak-1
= A(;( : )Al(b,i)(v)

Similarly, if b+ ¢ — 1 < a then

Arp,iy(Va) = vp A vppio1 A(ug A e- Aug_o Avy) =

M(Ub/\"'@b+i7])/\(/Unfk‘+i+1/\”-/\U'ﬂfl/\v"): MAI(Z?J)(V) U
Ar(a,i) Alai)

EXAMPLE 4.2.For a = 3, k = 3,n = 8 we get Aszrs, Asyg # 0, as in Example 3.6.
We have Vi = (vs, v4,v5,v6,07,08) and Vo = (v1,v2,v3,u,vs). The quiver Qv after
freezing As7s and Asyg has the form:

AV

Bszs —— Dars —— [ Aars] —— Agrs ——

N NN A

Ases —— Dass —— [Agas | —— Aagg ——

N NN AN

while the quivers @y, and Qyv, have the form
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Agrg — Ayrg —— A378 Agyg ——

Aseg — Aysg — Agzg —

Note that we identified Asz,s = Aszsg. We claim that the two cluster structures are
related by a quasi-equivalence. Indeed,

Azss
Aszzg’
and all other cluster variables are unchanged. Therefore all cluster variables are the
same up to monomials in frozen. We need to check the exchange ratios:

A348A198 1A128A348  AjagAsrs

ws(Vo) = ———— =a~ = = Yar8
yzus(V2) IANPEVAGLT! Aj7sAszs Aq7gAass Y

Aszyg = Azag, Aozy = Aozg, Agug = alorg, Aqyg = aAr7g where o =

V).

while
JACHEVAREY Ao7gAiaz  AorgAi23Assg

238(V2) = =« = = Y238
yass(V2) ANPYYACEW ANDTYAUE VERVANDYVACE VWA Y 2 Y

Since the exchange ratios agree, we indeed get a quasi-equivalence.

(V).

We are ready to state and prove our main result.

THEOREM 4.3. The map @, : V (W1, Va) defined by (7) is a cluster quasi-
isomorphism between U, C H;c n and the product Hk —at1 X Hk atk—1 With identified
frozen variables Ay(q 1) (Va) = A](Lk_l)(Vl)

As a consequence, O, yields a cluster quasi-isomorphism between U, and the prod-
uct Hz,n—a+1 X Hz,a+k—1'

Proof. The second statement follows from the first by Proposition 2.3, so we focus on
U.. By Lemma 4.1(a) all Scott minors A (V1) are the same as the minors in the
left half of Qv .

We need to analyze the right half of Qy. By Lemma 4.1(b) all minors in the right
half are multiplied by some monomials in Ay, ;) which are frozen on U,. It remains
to compute the exchange ratios. We have the following cases:

(a) Interior: b < @, @ > 1. The piece of the quiver Qv around Ay, ;) has the form

Ap I(b+1,i—1) %Al(bz 1) 4>Al(b 1,i—1)

L~ ™~

A1) — ADres) — Arp-1,)

U~ T~

Arpt1,i41) — Arpit1) — Arp—1,i+1)
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The exchange ratios are equal to

Az i—1)ATb+1,) D 1(b—1,i+1)

Yi(be) =
1(b4) Arp—1,) A1t 1) A1b11,i-1)

so by Lemma 4.1 we get
Yr6,i)(V)  Arai-1)A1(a,i)A1a,it1)
Ui (V2)  ArainDAraisnDraio1)

and yr(s,:(V) = y1(6,5)(V2). Note that Ay, x—1) cancels out.
(b) Top boundary i = 1:

=1.

Arpy1y) — ABrey) — Are-1,1)

Lo s

Arpyr2) — A1) — Arp-1,2)

The exchange ratios are equal to

Arpr1,)A10-1,2)

Yrv,1) = Arr-1,1)A100,2)

so by Lemma 4.1 we get
vy (V) _ AranAia2)
Yre)(V2)  Ara1)Ara2)

and y7(,) (V) = y1(s,i(V2). Note that Ay, r—1) cancels again.
(c) Left boundary, b = a — 1:

=1

Al(a—l,i—l) — AI(a—Zi—l)

-

AI(a 1,3) —>A1a 2,1)

-

Al(a—l,z—i-l) — AI(a—Q,z-&-l)

The exchange ratios are equal to

Ara-1,i-1)(V2)Ara—2,i11)(V2)
Ata—2,5)(V2)Ara—1,i+1)(V2)

Yr(a—1,5)(V2) =
so by Lemma 4.1 we get
Al(a,il)(v)AI(a,iJrl)(V)] - A1y (V)Ar@e—2i4) (V)

Ara,iy(V)Ar@a,ivn (V) Atta—2,i)(V)Ara—1,i+1)(V)
Aray(V)Ara—1,i-1y(V)Ara—241(V)
= Yr(a—1,) (V).
At(ai—1)(V)Ara—2,:)(V)Ar(a—1,i+1) (V)
(d) Corner, b=a—1,i = 1:

Yr(a—1,) (Vz) = [

Ara—1,1) — Ara-2,1)

AI(a—l,Z) I AI(a—2,2)
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Here we identify Ay p—1)(V2) with Az r—1)(V) = Arar—1)(V1) as above. The
exchange ratio is equal to

Ar(ar-1)(V)Aza—2.2)(V2)
Ara—2,1)(Va)Ara—1,2)(V2)

Yr(a—1,1)(V2) =

so by Lemma 4.1 we get

Asiano (VAo (V
Aras (V) - 21 2,2)(V)Azap-1) (V)

AI(CL,Q)(V)
) Al(a,l)(v) . AI(a,2)(‘/)
Ara—21)(V)Arar-—(V) Ara-1.2)(V)Arar-1)(V)

_ A1(1172,2) (V)AI(CL,I) (V)
Ara—2,1)(V)Ara—1,2)(V

5. RELATION TO BRAID VARIETIES

7= Yr(a—1,)(V). O

In this section we describe the map ® in terms of braid varieties. We refer to [5, 4,
3, 11] for more information and context and braid varieties, and only use some basic
definitions. We will work on the variety of complete flags

Flk:{O:fOC]:l...Cf‘k:(ck}’ dim F; = i.

DEFINITION 5.1. We say that two flags F and F' are in position s; if F; = F for
j #i and F; # F. We will denote this by F 25 F'.

We say that F and F' are in position wq if F; © F,_, = CF, in other words F;
is transversal to F) _, for all i. Here wq is the longest element of the permutation
group Sy.

DEFINITION 5.2. Given a braid 8 = oy, - - - 05,, we define the braid variety as the space
of sequences of flags

FO fag (1), ple-1) ey Fo
such that F©) is the standard flag and F©) is the antistandard flag in C*:

FO = (e1,...,€;), ‘E'(é) = (Ek—it1,- -, Ch)-

7

We will visualize the flags F) by labeling the regions in the braid diagram for
B by vector spaces such that each vertical cross-section provides a complete flag, see
Figure 6. We recall an explicit construction [2, Section 4] relating II}; ,, to braid variety
X (Bk,n) where

ﬁkm:(al...ak_l) 0'1...0k_1)...(0'201)0'1Z(Ul...O'k_l) 0

(see also [17]). Here T'(k,n — k) = (01 ...0k_1)" % is the (k,n — k) torus braid and
01(0201) -+ (0k—1 - -+ 01) is the specific braid word for the half-twist braid.

nfk( nfkw

Given a matrix V = (v1,...,v,), we can fill in the bottom row of the braid diagram
for B, by the vectors vy, ..., v,. This uniquely determines the subspaces for all other
regions as spans (v;, ..., v;) for appropriate i, j, see Figures 6 and 7. The conditions

Aga,rx)(V) # 0 are equivalent to the relative position conditions for each crossing of
B. The conditions Az ;)(V') # 0 are equivalent to the fact that two flags

FO =10 c () C (v1,v9) C ... {(v1,...,06)}
and
FIN) =40 C (0n) C (0p—1,00) C oo (Un—ppg1s > V) }

are in position wg. Therefore there is a unique matrix M such that MF© is the
standard flag and MF®) is the antistandard flag.
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Finally, the flags constructed as above determine the vectors v; only up to scalars.
This can be fixed either by rescaling v;, or by considering framed flags as in [2]. As a
result, we obtain the following.

THEOREM 5.3 ([2, 17]). Let 1’[271I be the subset of ﬁzn defined by
Appt1,.. brk—1 = Al(b,k) =1, forl<b<n—k+1.

Then X (B.n) ~ T} and ﬁzn ~ Hzi x (CH)n=hl,

n

Following Proposition 2.3, we can also regard HZi as the subset of 05 defined
by
A1)/ Arn—kt1p) =1, for 1<b<n—k.
In particular,
(10)  dimIIY) = dimII}, — (n — &k +1)
=kn—k)+1—-(n—-k+1)=(k—-1)(n—Fk)=L(Brn) — (wo).

|
/ /
(’Ul,’UQ /<’U2,U3> IK'USy 'U4> <’U4,’L}5>
v1 Vo 1)3: Vq
[l
}'(A) \\ ]_—("\“>

! /

|<’U3,7j4> <U4;'U5>

|

|1}3 V4 5
]

FA)

(v1,v2 /(U27 v3)
V1 Vo

FIGURE 6. Freezing Asys, Aszs in the braid associated to X (0s,8) ~ H;é

Let 8= (01...0,_1)" %(o1...06_1)...(0102)01 be the braid where X (3) ~ 1’[;3I
Then the process of freezing Ay, corresponds to severing the braid 3 at flags F (4)
and F™) where A = (a —1)(k—1)+1and N = (n —k)(k — 1) + (g) + 1. Upon
severing the braid at the given flags we disassemble the braid into two separate braids
decorated by the flags
(11) FA) 2y oA+ p(N-1) 51, 7(N)
and
(12)  FO 2, ). pA-D o1 p(A) s FAvy oy FAR(E)-1 5 g (V)

The first braid is decorated by the flags between F(Y) and F(N) and is associated
to X(B;) where By = (01 ---0p_1)" " * 9" lwgy. Note that the conditions defining the
open subset U, guarantee that the flags F(4) and F(N) are in position wy, so as above
there is a unique matrix M such that MF) is the standard flag and MF®) is the
antistandard flag.

For the second braid, we “splice” together the flags F(4) and FN) by adding the
sequences of flags F associated with the half twist on k strands. See Figure 6 for an
example of the decomposition of the braid 8 into its two separate components, and
Figure 7 for a depiction of the local splicing effect on the flags. Stitching the flags
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(v3,v4, V5, v6) /_X (v7,vs,v9,v10)

(vs,v4,v5) (vs, v9,v10)

/ (v,

v10)

FIGURE 7. Braid diagram and flags for Example 3.4. Here (u1) =
(v3,v4) N (v7, V8,9, V10), (U2) = (V3,v4,v5) N (vs, Vg, v10) and (uz) =
(v3,v4,v5,6) N (9, V10)-

FA) and FWV) together with the half twist fills the bottom row of the braid with k—2
vectors uq,...,ux—o2, and the intermediate flags FA+) are uniquely determined by
FA and FN). Through this process the resulting braid is 8o = (01 - - - 0p_1)% twp.

Finally, we can compare the cluster structures on braid varieties. The cluster struc-
ture on HZ; is obtained from (4) by removing the frozen variables Aj 1) from Qv .

THEOREM 5.4. The map ®, : V — (V1, Va),

— Up,
Vl:(va7-~-avn); ‘/2:(U17"'7vaau1a"'7uk—27A)
I(a,k—1)
o,1

. . . 1 _ o,1 0,1
defines a quasi-cluster isomorphism between U, = U NI and 17, 4y XTI 0 .

Note that we do not need to change the matrix V; since all of its consecutive minors
are still equal to 1. Also note that by (10) we get dim U} = dim T’} = (k —1)(n — k)
while

dimIIy, o+ =(k—1)(n—a+1—k) +(k—1)(a—1)=(k—1)(n—k).
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