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Weingarten calculus for centered random
permutation matrices

Benoît Collins & Manasa Nagatsu

Abstract We introduce and study the Weingarten calculus for centered random permutation
matrices in the symmetric group SN . After presenting a formulation of the Weingarten calculus
on the symmetric group, we derive a formula in the centered case, as well as a sign-respecting
formula. Our investigations uncover the fact that a building block of this Weingarten calculus
is Kummer’s confluent hypergeometric function. It allows us to derive multiple algebraic prop-
erties of the Weingarten function and uniform estimate. These results shed a conceptual light
on phenomena that take place regarding the algebraic and asymptotic behavior of moments
of random permutations in the resolution of Bordenave and Bordenave-Collins of strong con-
vergence. We obtain multiple new non-trivial estimates for moments of coefficients in centered
moments.

1. Introduction
The behavior of random permutations has recently proven to be a key subject in
mathematics when it comes to studying generic random graphs. For example, models
based on random permutations have been proven by Bordenave to be almost Ra-
manujan [4], [11], and these results have been extended in [5] to the random covering
of graphs. In these cases, the proofs rely on moment computations, and it turns out
that the correct object to look at is not the random permutation itself (viewed as a
unitary N × N matrix whose entries are 0 or 1) but a centered permutation, acting
on the orthogonal space of the Perron Frobenius vector (1, . . . , 1).

On the other hand, the first named author observed more than a decade ago –
jointly with Ken Dykema, in an unpublished note – that there exists a Weingarten
calculus for random permutations, and this was also described in [3].

Let us digress here into the Weingarten calculus. Every compact group G has a
unique left- and right-invariant probability measure, known as the Haar measure µG.
The Weingarten calculus is a powerful method to study polynomials in random vari-
ables in the context of compact matrix groups - more precisely this calculus enables to
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compute the expectation of a product of entries of Haar-distributed random matrices
of the form:

(1)
∫

g∈G

gi1j1 · · · gikjk
dµG(g).

Weingarten calculus has wide applications, including random matrix theory, particu-
larly in the context of Haar random unitary matrices, quantum information theory,
such as calculations in quantum channels, and free probability theory, where it plays a
significant role in studying asymptotic behavior in the large N limit and establishing
strong convergence, as discussed in, for example, [9], [8], and the references therein.

The theory of Weingarten calculus for the unitary group UN or the orthogonal
group ON is well known. However, when it comes to studying random permutations,
given that a direct computation of moments turns out to be straightforward, and
in that respect, up to now, Weingarten calculus was just an interesting algebraic
curiosity.

However, a critical point of Bordenave’s paper [4] is the fact that the product of
centered diagonal entries has an expectation that decays fast, typically to a speed
comparable to independent variables, as long as one takes a polynomial number of
diagonal entries (see the proofs of Proposition 11 and Lemma 12 of [4]). In this paper,
we endeavor to study this phenomenon of fast decay more systematically and obtain
the following results.

(1) We present a new formulation for permutations (Theorem 2.1) and for cen-
tered random permutation matrices (Theorem 3.1)

(2) A Collins-Matsumoto-Novak-type formula ([8], [12]) for the Weingarten co-
efficient (Theorem 3.6). Specifically, the original Weingarten coefficients for
the unitary or orthogonal Haar measures had generating functions in the di-
mension of the group that involved signed functions ([7], [10]), and later we
managed to remove this. For quantum groups, the first named author did the
same in a joint work with Brannan in [6]. We uncover the fact that the building
block of the centered Weingarten calculus for permutations is a quantity that
we call ak(N), which is closely related to Kummer’s confluent hypergeometric
functions.

(3) In particular, this gives algebraic results about the sign of Weingarten func-
tions and shows that a quantity introduced by Bordenave (Section 3.2) is
conceptually the correct object to estimate the centered Weingarten function.

(4) Uniform estimates for the Weingarten functions of centered permutations. In
particular, this gives new non-trivial estimates for moments of coefficients in
centered moments. An initial motivation to this problem was described to the
second author by Bordenave, in the hope of checking to which extent one can
compare the moments of i.i.d.-centered Bernoulli and random permutations.

This paper is organized as follows. After this introduction, in Section 2, we in-
troduce notations on permutation matrices obtained from the symmetric group SN ,
and formulate the Weingarten calculus for them. In Section 3, we formulate the main
results of the paper: the Weingarten calculus for centered random permutation matri-
ces. In Section 4, we illustrate the asymptotics of the Weingarten coefficients defined
in Section 3. In the final sections, we discuss a recursive reduction to compute in-
tegrals such as (1) for centered random permutation matrices in Section 5, and we
also specifically discuss specific examples of the failure for the uniform bound of the
Weingarten coefficients in Section 6. In Section 7, we discuss specific examples that
describe how those techniques help the understanding of the moment integral.
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2. Permutation Matrices
2.1. Notations. Throughout this paper, we consider the normalized Haar integra-
tion over the symmetric group SN . Here, the normalized Haar measure is the counting
measure on SN , renormalized by a factor 1/N !. Any element g ∈ SN can be identified
with an N ×N matrix, called a permutation matrix, which has exactly one entry equal
to 1 in each row and each column. More precisely, the (r, s)-entry of the matrix g is
equal to 1 if and only if g(r) = s, and is 0 otherwise.

For details of the following notations on set partitions, we refer to [13]. If Z is a
finite set, a partition of Z is a set π = {B1, . . . , Br} of pairwise disjoint non-empty
subsets Bj of Z whose union is all of Z. These sets Bj are called the blocks of the
partition, and the number of blocks of π is simply denoted #π.

The set of partitions of the set of k integers [k] := {1, . . . , k}, denoted by P(k),
forms a lattice with respect to the partial order, the meet operation ∧ and the join
operation ∨ are defined as follows.

• partial order ⩽: For π1, π2 ∈ P(k), we call π1 ⩽ π2 if and only if each
block of π1 is contained in some block of π2. The maximum partition is
denoted by 1k = {{1, . . . , k}}, and the minimum partition is denoted by
0k = {{1}, . . . , {k}} .

• meet operation ∧: For π1, π2 ∈ P(k), π1 ∧ π2 is the greatest lower bound of
π1 and π2.

• join operation ∨: For π1, π2 ∈ P(k), π1 ∨ π2 is the least upper bound of π1
and π2.

We define incidence algebra on the lattice P(k),
I(P(k)) = {f : P(k) × P(k) → C | f(π1, π2) = 0 if π1 ≰ π2}

with an associative convolution *, for any π1, π2 ∈ P(k),

f ∗ g (π1, π2) :=
∑

π3:π1⩽π3⩽π2

f (π1, π3) g (π3, π2) .

I(P(k)) has the unit δ, Kronecker delta,

δ(π1, π2) =
{

1 if π1 = π2,

0 otherwise.

We define the Zeta function ζ by

ζ (π1, π2) =
{

1 if π1 ⩽ π2,

0 otherwise,

for π1, π2 ∈ P(k).
We also introduce the Möbius function µ. We first define

µ(0k, 1k) = (−1)k−1(k − 1)!.
For any π1, π2 ∈ P(k), when we suppose that π2 = {B1, . . . , B#π2} and that each
block Bi of π2 is partitioned into λi blocks in π1, the interval [π1, π2] in the lattice
P(k) is isomorphic to [0λ1 , 1λ1 ] × · · · × [0λ#π2

, 1λ#π2
]. Now we define

µ (π1, π2) =
#π2∏
i=1

µ(0λi , 1λi) =
#π2∏
i=1

(−1)λi−1(λi − 1)!.

We need the fact that the convolution product of the Möbius function µ and the
Zeta function ζ is equal to the Kronecker delta δ,
(2) µ ∗ ζ = δ.
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We call this Möbius inversion formula. (See [13] Section 3.7)
Finally, we use the multi-index notation i = (i1, . . . , ik), j = (j1, . . . , jk). For a

multi-index i = (i1, ..., ik) ∈ {1, . . . , N}k, we view i as a level partition Πi ∈ P(k) so
that 1 ⩽ l, m ⩽ k belongs to the same block of Πi if and only if il = im.

2.2. Weingarten calculus for Random Permutation Matrices. We first
consider the Weingarten calculus for random permutation matrices. Here, the sym-
metric group SN is identified as the group of permutation matrices.

In the sequel, we use the Pochhammer symbol notation,

(x)n := x(x − 1) · · · (x − n + 1) = x!
(x − n)! .

Our first result is the Weingarten formula for random permutations. Note that a
variant of this theorem appears in [3] and was part of an unpublished project between
the first-named author and Ken Dykema.

Theorem 2.1. For any k ⩾ 1 and given indices i = (i1, . . . , ik) and j = (j1, . . . , jk),
where i1, . . . , ik, j1, . . . , jk ∈ {1, 2, . . . , N}, there exists some Weingarten function Wgk

so that

(3)
∫

g∈SN

gi1j1 · · · gikjk
dg =

∑
σ,τ∈P(k)

Wgk(σ, τ, N)ζ(σ, Πi)ζ(τ, Πj).

(Note that the integral dg runs over the normalized Haar measure on SN .) Moreover,
we have the following explicit formula for Wgk(σ, τ, N):

Wgk(σ, τ, N) =
∑

π⩽σ∧τ∈P(k)

µ (π, σ) µ (π, τ) 1
(N)#π

.(4)

Proof. One sees by inspection that we have

(5)
∫

g∈SN

gi1j1 · · · gikjk
dg = δ(Πi, Πj)

1
(N)#Πi

.

If we define a function W on P(k)2 as

W (σ, τ) :=
∑

σ′⩽σ,τ ′⩽τ∈P(k)

µ(σ′, σ)µ(τ ′, τ)δ(σ′, τ ′) 1
(N)#σ′

for σ, τ ∈ P(k), then it can be inverted by Möbius inversion formula (2), for any
Πi, Πj ∈ P(k),∑

σ,τ∈P(k)

W (σ, τ)ζ(σ, Πi)ζ(τ, Πj)

=
∑

σ,τ∈P(k)

∑
σ′⩽σ,
τ ′⩽τ

µ(σ′, σ)µ(τ ′, τ)δ(σ′, τ ′) 1
(N)#σ′

ζ(σ, Πi)ζ(τ, Πj)

=
∑

σ′=τ ′∈P(k)

∑
σ:σ′⩽σ⩽Πi

µ(σ′, σ)ζ(σ, Πi)
∑

τ :τ ′⩽τ⩽Πj

µ(τ ′, τ)ζ(τ, Πj)
1

(N)#σ′

=
∑

σ′=τ ′∈P(k)

δ(σ′, Πi)δ(τ ′, Πj)
1

(N)#σ′

= δ(Πi, Πj)
1

(N)#Πi

.
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Thus, combining with equation (5) implies that the function W satisfies∫
g∈SN

gi1j1 · · · gikjk
dg =

∑
σ,τ∈P(k)

W (σ, τ)ζ(σ, Πi)ζ(τ, Πj),

and this ends the proof. □

Note that it is unusual in Weingarten calculus that there exists such a simple closed
formula for Wg. This is due to the fact that

∫
g∈SN

gi1j1 · · · gikjk
dg can be computed

by different means, which is a difficult task for other compact groups.
As a corollary, we obtain the following estimate of the Weingarten function:

Corollary 2.2. Every entry of the Weingarten matrix Wgk is a polynomial in N
divided by (N)k = N(N − 1) · · · (N − k + 1).

Note that similar results are known for other types of Weingarten calculus (e.g.,
unitary [7], orthogonal [8], quantum unitary [2]), but in each case, the multiplication
factor (N)k has to be replaced by a polynomial of a much larger degree, and the
techniques of proof are much more involved.

Next, we give estimates on the asymptotic behavior of Wgk as N is large. The
following corollary evaluates the asymptotics of the SN Weingarten function. It is of
independent algebraic interest and will also serve as a benchmark to compare the gain
in decay one achieves by centering random permutations.

Corollary 2.3. The Weingarten function as described above satisfies
(6) Wgk(σ, τ, N) = µ(σ ∧ τ, σ)µ(σ ∧ τ, τ)N−#(σ∧τ)(1 + O(N−1)).

Proof. This follows directly from the closed formula and the fact that the only leading
term in the sum is σ ∧ τ . □

Note that it was proved in Proposition 3.4, of [3] that

(7) Wgk(σ, τ, N) = O
(

N#(σ∨τ)−#σ−#τ
)

holds. This is consistent with our estimate O
(
N−#(σ∧τ)), since by semi-modularity

of P(k) we have
(8) −#(σ ∧ τ) ⩽ #(σ ∨ τ) − #σ − #τ

for any σ, τ ∈ P(k). However, in many cases, the equality does not hold in (8), and
the precise asymptotics of (6) are strictly stronger than the estimate (7). However,
note that our result is specific to the group SN , whereas the result of [3] holds for
more general easy quantum symmetric groups.

3. Centered Permutation Matrices
3.1. Weingarten calculus for Centered Random Permutation Matrices.
We now consider the centered random permutation matrices. Throughout this paper, a
centered random permutation matrix obtained from g ∈ SN , denoted by [g], is defined
as

[g] = g −
∫

h∈SN

hdh.

What will matter mainly to us is that [g]ij = [gij ] = gij − 1
N .

Before we formulate the Weingarten formula for centered random permutation
matrices, we introduce the following notation, which will be used throughout this
paper. For π ∈ P(k), we denote by

D(π) = {j ∈ [k](= {1, . . . , k}) | the singleton {j} is a block of π}
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the singleton set. For π ∈ P(k) and M ⊂ [k], the restriction of π to the set M is
denoted by π|M .

In the following theorem, we obtain the Weingarten formula for centered random
permutation matrices:

Theorem 3.1. For any k ⩾ 1 and given indices i = (i1, . . . , ik) and j = (j1, . . . , jk),
where i1, . . . , ik, j1, . . . , jk ∈ {1, 2, . . . , N},

(9)
∫

g∈SN

[gi1j1 ] · · · [gikjk
]dg =

∑
σ,τ∈P(k)

W̊gk(σ, τ, N) ζ(σ, Πi)ζ(τ, Πj),

where

W̊gk(σ, τ, N)

=
|D(σ∨τ)|∑

i=0

(|D(σ∨τ)|
i

)
(−1)i

∑
π⩽σ∧τ∈P(k)

µ(π, σ)µ(π, τ)N−i 1
(N)#π−i

.
(10)

Proof. By expanding, using [gij ] = gij − 1
N and applying Theorem2.1, we have∫

g∈SN

[gi1j1 ] · · · [gikjk
]dg

=
∑

M⊆[k]

(
− 1

N

)k−|M | ∫
g∈SN

( ∏
m∈M

gimjm

)
dg

=
∑

M⊆[k]

(
− 1

N

)k−|M | ∑
σ′,τ ′∈P(|M |)

Wg|M |(σ′, τ ′, N)ζ(σ′, Πi|M )ζ(τ ′, Πj|M ).

Here, we note that there is a natural one-to-one correspondence P(|M |) → {σ ∈
P(k) | σ|[k]∖M = 0k−|M |} that maps σ′ 7→ σ so that σ|M = σ′, σ|[k]∖M = 0k−|M |.
Thus, ∑

σ′,τ ′∈P(|M |)

Wg|M |(σ′, τ ′, N)ζ(σ′, Πi|M )ζ(τ ′, Πj|M )

=
∑

σ,τ∈P(k) s.t.
σ|[k]\M =τ |[k]\M =0k−|M|

Wg|M |(σ|M , τ |M , N)ζ(σ, Πi)ζ(τ, Πj).

This yields∫
g∈SN

[gi1j1 ] · · · [gikjk
]dg

=
∑

σ,τ∈P(k)

 ∑
M⊆[k] s.t.

[k]\M⊆D(σ∨τ)

Wg|M |(σ|M , τ |M , N)
(

− 1
N

)k−|M |

 ζ(σ, Πi)ζ(τ, Πj)

=
∑

σ,τ∈P(k)

W̊gk(σ, τ, N) ζ(σ, Πi)ζ(τ, Πj),
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where

W̊gk(σ, τ, N) :=
∑

M⊆[k] s.t.
[k]\M⊆D(σ∨τ)

Wg|M |(σ|M , τ |M , N)
(

− 1
N

)k−|M |

=
|D(σ∨τ)|∑

i=0

(|D(σ∨τ)|
i

)
(−1)i

∑
π⩽σ∧τ∈P(k)

µ(π, σ)µ(π, τ)N−i 1
(N)#π−i

.

□

Remark 3.2. The form of W̊gk(σ, τ, N) in Theorem 3.1 does not give us much in-
formation about it. For example, one cannot deduce its sign or its leading order as
N → ∞. The sequel of this paper aims to address this question.
3.2. A specific coefficient of the Weingarten matrix. An important draw-
back of equation (10) is that it involves signed coefficients. We want to obtain an
improved – that is, nonsigned – formulation of W̊gk to enable us to study its alge-
braic and asymptotic properties. This situation can be compared with the orthogonal
or unitary Weingarten function: the original formula of [7] was signed, whereas the
subsequent formulations by [9] are not signed.

In the case of orthogonal or unitary Weingarten calculus, Jucys Murphy elements
and special variants of Cayley graphs on the symmetric groups were needed. For the
purpose of the centered symmetric random matrices, it turns out that an important
quantity plays a role, which we introduce and study in this section.

First, we consider the following special entry of W̊gk:

(11) ak(N) := W̊gk(0k, 0k, N) =
∫

g∈SN

[g11] · · · [gkk]dg.

Let us introduce the following notation: n!! :=
∏(n+1)/2

m=1 (2m − 1) for a positive odd
integer n, and (−1)!! = 1. The quantity ak(N) = W̊gk(0k, 0k, N) can be computed
explicitly as follows:
Proposition 3.3. The quantity ak(N) satisfies the equation

(12) ak(N) =
k∑

l=0

(
k
l

) 1
(N)l

(−N)−(k−l).

In particular, ak(N) > 0 for all k ⩾ 2 and a0(N) = 1, a1(N) = 0.
Moreover, if N ≫ k3 and k ⩾ 1, then

(13) ak(N) = ãk(N) (1 + O(k3/N)),
where

(14) ãk(N) =
{

(2k′ − 1)!!N−3k′ if k = 2k′

4k′

3 (2k′ + 1)!!N−3k′−2 if k = 2k′ + 1.

Proof. (12) can be directly obtained from its definition (11) by applying (5),

ak(N) =
∫

g∈SN

[g11] · · · [gkk]dg

=
∑

M⊆[k]

(
− 1

N

)k−|M | ∫
g∈SN

( ∏
m∈M

gmm

)
dg

=
k∑

l=0

(
k
l

)
(−N)−(k−l) 1

(N)l
.

(15)
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It remains to prove the asymptotic behavior of ak(N) as N → ∞ and the uniform
bound. We first get a recurrence formula of ak := ak(N). For k ⩾ 2,

∑N
j=1[gkj ] = 0

yields

0 =
N∑

j=1

∫
g∈SN

[g11] · · · [gk−1k−1][gkj ]dg

= (k − 1)
∫

g∈SN

[g11] · · · [gk−1k−1][gkk−1]dg

+ (N − k + 1)
∫

g∈SN

[g11] · · · [gk−1k−1][gkk]dg.

Here, we note that
∫

g∈SN
[g11] · · · [gk−1k−1][gkk]dg = ak, and gk−1k−1gkk−1 = 0, which

yields

[gk−1k−1][gkk−1] = (gk−1k−1 − 1
N )(gkk−1 − 1

N )
= − 1

N [gk−1k−1] − 1
N [gkk−1] − 1

N2 .

Thus,

0 = (k − 1)
∫

g∈SN

[g11] · · · [gk−2k−2](− 1
N [gk−1k−1] − 1

N [gkk−1] − 1
N2 )dg

+ (N − k + 1)ak

= (k − 1)(− 2
N

ak−1 − 1
N2 ak−2) + (N − k + 1)ak.

Thus, we can obtain a recursion

(16) ak − 2(k − 1)
N(N − k + 1)ak−1 − k − 1

N2(N − k + 1)ak−2 = 0.

We note that this recursive equation ensures by induction that ak(N) is always non-
negative.

Now, we define εk := ak−ãk

ãk
(that is, ak = ãk(1 + εk)). It suffices to show that for

all k, εk = O( k3

N ). We will compute positive constants C1 > 1, C2 > 1 so that for any
positive integers k and N , if N > C1k3, then

|εk| <
C2k3

N
.

(i) For k = 2l, substituting ak = ãk(1 + εk) into the recurrence, we get

ε2l = 4(2l − 1)(2l − 2)
3(N − 2l + 1) ε2l−1 + N

N − 2l + 1ε2l−2 + (8l − 5)(2l − 1)
3(N − 2l + 1) ,

so if k is even,

|εk| <
4k2

3(N − k + 1) |εk−1| + N

N − k + 1 |εk−2| + 4k2

3(N − k + 1) .

(ii) For k = 2l + 1, in the same way as in (i),

ε2l+1 = 3N

(N − 2l)(2l + 1)ε2l + N(2l − 2)
(N − 2l)(2l + 1)ε2l−1 + 2l

N − 2l
,

so if k is odd,

|εk| <
3N

(N − k + 1)k |εk−1| + N

N − k + 1 |εk−2| + k

N − k + 1 .
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Here we note that if N > C1k3, then

1
N − k + 1 <

1
N − k

= 1
N

(1 + k

N − k
) <

1
N

(1 + 1
C1 − 1

1
k2 ),

and
4
3k2 <

4N

3C1k
<

3N

k
.

Therefore, in either case that k is even or odd,

|εk| < (1 + 1
C1 − 1

1
k2 )( 3

k
|εk−1| + |εk−2| + 4k2

3N
).

So when N > C1k3, if we assume that |εk−1| < C2(k−1)3

N , |εk−2| < C2(k−2)3

N , then

|εk| < (1 + 1
C1 − 1

1
k2 )C2

N
(3(k − 1)3

k
+ (k − 2)3 + 4k2

3C2
).

When we put C1 = C2 = 2, they satisfy, for all k,

(1 + 1
C1 − 1

1
k2 )C2

N
(3(k − 1)3

k
+ (k − 2)3 + 4k2

3C2
) <

C2k3

N
.

Therefore, by combining with the fact |ε1| = 0, |ε2| = 1
N−1 < 2·23

N , one can prove
inductively that for C1 = C2 = 2 and for any positive integers k, N with N > C1k3,

|εk| <
C2k3

N
.

□

Remark 3.4. Inspecting the proof, one observes that it is not possible to push the
argument beyond the case k3 ⩽ CN . It would be interesting to check whether this
is the optimal scaling. This question does not seem obvious to us and we leave it for
future work.

Remark 3.5. The quantity ak(N) has an interpretation in terms of Kummer’s con-
fluent hypergeometric function M(a, b, z), we refer to section 13 of [1], defined as

M(a, b, z) := 1 + az

b
+ (a)2

(b)2
z2

2! + · · · + (a)n

(b)n

zn

n! + · · · ,

where
(a)0 := 1, (a)n := a(a + 1) · · · (a + n − 1).

By using this notation, we get

ak(N) =
(

− 1
N

)k

M(−k, −N, −N).

After completing the above proof, we noticed that the quantity M(a, b, z) satisfies a
recursive relation, (13.4.1) of [1]:

(b − a)M(a − 1, b, z) + (2a − b + z)M(a, b, z) − aM(a + 1, b, z) = 0,

which allows us to recover the recursive equation (16) of ak(N). We leave our proof
for the sake of self-containedness and because of its probabilistic insights and use of
symmetries of the symmetric group which do not appear in [1].
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3.3. Reformulation of the Weingarten function. Now we can reformulate
W̊g in terms of the sequence {ak(N)}k defined in Proposition 3.3.

Theorem 3.6. For any σ, τ ∈ P(k),

W̊gk(σ, τ, N)

=
k∑

j=#(σ∧τ)

 ∑
π⩽σ∧τ
#π=j

µ(π, σ)µ(π, τ)

 j−|D(σ∨τ)|∑
i=0

(
j−|D(σ∨τ)|

i

)
N−iaj−i.

(17)

Before we prove this theorem, let us mention a nontrivial corollary that cannot be
obtained from the initial Weingarten formula of Theorem 3.1:

Corollary 3.7. For any N, σ, τ , the sign of W̊gk(σ, τ, N) is (−1)#σ+#τ .

This follows from the fact that the sign of µ(π, σ)µ(π, τ) equals (−1)#σ+#τ , which
is independent of π ⩽ σ ∧ τ . Let us now prove Theorem 3.6

Proof. By comparing with the formula (10) with p := #π = k − |π|, d := |D(σ ∨ τ)|,
it suffices to show that for any nonnegative integers d, p ∈ Z⩾0 with 0 ⩽ d ⩽ p ⩽ k,

p−d∑
i1=0

(
p − d

i1

)
N−i1ap−i1 =

d∑
i2=0

(
d

i2

)
(N − p + i2)!

N ! (−N)−i2 .(18)

This is shown by calculation using a formula for binomial coefficients, stated later
in the Lemma 3.8. The left-hand side of equation (18) is

p−d∑
i1=0

(
p − d

i1

)
N−i1

p−i1∑
l=0

(
p − i1

l

)
(N − l)!

N !
(
−N−1)p−i1−l

=
p−d∑
i1=0

(
p − d

i1

) p∑
i2=i1

(
p − i1

p − i2

)
(N − p + i2)!

N ! (−1)i2−i1N−i2

(change of variables, i2 = p − l)

=
p∑

i2=0

(N − p + i2)!
N ! (−N)−i2

min{p−d,i2}∑
i1=0

(−1)i1

(
p − d

i1

)(
p − i1

p − i2

)

=
p∑

i2=0

(N − p + i2)!
N ! (−N)−i2

(
d

d − i2

)
χd⩾i2 ,

where χ denotes an indicator function. This is indeed the right-hand side of equa-
tion (18), as desired. Note that in the last equality, we used Lemma 3.8, which we
prove below. □

Lemma 3.8. For any nonnegative integers k, l, m such that 0 ⩽ l ⩽ k, 0 ⩽ m ⩽ k,

(19)
min{k−l,m}∑

j=0
(−1)j

(
k − l

j

)(
k − j

k − m

)
=
(

l

l − m

)
χl⩾m.
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Proof. This can be proved by using a generating function. Looking at the coefficients
of xm in

k−l∑
j=0

(
k − l

j

)
(−1)jxj(1 + x)k−j

= (1 + x)k
k−l∑
j=0

(
k − l

j

)(
− x

1 + x

)j

= (1 + x)k

(
1 − x

1 + x

)k−l

= (1 + x)l

enables us to get the desired equation. □

Remark 3.9. As in the proof of Lemma 3.8, there is also a combinatorial interpreta-
tion. The left-hand side of (19) can be interpreted as an inclusion-exclusion principle
applied to subsets. Suppose that we partition a set of size k into two subsets: S (size
k − l) and T (size l). The sum counts the number of m-element subsets of T , adjusted
by inclusion-exclusion to exclude overlaps with S.

4. Asymptotic behavior of Weingarten Functions
Let us use the formula of Theorem 3.6 for W̊gk(σ, τ, N) in order to study the leading
term ˜̊Wgk(σ, τ, N) := bN−a of W̊gk(σ, τ, N) as N → ∞, i.e. the function which
satisfies

(20) W̊gk(σ, τ, N) = ˜̊Wgk(σ, τ, N)(1 + O(N−1)).

Proposition 4.1. The leading term ˜̊Wgk(σ, τ, N) defined in (20) satisfies:
(1) if d := |D(σ ∨ τ)| is equal to k, which means that σ = τ = 1k,˜̊Wgk(σ, τ, N) = ãk(N),

(2) if d is even and d ̸= k,

˜̊Wgk(σ, τ, N) = µ(σ ∧ τ, σ)µ(σ ∧ τ, τ){(d − 1)!!}N−(#(σ∧τ)+ d
2 ),

(3) and if d is odd and d ̸= k,

˜̊Wgk(σ, τ, N) = µ(σ ∧ τ, σ)µ(σ ∧ τ, τ)
(
#(σ ∧ τ) − d

3 − 2
3
)

(d!!)N−(#(σ∧τ)+ d+1
2 ).

Proof. This is shown directly by combining Theorem 3.6 with the asymptotics of
ak(N) (Proposition 3.3).

When d is even or #(σ ∧ τ) − |D(σ ∨ τ)| = 0 (i.e. d = k), in the summand of (17),
only one term

µ(σ ∧ τ, σ)µ(σ ∧ τ, τ)N−(#(σ∧τ)−d)ad

is the leading term with the leading order N−(#(σ∧τ)+ d
2 ).

When d is odd and not equal to k, two terms

µ(σ ∧ τ, σ)µ(σ ∧ τ, τ)N−(#(σ∧τ)−d)ad,

and µ(σ ∧ τ, σ)µ(σ ∧ τ, τ)(#(σ ∧ τ) − d)N−(#(σ∧τ)−d−1)ad+1

have the leading order N−(#(σ∧τ)+ d+1
2 ). □
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The above proposition clearly shows the difference in the decay speed as N → ∞ of
a noncentered Weingarten coefficient and the corresponding centered Weingarten coef-
ficient. Compared to the fact that the asymptotics of Wgk(σ, τ, N) is O(N−#(σ∧τ)) as
we have seen in Corollary 2.3, the leading order of W̊gk(σ, τ, N) is O(N−(#(σ∧τ)+⌈ d

2 ⌉)),
where d := |D(σ ∨ τ)|.

In particular, we get the following Corollary that explains very well the role of
singletons, as singled out in [4],[5]:

Corollary 4.2. The following estimates hold:

W̊gk(σ, τ, N) = Wgk(σ, τ, N)O(N−⌈
|D(σ∨τ)|

2 ⌉)
and

Wgk(σ, τ, N) = W̊gk(σ, τ, N)O(N⌈
|D(σ∨τ)|

2 ⌉)

Specifically, the exponent ⌈ |D(σ∨τ)|
2 ⌉ is consistent with the critical decay of the

exponent a1 in Proposition 11 of [4].

Remark 4.3. For σ, τ with the assumption that k − #(σ ∧ τ) is bounded above by
some universal constant (for example, in the case that σ ∧ τ = 0k), we can say that
if N ≫ k3 and k ⩾ 1, then

(21) W̊gk(σ, τ, N) = ˜̊Wgk(σ, τ, N)(1 + O(k3/N)).

This prompts two questions:
(1) Can we always reduce to the case where k − #(σ ∧ τ) is bounded above? The

answer turns out to be yes, as we will see in the subsequent section 5, where we exhibit
a reduction of

∫
g∈SN

[gi1j1 ] · · · [gikjk
]dg to the case where Πi ∧ Πj = 0k, so that only

the coefficients W̊gk(σ, τ, N) with σ ∧ τ = 0k contribute to the sum.
(2) What happens without an above bound for k −#(σ ∧ τ)? In section 6, we show

that without the assumption on σ, τ like above, uniform bounds can fail to hold.

5. Recursive reductions
The goal of this section is to show that any integral of the type

∫
g∈SN

[gi1j1 ] · · · [gikjk
]dg

can be transformed into a linear combination of integrals satisfying Πi ∧ Πj = 0k. We
start with the following lemma.

Lemma 5.1. For any permutation matrix g ∈ SN and any 1 ⩽ i, j ⩽ N ,

(22) [gij ]l = αl[gij ] + βl for l ⩾ 1,

where

(23)
{

αl = ( N−1
N )l − (− 1

N )l

βl = 1
N ( N−1

N )l + N−1
N (− 1

N )l
for l ⩾ 1.

Proof. This can be proved by induction on l using the fact that gm
ij = gij for all

m ⩾ 1. □

Remark 5.2. αl, βl can be uniformly estimated as follows: if N ≫ k, then for any
k ⩾ l ⩾ 2,

(24) αl = 1 + O(k/N), βl = 1
N

(1 + O(k/N)).

We note that α1 = 1, β1 = 0.
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For Πi, Πj ∈ P(k), when we define r := #(Πi ∧ Πj), we may assume Πi ∧ Πj =
{B1, . . . , Br} where B1, . . . , Br are the blocks of Πi∧Πj so that #B1 ⩾ · · · ⩾ #Br ⩾ 1.
(i.e. l1, l2 ∈ Bs ⇔ il1 = il2&jl1 = jl2 )
Then we can naturally define new partitions Π′

i := (iBs)r
s=1, Π′

j := (jBs)r
s=1 ∈ P(r),

which satisfy Π′
i ∧ Π′

j = 0r , and∫
g∈SN

k∏
l=1

[giljl
]dg =

∫
g∈SN

r∏
s=1

[giBs jBs
]#Bsdg

=
∫

g∈SN

r∏
s=1

(α#Bs
[giBs jBs

] + β#Bs
)dg

=
∑

M⊂[r]

(
∏

s∈M

α#Bs)(
∏

s/∈M

β#Bs)
∫

g∈SN

∏
s∈M

[giBs jBs
]dg.

Here, we note that∫
g∈SN

∏
s∈M

[giBs jBs
]dg =

∑
σ,τ∈P(|M |)

W̊g|M |(σ, τ, N)ζ(σ, Π′
i|M )ζ(τ, Π′

j|M ),

and only the Weingarten coefficients W̊g|M |(σ, τ, N) with σ ∧ τ = 0|M | contribute to
the sum since Π′

i|M ∧ Π′
j|M = 0|M | (∀M ⊂ [r]) as mentioned in Remark 4.3.

6. Examples of the failure for the uniform bound of the
Weingarten coefficients

As we saw from remark 4.3, for σ, τ under the assumption that k − #(σ ∧ τ) is
bounded by some universal constant in terms of k, we can obtain a uniform bound
for W̊gk(σ, τ, N), like (21). However, without such an assumption on σ, τ , we cannot
obtain the corresponding uniform bounds. This is mainly because in formula (17) as
j increases over #(σ ∧ τ) ⩽ j ⩽ k, the contribution of∑

π⩽σ∧τ
#π=j

µ(π, σ)µ(π, τ)

increases exponentially with respect to k. Here, we explain through an example why
the uniform bound cannot hold without an assumption on the maximum value of
k − #(σ ∧ τ). For σ = τ = 1k, since

#{π ⩽ 1k(= σ ∧ τ) | #π = 2(= #(σ ∧ τ) + 1)} = 2k−1 − 1,

by Theorem 3.6,
W̊gk(σ, τ, N) = W̊gk(1k, 1k, N)

⩾
k∑

j=1(=#(σ∧τ))

 ∑
π⩽1k(=σ∧τ)

#π=j

µ(π, 1k)µ(π, 1k)

N−ja0

⩾ N−1a0 +

 ∑
π⩽1k(=σ∧τ)

#π=2

µ(π, 1k)µ(π, 1k)

N−2a0

=
(
N−1 + (2k−1 − 1)N−2) a0

= ˜̊Wgk(1k, 1k, N)(1 + (2k−1 − 1)N−1).
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Here, we note that the leading term ˜̊Wgk(1k, 1k, N) = N−1, and we observe that the
coefficients of the lower order terms are exponential (in k) greater than that of the
leading order term. This explains that it is not possible to get a uniform bound as
in (20) in this case.

7. Studying centered moments from centered Weingarten
functions: examples

An initial motivation to study centered Weingarten calculus for random permutations
was to study the centered moments of random permutations. While centered Wein-
garten calculus provides substantial insight, we show through examples that some
phenomena occur that show that one cannot yet fully capture the decay of some
centered moments through Weingarten calculus.

Remark 7.1 (Example). Consider the quantity, for p ⩾ 2∫
g∈SN

[g11]p[g22]p · · · [gkk]pdg.

With the reduction in Section 5,∫
g∈SN

[g11]p[g22]p · · · [gkk]pdg

=
∫

g∈SN

(αp[g11] + βp)(αp[g22] + βp) · · · (αp[gkk] + βp)dg

=
k∑

l=0

(
k

l

)
αl

pβk−l
p W̊gl(0l, 0l, N),

where αp and βp is defined as (23).
The leading term for this quantity is the term of l = 0, βk

p a0(N) = N−k(1+O(pk/N)).
Moreover, by the uniform bound of {ak(N)}k, we can say that for N ≫ pk3, k ⩾ 1∫

g∈SN

[g11]p[g22]p · · · [gkk]pdg = N−k(1 + O( pk3

N )).

In this example, after expanding, given that p ⩾ 2, we see that the leading is the only
term that does not involve a gii. In other words, the knowledge of centered Weingarten
asymptotics do not appear in the leading order, they just serve to secure a uniform
bound.

We describe another example.

Remark 7.2 (Example). A direct computation shows that the quantity∫
g∈SN

[g11][g11][g12][g12][g13][g14]dg

is equal to 2
N5 − 5

N6 . On the other hand, with the reduction,∫
g∈SN

[g11][g11][g12][g12][g13][g14]dg

=
∫

g∈SN

(α2[g11] + β2)(α2[g12] + β2)[g13][g14]dg

= α2
2
∑

σ⩽14

W̊g4(σ, 04, N) + 2α2β2
∑

σ⩽13

W̊g3(σ, 03, N) + β2
2
∑

σ⩽12

W̊g2(σ, 02, N),

(25)
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where α2 = 1 − 2
N , β2 = 1

N − 1
N2 .

With the fact that W̊gl(σ, 0l, N) = O(N−l) as we saw in Section 4, this yields that∫
g∈SN

[g11][g11][g12][g12][g13][g14]dg = O(N−4).

Given that the leading term is actually 2N−5, this estimate O(N−4) carries less
information, which means that in fact the terms with the order N−4 vanish by the
cancellation in the sum in (25).
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