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Representation stability for marked graph

complexes

Enoch Fedah & Benjamin C. Ward

ABSTRACT We prove a sharp representation stability result for graph complexes with a distin-
guished vertex, and prove that the chains realizing this sharp bound pass to non-trivial families
of graph homology classes. This result may be interpreted as a higher genus generalization
of Hersh and Reiner’s stability bound for configuration spaces of points in odd dimensional
Euclidean space.

1. INTRODUCTION

This paper concerns a type of graph complex computing pieces of the compactly
supported cohomology of the moduli spaces of marked curves. The graphs in question
come with a choice of distinguished vertex along with a given number of adjacent
marked flags. The chain complex formed by graphs of genus g with n legs and r
marked flags will be denoted B(g,n,r).

The graph complexes B(g, n,r) were developed by Payne and Willwacher [15] who
describe the weight 11 compactly supported cohomology of the moduli space Mg,
in terms of the cohomology of B(g,n,11). Subsequently, Canning, Larson, Payne
and Willwacher establish a parallel relationship between the weight 15 component of
H} (M, ) and the cohomology of B(g,n,15). The computation of the cohomology of
these chain complexes is a difficult problem in general and while the difficulty increases
with g and n, it decreases with r. Organizing the computations by their complexity or
“excess”, both [15] and [2] compute the homology in the first few examples. Comparing
these cases, [2] observes that “the low-excess computations of [15] in weight 11 carry
over almost unaltered” from the r = 11 to the r = 15 case.

A question motivating this article is, then, how low is low? In other words, for
which (g, n,r) is the cohomology of B(g,n,r) a formal consequence of the cohomology
of B(g,n — 1,7 — 1)? In this article we address this question using the notion of
representation stability.

Representation stability was introduced by Church and Farb in [5]. Recall that to
say a sequence A; — As — ... is representation stable means, in particular, that
each A, is a representation of the symmetric group S,, and that there exists an N for
which n > N implies that the irreducible decomposition of A, is a formal consequence
of that of Ay, found by adding n — N boxes to the first row of the Young diagrams
indexing the irreducibles in Ay.
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In our case, for a fixed g and n — r, we consider the sequence of chain complexes
-+ = B(g,n,r) = B(g,n+ 1,7+ 1) — ... formed by adjoining a marked leg labeled
by n 4+ 1 to a graph in the source. This operation extends to an .S,-equivariant chain
map, call it ¢, and our first results is:

THEOREM 1.1. Fiz g and ¢, for which m := 3(g—1)+2¢ > 0. The consistent sequence

~~~%B(g,n,nf£)®vlnE)B(g,n+1,n+1f€)®v1n+1 — ...

is representation stable and stabilizes sharply at

o [0 2],

The need to tensor with the alternating representation Vi~ simply reflects the
convention that the marked legs are alternating.

The fact that this sequence is representation stable should not be too surprising.
This is essentially just a consequence of the fact that as n and r increase in tandem,
eventually every graph of type (g,n,r) will be the image under ¢ of a graph of
type (g,n — 1,7 — 1). Determination of the sharp bound, on the other hand, is more
subtle. If we fix g and ¢, as above, the point at which the set of graphs stabilize is
m = 3(g — 1) + 2¢. This formally implies that the sequence stabilizes at or before 2m.
The actual bound, however, is [3m/2].

Theorem 1.1 is a statement about chain complexes, but knowing the sharp stabil-
ity point allows us to deduce information at the level of (co)homology. (We opt for
homological conventions to match the variance of the stability map.) In what follows,
for a partition A of N and an integer n > N, the notation (), 1"~") indicates the
partition of n formed by adding n — N blocks of size 1 to A.

COROLLARY 1.2. Fiiz g,£ and m as above. Let X = (A1,..., ) be a partition of N
with A\, = 2. Then for each degree i:
(1) If N > [3m/2], the multiplicity of (\,1"~N) in H;(B(g,n,n —{)) is 0.
(2) If N = [3m/2], the multiplicity of (\,1"~N) in H;(B(g,n,n —{)) is indepen-
dent of n.

These results can be rephrased in terms of usual multiplicity stability as defined
in [5], by tensoring with the alternating representation. But we find it more natural
here to work in this conjugate setting, stabilizing by adding boxes to the first column
instead of the more standard first row. Note, the statements of the corollary are formal,
i.e. they would work for any representation stable sequence of chain complexes with
the given sharp stability bound, although the second statement is not completely
immediate, see Theorem 2.10.

We then turn to the question of computing these stable multiplicities in our exam-
ple. Here we can additionally leverage the fact that in the sequence of chain complexes
B(g,n,n —{), the top dimension (dimension m in our conventions) is the last to sta-
bilize. This both guarantees that additional multiplicities must be stable, some of
which must moreover be 0, as well as gives us an formula computing certain non-zero
multiplicities.

THEOREM 1.3. Fiz g,¢ and m as above and let X = (A1,..., ) be a partition of
N = [3m/2].
(1) If k < [m/2], the multiplicity of (\,1"~N) in H;(B(g,n,n—{)) is O for all .
(2) If k = [m/2] and i < m, the multiplicity of (\,1"~N) in H;(B(g,n,n — )

15 0.
(3) If k = [m/2], the multiplicity of (\, 1"~V in H,,(B(g,n,n — {£)) is indepen-
dent of n.

Algebraic Combinatorics, Vol. 9 #3 (2026) 866



Representation stability for marked graph complexes

Moreover, in this latter case this multiplicity, call it cy, can be expressed as the fol-
lowing sum of Littlewood-Richardson coefficients:

g—1
=3 (O Nuzrp),
p=0 T

where T is taken over all partitions of (m —p)/2 (if any), where 27 is the partition of
m—p formed by doubling the entries of T, and where X' is the partition of m associated
to the Young diagram found by erasing the first column of .

Here the notation Ny 2., denotes the multiplicity of A’ in the induced representa-
tion Vo, o V,,. We remark that the inner sum is 0 unless m and p have the same parity
and m > p, although we do allow the empty partition of 0. See Section 5 for more
detail.

Here is an example. Let (g,n,r) = (7,8,15), we first confirm that this triple lies in
the stable range of Theorem 1.1, since n = 8 > [3m/2] = 6. In addition to identifying
many multiplicities which must be 0, Theorem 1.3 tells us the following non-zero
multiplicities:

3V5,1712 (&) V472,12 &) 2V373712 — I{4<B(77 87 15))

For comparison Burkhardt [1] computes Hy(B(7,4,11)) = 2V; 5 (in our degree conven-
tions). So, as expected, the homology of B(7,8,15) can not be viewed as a formal con-
sequence of the homology of B(7,4,11). In particular we can’t deduce gr,s H} (M7s)
from gri; H(Mz.4), or vice versa, since the latter corresponds to a triple (g,n,r)
falling outside of the stable range guaranteed by Theorem 1.1.

Note that while this excess m = 4 example is close to, if not within, the range of
the computations which can be done completely explicitly, our results hold for all m.
See Section 5 for more examples.

1.1. REPRESENTATION STABILITY OF WHITEHOUSE MODULES. If the graph com-
plexes B(g,n,r) were only of interest in cases r = 11 and r = 15, then our Theorem
1.1 might be of limited interest, since it applies only to finite (g,n) for a fixed r. How-
ever, the graph complexes B(g,n,r) are of interest for all . To give a first indication
of this, we consider the case when g = 1.

Write C(R3,n) for the configuration space of n distinct labeled points in R3.
Note that this space has (rational) cohomology only in even degrees. The contin-
uous map which forgets the last point yields a representation stable sequence - -+ —
H?(C(R3,n—1)) — H*(C(R3,n)) — ... in each degree, and Hersh and Reiner [11]
proved that this sequence stabilizes sharply at 3i.

The family of S,-modules H?(C(R3,n)) is the restriction of a family of S, -
modules, introduced by Whitehouse in [23], see Early and Reiner [7]. We use the
notation W,, ;, for the S,,-module whose restriction to an .S,,_;-module coincides with
H?>"=F)(C(n — 1,R?)) @ Vin-1. In this paper we compute:

THEOREM 1.4. Let r > 2. There is an isomorphism of S, -modules

Wpro1  ifi=2(n—r)
0 else

Hi(B(1,n,7)) = {

Theorem 1.1 may then be applied to deduce that the Whitehouse modules W,, ,,_;®
sgn., form a representation stable sequence, stabilizing at n = 3¢. Furthermore, Theo-
rem 1.3 shows this stability is witnessed by an injection Ve < W,, ,_,. It follows that
the sequence of restrictions | W,, ,_, stabilizes when n = 3¢ 4 1, hence n — 1 = 3/,
recovering the result of Hersh and Reiner [11, Theorem 1.1].
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This computation has a precursor in [22], which calculated the homology of a chain
complex which arose from considering the Feynman transform of Lie graph homol-
ogy. We called said complexes “Stirling complexes” because their Betti numbers were
given by Stirling numbers of the first kind. These Stirling complexes turn out to be
quasi-isomorphic to B(1,n,r), but working with the purely combinatorial resolution
B(g,n,r) is advantageous, particularly when computing the character.

1.2. OUTLOOK. We became interested in studying the Feynman transform of Lie
graph homology due to its role in a spectral sequence converging to commutative
graph homology constructed in [21]. When g = 1 this spectral sequence degenerates
at the Fy page, and combining Theorem 1.4 with the results of [21, 22] allows us to
describe commutative graph homology in terms of Whitehouse modules. Borrowing
notation for Ay ,, from [3] we find:

COROLLARY 1.5. The unique non-zero homology group of A;, is isomorphic to

From this perspective our interest in the graph complexes B(g,n,r) goes beyond
the above mentioned cases, i.e. beyond g = 1, r = 11 or r = 15, because the rela-
tionship to commutative graph homology extends beyond the genus g = 1 case. In
particular, for arbitrary genus there is a spectral sequence computing commutative
graph homology for which the homology of B(g,n,r) appears as a portion of the
FE page, but with additional contributions corresponding to multiple distinguished
vertices, each with potentially higher genus. Since the differentials in this spectral se-
quence are equivariant, our results, particularly knowledge of the stable multiplicities,
will inform future analysis of this spectral sequence.

Of particular interest would be to make a connection with the topological construc-
tions of Gadish and Hainaut [9] who describe a large subspace of the homology of Az ,,
in terms of the Whitehouse modules. On the one hand, an interpretation of their work
in genus 1 could be used to give a topological interpretation of Corollary 1.5. On the
other hand, our derivation of this result purely in terms of graph complexes may point
toward a possible graph complex interpretation of their genus 2 results.

2. REPRESENTATION STABILITY ON CHAINS AND PASSAGE TO HOMOLOGY

In this section we establish the needed prerequisites regarding representation stability.
We first adopt the following conventions and notation. We work over the field Q of
rational numbers throughout. We write .S,, for the symmetric group of permutations
of {1,...,n}. We view S,, C Sy,41 in the usual fashion (the subgroup of permutations
fixing n + 1).

By a partition of n we mean a finite sequence of non-increasing, positive integers
which sum to n. By convention we allow the empty partition of 0. Given a partition
A= (A,...,A;) of n, we define || := n = > A;. We often refer to an entry \; as
a “block” of the partition A\. We use the notation 1™ to denote the partition of n
consisting of n blocks of size 1. We use the notation (X, 1) to denote the partition of
|A| + n formed by adding n blocks of size 1 to A.

Recall that for n > 1, the irreducible representations of the symmetric group S,, are
indexed by partitions of n. We write V) for the irreducible representation associated
to A, as is standard [8]. Given a partition A = (A1,...,\x) and an integer n > |A|+ X1
we define the S,, representation V' (), to be

V(A)n = Vin— AL A Asneo )

We write V() for the family of all such representations.
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2.1. RECOLLECTION OF REPRESENTATION STABILITY. To begin we recall the defi-
nition of representation stability, after Church and Farb [5]. In this article we only
consider the uniform variant of representation stability, see [5, Definition 2.6]. First
recall that a consistent sequence of symmetric group representations is the data of a

representation A(n) of the group S, for each n > 1, along with S,,-equivariant maps
¢n: A(n) — Res(A(n + 1)) for each n.

DEFINITION 2.1. Let A = {A(n), ¢n} be a consistent sequence of symmetric group
representations and let N be a natural number. We say A is (uniformly) representation
stable at N if n > N implies:
(1) ¢y is injective.
(2) A(n+1) = Q[Sh+1] - dn(A(n))
(3) If A(n) = B eaxnV(A)n then A(n+1) = @ernV(A)nt1, where the integer
cxn denotes the multiplicity of the irreducible representation V (\),, appearing
in A(n).
Furthermore, we say A stabilizes sharply at N if A is representation stable at N and
is not representation stable at N — 1.

To be precise, we view both summands in axiom (3) as being indexed over those
partitions A where ¢y, is formally defined. Thus, given a partition A\ = (aq,...,ax),
the content of axiom (3) says that when n > N the integer ¢y , may be determined
as follows. First one asks: is a; + |A| < N? If the answer is no then ¢y, = 0. If
the answer is yes then cy, = c) n. Given a representation stable sequence which
stabilizes sharply at N, we define the integer cy := c) v and refer to cy as the stable
multiplicity of V/(A).

REMARK 2.2. Note that axiom (3) in the definition of representation stability doesn’t
invoke the maps. Given a symmetric sequence A = {A(1), A(2),...} we say the coef-
ficients of A stabilize at N if axiom (3) is satisfied for n > N. In such a situation
we may also make reference to the stable coefficients c) as above. We call this phe-
nomenon “multiplicity stability” after [5]. Specifically, this is the uniform variant of
multiplicity stability, see [5, Definition 2.7].

REMARK 2.3. Subsequent to the introduction of representation stability, Church, El-
lenberg and Farb introduced the notion of FI-modules [4]. Recall ([4, Theorem 1.13])
that over a field of characteristic 0, a finitely generated FI-module is equivalent to
a uniformly representation stable sequence whose constituents are each finite dimen-
sional. As such, we could have chosen to present our results in the language of FI-
modules. More generally, the theory of FI-modules and representation stability has
undergone a rapid development over the last decade, see [12, Sections 5-6] and the
references there-in for an introduction to these developments. We certainly don’t rule
out the possibility of additional, as-yet unforeseen application of this theory to the
study of graphs complexes. This includes the possible role of Ramos’ FI;-modules
[16] in graphs complexes with multiple distinguished vertices or graph complex real-
izations of FS°P-modules, inspired by the work of Tosteson [20], after work of Sam
and Snowden [17].

2.1.1. Induced sequence. The following class of examples of representation stable se-
quences will be important for us in what follows. Let X be an S,,-module. We write
XoV,=1 ndg’”x"‘s (X XV,). Define a consistent sequence X by defining

X ifn=m
X(n): XoVy_ym ifn>m
0 else
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along with maps induced by the S,-equivariant isomorphism V,, — Res(V,,4+1).

Define w(X), the width of X, to be the largest w < m for which there exists an
injective equivariant map V,, — Resgz (X). The width may be equivalently described
as the largest number appearing in a partition associated to an irreducible subspace of
X, or equivalently as the maximum number of columns appearing in a Young diagram
associated to an irreducible subspace of X.

LEMMA 2.4. Given an S,, representation X, the consistent sequence X is representa-
tion stable and stabilizes sharply at n = m + w(X).

Proof. This follows immediately from the Littlewood-Richardson rule. g

2.1.2. Direct sum.

LEMMA 2.5. Let X; be a representatwn of Sp, and let q; := w(X;) + m;. Define the
consistent sequence X = EBZX Then X is representation stable and stabilizes sharply
at maz;{q; }.

Proof. The fact that a direct sum of representation stable sequences is representation
stable is straight-forward. The fact that a direct sum of representation stable sequences
stabilizes at or before the last of its constituent pieces is also straight-forward.

The only concern, then, is to establish that it doesn’t stabilize before hand. This
follows from the fact that the multiplicity of each V() is non-decreasing in each X; —
even before hitting the stabilization point, again invoking the Littlewood-Richardson
rule. g

2.1.3. Transposition. The alternating (aka sign) representations form a consistent
sequence via the isomorphism Vi o Reng“ (Vin+1). This sequence is not represen-
tation stable. However, the induced sequences which appear most naturally for us will
be formed by tensoring with this consistent sequence. We thus introduce the following
notation. If A = {A(n), ¢, } is a consistent sequence we define AT to be the consistent
sequence

'4>A()®‘@1%®M/Mn+l)®Vh+rﬁ.”.

We say that A and AT are conjugate sequences. If will be convenient to introduce
the following shorthand terminology:

DEFINITION 2.6. We say a consistent sequence A is conjugate stable, stabilizing sharply
at n, if the sequence A is representation stable, stabilizing sharply at n.

DEFINITION 2.7. Given an S,,-module X, we define the consistent sequence X =
(X@Vim)T
17”

In particular

X ifn=m
Xn)=< XoVin-m ifn>m
0 else

Define p(X) = w(X ® Vim), i.e. p(X) is the maximum number of rows appearing in a
Young diagram associated to an irreducible summand of X. Lemma 2.4 immediately
implies:

LEMMA 2.8. Given an S,,-module X, the consistent sequence X is conjugate stable,
stabilizing sharply at n =m + p(X).
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2.2. REPRESENTATION STABILITY FOR CHAIN COMPLEXES. We now lift the definition
of representation stability from vector spaces to chain complexes. This is essentially
straight-forward.

First, by a chain complex of S,-modules we mean a chain complex (A,,d) along
with an action of S, on each vector space A; for which each d; is equivariant. By
a consistent sequence of symmetric group representations in the category of chain
complexes we mean a chain complex of S,,-modules A(n) for every n > 1, along with
a sequence of chain maps ¢,: A(n) — A(n + 1) which is equivariant in each degree.
Specifically this means ¢, ;: A(n); — Res(A(n+1);) is Sp-equivariant for all ¢, where
¢n,; denotes the restriction of ¢, to degree i.

A consistent sequence of chain complexes gives rise to a consistent sequence in each
degree and we may ask if such a sequence is stable in the sense of Definition 2.1. With
this in mind we define:

DEFINITION 2.9. Let A = {A(n), ¢n} be a consistent sequence of symmetric group
representations in the category of chain complexes and let N be a natural number. We
say A is representation stable at N if each consistent sequence

A= Lo A ™5 A+ 1); — .0
is representation stable at N in the sense of Definition 2.1.

2.2.1. Passage to homology and multiplicity stability. We now consider the homology
of a representation stable sequence of chain complexes, and would like to ask what
can be inferred from knowing the stability bound of the chains. In general, it may
be difficult to draw any formal conclusion about the relationship between the sharp
bounds at the chain and homology levels. However, as we now show, if we know the
sharp stable bound of a representation stable sequence of chain complexes then there
are at least some multiplicities which are guaranteed to stabilize on homology at or
before that bound.

THEOREM 2.10. Fiz {A(n), ¢,}, a representation stable sequence of chain complexes
which stabilizes sharply at N and let A = (A\1,..., ;) be a partition satisfying || +
A1 = N. Then for each degree i, the multiplicity of V(A),, in H;(A(n)) is stable (aka
constant) for n = N.

Proof. Each A(n); contains an equivariant subspace of cycles Z;(n). This subspace
has an equivariant subspace of boundaries B;(n). We can choose (rationally) equi-
variant complements. The complement of the cycles maps (via d) isomorphically to
the boundaries one dimension lower. The complement of the boundaries is identi-
fied with the homology (mapping a cycle to its homology class). Thus we have an
Sp-equivariant decomposition:

(1) A(n); = Bi—1(n) @ Zi(n) = B;—1(n) ® Bi(n) ® Hi(n)

The differential with respect to this decomposition has the form d(a, b, ¢) = (0, a,0).

Let A be a partition of the specified form, i.e. a partition such that (A1, ) is a
partition of N. Define cg\m to be the coefficient of V' ()),, appearing in A(n);. Similarly,
write ziw g\’n, hf\m for the number of copies of V(\), appearing in the cycles,
boundaries and homology of degree ¢ for the given n. From the Equation 1 we know
that

(2) Chn = Oa T 2am = b 05, + B,
We then claim that for n > N, both

(3) Z/\,n < Z)\,n-i-l and b)\,n < b)\,n—i-l'
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This follows from the injectivity assumption on the map ¢: A(n); — A(n + 1); as
follows. First, restricting ¢ to cycles, the injectivity implies that the number of copies
of V/(\),, appearing in Res(Z;(n+1)) is greater than or equal to the number of copies of
V(A), appearing in Z;(n). Second, a copy of V(\),, appearing in Res(Z;(n+1)) could
only arise from a partition of n+1 found by adding 1 to an entry of (n—|A|, A1, ..., Ak),
or by adding 1 as a new, last entry. However since A stabilizes at N, the multiplicity
of such a partition in A(n+ 1) will be zero unless we add 1 to the first entry. In other
words, V(A), can only arise in Res(Z;(n + 1)) as the restriction of V(A),41. Hence
the multiplicity of V(X),, in Res(Z;(n + 1)) is equal to the multiplicity of V()41
in Z;(n + 1), establishing Equation 3 for cycles. The claim for boundaries follows
similarly.
To conclude, for n > N we know cf\m = cg\,m_l, thus by Equation 2,
bl}\TT} + Zf\,n = bé:;—&-l + Zg\,n+1'

But since both terms on the right are greater than or equal to their respective associate
on the left, they must be equal. In particular bf\_; = bf\_nl +1- But we also know (again
from Equation 2) that

- ) ) - ) )
bz)\,n + bi\,n + hz)x,n = bZA,n+1 + bz)x,n+1 + hZA,nJrla
from which we conclude that hg\,n = h@\m 41 O

Note that the second statement of Corollary 1.2 given in the introduction follows
from this result. To see this, conjugate the partition in the statement of the Corollary
and apply Theorem 2.10 to the associated stable family.

The above result could be viewed as a (partial) answer to the general question of
how representation stability at the chain level constrains the possible multiplicities
on homology. There are additional features in our example of interest which we will
exploit to strengthen this statement in that case.

3. THE GRAPH COMPLEX B(g,n,r)

In this section we recall the construction of the graph complex B(g,n,r) from [15].
We then prove a few technical lemmas which will be of use in the proof or our main
theorem (Theorem 4.2) in the following section.

3.1. CONVENTIONS FOR GRAPHS. To begin we fix terminology and notation regarding
graphs.

3.1.1. Graphs. A graph is a 4-tuple (V, F, a,¢) consisting of a non-empty set V', called
the vertices of the graph, a set F' called the flags of the graph, a function a: F — V
called the adjacency map, and an involution ¢: F© — F'. In this paper we restrict
attention to the case when both V and F are finite sets.

The intuition behind this definition views a flag f € I as half of an edge which
is adjacent to the vertex a(f). Two distinct flags (half-edges), call them f and f/,
are joined together to form an edge provided that f' = ¢(f). The fixed points of the
involution, i.e. those flags having f = ¢(f), are not considered edges. They are called
legs, and can be represented graphically as half-edges, terminating only at one vertex.
Given a graph, we write F for the set of edges and L for the set of legs. In particular
|L| 4+ 2|E| = | F|. Note that we allow tadpoles, i.e. edges consisting of two flags which
are both adjacent to the same vertex. We also allow parallel edges, i.e. multiple edges
adjacent to the same pair of vertices (or single vertex in the case of parallel tadpoles).
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FIGURE 1. A marked graph of type (4,8,3) with leg labeling suppressed.

A morphism of graphs is a pair of functions V' — V' and F' — F’ commuting with
the adjacencies and involutions. If both such functions are bijective, the morphism is
an isomorphism.

The connected components of a graph are the blocks of the partition of the vertices
determined by the equivalence relation generated by declaring v; ~ vy if there exists
an edge {f,¢(f)} for which a(f) = vy and a(c(f)) = va. For the remainder of this
paper we assume all graphs have one connected component, i.e. are connected. Given
such a graph with vertices V' and edges E we define 8 := |E| — |V| + 1.

3.1.2. Marked graphs. All of the graphs in this paper will come with an additional
decoration which we call a marking.

DEFINITION 3.1. A marking (v, D) of a graph (V, F,a,t) is a choice of a vertexv € V
along with the choice of a subset D of the flags adjacent to v, i.e. D C a='(v). Given
a marking, the vertex v is called the distinguished vertex (often “DV” for short), the
flags of D are called the marked flags, and the vertices in V ~\ v (if any) are called
the neutral vertices.

We remark that given a marking (v, D) for which D is not empty, we can read off
the distinguished vertex as the unique element of a(D). However, D may be empty.

A marking (v, D) is called admissible if it satisfies the following conditions:

(1) (stability) Every neutral verter w # v satisfies |a=(w)| > 3,
(2) (no neutral tadpoles) If {f,.(f)} forms a tadpole then a(f) = a(c(f)) = v,
(3) (no double marked tadpoles) If {f,.(f)} is a subset of D then f = i(f).

An unlabeled marked graph is a graph (connected by assumption) along with an
admissible marking. A morphism of unlabeled marked graphs is assumed to preserve
the distinguished vertex and set of marked flags.

A marked graph is an unlabeled marked graph along with a total order on L, the set
of legs of the graph. This total order will be manifest as a bijection L -5 {1,...,|L|}.
A morphism of marked graphs is a morphism of unlabeled marked graphs which
preserves the given total order. In particular, an isomorphism of marked graphs must
preserve the leg labeling.

A marked graph will typically be denoted by a single character, v say. We then refer
to its constituent pieces by the above letters v = (V, F,,a,v, D,n), with subscript
(Vy, Fy, etc) as needed. We similarly refer to derived information by a subscript, e.g.
L., for the set of legs of v as well as 3, E, etc..

DEFINITION 3.2. A marked graph v is of type (g,n,r) provided g = 8, + 1, |[L,| =n
and |D| = 1. We write I'(g,n,r) for the set of such graphs.

We call g the genus of the graph. This shift by +1 when comparing g and S is, at
this point, a convention which may be thought of as asserting that the distinguished
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vertex v has itself genus 1. This convention comes from the examples of interest, as
we will see below.

Our convention for drawing marked graphs is to color the distinguished vertex red,
and to place red tic-marks on the marked flags. See Figure 1.

3.1.3. Determinants. Given a finite set X we define det(X) to be the top exterior
power of the Q-span of X. Specifically, this is a one-dimensional vector space con-
centrated in degree |X|, and carrying the alternating action of the symmetric group
Sx. We also define det~(X) := £721¥ldet(X), i.e. the same underlying vector space,
but concentrated in degree —|X|. Note the set X could be empty, with the resulting
det(X) concentrated in degree 0.

Given a marked graph v, with edge set ¥ = E, and distinguished flags D = D,
we define the vector space

det(7y) := det(E) ® det™' (D).

3.1.4. Edge contraction. Given a marked graph v and an edge e = {f, f'} of v we
define an associated edge contraction map 0, as follows. First, if e is a tadpole then
we define 9, = 0.

Second, if e is an edge which is not a tadpole and if both flags f and f’ are unmarked
(i.e. do not belong to D), we first define the marked graph /e by contracting the edge
e. The edge contraction specifies a surjection on the vertices, and the distinguished
vertex v of /e is the image of the distinguished vertex v of 7. Since both contracted
flags were unmarked we may identify the distinguished flags D, C F, with a subset
of the flags of F, /., which form the distinguished flags of v/e. We then define

Oe: det(y) — det(v/e)

by asserting that e was dropped in the last position of the wedge product, with all
other positions remaining unchanged.

Third, and finally, if e is an edge which is not a tadpole then at most one of the
flags f and f’ is marked (i.e. does belong to D). The case where neither is marked
having just been addressed, let us assume without loss of generality that f is marked.
Define the set N = a=1(v) \ a71(v), i.e. N is the set of flags newly adjacent to the
distinguished vertex v after contracting e. Given an element f; € N, we define the
marked graph /e A f; to be the graph formed by contracting e, thus discarding f,
and marking f; in its place, while retaining the other marked flags. In particular the
resulting set of marked flags may be identified with (D ~ f) U f;.

We then define a map

Oe: det(y) = @ det(y/eN fi)
fieN

by declaring 0. removes the edge e in the last position of the wedge product of
the edges, while replacing f with f; in any given position in the wedge product of
distinguished flags.

This concludes the definition of d.. For an unmarked flag f € a=!(v) . D we also
define the marking map

Oy : det(y) — det(y A f)
which, by definition, adds the flag f in the first (aka leftmost) position of the wedge
product.
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3.2. THE GRAPH COMPLEX B(g,n,r). In this section we define a chain complex of
marked graphs, which we denote B(g,n,r). This construction is due to Payne and
Willwacher [15], with a few minor differences. First, the linear dual (edge contraction)
differential is more natural for our purposes. Second, a shift of degree will be needed
to make the stabilization maps of degree 0. Finally, the emphasis of loc. cit. is for the
case 7 = 11. So the reader making a direct comparison should observe that what is
called B(g,n) in [15] is the linear dual of what we call ¥~"B(g,n, 11).

First, we write [y] for the isomorphism class of a marked graph ~y. Given integers
g > 1and n,r > 0, we then define the graded vector space

B(g,n,r) = ) X"det(Y) aut(y)s

[7] of type
(g,n,s) with s>r
where X" denotes an upward shift in degree by n. We emphasize that all graphs
here are marked, which in particular means leg-labeled, and that all (auto)morphisms
preserve these extra decorations by assumption.
We then make this graded vector space a chain complex by introducing the differ-
ential induced on each summand [v] via the map

0= 0.+ Y (-nFly,.

ecE, fea—1t(v)ND
LEMMA 3.3.0%2 = 0.

Proof. The fact that 8> = 0 can be seen, as in [15], by restricting to a summand
indexed by v and arguing that the terms in 9? each appear twice with opposite sign.

For example each pair of unmarked edges of v indexes a pair of terms in 92 with
opposite sign, corresponding to the two possible orders of the edge contractions. Sim-
ilarly each pair of unmarked flags at the distinguished vertex indexes a pair of terms
in 9% corresponding to the two possible orders in which the flags can be marked.

Slightly more complicated are terms corresponding to an unmarked edge and a flag
f adjacent to a neutral vertex which is itself connected to the DV by an edge e . We
can mark e, then contract it and mark f. Or we can first contract e then mark f. The
sign factor of (—1)I%+| assures that these two terms carry opposite sign reflecting the
number of graph edges present upon applying the marking.

Finally, terms corresponding to contracting a marked edge followed by another edge
contraction are handled similarly to the case of two unmarked edges. We observe that
if we contract a marked edge e followed by a newly adjacent and now marked edge €,
the possible recipients of a marking will coincide with the result of first contracting
¢’ and then e. O

A few remarks about the chain complex B(g, n,r) are in order. First, note that our
degree conventions are homological. Degrees are encoded combinatorially by declaring
that edges have degree 1 and marked flags have degree —1, along with a global shift
by n which is a convention chosen to ensure that our stabilization maps are degree 0.

Second, observe that the chain complex B(g,n,r) is bounded. The maximum degree
occurs when edges are fully expanded and there are the minimum number of markings.
Counting flags, we see this occurs when |F| = 2|E| +n = 3(|V| — 1) + =, hence
|E| =3(|E|—|V])+(n—r)+3or |E| =3(g—1)+ (n—r). Thus the maximum degree
(after the global shift by n) is 3(¢ — 1) + 2(n — r). On the other hand, the number of
markings s must always be less than or equal to the number of edges and legs, |E|+n,
so the minimum degree is clearly bounded below by 0 (after our global shift by n).

Following [15] we define the excess of the chain complex B(g,n,r) to be

m:=3(g—1)+2(n—r).

Algebraic Combinatorics, Vol. 9 #3 (2026) 875



ENoCH FEDAH & BENJAMIN C. WARD

Then in our conventions, a chain complex B(g, n,r) of excess m is bounded below by
0 and bounded above by m. In particular (g,n,r) is of negative excess m < 0 only if
I'(g,n,r) = &, and so we restrict attention to triples (g, n,r) having m > 0 from here
on. We remark that this condition almost implies the classical stability condition for
modular operads 2g + n > 3, but there is one exception, namely (g,n,r) = (1,0,0),
which our conventions allow. Specifically B(1,0,0) = Q, concentrated in degree 0.

3.3. THE ORBIT OF A MARKED GRAPH. In this subsection we consider the sub-
representation of B(g,n,r) determined by a marked graph v € I'(g, n, ).

Given a permutation o € S, define the marked graph o+ whose underlying unla-
beled marked graph coincides with v but whose leg labels are permuted by o. Specif-
ically the leg labeled by 4 in + is labeled by o (i) in o7.

Next, define the group I, C S, to be those permutations o for which oy and v are
isomorphic. Crucially, an isomorphism is presumed to preserve the leg labels, else this
would be a vacuous condition. To see that I, is a group, note that if ¢,: oy — v is a
leg-label preserving isomorphism, then the same is true for ¢,: o7y — 7. Here, our
use of the notation ¢, to refer to both maps reflects the fact that the unmarked graphs
underlying the sources and targets of these morphisms have the same underlying sets
of flags and vertices — only the leg labeling is different.

LEMMA 3.4. Let v € I'(g,n,r). The vector space det(7y) aus(~) carries an action of the
group L, for which there is a canonical injection of S, modules Indi” (det(y) aut(v)) =
B(g,n,r).

Proof. The group I, acts on det(7)aut() in the following fashion. For o € I, the

choice of an isomorphism of labeled graphs o~ LA ~ induces a linear map det(o7y) LA
det(y). The identity map on flags, although only a morphism of unlabeled marked
graphs, nevertheless induces an isomorphism det(y) < det(o7).

The composition

det(y) = det(ovy) i det(y) = det(7) aut(y)

is independent of the choice of isomorphism ¢. Indeed given two such, say ¢1, ¢, then
b1 0u(z) — dg o 1(x) = 1 0 Py M (d2(1(x)) — Pp2(u(x)) is zero in the coinvariants since
¢10¢;" € Aut(y).

We further claim that the above composition depends only on the choice of Aut(7)
coinvariant class of the input. To see this choose ¥ € Aut(vy). By abuse of notation
we also write ¢ for the induced map det(y) — det(y). There is a corresponding
ty € Aut(o7y), chosen to commute with ¢. Choose also ¢ as above, then

$u(z — (@) = ¢u(w) — pup(x) = du(x) — P (L(x)) = Pu(w) — PYad ™ P1(w),

with ¢,¢~! € Aut(y), hence is zero in Aut(y)-coinvariants. Hence o € I, gives a
map det(7y) aut() — det(Y) aut(~), and it is straight forward to confirm this is a group
action.

Finally, note that there is an I,-equivariant map det(y)aus(y) — B(g,n,7) given
by inclusion to the summand of the target indexed by [y]. The adjoint of this map is
the stated S,-equivariant map. The fact that this map is injective follows from the
fact that no two representatives of distinct cosets in S, /I, are isomorphic as labeled
graphs. 0

3.4. EDGE CUTTING. We conclude this section with a technical lemma (Lemma 3.5).
The proof of our Main Theorem (Theorem 4.2) will be by induction on the genus.
This will require a way to compare the stability bound for graphs in genus g with
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those in genus g — 1. For this comparison we study the operation of cutting apart a
non-disconnecting edge in a graph.

First, for any marked graph v we define p, := p(Indi’" (det(7y) aut(v))), with p as
defined in Subsection 2.1.3. Then suppose v is a marked graph of type (g,n,r) with
g = 2. Since g > 2, we may choose an edge e whose removal doesn’t disconnect the
graph, and form a new graph 7. by cutting e and labeling the resulting flags by n + 1
and n + 2 in either order.

LEMMA 3.5. For any such v and non-disconnecting edge e, we have p, < p, .

Proof. We use the following short hand notation: I := I, and I. := I,,,. We then define
J :=TINI.. Observe that J can be equivalently defined in either of the following two
ways. First, J is the subgroup of I consisting of those permutations ¢ for which there
exists an isomorphism oy — 7 which fixes both flags belonging to the edge e. Second,
J is the subgroup of I, which fixesn+ 1 and n+2,ie. J =1.NS,.

Step 1: There is an injection between the cosets S,/J — Sny2/1., induced by
the inclusion S,, — S,12. This injection on cosets induces an injective S, -equivariant
map

(4) Ind?" Resﬂc det(Ve) Aut(r.) Res:g:” Indf:+2 det(Ve) Aut(~.)

where we view det(7Vc)Aut(.) as an I. module as in the proof of Lemma 3.4. We
remark that the existence of this injection can be seen by restricting [18, Proposition
7.3] to the double coset represented by the identity element, so we omit a detailed
verification.

Step 2: The counit of the adjunction I nd{, - Res.I] is a surjective map

Ind’(Res’ (det(y) aut(r))) = det(y) aut(y)-

Applying the functor I nd}g ™ to this surjection results in a surjection:

(5) Ind?" (Res{,(det(v)Aut(v)))
= Ind}q" (Indﬂ(Resﬂ(det('y)Aut(,y) ))) = Ind?” (det(Y) Aut())

Step 3: View the group J as the permutations which have an iso oy — 7
which fixes e. From this we establish a surjection Res{f(det('yc) Aut(re)) =
Res’ (det(y) aut(+)), hence a surjection

(6) Ind5" (Res’y (det(Ve) Aut(v.)) = IndS" (Res’ (det(Y) aut(y))-

Step 4: The number p. counts the maximum number of rows appearing in an
irreducible subspace of I ndi"“det(’yc) Aut.,, - This number is greater than or equal to
the number of rows appearing in the target of morphism 4, which is in turn greater
than or equal to the number appearing in the source of morphism 4, since this mor-
phism is an injection. This latter number is also the number of rows appearing in the
source of Equation 6 and hence greater than the number of rows appearing in the
target, since this morphism is a surjection. This latter number is also the number of
rows appearing in the source of Equation 5. Since the morphism in Equation 5 is also
surjection, this latter number is greater than the number of rows appearing in the
target which, by definition, is p,. O

4. REPRESENTATION STABILITY FOR B(g,n,r)

The goal of this section is to prove our main theorem — that the graph complexes
B(g,n,r) are representation stable with the given sharp stability bound. To begin,
we define the stabilization map.
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Given a marked graph v € I'(g,n,r) we may form a new marked graph, call it
Y Alpy1 € T(g,n+ 1,7+ 1) by adding a new marked leg to v at the distinguished
vertex which is labeled by n+1. Under the convention that this marked leg is added in
the last position, this correspondence induces an isomorphism det(y) — det(yAln41).
This isomorphism is equivariant with respect to the automorphism group actions
on both sides (note the automorphism groups of these two graphs are canonically
isomorphic). Extending linearly defines a map vy, ,: B(g,n,7) = B(g,n+1,r+1).
Note that by our degree conventions each 1, , is degree 0, and in addition preserves
the top non-zero degree of the chain complexes, namely m := 3(g — 1) +2(n — ).

LEMMA 4.1. For each g and ¢,
.-+ — B(g,n,n—10) i)B(g,n—i—l,n—i—l—K) = ...
s a consistent sequence of chain complezes.

Proof. The fact that the maps g4, are S, equivariant is immediate. It remains to
verify that each vy, is a chain map. The differential is given by a sum over edge
contractions and flag markings, so since ¢ changes neither the set of edges nor the
set of unmarked flags, the differential terms correspond. It thus remains to verify that
each differential term commutes with 1. The only subtlety in this verification lies in
verifying that our sign conventions were chosen such that dy¢ = 0. But since 0y
places f in the first/leftmost position of the wedge product and ¢ adds a leg I, in
the last/rightmost position, both are equal to f A — A lj41. O

This is the family of consistent sequences whose representation stability, after ten-
soring with the sign representation, will be our subject of our main theorem:

THEOREM 4.2. Fiz g and £ with m := 3(g — 1) + 2¢ > 0. The consistent sequence

-+« = B(g,n,n— ) ® Vin E>B(g,n—l—l,n—i—l—€)®V1n+1 — ...

is representation stable. Furthermore, this representation stable sequence stabilizes

sharply at
_ 9= _[3m
n—[ 5 —‘—&—35—[2—‘.

The remainder of this section will be dedicated to the proof of Theorem 4.2.

4.1. CORE GRAPHS. To prove Theorem 4.2 we will decompose each B(g,n,n — £);
over what we call core graphs. To begin the proof we introduce and study this notion.
Note that the terminology “core graph” appears in the literature in other contexts,
but here-in it is defined by:

DEFINITION 4.3. An unlabeled marked graph & is called a core graph if it has no marked
legs.

Let us define a family of core graphs which will play a key part in the identification
of the sharp stability point. Fix ¢ and ¢ with m := 3(g — 1) + 2¢ > 0. Notice that
g and m have opposite parity. For each non-negative integer p having the opposite
parity as g (hence the same parity as m) and satisfying p < g and p < m we construct
a core graph of type (g,m, m — ¢) via the following four steps:

(1) Connect a distinguished vertex vy to p neutral vertices with a pair of parallel
edges to each. Add a leg at each of these p neutral vertices, ensuring stability.

(2) Define t = (9 — 1 — p)/2, a non-negative integer by assumption. Connect the
distinguished vertex to ¢t additional neutral vertices by 3 edges each.
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(3) Define y = (m —p)/2, a non-negative integer by assumption. Connect vy to y
additional neutral vertices by a single edge to each. Then add a pair of legs
to each of these y neutral vertices to ensure stability.

(4) Mark each of the y+2p+ 3t edges of this graph, forming an unlabeled marked
graph of type (p+ 2t + 1,2y + p,y + 2p + 3t).

The graph thus formed has no marked legs, hence is a core graph, and is easily seen
to be of type (g, m,m —¥).

DEFINITION 4.4. Fix integers g,¢,p with g and p of opposite parity and satisfying
0 < p<gandp < m. The marked graph of type (g, m,m — £) constructed above is
denoted 0,4 ¢(p). See Figure 2.

The first manifestation of stability is that eventually (as n increases but m =
3(g — 1) + 2(n — r) stays fixed) there are no core graphs, as we now establish:

LEMMA 4.5. If € is a core graph of type (g,n,r) then
n<m:=3(g—1)+2(n—r).
Moreover, n = m if and only if £ = 04 4(p) for some p.

Proof. Let & be a core graph of type (g,n,7). On the one hand, by our exclusion of
doubly-marked tadpoles, if £ has no marked legs then every marking is on a distinct
edge. Hence
|F| =2|E|+n=2|E|+n—r+r<3E|+(n—r).
On the other hand, by stability, then using |E| — |V| =8 — 1= g — 2, gives us
|F| 2 3(|V]—=1)+r=3|E|—-38+T.

Combining these inequalities establishes the first statement.

For the second statement, the “if” implication is immediate, so suppose that m = n.
This implies that both inequalities above are equalities and hence would require both
that » = |E| and that every neutral vertex is trivalent. Since ¢ is a core graph, r = |E)|
implies that every edge is marked, hence adjacent to the distinguished vertex. Each
neutral vertex must then be connected to the distinguished vertex via 1,2, or 3 edges
and adjacent to 2,1, or 0 legs respectively. The number of such neutral vertices of £ of
each type will correspond to the statistics y, p,t in the construction of 6, ¢(p) above.
In particular, let p be the number of neutral vertices connected to the distinguished
vertex by a pair of parallel edges. Then y = (n — p)/2 = (m — p)/2 as desired.

It remains to verify that ¢ = (g9 — 1 — p)/2. Suppose that £ has ¢ tadpoles. Then
the genus of £ is 2t + ¢ + p + 1, so it suffices to show that ¢ = 0. But if £ had a
tadpole, we could remove it to find another core graph of type (¢ — 1,n,7 — 1) and
excess 3((g —1) — 1) +2(n — (r — 1)) = n — 1, which contradicts the first statement
of the Lemma, as proven above. O

COROLLARY 4.6. Let v be a marked graph of type (g,n,r) withn > m = 3(g — 1) +
2(n—r). Then ~y has at least n — m marked legs.

4.2. CORE SEQUENCES. Write B(g,n,r); for the degree i piece of the chain com-
plex B(g,n,r). Core graphs will index a direct sum decomposition of the consistent
sequence (B(g,n,n — £);,1) as we now indicate.

DEFINITION 4.7. Given a marked graph v we define the core of v, denoted €(y) to be
the core graph formed by forgetting the leg labels and removing any marked legs. In
particular Fyy = Fy, ~ (Dy N Ly), in the notation of Section 3.1.2.
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FIGURE 2. The core graph 6, ¢(p) with distinguished vertex in red.
The red tic marks denote the marked flags. The ... refers to the
number of copies of said feature appearing in the graph.

Given a core graph ¢ of type (g, k, s) we define the graded Si-module

A& = @ Ekdet(’y)Aut(,y).
[v]€Isol'(g,k,s)
such that e(y)=¢

Note that A¢ is concentrated in a single degree i := |E¢| + k — s. We then define
the consistent sequence A as above (Definition 2.7). In particular for each n > k,
A¢(n) == Ag o Vin-s.

PROPOSITION 4.8. The S,,-module B(g,n,r); decomposes as B(g,n,r); = @A\g(n),
with direct sum taken over isomorphism classes of core graphs of degree i and type
(g,k,u) fork—u<n—r and k < n.

Proof. By definition
(7) B(ganar)i = 69 Endet(’Y)Aut('y)'

[v] of type (g,n,s) with

szr and i=|E|+n—s
For each isomorphism class [y] indexing this sum, we can take the core of any rep-
resentative €(7), then pass to the isomorphism class of unlabeled graphs [e(v)]. If v
was of type (g,n,s) and degree i, then the core graph is of type (g,n —t,s — t) and
degree i, where ¢ is the number of marked legs on 7. Setting k = n — ¢, we can nest
the direct sum in Equation 7 as:

(8) B(g7 n, T)i = @ @ anet(’y)Aut('y)
[€] core graphs [v] with
of type (g,k,u) with k<n, £e(y)

u+n—k>2r and i=|E¢|+k—u and |L~|=n
Fix a core graph £ indexing the outer summand. To complete the proof it suffices
to identify A¢(n) = A¢ o Vin—s with the direct sum inside parentheses in Equation 8.
Label the k legs of €. Call the resulting marked graph n € T'(g, k, u). Lemma 3.4 gives
an isomorphism

Ag = Ind?* (det(n) aut(n));
induced by the I,-equivariant map det(n) aus(y) — Resi"' (Ag).
We then add marked legs labeled by {k 4+ 1,...,n} to the distinguished vertex of
n. Call the resulting marked graph v € I'(g,n,s). Here s = n — k + u, hence s > r.
The expression inside parentheses in Equation 8 is isomorphic to I ndi" (det(y) aut(v))
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(after Lemma 3.4). Since permuting the n—k marked legs of -y results in an isomorphic
marked graph, and since these are the only marked legs of v we know I, = I, X
Sp—k. Thus Indi" (det(7y) aut(v)) = Indi;‘ (det(n) aut(y)) © Vin—k, since S,_p acts by
the alternating representation on the marked legs. O

COROLLARY 4.9. The consistent sequence formed by B(g,n,n —{); is a direct sum of
the consistent sequences A¢, with direct sum taken over isomorphism classes of core
graphs & of degree i and of type (g,k,u) with k < n and k —u < L.

Proof. This follows from the Proposition along with the observation that the stabi-
lization maps v preserve the core of a marked graph. ]

Combining this corollary with Lemma 2.5 proves the first statement of Theorem
4.2. The remainder of the proof concerns the stability bound.

4.3. A STABILITY BOUND VIA CUTTING. For a core graph &, write pg := p(Ae), ie.
the maximum number of rows appearing in an irreducible summand of the S,,-module
Ag. Invoking Lemma 2.8 proves:

LEMMA 4.10. Let € be a core graph of type (g,n,r). The conjugate of the consistent
sequence Ag is representation stable, stabilizing sharply at n 4+ pe.

We now arrive at the fundamental step of the proof, bounding this expression by
induction on g.

PROPOSITION 4.11. Let £ be a core graph of type (g,m,r) and let ﬁg be the associated
core sequence. Then
909 —-1)

n+ pe < {2-‘ +3(n—r).

Proof. Induction on Genus — Base Case. To begin, let £ be a core graph of type
(1,n,7). This means in particular that the graph underlying £ is a tree, having a
distinguished vertex. If r = 0 the statement is trivial, so we may assume that r > 0.
This in turn implies that £ has at least one edge, hence at least two vertices.

Define a partial order on the set of vertices of ¢ by declaring that v > v’ iff the
unique shortest path connecting v to the DV contains v’. A vertex is maximal with
respect to this partial order only if it is adjacent to a unique edge. Therefore, by
stability considerations, every maximal vertex is adjacent to at least two legs.

Choose an order on the maximal vertices vy, ...,v;. Note that r < t, since every
marking lies on an edge, and the graph has no cycles. Since each maximal vertex must
be adjacent to at least two legs, we may choose a leg labeling of £ so that the maximal
vertex v; is adjacent to the legs labeled by 2i¢ and 2¢ — 1. Denote the resulting marked
graph by v. By construction, the group I, C S, contains the transpositions (2¢ —1 21)
for 1 < ¢ < t and so contains the group (S3)".

By definition p¢ is the maximum number of rows appearing in an irreducible
summand of A¢ = Indi" (det(¥) Aut(y))- Since (S2)" C I, this number is not
more than the maximum number of rows appearing in an irreducible summand of
1 ndfgz),.Resfgz),. (det(y) aut(y))- Since the Sy action on the given pair of legs at each
maximal vertex is trivial, the Littlewood-Richardson rule tells us that the number of
rows of the latter term is at most n —r. Thus pe <n — 1.

Finally, since £ is a core graph, it must satisfy n < 3(g — 1) + 2(n — r) by Lemma
4.5. Here ¢ — 1 =0, so we conclude n+ pe < 2(n—r) + (n—r) = 3(n —r) as desired.

Induction Step. We now assert the induction hypothesis that the stated bound
holds for all core graphs of genus less than a given g > 2. Given a core graph & of
type (g,n,r) with 8 := g —1 > 1, we say an edge of e is “good” if e contains no
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marked flag and its removal would not disconnect the graph. To establish the bound
we divide the analysis into three cases.

Case 1: ¢ contains a good edge. Call it e. Define £, to be graph formed by cutting
& at the edge e, as in Subsection 3.4. Since e is good it contains no marked flags, hence
&, contains no marked legs, and hence is a core graph. Thus the induction hypothesis
applies to it, and we know that

pe, +(n+2)<45(g—-2)+3(n+2—-r)+.5.
By Lemma 3.5 we know pg < pe,, and thus
pe+n<45(g—2)+3n+2—r)+.5-2=45(¢g—-1)+3(n—r)

as desired.

Case 2: ¢ contains no good edge and contains a tadpole. Since the tadpole is not
a good edge it must be marked and marked only once by our conventions. Call the
tadpole edge e.

Let £ \ e be the graph formed by deleting e. The result is still stable because
there is no stability condition at the DV. So £ \ e is an unlabeled marked graph
of type (¢ — 1,n,r — 1). Also, £ \ e has no marked legs, hence is a core graph, so
applying the induction hypothesis we have pe . +n < 4.5(9 —2)+3(n—r+1)+.5 <
4.5(g — 1)+ 3(n — ). It thus suffices to argue that ps < pe.. They are in fact equal.

For this, label the legs of £ in any fashion, again calling the result . This also gives
us a leg labeling of £ \ e, which we denote by v \ e. View Aut(y \ e) C Aut(vy) as
the subgroup of automorphisms which fix e. Any automorphism of v not appearing
in this subgroup can be written in the form v = ~; 0y where v2 € Aut(y\ e) and o
permutes the marked tadpoles of v, but fixes all other edges. Since marked tadpoles
have degree 1 — 1 = 0, permutation of marked tadpoles acts trivially on det(y), from
which we conclude

det(’y)Aut(v) = det(j/)Aut(’y\e) = d(;’t(’y N e)Aut(’y\e)

as representations of the group I, .. It remains to observe that I, . = I,.

By definition I,.. C I, is the subgroup of permutations in .S,, for which there
exists a (leg preserving) isomorphism oy — - which fixes the edge e. It remains to
prove I, C I, .. Given ¢ € I, we may pick an isomorphism ¢: oy — . This ¢
necessarily permutes the marked tadpoles of v and we may write ¥ = 11 o 19 where
o : 0y — 7y is an isomorphism which fixes all marked tadpoles and i1: v — v is a leg
fixing automorphism which fixes all edges except the marked tadpoles. In particular
1o fixes e, hence realizes o € I, . as desired.

Case 3: ¢ contains no good edge and no tadpole. Since £ has no good edge, it
has no circuit containing 3 or more distinct edges. Since £ has no tadpole, it has no
circuit containing only one edge. Thus every circuit in £ has exactly two edges and two
vertices. And since every edge belonging to such a circuit must be marked, lest there
be a good edge, one of these two vertices must be the DV. Denote the distinguished
vertex by vg, and let vq,...,v; be the set of neutral vertices which are adjacent to
the distinguished vertex. For 1 < ¢ < k, define e(v;) > 1 to be the number of edges
connecting v; to vg.

For 1 <7 < k, define L; to be the subset of the legs of £ having the property that
the unique shortest path connecting said leg to vy contains v;. Each leg not adjacent
to vg is contained in a unique L;, although some L; may be empty. Define by to be the
number of indices 1 < ¢ < k for which |L;| = 0, define b; to be the number of indices
1 < ¢ < k for which |L;| = 1 and define by to be the number of indices 1 < i < k for
which |L;| > 2. In particular, k = by + b1 + ba. Notice that if |L;| = 0 then e(v;) > 3
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and if |L;| = 1 then e(v;) > 2. We divide the rest of proof into subcases when by is or
is not equal to 0.

Subcase: by # 0. Choose a vertex v; such that L; = @. Since every edge of
& contained in a circuit is adjacent to vy, the L; = @ condition implies that the
only edges adjacent to v; are those connecting v; to vg. Form a new core graph
& ~ v; by removing the vertex v; and each of the e := e(v;) edges adjacent to it.
The core graph £ \ v; is of type (¢ — e + 1,n,r7 — e). By the induction hypothesis
pe~v; + 1 < [4.5(g —e)] + 3(n — 7 + e) which, using e > 3, is easily seen to imply
P, T < [4.5(g—1)] +3(n —r).

Thus to complete this subcase it suffices to show p¢.,; = pe. This follows similarly
to case 2 above, where the role of a marked tadpole is replaced by the set of e marked
parallel edges connecting vy and v;. Choose a leg labeling of &, call it . This in turn
induces a leg labeling of £ \ vj, call it v \ v;. Any isomorphism v¢: oy — ~ must
permute the set of vertices v; satisfying |L;| = 0 and e(v;) = e, and can be factored
into an isomorphism 1, which fixes each edge running between vy, and such a v;,
followed by an automorphism ), which permutes only those vertices and the edges
adjacent to them. This allows us to establish I, = I, ,; (as in Case 2 above). Also,
since all edges running from vy to such a v; are marked, ; acts trivially on det ()
from which we may establish det(7) aut(y) = det(y N V5) Aut(y~v;)-

Subcase: by = 0. Define h to be the number of indices 1 < ¢ < k for which |L;| =1
and e(v;) > 2. Define ¢ = by — h. We proceed by induction on h.

The base case is h = 0, hence k = by + b1 + bg = ba + t in this case. Notice on the
one hand that Zle e(v;) = r, and on the other hand Zle(e(vi) — 1) < B (where
B =g —1). We thus conclude r < k + 3, hence

(9) r<t4by+ B

To find an upper bound for p¢, consider the restriction of A¢ to an S,—; X Si-
module, where S; permutes the ¢ legs associated to those blocks of size 1 corresponding
to exactly two parallel edges. By assumption £ has an automorphism which permutes
the ¢ pairs of parallel edges which must, by stability considerations, be adjacent to
the unique leg in said block. Since all such edges are marked, this automorphism acts
by the identity, V;.

On the other hand, each of the blocks of size at least 2 (of which there are by) must
have two legs adjacent to a common vertex. In particular, removing the DV and its
adjacent legs results in a (non-rooted) forest, and so this follows simply by stability
considerations. So repeating the argument from the base case (above), the maximum
number of rows in the S;,_; module corresponding to permuting all but the ¢ isolated
legs has at most n —t — by rows.

Applying the Littlewood-Richardson rule to the induced representation from S, _; x
St to Sy, we see that A¢ has at most n—t—by+1 rows, i.e. p¢ < n—t—by+1. We then
proceed to bound pg+n. Since £ is a core graph, Lemma 4.5 ensures n < 38+2(n—r),
hence:

pe+n < (n—by—t+1)+(36+2(n—r)) = 36+3(n—r)+r—by—t+1 < 46+3(n—r)+1

where the last inequality holds due to Equation 9. To conclude the base case, we
observe that 48 + 1 < 46 + [.58] = [4.55] since 8 > 0.

Having proven the base case, in which h = 0, we proceed with the induction step.
If h > 0 then we may choose a neutral vertex v; with e(v;) > 3 and |L;| = 1. Define
e := e(v;). Removing the vertex v;, its e adjacent edges and its one adjacent leg forms
a new core graph, call it ¢, to which the induction hypothesis applies. Since each of
the removed edges is marked, the core graph ( is of type (9 —e+ 1,n — 1,7 —e). In
addition, since ¢ was created by removing one leg from &, we must have p¢ < p¢ + 1.

Algebraic Combinatorics, Vol. 9 #3 (2026) 883



ENoCH FEDAH & BENJAMIN C. WARD

Thus the induction hypothesis implies
pe+n<pc+(n—1)+2<[45(g—e)]+3n—1—r+e)+2

Using the fact that e > 3, we can easily deduce p¢ +n < 4.5(9g—1)+3(n—7r)+.5
which implies the claimed upper bound. O

COROLLARY 4.12. Fiz g and ¢ with m := 3(g — 1) + 2¢ > 0. The representation stable
sequence of chain complexes B(g,n,n — )" stabilizes at or before f%”}

Proof. For each degree 0 < 7 < m, the consistent sequence B(g,n,n — £); can be
written as a direct sum of consistent sequences /Alg by Corollary 4.9. These sequences
are indexed by core graphs (g, k,u) with £ < n and k — u < £. Thus, by Proposition
4.11, the conjugate of each 121\5 stabilizes at or before [@1 +3(k —u) < [22].
Applying Lemma 2.5 to this direct sum decomposition establishes the result. O

4.4. SHARPNESS OF THE BOUND. It remains to prove that the bound established in
Corollary 4.12 is sharp. Continue with g and ¢ satisfying m := 3(¢g — 1) + 2¢ > 0. By
Lemma 2.5 it is sufficient to show that there exists a core graph, call it 0, of type
(9,m,m — £) and satisfying pg + m = [22]. We proceed in two cases depending on
the (necessarily opposite) parities of g and m.

Case: g is odd and m is even. Consider the core graph 6, := 6, ,(0) of Def-
inition 4.4. This is a core graph of type (g,m, m — ¢), and it remains to calculate
POy The S,, representation Aggw , is the induced representation of a 1-dimensional
representation of the hyper-octahedral group Ss S, /2. This one dimensional repre-
sentation is characterized by transpositions acting by +1 and permutation of pairs
also acting by +1, so it the trivial one dimensional representation. The irreducibles
appearing in this induced representation are all the doubles, i.e. partitions of the form
2\ where for a partition A of m/2, and each double appears with multiplicity 1 [13,
Proposition 2.3’(ii)]. The irreducible decomposition with the most rows appearing in
this induced representation is the double of the alternating (so Vam/2), which has m /2
rows. We thus conclude that the conjugate of 2997 , stabilizes at m 4+ m/2 as desired.

Case: g is even and m is odd. Form a core graph 0, ¢ := 04 ¢(1) as in Definition
4.4. In this case, 64, has a unique unmarked leg adjacent to a pair of marked paral-
lel edges, so the S, representation Ay, , is the induced representation of the S, 1
representation Ay _, ., of the previous case. Thus the maximum number of rows
appearing in an irreducible is one more than the maximum number of rows appearing
in the former, which we saw in the previous case was 3(8 —1)/2+ ¢+ 1. We thus find
the stability bound m+p=38+20+3(8—-1)/2+¢+14+1=4.58+3(+ .5 for the
conjugate of the core sequence A\gg) , as desired.

REMARK 4.13. The above proof shows that among the graphs 6, ;(p) constructed in
Definition 4.4, the cases p = 0,1 witness the sharpness of the stability bound. We
remark that for g > 3 and odd, it is also possible to witness this bound by 6,4.(2). A
computation with the Littlewood-Richardson rule, however, shows that these are the
only such core graphs whose associated sequences witness the bound.

5. HOMOLOGY CLASSES VIA SHARP STABILITY

We now turn to the implication of our main theorem on homology and the proof
of Theorem 1.3. As Theorem 2.10 above indicates, knowing precisely where a rep-
resentation stable sequence of chain complexes stabilizes can be used to glean some
information about the multiplicities in homology. In our example of interest we can
further exploit the fact that the highest degree is the last to stabilize to say more.
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Continue with g, ¢ fixed such that m := 3(g — 1) + 2¢ > 0. From the work we’ve
already done, the first two statements of Theorem 1.3 are rather straight-forward.
The first is:

LEMMA 5.1. Let A = (A1,...,Ax) be a partition of [3m/2]. If k < [m/2] then the
multiplicity of (X, 1"~13m/21) in H;(B(g,n,n —£)) is O for all i.

Proof. By Corollary 4.6 we know that, every marked graph of type (g, [3m/2],
[3m/2] — ¢) has at least [m/2] marked legs. Let v be such a marked graph having
h = [m/2] marked legs and let £ = €(7y) be its underlying core graph.

Then 1?15(]'3771/21) = A¢ o Vin, hence every irreducible supported on A¢([3m/2])
has at least h, and hence at least [m/2], rows. In particular there are no copies of
A appearing in B(g, [3m/2], [3m/2] — £). Since B(g,n,n — {) ® Vin is representation
stable sharply at [3m/2], it follows that the multiplicity of (A, 17~[3™/21) is 0 on
B(g,n,n — £), and hence on homology as well. O

The second statement of Theorem 1.3 is:

LEMMA 5.2. Let A = (A1, ..., Ag) be a partition of [3m /2] with k = [m/2]. Leti < m.
Then the multiplicity of (X, 17~ [3™/21) in H;(B(g,n,n — £)) is 0.

Proof. Tt is enough to prove that the multiplicity of A in B(g, [3m/2], [3m/2] — ¢);
is 0. Suppose otherwise. Then A would be supported on some summand ﬁg([Sm/ 2])
corresponding to a core graph £ of type (g,q,r) for some ¢ < m. If ¢ < m then A
being supported on ﬁg(Bm/Q]) = A¢ 0 Vitsms21-q would imply that A has at least
[3m/2] — q > [m/2] rows, a contradiction. So it must be the case that ¢ = m, but
this in turn implies that ¢ is of the form 6, ¢(p) (by Lemma 4.5) and hence of degree
m, contradicting our assumption on 1. O

We now turn to the final statement of Theorem 1.3. We first recall that our notation
and conventions regarding partitions and sums of partitions were fixed in Section 2. In
particular, we regard partitions as finite, non-increasing sequences of positive integers.
In this section we will also have occasion to add partitions to an arbitrary finite
sequence of integers by the same convention. That is, we always pad by zeros as needed
and add the sequences point-wise. If the result is a non-increasing sequence of non-
negative integers which ends in zeros, we refer to it as a partition, tacitly disregarding
these zeros without further ado. For example we may regard (4,3,1) 4+ (0,0,1,0) as
the partition (4, 3, 2).

DEFINITION 5.3. Let (y,p) be a pair of non-negative integers such that 2y + p = m.
We define A(y,p) to be the set of partitions of [3m/2], counted with multiplicity, of
the form 11™/21 40 4+ 1 where:

e 1) is a partition of 2y, all of whose entries (block sizes) are even.

e T is a sequence of y + 1 non-negative integers which sum to p.

o The pair n and w satisfy the Pieri rule: w11 + Miv1 < 1.
The last condition implies that n+m forms a partition of m (after disregarding possible
padded zeros). We allow the case y = 0, hence the empty partition of 0, which would
in turn force m = (p,0,...,0). We also allow p = 0 in which case adding m has no
effect and the Pieri condition is vacuous. Finally we observe that each partition of
the form n+ 7 has at most [m/2] blocks, hence all partitions in A(y,p) have exactly
[m/2] blocks.

For n > [3m/2] we define the S,, representation

X(y,p)(n) = @ V)\’lnfﬂhn/ﬂ .
A€A(y,p)
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Finally, define the S, -representation

Stab(g,n,n —£) = :629+ X(y,p)(n).

p<y
THEOREM 5.4. Let A = (A1,...,\x) be a partition of [3m/2] such that k = [m/2].
For each m > [3m/2] the partition (\,1"~13™/21) has the same multiplicity in
Stab(g,n,n — ¢) as it has in H,,(B(g,n,n —{)).

Proof. Having fixed g, ¢, m as above we choose a pair of non-negative integers (y, p)
with m = 2y + p and p < g. This ensures p satisfies the conditions of Definition 4.4,
and we define the core graph 6 := 6, ¢(p) as in this definition. In particular, this 6 is
a graph of type (g, m,m — £).

Recall (Lemma 3.4) the S,,-representation Ay is an induced representation as fol-
lows. First, for any leg labeling of the graph 6 we can consider the group of permuta-
tions of .S, which fix the graph, called Iy. In this case Iy = (S21.5,) x Sp. The action
of Iy on det(6) ayi(g) is trivial on both factors, since the action only permutes marked
edges (which have degree 1 — 1 = 0) or unmarked legs.

Therefore, writing 1 for the trivial representation of each factor, the S, representa-
tion Ag =2 T nd:g;'; s, x5, (1¥1) has the following description. We first induce I ndiié’sy (1)
to find the sum of all partitions 7 of 2y consisting of only even entries, [13, Proposition
2.3’ (ii)]. We then induce the result I nd?;’;x s,(—), by applying the Pieri rule. The
irreducible decomposition of the resulting .S,,-module is indexed precisely by those
partitions of the form 7 + 7 where the pair (1, 7) is as described in Definition 5.3.

Since the irreducible decomposition of Ay is indexed by such (n, 7), this implies that
for each such (n,7) the partition n + m + 1"~ indexes a corresponding irreducible
of A\g(n) := Ap o Vin-m. Hence each partition in A(y,p) indexes a corresponding
irreducible factor of ﬁg([i’)m /2]), from which we find

X(y,p)(n) C Ag(n) C B(g,n,n — 1),

We remark that this first inclusion is far from being an equality, rather X (y, p) corre-
sponds to the irreducibles having the minimum possible number of rows (aka blocks).
Put another way, it corresponds to only those terms in Ay o Vjn-m formed by adding
one box to each row in the associated Young diagram.

We now apply the differential of B(g,n,n—¢) to X (y,p)(n). Let 6 A(n—m) denote
the unmarked graph formed by adjoining n — m marked legs to 6. Since every flag
adjacent to the DV of 6, hence § A (n —m), is marked, the only possible differential
terms supported on Ag(n) correspond to edge contraction. Note however d(A\@ (n))
is supported on graphs having a minimum of n — m + 1 marked legs. Indeed, every
edge of O A (n —m) is marked, and upon contraction this marking can only result in
either a double marked tadpole, which would be zero by definition, or an additional
marked leg. Therefore every irreducible appearing in d(Ag(n)) has at least n —m —+ 1
rows. However, each irreducible appearing in X (y, p)(n) has at most n—m rows. Thus
d(X(y,p)(n)) = 0, and so X(y,p)(n) is contained within the d-cycles in top degree,
hence contained within the homology.

Summing over all p, we thus conclude that the multiplicity of (X, 1%~[7/21) in
Stab(g,n,n — £) is less than or equal to its multiplicity in H,,(B(g,n,n — £)). But if
they weren’t equal there would have to be a core graph ¢ distinct from each 6,4 ¢(p)
such that gg(n) supports a copy of (X, 17~ [3m/21), This could only happen if ¢ was
of type (g, m, m — {), otherwise every irreducible would have more than [m/2] rows,
which in turn would contradict Lemma 4.5. 0
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Note that the third statement of Theorem 1.3 follows from this result. In particular
the Littlewood-Richardson coefficient Ny o, , appearing in that statement counts the
ways in which A can be written as a sum 11"/2] 4 2 4 7 according to the conditions
of Definition 5.3.

5.1. EXAMPLES. Combining Corollary 1.2 and Theorem 1.3, we can compute the
multiplicity of any irreducible A in H,,(B(g,n,r)) provided that (g,n,r) falls in the
stable range and that A has at most n — m rows. Let us give several examples. As
above we denote this piece of the homology by Stab(g, n, 7). In what follows we modify
the notation, denoting V) simply by A.

Example: Excess 3. When m = 2y + p = 3 we find (y,p) = (0,3) or (1,1). We
then tabulate the relevant partitions of [3m/2] = 5 to be A(1,1) = {(4,1),(3,2)},
and A(0,3) = {(4,1)}. We thus find:

Stab(g,n,7) = 2(4,1,1"7%) & (3,2,1"7°) = Hz(B(g,n,7))

for n > [3m/2] = 5 and g > 3. In the case g = 2 the condition p < g implies that
(4,1,1"75) @ (3,2,1"°) will appear in the homology. Comparing this result to the
computations of [15, Section 4.4] confirms this result in the case r = 11.

Example: Excess 4. When m = 2y+p = 4 we find (y,p) = (0,4), (1,2), or (2,0).
We then tabulate the relevant partitions of [3m/2] = 6 to be A(O 4) = {(5,1)},
A(L,2) = {(5,1),(4,2),(3,3)}, and A(2,0) = {(5,1),(3,3)}. We thus find that if
(g,n,r) satisfies m =4, n > 6 and g > 4:

Stab(g,n,) = 3(5,1,1"7°%) @ (4,2,1"7°%) © 2(3,3,1"7°%) = Ha(B(g,n,7)).

Imposing the condition on summands that p < g, we can also draw conclusions in
genus 1 and 3. For example if g =3, m =4 and n > 6 then

Stab(3,n,7) = 2(5,1"7%) @ (4,2,1"7%) ©2(3,3,1"°).

Specializing to the case r = 11 we find stable terms (g,n,r) = (1,13,11), (3,10, 11)
and (5,7,11), in which case these coefficients are confirmed by [1, Theorem 1.2]. Spe-
cializing to the case r = 15 we get an additional stable term of excess 4, namely
(g,n,r) = (7,8,15). Applying this calculation in that case recovers the example dis-
cussed in the introduction.

Example: Excess 7. As a final example, we consider the implications of Theorem
5.4 in an example of excess beyond the explicit computations of [15, 1, 2].

Suppose (g,n,r) is of excess m = 2y +p = 7. We find (y,p) = (1,5), (2,3) or (3,1).
We then tabulate the relevant partitions of [3m/2] = 11 (with multiplicity). They

are:
A(1,5) = {(8,1%),(7,2,1,1), (6, 3, 1, 1)}
A2,3) = {(8,1%),(7,2,1,1),2(6,3,1,1), (5,4,1,1), (5,3,2,1), (4,3,3,1)}
A(3,1) = {(8,1%),(7,2,1,1),(6,3,1,1),(5,4,1,1),(5,3,2,1), (4,3,3,1),(3,3,3,2)}
We thus conclude that if (g, n,r) satisfies m = 7,n > 11 and g > 5 then

Stab(g,n,7) = 3(8, 131" 1) @ 3(7,2,1% 1" 1) @ 4(6,3,1%, 1" 1) @ 2(5,4, 1% 1" 1)
®2(5,3,2,1,1" 1) @ 2(4,3%,1,1" 1) @ (33,2, 1" 1)

— Hz7(B(g,n,7))

with similar statements, restricting to the p < g summands, in the cases g = 2 and

g = 4. If one were to specialize to the case » = 11 or r = 15, these statements would
apply when (g,n,r) = (2,13,11), (2,17,15), (4,14, 15) and (6,11, 15).
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6. B(1,n,7) AND WHITEHOUSE MODULES

To conclude, we compute H,(B(1,n,7)) as an S,, representation. We then observe
that, in genus g = 1, our sharp stability result may be interpreted as a lift of the
sharp stability result of Hersh and Reiner [11].

The case r = 0,1 being trivial we restrict attention to > 2 from here on. The first
step will be to compute the homology of B(1,n,r) as an S,_1 representation. This
first step has a precursor in [22], which calculated the homology of a chain complex
which is chain homotopic to B(1,n,7), but we opt to give a self-contained proof in
our current context. In what follows we denote Resg'?';l simply by [, and we write

C(R3,n) for the topological space of n distinct labeled points in R?.

THEOREM 6.1.

| Hy(B(1,n,7)) = {H2(nr)(C(R3,n —1))®@sgnn,_1  ifi=2(n-—r)

0 else

Proof. Fix n and r. Recall that B(1,n,r) is described as a direct sum indexed by
isomorphism classes of marked graphs t of type (1,n, s) over all s > r. Such a marked
graph is necessarily a tree (since ¢ = 1 implies 8 = g — 1 = 0), therefore has no
automorphisms. For each such marked tree, let us choose to consider the leg labeled
by n as the root of the tree, and we call the vertex adjacent to the root the root vertex.
It may or may not be the same as the distinguished vertex. This choice endows the
tree t with a directed structure allowing us to refer to the input and output flags at
each vertex. In particular there is a unique output flag at each vertex and a unique
path connecting the distinguished and root vertices (which may be empty if these two
vertices coincide). Edges on this path are said to be “below” the DV.

Starting from such a marked graph t of type (1, n, s) with E edges and distinguished
vertex dv, we define several auxiliary statistics. First p(t) is the number of edges below
dv. Second v(t) is defined to be 0 unless both |dv| := |a=!(dv)| > r and the output
of dv is marked, in which case v(t) is defined to be 1. From these statistics, we define
a subcomplex K C B(1,n,r) to be the indexed by marked trees t having p(t) # 0 or
|dv| > r. To check that this is indeed a subcomplex, note that the operation 9., which
contracts an edge e, can take p from being non-zero to p = 0 only by increasing the
valence of dv.

Let us prove that the subcomplex K has no homology. For this we define 7(t) =
2|E|—p+v—s. We then filter K by declaring filtration degree k to consist of summands
det(t) indexed by those marked graphs t satisfying n(t) < k.

To verify that this is indeed a filtration we compare the value of 17 on a tree t and
the terms indexing the image of the differential applied to det(t). First, consider the
effect of marking a flag dy; 2|E| — p is unchanged, while v — s decreases by 1, unless
the marked flag was the output of dv, in which case it is unchanged.

Next consider the effect of contracting an edge 9. (and reallocating the marking
when e is marked). If the edge is not below dv, then 2|E| decreases by 2, v increases
by at most 1, while s and p are unchanged. Hence 71 decreases. If the edge is below
dv, but not adjacent to it then 2|E| — p decreases by 1 and v — s is unchanged, hence
n decreases. If the edge is below and adjacent to dv, then 2|E| — p decreases by 1,
and v increases by at most 1. Thus 7 is non-increasing, and is constant only if dv had
arity r before contraction, hence e was marked, and if the new marking of t/e is on
the output edge of the new distinguished vertex.

We thus conclude that 7 does indeed define a filtration on B(1,n, ), and moreover
that the differential preserves filtration degree only when marking on unmarked output
edge or when contracting an output edge of a distinguished vertex having minimal
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valence r, and then marking the new output edge at the distinguished vertex of the
resulting tree. This in turn implies that the associated graded of (K,n) splits as
gr,(K) = K1 ® K, where K is indexed by marked trees having exactly r markings
and marked output and K5 is indexed by those trees having more than r markings
or unmarked output (or both).

The summands K; and K5 in turn split into summands which are manifestly
acyclic. To see this let us write fo,us for the output of dv. The summand K splits into
summands of the form

0 — det(t) S det(t/e A four) — 0

by pairing a tree whose distinguished vertex is of minimal valence (which must then
have p > 0 to belong to K') with the result of contracting the edge below it and mark-
ing the output. In particular, in the associated graded, this is the unique differential
term emanating from the source, while no differential term emanates from the target.
Hence the homology of this summand is 0. Likewise, K9 splits into summands of the
form
0 — det(t) = det(dy,, t) — 0

Hence the homology of this summand is O.

We thus conclude that the associated graded of (K,7), hence K itself, has no
homology. Thus to compute the homology of B(1,n,r), it suffices to compute the
homology of the quotient by K.

This quotient is spanned by those trees having p(t) = 0 and |dv| = r, and with
differential terms which preserve these statistics. Each such tree specifies a partition of
the set {1,...,n—1} into r — 1 blocks, with each block of size at least 2, corresponding
to the connected components of the forest formed by erasing dv and its adjacent flags.
The differential terms which survive in this quotient preserve this partition, so we have
a direct sum decomposition of the resulting quotient complex over such partitions.

The homology of a summand corresponding to a partition 7, call it H, is concen-
trated in maximally expanded degree. This is seen by comparing each branch of the
tree with the bar construction of the commutative operad, in particular if 7 = {b;}
then H, = ®;(Lie(b;) ® sgn), concentrated in maximally expanded degree.

Define S, C S,-1 to be the subgroup which fixes the partition 7. The group
Sr is generated by elements which permute the entries in a block of 7 along with
those partitions which exchange entries in two blocks of the same size. The action
of S; on H, is determined on a block by the fact Lie(m) = Indg:: (Cm)- The action
when exchanging two blocks of size k requires exchanging (k — 2) pairs of unmarked
edges, along with one pair of marked edges, so the result is (—1)*~2. Notice that the
permutation which exchanges these two blocks of size k consists of k transpositions
so has parity (—1)*. Thus, acting by a permutation in S, which exchanges blocks of
the partition simply multiplies by the sign of the permutation.

We may therefore describe H, as an induced representation as follows. Define a
permutation o € S,,_1 to be a product of cycles o; which cyclically permute the
elements in block b;. The centralizer of o, call it Z(o), is a subgroup of S, and
Hr =1 nd?(a)(Y), where Y is the 1-dimensional representation of Z(o) which acts
by ¢ ® sgn on a block and by sgn when exchanging blocks. Summing over all such
partitions, we have a description of | Hy(,—y(B(1,n,7)) as

@ Indy;} (V)

o]
with direct sum taken over conjugacy classes [o] in S,,—1 having r — 1 cycles. To
conclude, it suffices to compare this description to the well known description of
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the S,,_; module H*"~")(C(R3 n — 1)) as an induced representation. This descrip-
tion, follows from the work of Cohen in [6] and is the odd dimensional analog of
the description given by Lehrer and Solomon in [14], see also [19] and [11]. Namely,
Hy(,—y(C(R?,n — 1)) is isomorphic to @Indé?a)(X), indexed as above but where
X acts by (i on a k-cycle and acts trivially when exchanging cycles of equal length.
Tensoring this description with the sign representation completes the proof. O

6.1. LIFT TO THE WHITEHOUSE MODULES. Having computed H,.(B(1,n,7)) as a
graded S;,—; module (Theorem 6.1) we now turn to the S,-module structure.

To describe it, we first recall that Gerstenhaber and Schack [10] defined a de-
composition of the regular representation of the symmetric group S,, via Eulerian
idempotents. The regular representation of S, is the restriction of an S, 41-action
and subsequently, Whitehouse [23] defined a compatible lift of this Eulerian decom-
position as .S, +1-modules.

We use the notation W,, j, := F,(Lk), for these Whitehouse modules, with the latter
being defined in [23, Definition 1.3]. In particular W,,11 ; is a representation of the
symmetric group Sp41 of dimension s, j, the Stirling number of the first kind, i.e.
the number of the permutations in S,, having k cycles.

The Whitehouse modules have a topological interpretation, see [7, Proposition 2],
which in particular identifies | W,,1 1 = H2"=*)(C(R?,n)) ® Vi». Combining this
with Theorem 6.1 above tells us

4 Wn,r—l = HQ(niT) (C(Rgv n— 1)) ® Vin-1 =] H2(n—r) (B(la n, T))a

and so the Whitehouse modules are a natural candidate for the lift of
L Hy(—py(B(1,n,7)) to the full S, action.

THEOREM 6.2. The homology of the chain complex of S, -modules B(1,n,r) is
Wpro1 ifi=2(n—r)

0 else

H;(B(1,n,r)) = {

Proof. We first observe that it suffices to prove that there exists an isomorphism of
Sp-modules:

(10) LH,(B(1,n+1,7) = H;(B(l,n,r — 1) ® (Hi—2(B(1,n,7))  Vi_1.1)

for all n,r. The sufficiency follows from [23, Proposition 1.4] as observed in [7, Propo-
sition 1]. To establish this isomorphism, we compare the characters. Let o € S,,, and
consider x, of both sides. First, if o has a fixed point, then we can assume without
loss of generality that o fixes n. In light of Theorem 6.1, Equation 10 can be rewrit-
ten as a known statement about the characters of the configuration space. See e.g. |7,
Proposition 1].

So it remains to compare the characters on each side of Equation 10 when o € S,
has no fixed points. Since the homology of each chain complexes in Equation 10
is concentrated in a single even degree, it is enough to show that chain complexes
computing the homology on the respective sides have the same virtual character.

We therefore endeavor to compare the character of o of | B(1,n + 1,7) and
B(1,n,r—1)® (B(1,n,r)®V,_1.1). Since ¢ has no fixed points, x,(V;, ®V,—11) =0,
and hence it suffices to show that the virtual character of | B(1,n 4+ 1,r) and
B(l,n,r — 1) — B(1,n,r) coincide at o.

By the proof of Theorem 6.1, the chain complex | B(1,n+1,7) is quasi-isomorphic
to a quotient having only those trees with DV adjacent to the root (by convention
the leg labeled by n + 1) and valence r (so every flag at the DV is a marked flag).
The difference on the right hand side, on the other hand, can be described as those
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trees having exactly 7 — 1 markings, and the comparison is made just by erasing the
leg labeled by n + 1 on the left hand side. O

To conclude, we observe that since the homology of B(1,n,r) is concentrated in
the top degree, the injective stabilization maps ¥ pass to injective maps on homology.
Theorem 4.2 thus implies that for each ¢ > 0, the sequence of Whitehouse modules
W, n—r—1®5gn, forms a consistent sequence which is representation stable, stabilizing
sharply at n = 3¢. The unique term responsible for this sharp stabilization is a copy of
V3e C W3 2¢0—1. Restricting the representation stable sequence W, ,,_¢_1 ® sgn,, from
S, to S,_1 in each position we find the representation stable sequence H2‘(C(R3,n —
1)). This restriction will stabilize at the introduction of Ve ; C Wa3g 2¢. Reindexing,
we conclude that H2¢(C(R3,n)) stabilizes at n = 3¢, recovering the odd dimensional
case of the result of Hersh and Reiner [11, Theorem 1.1].
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