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Bizonotopal graphical algebras

Anatol Kirillov, Gleb Nenashev, Boris Shapiro & Arkady
Vaintrob

ABSTRACT Zonotopal algebras (external, central, and internal) of an undirected graph G, in-
troduced by Postnikov—Shapiro and Holtz—Ron, are finite-dimensional commutative graded
algebras whose Hilbert series encode a wealth of combinatorial information about G. In this
paper, we associate to G a new family of algebras, which we call bizonotopal, since their defini-
tion involves doubling the set of edges of G. These algebras are monomial and exhibit intricate
properties related, among other things, to the combinatorics of graphical parking functions and
their associated polytopes.

Unlike classical zonotopal algebras, the Hilbert series of bizonotopal algebras are not spe-
cializations of the Tutte polynomial of G. Nevertheless, we show that in the external and central
cases these Hilbert series satisfy a modified deletion—contraction relation. In addition, we prove
that the external bizonotopal algebra is a complete graph invariant.

1. INTRODUCTION

Let G = (V, E) be a finite undirected graph, possibly with loops and multiple edges,
with vertex set V and edge set E. The external zonotopal algebra <75 of G, introduced
in [13], is the commutative graded algebra defined as follows.

Let k be a field of characteristic zero. Consider the edge algebra
(1.1) & =k[E]/(22 e € E),
the quotient of the polynomial algebra k[E] := k[z. : e € E] in the edge variables x.,
e € E, by the ideal generated by their squares. This algebra has a basis consisting of
the monomials H ., indexed by subsets S C E. In particular, dim &g = 2/l and

ecS

its Hilbert series is (1 + t)Zl.

Fix an orientation of G, and let Ag = (ay,.) be the corresponding oriented incidence
matriz of G, with rows indexed by vertices v € V and columns indexed by edges e € F.
The entries of Ag are given by

—1, if the edge e starts at v,
(1.2) aye =4 1, if the edge e ends at v,
0, if e is a loop or is not incident to v.

The algebra #5 is defined as the subalgebra of & generated by the elements

(1.3) Yy 1= Z Qy.e Te € 83, veV.
ecE
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Reversing the orientation of an edge e € E produces an isomorphic graded algebra,
with the isomorphism induced by changing the sign of the corresponding generator
z. € 8¢. Consequently, the isomorphism class of %5 as a graded algebra is indepen-
dent of the choice of orientation.

It was shown in [13] that dim <75 is equal to the number of spanning forests of G,
and that the Hilbert series of 75 is a specialization of the Tutte polynomial of G
enumerating spanning forests by their external activity. In particular, this Hilbert
series depends only on the graphical matroid of G. Furthermore, Nenashev [11] proved
that the external zonotopal algebras of two graphs G; and G2 are isomorphic if and
only if the matroids of G; and G5 are isomorphic.

The algebra #/5 also admits a presentation as a quotient

(1.4) g = k[V]/Ig,

where k[V] := K[z, : v € V] is the polynomial algebra in vertex-labeled variables z,,
and I§ is the ideal generated by powers of linear forms

(1.5) I = ((Z zq,)dﬁl o4 SC v) .

veS
Here dg denotes the number of edges of G with one endpoint in S and the other in
V~S.
The central and internal zonotopal algebras /5 and <7/, of G, introduced in [12,
5], admit analogous presentations as quotients of k[V] by power ideals I¢ and 1§,
obtained from (1.5) by replacing the exponent dg+ 1 with dg and dg — 1, respectively.

More precisely,
IG = <Z Zy, (sz)ds 1S C V) ,

veV veES
and

ds—1

IL = (sz, (ZZU>S :SQV).
veV vES

These graded algebras also encode essential combinatorial information about G, and

their Hilbert series are again specializations of the Tutte polynomial. In particular,

the dimension of the central zonotopal algebra 275 is equal to the number of spanning

trees of G.

In this paper, we introduce three new finite-dimensional commutative graded al-
gebras associated with a graph G: the external %¢, the central %¢, and the internal
93& bizonotopal algebras, so named because their definition involves a doubling of the
edge set of G.

These algebras are related to the usual zonotopal algebras of G, but they encode
substantially different information.

For example, the dimension of the highest-degree component of the external bi-
zonotopal algebra ¢ is equal to the number of spanning forests of G' (that is, the
total dimension of the algebra 275), while the dimension of the top-degree component
of the central bizonotopal algebra ¢, is equal to the number of spanning trees of G
(which coincides with the total dimension of &75). Both of these numerical invariants
are determined by the Tutte polynomial of G. However, unlike the case of ordinary
zonotopal algebras, the Hilbert series of the bizonotopal algebras are not specializa-
tions of the Tutte polynomial and contain information about G not captured by its
graphical matroid.

For example, we show that the dimension of the external bizonotopal algebra ¢,
is equal to the number of lattice points in the convex hull of the set of weak parking
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functions of G, a concept which we introduce and study in Section 2.4. For the com-
plete graph K,, weak parking functions coincide with the usual parking functions,
and hence dim % is equal to the number of lattice points in the parking-function
polytope studied in [1].

Moreover, we prove that the external bizonotopal algebra is a complete invariant
of graphs without isolated vertices, and that the central bizonotopal algebra distin-
guishes graphs in which all vertices have degree at least two.

In contrast to ordinary zonotopal algebras, bizonotopal algebras are monomial,
that is, they are isomorphic to quotients of polynomial algebras by monomial ideals.
Somewhat unexpectedly, the Hilbert series of the external and central bizonotopal al-
gebras satisfy a form of a deletion—contraction relation, similar to but subtly different
from the classical one satisfied by the Tutte polynomial.

We conclude the introduction by briefly explaining the origin of our constructions.
They come from the work of the first author [6] on certain quadratic algebras related
to integrable systems and Schubert calculus. In [6, §4.3.3], it was observed that the
external zonotopal algebra of the complete graph K, arises as a quotient of the subal-
gebra generated by additive Dunkl elements in the quadratic algebra 67,,, associated
with unitary solutions of the classical Yang—Baxter equation. It was further suggested
that an analogous commutative subquotient of the corresponding non-unitary qua-
dratic algebra might also be of interest. The resulting algebra is precisely the external
bizonotopal algebra of the complete graph.

The paper is organized as follows. In Section 2, we introduce and study the external
bizonotopal algebras %¢. We prove that %¢ is a complete graph invariant and that
it admits a monomial basis in bijection with the set of lattice points in the polytope
of partial score vectors of G, which, as we also prove, coincides with the convex
hull of weak G-parking functions. In Section 3, we introduce the central and internal
bizonotopal algebras as members of a larger family of r-bizonotopal algebras, with the
external algebra corresponding to r = 1. We prove that for r > 0 the Hilbert series of
these algebras satisfy a recursion, which we call the loopy deletion—contraction relation.
In the external case, we also present an exact sequence that “categorifies” this relation.
In Section 4, we establish several additional results concerning the central and internal
algebras. In Section 5, we formulate a number of open questions for further study.
Finally, in the appendix (Section 6), we collect computational results for the Hilbert
series of the external, central, and internal bizonotopal algebras of complete graphs
with at most nine vertices.

2. EXTERNAL BIZONOTOPAL ALGEBRAS

In this section, we define and begin to study the external bizonotopal algebra ¢
of a graph GG. We prove that this algebra is monomial and show that it has a basis
corresponding to partial score vectors of G or, equivalently, to lattice points in the
convex hull of weak G-parking functions.

2.1. DEFINITIONS AND BASIC PROPERTIES.

2.1.1. Conwventions and notation. All algebras and vector spaces in this paper are
defined over a fixed field k of characteristic zero. We denote by Zx the set of non-
negative integers and by [n] the set {1,2,...,n} of the first n natural numbers.

By a graph G = (V, E) in this paper we understand a finite undirected graph with
vertex set V and edge set F, possibly with loops and multiple edges. For a vertex
v € V, we denote by ¢(v) the number of loops at v and by d(v) the number of edges
connecting v with vertices u # v.
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We define the degree of a subset S C V of vertices of G to be the number kg of
edges incident to at least one vertex of S, i.e.

(2.1) ks = |{e € E:v € e for some v € S}|.

To simplify notation, for a singleton set S = {v}, its degree will be denoted simply
as K,. Note that, since each loop is counted in kg only once, we have

Ky = d(v) + £(v),
which in general is different from the degree of vertex v in the traditional sense.

2.1.2. Definition of % . For a graph G = (V, E), denote by E the set of its oriented
edges (which we also call arrows), i.e. edges with all possible orientations. Let

s:E—V
be the map sending an oriented edge e € E to its source s(e) € V and let

"“E—>E
be the involution reversing the orientation of e € E. Thus, the vertex s(¢) is the
target of the oriented edge e. The orbits of the involution ’ can be identified with

the set E of edges of G and its fixed points correspond to the loops of G. Thus the
number of oriented edges is equal to

(2.2) |E| =2|B| - ¢,
where
0= L)
veV

is the total number of loops in G.
In this notation, an orientation of a graph G is simply a section

w:E—E
of the projection map
(2.3) 7:E—E, n(e)={ec}cE

forgetting the direction of an arrow e € E. We will also need a slightly more general
notion.

DEFINITION 2.1. A partial orientation of a graph G is a choice of orientations for a
subset of its edges S C E, i.e. a section S — E of the restriction m|.-1(s). Equiva-

lently, it can be viewed as a subset of arrows X C E such that the restriction 7|y of
the projection (2.3) is injective.

Similar to the square-free algebra (1.1), we consider the partial orientation algebra
(2.4) &q =K[E]/(22, zexe e € E),
the quotient of the polynomial algebra
K[E] := K[z, : e € E]

in the arrow wvariables z. by the ideal generated by their squares and the products
ek corresponding to different orientations of the same edge. The following imme-
diate proposition explains the naming of &g.

PROPOSITION 2.2. For each subset ¥ C E, consider the monomial

(2.5) vs = [ ze € K[E].
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(1) The image of zx in £’AG is nonzero if and only if ¥ is a partial orientation.
Moreover, the images of the monomials xx, corresponding to distinct partial
orientations of G form a basis of the algebra @3@.

(2) As a graded algebra, é"AG is isomorphic to the tensor product of £ copies of

the algebra of dual numbers D = k[e|/(e?) and |E| — £ copies of the three-
dimensional algebra T = k[e,€']/(e2, (¢')2,e€’), i.e.
(2.6) &g ~ (D®Y) @ (TE(EI-0),
(3) The dimension of gg is equal to 2¢31F1=¢ and its Hilbert series is equal to
(14 1)°(1 4 2t)11=¢,

To each vertex v € V we associate a degree one element

(27) y’U = Z xe )
e€s—1(v)

in the algebra @3@, i.e. the sum of the generators z. over all arrows with source v. (To
avoid notational clutter, we use z. to denote generators of &g. The difference should
be clear from the context.)
DEFINITION 2.3 (The algebra #¢,). For a graph G, the subalgebra B¢, of the partial
orientation algebra &g generated by the elements y,, v € V, is called the external
bizonotopal algebra of G.

Clearly, %¢, is a finite-dimensional graded algebra. It has various connections with
ordinary zonotopal algebras. For example, any choice of an orientation w : £ — E of
G induces a homomorphism from &g onto the edge algebra &z (1.1) given by

. ) Txr(e)s if w(ﬂ-(e)) -
fw 1 Eq — éa, fw(xe) T {xw(e), if W(W(e)) 7é €,

which induces a surjective homomorphism %¢g — /5 onto the usual external zono-
topal algebra.
Similarly, the orientation forgetting homomorphism induced by 7

e — gg, Te > Tr(e)s

gives a projection Zg — %g onto the algebra ,dg constructed similarly to #/& with
the oriented incidence matrix (1.2) replaced by the unoriented one (see [16]). The
algebra Mg is the external zonotopal algebra of the even-circle matroid of G [3, 17].

2.1.3. Basis of #¢. We now describe a basis of % and identify it with the set of
partial score vectors of G.

DEFINITION 2.4 (Partial score vectors). Let G = (V, E) be a graph with n = |V| vertices.
An n-tuple (a,)vev € Zgo is called a partial score vector of G if there exists a partial
orientation ¥ C E of G such that a, is equal to the number of arrows in X starting
at v.

Partial score vectors arise as exponents of basis elements of %¢. For a vector
a = (a,) € ZY,, consider the monomial
=

yr =[] vir e 26
veV

in generators (2.7).

PROPOSITION 2.5.
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(1) The monomial y* € % is nonzero if and only if a is a partial score vector.
(2) The elements y* of BE corresponding to different partial score vectors of G
are linearly independent and hence form a basis of B¢,

Proof. We start with a simple but crucial observation. If e € E is an arrow with
source v = s(e) and target u = s(e’), then y, is the only generator (2.7) that contains
the variable z, € &g. Therefore, a nonzero monomial Ty (2.5) in variables x. (with
Y CE ) appears in the expansion of a monomial y? exactly when a is the partial score
vector of the partial orientation X. This shows that y* # 0 exactly when a is a partial
score vector. Moreover, since the sets of monomials xy appearing in expansions of
different nonzero elements y* are disjoint, Proposition 2.2 implies that these elements
are linearly independent. This proves (1) and (2). O

COROLLARY 2.6.

(1) The dimension of 2B is equal to the number of partial score vectors of G.
(2) The dimension of the m-th graded component of ¢ is equal to the number
of partial score vectors a of weight m, where the weight of a € Z;O is

la] :== Z Qy.

veV

(3) The top degree of K. is equal to |E|.
(4) The dimension of the top degree component of JBE is equal to the number of
spanning forests of G.

Proof. Part (1) follows from Proposition 2.5(2). The grading of %, is induced from
the polynomial algebra k[E]7 which implies (2).

Part (3) follows from the fact that a partial orientation X C E can have at most | E]|
oriented edges. So basis elements of maximal degree correspond to total orientations
of G and thus the dimension of the top degree component of %¢ is equal to the
number of usual score vectors of G. By the result of Kleitman and Winston [8], this
number is equal to the number of spanning forests of G, thus giving (4). O

EXAMPLE 2.7. For illustration, consider the external bizonotopal algebra of the graph

1 2 3
The algebra %¢ is the subalgebra of the partial orientation algebra
(gSG = k[$1279021,25237$32,1U33]/($22j,$12$2179€23$32)
generated by the elements
Y1 = T12, Y2 = To1 + T23, Y3 = T32 + I33.
It has dimension 13 and top degree 3. Bases of graded components of B¢ with cor-
responding partial score vectors a = (aq, a9, a3) and examples of partial orientations

producing them are given in the following table. The top degree component has di-
mension 4 which is the same as the number of spanning forests in G.
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n | Basis monomial y? € (%)™ Vector a | Orientation ¥
" ©0.00 | —5—
1|y =21 (1,0,0) f—é—g
1] y2 =221 + a3 (0,1,0) i—H
1|ys=m32+ w33 (0,0,1) i—éA?,?
2 | y1y2 = T1223 (1,1,0) f—f—g
2 | y1ys = T1232 + T12733 (1,0,1) fﬂ
2 | y5 = 2w21203 (0,2,0) fﬁ
2 | yoys = T21%32 + T21¥33 + 23233 | (0,1,1) ﬂ
2 | yi = 230733 (0,0,2) ﬁ—g
3 | Y112y = T12T23733 (1,1,1) fﬂ
3 | Y193 = 271273233 (1,0,2) fﬁ—g
20, — Q

3 | Yay3 = 221723733 (0,2,1) Y
2 _ Q

3 | Y2y3 = 2021032733 (0,1,2) v

2.1.4. External bizonotopal algebras distinguish graphs. Unlike the usual external
zonotopal algebras, which depend only on the cycle matroid of the graph and
therefore do not distinguish nonisomorphic graphs with the same matroid (cf. [11]),
external bizonotopal algebras are complete graph invariants.

THEOREM 2.8. Let G1 and Gz be graphs without isolated vertices and let B, and
Bg, be their external bizonotopal algebras. Then the following are equivalent:

(1) The graphs G1 and G2 are isomorphic.
(2) The Zxo-graded algebras Bg, and B, are isomorphic.
(3) The algebras B, and Bg, are isomorphic (as ungraded algebras).

Proof. Clearly, if G; and G» are isomorphic, then %g ~ Z¢, as graded algebras.
The equivalence of (2) and (3) is a known result (see e.g. [2]). It remains to prove
that (2)=(1).

For a nilpotent element u of an algebra, let ord(u) denote the smallest m € Zxg
such that u™+! = 0.

Ifue (%’g)(l) is a degree one element of the algebra %¢ of a graph G = (V, E),
then Proposition 2.2 implies that ord(u) is equal to the number of distinct (unoriented)
edges e = {e, e’} € E whose arrow variables appear with a nonzero coefficient in the
expansion of u in the basis (z.) of &.

If Gy = (V1, Ey) and Gy = (Va, Es) are graphs without isolated vertices such that
B, ~ Bg,, then

V1| = dim(8,) V) = dim(B,) V) = |Va.
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Let (u1,usg, ..., u,) be a basis of the space (%¢, Y1) minimizing the sum Z ord(u;).
i=1
We claim that
ord(uy) + ord(ug) + ... + ord(u,) = dim(@ggl)(l) =2|Ey| — lq,,

where /¢ denotes the number of loops in G.

Indeed, every arrow variable z. (e € E) must occur with a nonzero coefficient in the
expansion of at least one basis element u;. Together with (2.2) and Proposition 2.2,
this gives the lower bound

Zord(ui) > 2|E1| — ggl.

On the other hand, for the standard basis (y,)vev, (2.7) of (%’81)(1) we have

Z ord(y,) = ZKU =2|Ey| - lay,

veV;

so by minimality of (u;) we have the opposite inequality

Zord(ui) < 2|E1| —4g, .

Since wug,...,u, forms a basis of ( él)(l), there is an ordering of the vertex set
Vi = (v1,...,v,) such that in the expansion

Ui = Ci1Ypy + - -+ Cinlu,

the diagonal coefficients ¢;; are nonzero. Then ord(u;) > ord(y.,;) because all edge
variables occurring in the expansion of y,, must also occur in the expansion wu;.
Since

Zord(ui) = Zord(yvi) =2|E| — L,

we have ord(u;) = ord(ys,,) for all 4. Thus the nonzero terms in the expansion of u; in
the variables . involve precisely the unoriented edges that appear in the expansion
of y,,, namely the edges incident to v;. It follows that for a generic A € k (i.e. for all
A outside a finite subset of k) the number of edges between v; and v; is equal

ord(u;) + ord(u;) — ord(u; + Auy).

Knowing k,, and, for each j # 4, the number of edges between v; and v;, we can
determine the number of loops at v;. Therefore we can reconstruct the graph G; up
to isomorphism from the algebra % . Applying the same reconstruction to %g,
recovers the graph Gg, and hence the isomorphism %8¢ =~ %, implies that the
graphs G; and G4 are isomorphic. O

2.2. DEFINING RELATIONS OF %¢. We now describe the relations between the gen-
erators of A given by (2.7) which, among other things, show that Z¢ is a monomial
algebra.

Partial score vectors admit a convenient characterization in terms of the degrees
kg of subsets of vertices, see (2.1).

PROPOSITION 2.9. A vector a = (ay)yey € Zgo is a partial score vector of a graph
G = (V, E) if and only if for every subset S CV we have

(2.8) > a, <ks.

veES
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Proof. If a = (a,) is a partial score vector corresponding to a partial orientation ¥ C
E7 then (2.8) holds because each arrow e € ¥ contributes to exactly one component
oy

Conversely, given a vector a € Z;O satisfying (2.8), we will construct a partial
orientation producing a by applying Hall’s marriage theorem. Let G be a bipartite
graph with vertex set consisting of two parts,

A={(v,i):v eV, such that a, #0, i € {1,...,a,}} CV X Zxo,
and B = E, the set of edges of G. Vertices (v,i) € A and e € B are connected by an
edge in G if v is incident to e. The inequality (2.8) implies that the graph G satisfies
the condition of Hall’s marriage theorem. Therefore there exists a perfect matching
g : A — B. This matching produces a partial orientation of G by orienting each edge

e = g(v,1) in the image g(A) so that it exits the vertex v, and leaving all edges not in
g(A) unoriented. The score vector corresponding to this partial orientation is a. O

We denote by Mg the set of monomials in k[V] := k[z, : v € V] of total degree
ks + 1 involving only the variables z, with v € S. In other words,

(2.9) DJZS:{H Pl :Zavzkas—&—l}.

veS veS
THEOREM 2.10. Given a graph G = (V, E), let
fo : K[V] = B, 2y = Yo,

be the surjective homomorphism sending free generators of k[V] to generators (2.7)
of #¢.. Then Ker(fa) = Jq, where

(2.10) Jo = ( U ims) C K[V]

@#SCV
is the ideal generated by the monomials in Mg for all nonempty subsets S C V. In
other words, the collection of monomials from Mg is the set of defining relations
between the generators y, of the external bizonotopal algebra HBg..

Proof. First, we show that for any nonempty subset S C V', every monomial H zZgv €

veS
Mg vanishes in B, i.e. belongs to Ker fg. Indeed, consider the expansion of

fo (T ) = [T € éa
vES veS

in arrow variables x., the generators of the partial orientation algebra é’Ag. Let zy € £’AG
be some monomial in this expansion. By Proposition 2.2 and equation (2.7), if zx # 0
then ¥ C E is a partial orientation of G with all arrows e € ¥ starting or ending in
S. But |X| = degxs, = kg + 1, which implies that the restriction 7|x is not injective.
Therefore, 3 is not a partial orientation and, hence, every term in the expansion of
H y,* vanishes. This shows that Jg C Ker f¢ and thus we have a surjection

veES

k[V]/3g — k[V]/Ker fa ~ %

To prove the opposite inclusion Jo D Ker fg, it now suffices to show that fg is
injective on the complement Jg of Jg, i.e. on the set of monomials not contained
in Jg. If p = H zgv € J¢ is such a monomial, then, by (2.9), for every nonempty

veV
S C V we have Zau < Kg. By Proposition 2.9, this means that the exponent
veS
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vector a = (ay)yev of p is a partial score vector of G and, by Proposition 2.2,

falp) = H Yo’ = y* is a basis element of %g. Thus the images fg(u) of the
veV

monomials in J¢, are linearly independent. O

2.3. SCORE VECTOR POLYTOPE. Proposition 2.9 shows that partial score vectors are
the lattice points of a convex polytope with integral vertices. By Proposition 2.5,
these lattice points also label elements in a basis of g . In this subsection we study
the vertices (extreme points) of this polytope.

DEFINITION 2.11. For a graph G = (V, E) with n = |V| vertices, we define its score
vector polytope P¢ as the set of points in the n-dimensional space RV satisfying the
inequalities (2.8):
(2.11) Pa = {(av)vev € RY: Zav < Kg, forall S C V}.
veES

The set of vertices (extreme points) of the polytope &g can be characterized in
several equivalent ways as described in the following theorem.
THEOREM 2.12. For a graph G = (V, E) and a vector a = (a,)veyv € LY, the follow-
ing conditions are equivalent:

(1) a is a vertex of the score vector polytope P¢ of G.
(2) a is of the form a»™ = (a,)yev, where Il = (vq,...,v,) is a linear ordering
of V, me{0,1,...,n}, and

(2.12)
o — 0, if v=wv; fori< m;
Y] number of edges between v = v; and {vi,... v}, ifi>m.
(3) a is of the form a’ = (a,), where J = (v1,...,v,) is a linearly ordered subset
of V and
(2.13) ) number of edges between v; and V ~\ {v1,...,vi_1}, ifv=wv; € J;
' o, ifodJ.

(4) a is a partial score vector of G corresponding to a unique partial orientation
of G.
In the proof of this theorem, we will use a special property of the degree function
k5. Recall that a function f : 2" — R is called submodular, if

f(A)+ f(B) > f(AUB) + (AN B)

forall A, BCV.

LEMMA 2.13. The degree function & of any graph G = (V, E) is submodular.
Proof. To show that

(2.14) K]+ Kj 2 King +K1uJ

for I,J C V, we will compare the contributions of a given edge e € E to both sides
of this inequality. There are three possibilities.

(i) If e is incident to both I and J, then it contributes 2 to the left-hand side
of (2.14) and 1 or 2 to the right-hand side;

(ii) If e is incident to only one of the two subsets I,J, then its contribution to
each of the two parts of (2.14) is equal to 1;

(iii) If e is incident to neither I nor J, then it contributes 0 to each part.

Since in each of the three cases the inequality (2.14) holds, we conclude that k is
a submodular function. d
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Proof of Theorem 2.12.

(1) = (2). We use induction on the number n = |V of vertices G. If n = 1, then
G has one vertex v and ¢ = |E| is the number of edges which are all loops. In this case
P is the segment [0, /] C Zsq. Its vertices, 0 and ¢, have the required form a'l™,
given by (2.12), corresponding to the trivial ordering IT = (v) and m = 1 and m = 0,
respectively.

To carry out the induction step, assume that a = (a,) € Zgo is a vertex of Zg.
There are two possibilities:

(i) for every monempty subset S C V', we have Z ay < Ks;
veS
(i) there exists a nonempty subset S C 'V such that Z ay = Ks.
veS
In the first case, if a has two nonzero components a, and a, for u # v, then the
vectors a’ = a+e, —e, and a” = a—e, + e, are distinct and belong to Z¢. (Here e,

1
denotes the v-th standard basis vector of the lattice Z".) Thus a = §(a’ +a") which

contradicts the assumption that a is a vertex of Z¢. If a has at most one nonzero
component a,, then a = a,e,. Since both vectors a and k,e, belong to &z and, by
our assumption a, < K,, we see that a can be a vertex of #¢ only when a, =0, i.e.
a = 0. This vector has the desired form (2.12) for m = n and arbitrary II.

In the second case, we claim that there exists u € S with a, = k,. To prove this,
let S be a minimal (by inclusion) subset of V' with the above property. We want to
show that |S| = 1.

First notice that if S’ C V also satisfies Z a, = ks and SNS’' # &, then S C 5’.

veS’
Indeed, if @ # SNS’ # S, then minimality of S implies kgng > Z a,. Therefore,

vESNS’
by Lemma 2.13 we get

”SUS’<R5+RS’—HSOS'<ZGU+Z%— Z Ay = Z s

veS veS’ veSNS’ veESUS’
which contradicts the assumption that a € P¢.

Now, if | S| > 1, choose p,q € S, p # ¢. Let us show that the vectors a’ = a+e, —e,
and a” = a—e, + e, belong to Z¢. It is enough to do this for a’. Since S is minimal
by inclusion, we know that a,, a, > 0, which implies that a’, a” € Zgo. For a subset
S" cV,let d0ss : V — {0,1} be the indicator function of S’. If |S' N {p,q}| = 0 or
|S" N {p,q}| = 2, then ds/ (p) = d5/(q), and we have

Z al, = Z ay + ds5:(p) — ds/(q) = Z ay, < Kgr.
veS’ vesS’ veS’
If |S"N{p,q}| = 1, then @ # SNS’ # S and, as we saw above, minimality of S implies

that Z a, < kg. Thus we have
vesS’

doa, = a,+65(p) —55(q) < ks +0s:(p) — 5:(q) < K.
ves ves’

/

1
Therefore, a’ and a” are distinct vectors in &g, which shows that vector a = i(a +

a”) cannot be a vertex of Zg.

This implies that |S| = 1, i.e. there exists u € V such that a, = k,. Let G’ =
(V', E") with V' = V~{u} be the graph obtained by removing from G the vertex u and
all edges incident to it. If we identify RY" with the affine hyperplane H, := {(z,) €
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RY : 2, = Ky} in RV, then the score vector polytope Pg: of G’ will be identified with
the face PN H, of the polytope L. Clearly, vertices of P lying in H,, correspond
to vertices of Zg:. By the induction hypothesis, the vertex a’ € 25/ corresponding
to a € Pq is of the form a™'™ (2.12) for some ordering II' = (vy,...,v,_1) of V'
Then, appending u at the end of II’, we see that the vector a is also of the required
form, a = a''™ where Il = (vy,...,v,_1,u), thus proving the induction step.

(2) = (1). We need to check that every vector al'™ = (a,),cv of the form (2.12)
is a vertex of Pq. First, from (2.12) we see that Zav < kg, for every S C V| ie.

vES
all™ ¢ Pa.
Now assume that a'™™™ is not a vertex of &g, i.e. it belongs to the convex hull of
some vertices by,...,b, € Zg.

Let =< be the lexicographic order on R‘;O induced by the reversed ordering II =
(Uny ..., v2,v1) of V. That is X = (Zyys--sTu,) 3 Y = Wuyye-rYn,) f X —y =

(Zoys -5 20, 0,...,0), with 2,, < 0, for some ¢ € [n]. Since al™ belongs to the
convex hull of by,...,b,, at least one of these vectors must be strictly greater than
all™ with respect to <. From (2.12) we know that a,, = 0 for i < m, which implies

that the first m coordinates of each of b; € Rgo are also 0. This shows that there is
a vector

(2.15) b=1(0,...,0,bu, s by Gy a0,) € Pa,

with b,, > a,, for some £ € {m +1,...,n}. Then, for S = {vs,...,v,} we have
DU ST S
veES veES =L

Hence, b does not satisfy (2.11) which gives a contradiction with (2.15).
(2) & (3). If a vector a = a'’™ is of the form (2.12) with an ordering II =

(v1,...,v,) and m € {0,1,...,n}, then a can be presented in the form (2.13), a = a’
by taking J = (Upn,Vn—1,...,Vm+1). (In particular, J = @, if m = n). Conversely, if
a = a’ for an ordered subset J = (vq,...,v,), then a = al'™ with m = n — |J|

and the ordering II = (v, v,_1,...) obtained by reversing J and appending to it the
complement V ~\ J in any order.

(2) = (4). A vector al™ of the form (2.12) is the score vector of the partial
orientation in which an edge e € F between vertices v; and v; with ¢ > j is oriented
from v; to vj, if > m, and is unoriented otherwise. The uniqueness of such partial
orientation follows from the observation that the component a,, of al>™, for i =
m+1,...,n,is equal t0 Ky, virr, o0} = Blvir,vn}-

(4) = (3). Let a = (ay)vev € P be a partial score vector that corresponds to
a unique partial orientation ¥ C E. To construct an ordered subset J C V such that
a = a”’, we will use two special properties of .

First, we claim that if an arrow e € E belongs to X, then every edge incident to
the source v = s(e) € V of e must also be oriented in ¥ (i.e. for every f € s71(v) C E
either f or f’is in ¥). Indeed, if neither f nor f’ are in X, then after replacing e by
[ we will obtain a new partial orientation X' = (X U {f}) — {e} which gives the same
partial score vector a.

Second, we claim that ¥ contains no oriented cycles other than loops. Indeed, if
non-loop arrows e, es,...,e, € X form an oriented cycle, then replacing them in ¥
with oppositely oriented arrows e, ..., e;, will not change the partial score vector.

Now, let J C V be the set of all vertices v € V with a, > 0. If J = &, then
a = 0 = a’. Thus we can assume that J is nonempty. From the first property it
follows that every edge in G incident to some vertex from J is oriented in X. Since X
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has no oriented cycles and J # &, there exists a source vertex v; € J (i.e. all edges
adjacent to v are oriented away from v;). The induced orientation on J — {wv; } is still
acyclic, so we can choose vy € J — {v1} so that all edges incident to v are oriented
away from vy except possibly those incident to v;. Continuing in this way, we will

obtain an ordering of J = (v1,...,v) such that for each 7 all edges incident to v;
are oriented away from v; except those incident to {v1,vs,...,v;—1}. By construction,
we have a = a”. g

In general it is difficult to find the exact number of vertices of the score vector
polytope P¢. However, we have the following upper bound.

COROLLARY 2.14. For a graph G with n vertices, the polytope P has at most |e-n!|
vertices.

If G is a simple graph, then P¢ has at most |(e — 1) - nl| vertices. This bound is
exact only if G is the complete graph K,,.

Proof. From part (3) of Theorem 2.12 it follows that the number Ng of vertices in
P is less than or equal to the number of ordered subsets of V| i.e.

No< 3080 = ) (7’;>m!: me‘m)!:m;;:p.nu.

ScVv m=0 m=0
If G is a simple graph, then any ordering J = (vy,...,Un—1, vy, ) of the full set V and

its truncation J’ = (v1,...,v,_1) give the same vertex a’ = a’  of Pg. Therefore,
in this case, we can drop the last term in the above sum and obtain a better estimate

! S 1 ! 1 !
(2.16) Nggn.zm:n.za:\_(e—l)-nj.

m=0 i=1
If G = K, is a complete graph with V = [n] = {1,...,n}, then the vertex of P¢
corresponding by (2.13) to the ordered subset J = (1,...,m) C [n] is given by

al =(n—-1,n-2,...,n—m,0,...,0)

and all other vertices are obtained from it by permutations of [n]. This vertex has
m distinct nonzero entries and, therefore, each of n!/(n — m)! choices of nonempty
ordered m-element subsets of V' gives a distinct vertex of &¢. Thus for the complete
graph, (2.16) becomes an equality:

Nk, =Y
i=1

Finally, for a non-complete simple graph G with n vertices, choose two vertices
v1,v9 € V not connected by an edge. Then the ordered subsets J; = (vi,v2) and
Jy = (vg,v1) give the same vertex a’t = a’2 of P5. Therefore, in this case, the
inequality (2.16) is strict. O

3

=[(e—1)-nl|.

1

2.4. WEAK PARKING FUNCTIONS OF A GRAPH. Here we will give yet another charac-
terization of the score vector polytope P¢ of a graph G = (V| E) and, thus, another
description of the monomial basis of the external bizonotopal algebra J¢.

Recall the notion of a parking function of a graph introduced by Postnikov and
Shapiro in [12].

DEFINITION 2.15. Let G = (V, E) be a graph. For a subset of vertices S C V and
v € S, denote by dg(v) the number of edges in E connecting v with vertices in V \.S.
A G-parking function, relative to a distinguished vertex q € V, is a function f :

V ~{q} = Z>o such that for each nonempty subset S C V \{q}, there exists a vertex
v e S with f(v) < ds(v).
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The above definition does not take into account loops of G. To change this, we
introduce a modification of the concept of a G-parking function which does not require
a choice of a distinguished vertex and, as we will see below, is related to the score
vector polytope .

DEFINITION 2.16. For a subset of vertices S C V of a graph G = (V, E) and a vertex

v € S, we denote by Js(v) the number of edges in E with one end at v and the other
in (V. S)U{v}. In other words,

ds(v) = ds(v) + £(v),
where £(v) is the number of loops at v. In particular,
dy (v) = L(v) and dy(v) := ci{v}(v) = Ky.

A weak G-parking function is a function f : V — Zx>o such that for each nonempty
subset S C V, there exists a vertex v € S with f(v) < dg(v).

In the definition of a G-parking function we had to exclude the distinguished vertex
because otherwise the inequality f(v) < dg(v) would be impossible to satisfy for
S = V. For weak parking functions this problem does not arise. However, we can
view weak parking functions as parking functions for a special graph.

DEFINITION 2.17. The delooped cone of a graph G = (V, E) is the graph C¢ obtained
by adding to G a new vertez, called the apex, connected by edges to every vertex of
G, and replacing each loop by an edge connected to the apex. More precisely, if L is
the set of loops in G, then
Ca = (Ve, Ec),
where
Ve=Vu {vo}
and
Ec=(E—-L)uU{(v,v):veV}uU{(s(),v): L e L}
If G is a loopless graph then Cg is just the usual cone graph of G.

ExAMPLE 2.18. We will illustrate these notions for the following graphs

ngi ?, G3 i—?7andG4:1<>§.

G =
1 1 2 )

Their delooped cones are

A

A A A

1 5 1 2 1 2 1 2

and the lists (f(1), f(2)) of values of all their weak parking functions are given in the
following table.

Gi Go Gs Gy
(0,0) | (0,0) | (0,0) | (0,0)
(0,1) | (0,1) | (0,1) | (0,1)
(1,0) (0,2) | (0,2)
(1,0) | (1,0)
(1,1) | (2,0)

We present below some basic properties of weak parking functions.
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THEOREM 2.19. Let G = (V, E) be a graph.

(i) Weak parking functions of G are precisely usual parking functions of the de-
looped cone Cq, relative to the apex vg.
(ii) If f is a weak parking function of G, then

f©) < K = du(v)
forallveV.
(iii) If f is a weak parking function of G and g : V — Zx¢ is any function such
that g(v) < f(v) for allv € V, then g is also a weak parking function.
(iv) LetIl = (v1,...,v,) be a linear ordering of the set of vertices V.. The function

(2.17) 1V = Zso, f(v) = C/l\{vi,...,vn}(vi)v

assigning to a vertex v = v; € V the number of edges from v to wvertices
u=v;, with j <1, is a weak parking function.

(v) For every weak parking function f, there exists a linear ordering Il of V' such
that f(v) < fl(v) for allv e V.

(vi) For every weak parking function f, we have Z flw) < |E|.

veV
(vil) A weak parking function f is maximal with respect to the point-wise order if

and only if
> ) =18
veV
or, equivalently, when f = fY for some linear ordering I1 of V.

Proof. Statements (i)-(iii) follow immediately from the above definitions.

To prove (iv), take a subset @ # S C V and consider v = v, € S, where m :=
min{i : v; € S}. Then S C Sp, := {Um,...,v,} and therefore fI(v) = dg,, (v) <
ds(v), which shows that f is a weak parking function.

To show (v), let f be a weak parking function and construct a linear ordering II =
(v1,...,v,) of V as follows. Start with a vertex v; € V such that f(v1) < C/l\v(Ul) =
£(v1). Proceeding inductively, if we already have an ordered collection (vy,...,vpm)
with m < n, we take v,,41 to be a vertex v € S =V ~\ {v1,...,vn} # & such that
fv) < dg (v). From this construction it is clear that the resulting ordering IT satisfies
f) < fY(v) forallv e V.

Statement (vi) now follows from (v), since, by definition of the function fU, it
satisfies Z ) = |E|.

veV
F inally,€ (vii) follows from (v) and (vi). O

Similar to the case of usual G-parking functions, the number of weak parking
functions of a loopless graph has a combinatorial interpretation.

COROLLARY 2.20. The number of weak parking functions of a graph G without loops
is equal to the number of rooted spanning forests in G (i.e. spanning forests with a
distinguished vertex in every component).

Proof. For a loopless graph G its delooped cone Cg coincides with the usual cone of
G. Therefore, by part (i) of the above theorem, the number of weak parking functions
of G is equal to the number of graph parking functions of Cg relative to its apex.
By [12, Theorem 2.1], the latter number is equal to the number of spanning trees
in Cg. Removing the apex vy from a spanning tree of Cg turns it into a spanning
forest of G with one marked vertex in every component, which clearly gives a bijection
between spanning trees of Cz and rooted spanning forests of G. O
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Now we will discuss the connection between weak parking functions and partial
score vectors.

DEFINITION 2.21. Given a weak parking function f : V. — Zxo of a graph G, the
vector

f:=(f(v))vev € Z‘ﬁo
is called the parking vector of G corresponding to f.

THEOREM 2.22. Let G = (V, E) be a graph.

(i) Every parking vector f of G is a partial score vector.

(ii) Parking vectors of G are precisely the partial score vectors of G coming from
acyclic partial orientations.

(iii) Parking vectors corresponding to maximal (with respect to the component-wise
order) weak parking functions of G are the partial score vectors coming from
acyclic total orientations.

(iv) Every verter a = (ay)vev of the score vector polytope P of a graph G is a
parking vector, i.e. f:V — Z>q : v~ ay s a weak parking function.

(v) The score vector polytope P of G is the convex hull of the set of all parking
vectors.

Proof. (i) Let f be a weak parking function. To construct a partial orientation ¥ C E
whose score vector is equal to the parking vector f = (f(v))yev, consider a linear
ordering IT = (vq,...,v,) of V such that

F©0) <dvqor o1y (V).

Existence of such ordering is guaranteed by part (v) of Theorem 2.19. Therefore, for

each i < n = |V], we can find a subset E; C E with |E;| = f(v;) edges connecting

vertex v; with vertices in {vy,...,v;}. By orienting each edge in E; out of v;, we

obtain a subset E; of E. Since F; N E; = & for i # j, the disjoint union > = |_|El is
i

a partial orientation whose score vector is equal to f.

(ii) The partial orientation constructed in the proof of part (i) from a weak parking
function f is acyclic because its arrows can only go from v; to v; with j <.

Conversely, let a = (a,)yey € P be a partial score vector corresponding to an
acyclic partial orientation ¥ C E. Since ¥ is acyclic, it induces a partial order <y on
V, namely u <y v when there is an oriented path from v to u formed by arrows in
Y. Let II be a linear ordering extending <y and let f!! be the corresponding weak
parking function given by (2.17). Then

ay < {u eV :u=sv} < )

for all v € V. By part (iii) of Theorem 2.19, we conclude that a is a parking vector.
(iii) If f : V — Zs is a weak parking function whose vector £ = (f(v)) is the score
vector of a partial orientation ¥, then Z f(v) = |X|. By part (vii) of Theorem 2.19,
veV
f is maximal exactly when Z f(v) = |E| or, equivalently, when |X| = | E| i.e. when

veV
Y is a total orientation.

(iv) If a = (ay)yev is a vertex of P, then by part (4) of Theorem 2.12 it
corresponds to a unique partial orientation ¥ C E. If ¥ had an oriented cycle
(e1,€2,...,¢€p), then, by reversing orientations of all the arrows e;, ¢ = 1,...,p, we
would obtain a different partial orientation

Y= —A{er,. .., ep}) U{el, .. e}
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giving the same partial score vector a, which contradicts uniqueness of . Therefore,
orientation ¥ is acyclic and, by (ii), a is a parking vector.

(v) Since P is a convex polytope, it is a convex hull of the set of its vertices.
By (iv), each vertex of P is a parking vector and, by (i), every parking vector
of G belongs to #g. This shows that P is the convex hull of the set of parking
vectors. g

The following result is an immediate consequence of part (v) of the above theorem
and Proposition 2.9.

COROLLARY 2.23. The dimension of the external bizonotopal algebra HB¢ of a graph G
18 equal to the number of lattice points in the convex hull of the set of parking vectors

of G.

In particular, for a complete graph K, on n vertices, dim %% is equal to the
number of lattice points in the parking functions polytope &2, which was studied in
several recent papers (cf. [1] and [4]).

3. r-BIZONOTOPAL ALGEBRAS AND LOOPY DELETION-CONTRACTION

3.1. DEFINITION OF 7r-BIZONOTOPAL ALGEBRAS. Here we consider bizonotopal
analogs of central and internal zonotopal algebras (see [5]). They are members of a
more general family which we call r-bizonotopal and introduce below.

Let

0 := mink
veV v

be the smallest number of edges incident to a vertex of G. (Recall that loops are
only counted once in k., and therefore, in general, d¢ is not the same as the minimal
degree of a vertex in G.)

For r € Z and a subset S C V consider, similarly to (2.9), the set of monomials in
the polynomial ring k[V] := k[z, : v € V] given by

(3.1) ) = {[] =Y av=rs+7}
veES v
in variables corresponding to vertices v € S and of total degree kg + 7.

DEFINITION 3.1. Let G = (V, E) be a graph and fix an integer r > —dqg. The r-
bizonotopal algebra of G is the quotient algebra

(3.2) B = K[V/35,

where

(3.3) 30 ;:( U smg”) c k[V]
GESCV

is the ideal generated by the monomials from sz;> for all nonempty subsets S C V.

According to Theorem 2.10, the algebra %’8) is isomorphic to the external bizono-
topal algebra A¢,. By analogy with the usual zonotopal algebras [5], we call the algebras

(3.4) B, = BY
and
(3.5) B = B

the central and internal bizonotopal algebras of G respectively. We will discuss their
special properties in more detail in Sections 4.1 and 4.2.

Algebras %g) corresponding to v > 1 are called superexternal and the ones with
r < —1 are called subinternal.
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In particular, for a graph G with one vertex and ¢ loops, the r-bizonotopal algebra
is isomorphic to a truncated polynomial algebra

(3.6) B ~K[2]/(z).

The next result extends Theorem 2.8 to show that superexternal bizonotopal alge-
bras are complete graph invariants without the need to exclude isolated vertices.

THEOREM 3.2. For any graphs G1 = (V1, E1) and Go = (Va, E3) and integer r > 2,
the superexternal algebras 9381) and %’gﬁ are isomorphic if and only if the graphs G
and Gy are isomorphic.

Proof. For isomorphic graphs G; and Gag, the algebras 93&) and 9382 are clearly
isomorphic, so we only need to prove the converse statement.

Assume that 9381) ~ %gz) Then, as explained in the beginning of the proof of
Theorem 2.8, these algebras are isomorphic as graded algebras and we have

dim(85)® = dim(85) D).

Let I = (Zy)vey, C %’gl) be the image of the ideal I = (z,)pey, C k[V4]. It is
the maximal ideal of the Artinian local ring %&) Since r > 2, the relation ideal
jgl) C k[V1] is contained in I2. This implies that

dim(85)) = dimI/(1)? = V4.

Thus, the number of vertices of G; including isolated vertices can be recovered from

the algebra ,%’gl) Now the rest of the proof proceeds similar to the proof of Theo-
rem 2.8. O

3.2. LOOPY DELETION-CONTRACTION. In this subsection, we show that the Hilbert
series of the central, external, and superexternal bizonotopal algebras satisfy a
deletion—contraction relation analogous to the classical one, allowing them to be
computed recursively.

DEFINITION 3.3. Given a graph G = (V, E) and a non-loop edge e € E, we consider
two operations, deletion and loopy contraction, producing two new graphs:

o G — e, the graph with the same vertex set as G and with the edge e removed
from the edge set;

o G/e, the graph obtained from G by identifying the endpoints of the edge e
without deleting it, so that the edge e, as well as all other edges connecting
its endpoints, become loops.

REMARK 3.4. Our loopy contraction operation differs from the contraction operation
familiar from the theory of the Tutte polynomial and its variants. It does not re-
move any edges; instead, it turns them into loops, so terms such as “looping” or
“loopification” might be more descriptive. Nevertheless, we retain the traditional
terminology to emphasize the formal similarity of our construction with the Tutte
deletion—contraction framework.

As we will show elsewhere [7], the loopy deletion—contraction relation (3.7) gives rise
to a new multivariable graph polynomial whose structural properties are analogous
to those of the Tutte polynomial and Stanley’s chromatic symmetric function, while
being inequivalent to either.

For a graph G, let h"(t) denote the Hilbert series of its r-bizonotopal alge-
bra (3.2), that is, the generating function of the dimensions of the homogeneous
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components of ,%’g) :

W) =3 dim(25))™ "

n=0
THEOREM 3.5. Forr > 0 and a non-loop edge e € E of a graph G = (V, E), the Hilbert

series h™(t) of the r-bizonotopal algebras of the graphs G, G — e, and G /e satisfy the
following loopy deletion—contraction relation:

3.7) he(t) = he(t) + - he_o(1).

Proof. By Definition 3.1, the r-bizonotopal algebra L@g) has a homogeneous basis
consisting of monomials

(3.8) p=]] = ekv]
veV
satisfying
(3.9) > dy <kr+r
vel

for all nonempty I C V. We call such monomials admissible.

We first treat the simplest case of a two-vertex graph G, to which the general case
will later be reduced. Let G be a graph with vertices p and ¢ having ¢, and ¢, loops
respectively and m edges from p to ¢, for example

The degrees k; for the nonempty subsets of V' are
Kp =Ly +m, kg=1L;+m, and Ky, oy = b, + g +m.

Using the notation s = m+r—1, the inequalities (3.9) show that the admissible mono-

mials z;2¥ of the algebra %g ) correspond to integer points (x,y) in the polygonal
region of the plane

(3100 R={(z,y) eR?*:0<a<ly+5 0<y<Lly+s, v+y<Lly+L,+s}

shown on the figure below. (We know that the line x +y = ¢, + ¢, + s intersects the
region x < ¢, + s,y < £y + s because s > 0.)
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R Crdy=lytlits—1

——— T
0
Since for the graph G’ = G—e we have m’ = m—1 and so s’ = s—1, the admissible
monomials for Z¢ correspond to integer points in the region R’ obtained from R by
shifting the bounding lines x = ¢, +s, y = {;+ s and z +y = {,, + {; + s by one unit
towards the origin. Thus, multiplication by z, sends an admissible monomial p = 2z
for % to an admissible monomial zgzé”'l for #¢ giving a linear embedding

j:%g/c—)L@G

of degree +1. Geometrically, this map corresponds to shifting R’ upwards by 1 pro-
ducing the shaded area R’ inside R. Consequently, the quotient space HB¢a/j(PBe)
has a homogeneous basis consisting of the monomials

(3.11) 1,zp,...,zf;?“,zﬁfrszq,...,zﬁpﬁzg‘l

which correspond to the lattice points in R~ R” (shown as red dots on the diagram).
Among these £, + ¢, + s + 1 monomials there is exactly one monomial of each total
degree between 0 and ¢, 4 {4 + s.

On the other hand, G/e is a one-vertex graph with ¢, + ¢, +m loops. Thus by (3.6)
we have

BY), = K]/ () = 2] (ko).

Therefore the algebra %’g)e has the same Hilbert series as the graded space
PBe/j(PBer). This proves the equality (3.7) for graphs with two vertices.

The preceding argument yields the following elementary counting statement, which
we will use below in the proof of the general case.

Given non-negative integers a, b, ¢ such that ¢ < a+b, let N(a,b, c) be the number
of points (z,y) € Z? satisfying 0 < x < a,0 <y < b,x +y = c. Then

(3.12) N(a,b,c) —N(a—1,b—1,c—1)=1.

Now let G be an arbitrary graph with |V| > 2 vertices, and let p,q € V be the
endpoints of the non-loop edge e. Denote by w the vertex of the graph G/e obtained by
identifying p and ¢. To prove the Hilbert series relation (3.7) for the graphs G, G —e,
and G/e, we compare admissible monomials for the algebras %g ), %’gle, and %’g/)e,
degree by degree.

For every subset of vertices I C V not containing p or ¢, the degrees k; are the
same for each of the graphs G, G — e, and G/e. Therefore the sets of admissible
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monomials (3.8) with d, = d, = 0, i.e. monomials of the kind
(3.13) w= H 20,
veV~A{p,q}

for these three graphs coincide.
If we fix the exponents d, of an admissible monomial (3.13) for all vertices v €
V ~ {p,q}, then we see from (3.9) that the monomial

/j = ng qu
is admissible for %g ) if and only if the exponents d, and d, satisfy the inequalities
(3.14) 0<d, <a, 0<dg <b dp +dq < c,

where

a= min nIU{p}JrT*l*Zdv,

IcV~{p,q} vel
(3.15) b= Icén\i?p,q} ool ; "
c = min K +r— 1- dv :
rcvaipq UtP %

Thus, for fixed (dy)vev~{p,q}, admissible monomials correspond to integer points in
the planar polygon cut out by the inequalities (3.14).
Deleting the edge e decreases each of the degrees kryu(p), Krufq}y, and Krugp,qp by
one. Consequently, the monomial g is admissible for f%’gle if and only if
0<d, <a—1, 0<dy <b—-1, dp+dg<c—1.

Geometrically, the admissible region for G — e is obtained from that for G by shifting
each bounding hyperplane by one unit towards the origin.
For the contracted graph G/e, the variables z, and z, are replaced by a single

variable z,,, and the monomial p zif;“ is admissible for @g/)e ifand only if 0 < dy, < c.

Thus to compare the Hilbert series and prove (3.7) it suffices to show that for each
¢ €{0,1,...,c}, the number of integer points (d,, d,) satisfying

0<d,<a, 0<d, <b, dy+dy, =,
exceeds by one the number of integer solutions of
0<d,<a-—1, 0<d;<b—1, dy+dy=c —1.

This will follow from (3.12) when we establish that ¢ < a + b. Indeed, let J, and J,
be subsets of V' \ {p, ¢} on which the minima defining a and b in (3.15) are attained.
By Lemma 2.13, the function & for the graph G — e is submodular. Therefore,

c<Kju), SKj, + K, <a+b,
which proves the required inequality. O

Theorem 3.5 has the following consequence for the external and the central algebras
(i.e. for r =1 and r = 0, resp.)

THEOREM 3.6. Let h(t) denote the Hilbert series of the central (r = 0) or external
(r = 1) bizonotopal algebra By, of a graph G. As a function on graphs hg(t) is
uniquely characterized by the following properties:
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(i) loopy deletion-contraction:
hG(t) = hg/e(t) +t- hG,e(t),

if e is a mon-loop edge of G;
(i) multiplicativity:

(3'16) hG1UG2 (t) = hG1 (t) ’ th (t)7

(iii) initial conditions:

1
1+t++tn_1:ﬁ, ifTZO,
(3.17) hr, (t) =
lfthrl
Lttt = ———, ifr=1

where L, is a one-vertex graph with n loops.

Proof. The first part is a special case of Theorem 3.5 which establishes the loopy
deletion-contraction relation (3.7) for hf(t) for » > 0. It is easy to see that the
multiplicative property (3.16) holds for hf, for all » < 1. Thus, for r = 0,1, the
computation of hy,(t) reduces to using its values on the n-loop graph L,,, which are
given by (3.17). O

3.3. “CATEGORIFICATION” OF THE DELETION-CONTRACTION RELATION. We now
present a purely algebraic proof of the loopy deletion—contraction relation (3.7) for
external bizonotopal algebras, modeled on the proof of the usual deletion—contraction
relation for the Hilbert series of classical zonotopal algebras given in [15, Theorem 2.7].
Unlike the combinatorial argument of the previous section, this proof relies on the
realization of the external bizonotopal algebra as a subalgebra of the edge algebra
and on functorial maps between these algebras. In particular, this approach applies
only to the external case.

While the proof in the previous section makes the combinatorial content of (3.7)
explicit, the argument below is based on the functorial properties of bizonotopal
algebras and on a short exact sequence relating the algebras of the graphs G, G — e,
and G/e.

For a graph G = (V, E) and a non-loop edge e € E with endpoints p,q € V, let
e e e E be the arrows corresponding to the orientations of e from p to ¢ and from
q to p respectively, let w be the vertex in G/e obtained by identifying vertices p and
g, and let € be the loop based at w in G/e and obtained from e.

There are several natural maps connecting algebras related to the graphs G, G —e
and G/e.

e A surjective homomorphism p, : é?g —» (Eg_e, sending x., and .~ to 0, maps
Yy € &g to Yy € Eq—e, for each v € V', and thus induces an epimorphism

(3.18) Pe : B — B,

e The homomorphism 7, : é/;G/e — é"AG given by F.(xz) = zo + v, and
Fe(ze) = x, if € # € induces an algebra embedding

(3.19) Ve : BGje = B VelYw) = Yp + Yg» and Ye(yo) = yo, if v # w.

0 0 s .
8(55/ and We” of éaG with the

projection p. : é”AG — é”AG_e ~ gg/ (xer,en), gives well-defined derivations

e The composition of the “partial derivatives”
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Oz O, - &g — Eg—o. Then the map
ZS\e = axi/ - axi// : C;(;G — g{)\G—e

is also a derivation of degree —1. Moreover, since

1 ifo=p
de(yn) =¢ -1 ifv=gq
0 ifv#pg,

we see that g sends the subalgebra %¢ C é/D\G onto Bg_, C (;@\G e

It is straightforward to Verlfy that the kernel of the map 5 coincides with the i image
of the embedding 7, : éa(;/e — co@G and, if d. : B — BE_, is the restriction of 5 to
B, then Ker 6, = . (4, /e)

Thus we established the following proposition.

PROPOSITION 3.7. There exists a surjective, degree —1, derivation of graded algebras
0¢ : B — BG_.
whose kernel coincides with the image ’Ye(@f;/e) C B of the embedding v (3.19).

As an immediate consequence of this result we obtain the loopy deletion-contraction
relation for external bizonotopal algebras.

COROLLARY 3.8. The Hilbert series of the graded algebras ¢, %’g/e, and HBE._,
satisfy the relation

(3.20) ha(t) = hgye(t) +1 - hg—e(t).

Proof. From the above proposition it follows that there exists a short exact sequence
of graded vectors spaces

(3.21) 0— B — BG — Bo_o[-1] =0,
where [—1] is a degree shift functor indicating that the map % — B¢, _, decreases
degree by —1.

Now the relation (3.20) follows from the fact that Hilbert series are additive with

respect to exact sequences and that the shift of grading by —1 multiplies the Hilbert
series by t. O

4. ADDITIONAL PROPERTIES OF CENTRAL AND INTERNAL BIZONOTOPAL
ALGEBRAS

Here we present some additional properties of the central (3.4) and internal (3.5)
bizonotopal algebras of a graph G. In particular, we show that, like the external
zonotopal algebra ¢, they can be viewed as subalgebras of certain quotients of the

partial orientation algebra gg (2.4).

4.1. CENTRAL BIZONOTOPAL ALGEBRAS. Let G = (V| E) be a graph. We begin with a
description of the central bizonotopal algebra %¢ = %g ) asa subalgebra, analogously
to the description of Z¢ in Definition 2.3. First, we define an algebra &, an analog

of the partial orientation algebra &g (2.4), in the central case.
For a subset of vertices S C V, let Fs C FE denote the set of edges incident to
vertices in S. Consider the set

PG = {E c 7 YEs) : mlg : ¥ — Eg is a bijection and s(X) C S}
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of partial orientations whose set of edges is exactly Fs and such that every edge
between S and V \ S is oriented out of S.
Let

(4.1) Ms ={zg: ¥ € P} C &g

be the set of monomials in k[E] corresponding via (2.5) to partial orientations in P
The degree of each monomial in .Zs is equal to kg = |Eg| and there are |.#Zg| = 2"
of them, where p is the number of non-loop edges with both ends in S.

Consider the ideal

j - (SLCJV //zs) C &z

generated by the monomials from all .Zg and let éaAé be the quotient algebra
(4.2) EG = bg)IE.

THEOREM 4.1. The central bizonotopal algebra B¢, of a graph G = (V, E) is isomor-
phic to the subalgebra of &5 generated by the degree one elements

(4.3) Yo = Z Te, VEV,

e€s1(v)
where x, is the image in éaA(C; of the monomial x (., € é\g.

Proof Arguing as in the proof of part (i) of Proposition 2.5, we see that the subalgebra
of @@G generated by y,,v € V is monomial. We need to check that H yor =0 in é”G

veV
if and only if H zy* = 01in HE.
veV
Clearly for any S C V and for all a = (ay)yes € Zgo, with Z a, = Kg, we have

veS
[Tve =0in &g
veS
which is exactly the set of defining relations for the algebra Z¢.
It remains to prove the converse. If H yy* = 0 in &g, then by Theorem 2.10,

we know that the correspondmg relatlon holds for z,, v € V. Further, assume that
H yor = 01in éog, but not in éa(; Then the expansion of H yov in variables z., e € E
veV veV
contains a monomial m that vanishes in 357 but not in é?g. Therefore m is divisible
by a monomial m’ € .#g for some S. This implies that Zai > kg and, hence,
€S

Iz =0in 2. O
veV

Recall [12, 5] that the dimension of the usual central zonotopal algebra of a con-
nected graph G is equal to the number of spanning trees of G. The following result
gives a similar property of the central bizonotopal algebra.

THEOREM 4.2. For a connected graph G, the Hilbert series
= dim(#g) ") t*
k>0

is a polynomial of degree |E| — 1. Its top coefficient dim(Z&)IF1=1) is equal to the
number of spanning trees of G.
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Proof. The first statement is immediate from the definition of %¢. For the second,
note that dim(%)(171=1) satisfies the loopy deletion—contraction relation and multi-
plicativity by Theorem 3.6, and agrees with the spanning tree count for one-vertex
loop graphs. Since the number of spanning trees satisfies the same relations and nor-
malization, the result follows. O

4.2. INTERNAL BIZONOTOPAL ALGEBRAS. The internal bizonotopal algebra (3.5)
B, = %é_l) is defined for all graphs G = (V, E) without isolated vertices. As
in the central case considered in the previous subsection, % can be realized as a
subalgebra of a certain quotient algebra cg"\é of the partial orientation algebra z;@\g.

Namely, for a subset S C V, let .#4 be the set of monomials m € éaAG such that
xem € Mg for some e € E, where .#s C éABG is the set of monomials (4.1) introduced
in the previous subsection. Clearly the degree of each monomial in .#¢ is equal to
Kg — 1.

Define N o

&6 = éa/lg,

where

Ié::(U ///S_)

SCcV

THEOREM 4.3. The internal bizonotopal algebra B, of a graph G = (V,E) with-
out isolated vertices is isomorphic to the subalgebra of &% generated by the linear

forms (4.3)
Yo = § Te,
e€s—1(v)

where x. is the image in é?é of the monomial ., € gg.

Proof. The proof is analogous to that of Theorem 4.1, with .#g replaced by .#5 and
all the degrees shifted by —1. a

The following result (see also Remark 4.6 below) provides a nice combinatorial
interpretation of the dimension of the top component of the algebra %% for the
complete graph G = K,, similar to those for the external and central bizonotopal
algebras in Corollary 2.6(4) and Theorem 4.2.

THEOREM 4.4. For the complete graph K,, with n > 4, the top degree of ,%’}(n is equal
to (Z) — 2, and the dimension of the corresponding graded component is ("gz)nn_‘l.
Proof. We linearly order the vertices of K, i.e. identify V with [n] = {1,2,...,n}.

Since |E| = (Z), all monomials of degree (g) —1 = ky —1 vanish in &}, . Hence

the statement reduces to showing that the graded component of degree (Z) — 2 of

, -2
the algebra %7 has dimension " n—4

We will derive this from Lemma 4.5 below after introducing some auxiliary com-
binatorial objects. O

Let us introduce two sets X and Y of integer vectors that parametrize top degree
monomials in the internal and central cases, respectively.
The set X consists of all vectors (by,ba,...,b,) € 7, satistying

o b= (Z) —2
i€[n]
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1
o) bi<k —2= (2) + |I|(n — |I]) — 2, for all @ # I C [n].
icl

The set Y is defined similarly, with the constraints increased by one, that is Y
consists of all (b1, bz, ...,b,) € Z%, such that

o b= (Z) 1
i€[n]

1
. Zbi <Krr—1= <2> +|I|(n—1|I]) =1, for all @ # I C [n].
el

By the definition of the internal bizonotopal algebra, the dimension of its compo-

nent of degree (g) — 2 is equal to |X| which we find below.

Similarly, |Y| is equal to the dimension of the highest degree component of the
central bizonotopal algebra %5, . Thus, by Theorem 4.2, |Y'| is equal to the number
of spanning trees in K,,, that is |Y| = n"2.

From the inequalities defining X and Y we see that if (by,...,b,—1,b,) € X, then
(b, .. bp—1,by +1) € Y. Therefore we have

[ X[ = Y| = [{(b1,bs,...,bn) €Y : by =0}

— {(b1,b2,...,b,) €Y : b, >0and ij:m—lforsomeJC [n— 1]}
j€d
= Y| = [{(br, b2, ..., bn) €Y Y b =ky — 1 for some J C [n— 1]}].
JjeJ

Denote by Z the subset of Y consisting of vectors that saturate at least one inequality
indexed by a subset of [n — 1]:

7 = {(bl,bg,...,bn)EY:ij:nJ—lforsomeJC[n—l]}.

jeJ
We claim that for every (by,bo,...,b,) € Z, there exists a unique maximal subset
J C [n — 1] such that ij = Ky — 1. Indeed assume that there exist two different

jeJ
sets Jy, Jo C [n — 1] satisfying

Zb.j:ls:Jl—land ij:ng—l

Jjeh Jj€J2

such that J; ¢ Jo and Jo ¢ Jy. If J1 N Jy # &, then we have

Doobi=d b+ > bi— Y b

jeJ1UJ2 VISDA JEJ2 jeJiNJ2
=Ky —1+K5; —1— E bj
jeJiNJdz

>k, —1+k,—1—(knnn—1) 2 k05 —1,

where the last inequality follows from the submodularity of the function k (see
Lemma 2.13). If J; N Jy = &, then

)DIED NS SR R T

JjeEJ1UJ2 VIS jEJ2
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Therefore, Z b; > Kjuj, — 1. Since, by definition of the set Y, we also have
jeJ1UJds
Z bj < Kjug, — 1, we see that the union J; U J, also satisfies our property, i.e.

je€J1UJ2
neither J; nor J; are maximal which contradicts our assumption.

Therefore we have a partition Z = |_| Z1 into the subsets
@#IC[n—1]

Zpi={(br,....,bn) €Z: Y bi=rr—land » by <k;—1ifI1CJC[n—1]}.
i€l jEJT
Thus

X == |Z|=n"2 = > |zl
@#IC[n—1]

and the problem reduces to computing the cardinalities of the subsets Z;.

LEMMA 4.5. For any subset J C [n — 1], we have
— n—|J|)—2
250 = 171772 =) "0,

which coincides with the product of the numbers of spanning trees of the complete
graphs on J and on its complement [n] \ J.

Proof. Let us list the elements of the subsets J C [n] and [n] ~ J in order, i.e.
J = {jl,jz,...,jg} and [TL] N J = {il,iQ,...,in_g} with 73 < jo < ... < j¢ and
I <tg...<Tlp_g.

Define two maps ¢, : Z" — Z* and ¢9 : Z" — Z" ¢ by

(bl(b) = (bjl —n+£,bj2 —n—&—ﬁ,...,bjl—n—&-ﬁ),
and

¢2(b) = (bil,bi2, ey bi"7271 y binfz — 1)

To prove the lemma, we will show that b € Z; if and only if ¢1(b) € Y, and
@2(b) € Y, —y, where by Y; and Y,,_, we denote the sets Y for complete graphs K,
and K,,_, respectively.

Assume that b € Z;. Then for any I C [¢], we have

D (@1(0)e =D (b, —n+0) = Qb)) + HI(=n+6) < kr =1+ |[I|(=n+ 1)

tel tel tel
= () + e -1 =1+ a0 = (5) +ne-1m -1

Hence ¢1(b) € Y.
For any subset I C [n — ¢ — 1], we have

D deb)i= > b= > b= b
tel je{is:tel} je{is,terug JjEJ

Z bj — (ks —1) < (K penus — 1) — (kg — 1)
jef{itel}ug

:<@)+mm—€—m>
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and for all I C [n—{¢] s.t. (n—¢) € I, we have
Dgalb)e= > bi—1= > bi—» b1
tel je{ie:tel} je{ic,tel}J JjeJ

= Z bj — KJ < Kyi, peryug — Ky — 1
je{ie,telug

= (m) +|I|(n—¢—|I|) — 1.
2
Hence, ¢2(b) € Y.

Let us prove the converse. Assume that ¢1(b) € Yy and ¢2(b) € Y,,_y. We need to
I
show that for any I C [n], one has Z b; < (|2|> + |I|(n—|I]) — 1. To do this we will
il
consider three cases.
Case 1: INJ = @. Since ¢2(b) € Y,,_y, we have

S i< (';') A== T))—1+1
el
I I
= () o= = me< () 116010 -1
Case 2: IN([n] — J) = &. Since ¢1(b) € Yy, we have

S b= (bi—n+0)+|I(n—10)
iel el
| T o (M T
Sy ) FHIE=HD) =1+ H(n=0) = |, ) + I(n—|1]) - 1.
Case 3: INJ # @, IN([n] — J) # @. We have

Shi= > b+ > b

i€l ielng ieIn([n]—J)
nJ In(n]-J
<<| ) |)+|mJ|(n—mJ|)—1+(| ([Z] )>

+IN(n]=DNn—~L—|IN(n]=J)])—1+1
= (1) + =10 -1

We also need to check that for I = J, we have the non-strict inequality, i.e.

o< (1) + 100 1) 1.
ieJ
It follows from the second case.

It remains to check that for all I with J C I C [n—1], we have the strict inequality.
Indeed this happens in the third case and we do not use b,, so we have the same
inequality, but without “+1".

Thus we showed that b € Z; if and only if ¢1(b) € Y; and ¢2(b) € Y, _p. It can
be verified directly that the map (¢1,d2) : Z" — Z‘ x Z"~* is a bijection. This

implies that |Z;| = |Ye| X |Yn—¢|- Since the numbers of elements in Y; and Y,_,
are equal to the numbers of spanning trees in K, and K,,_y, respectively, we obtain
|Z5] = |J|VV1=2(n — |J])*=17D=2 as required. O
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End of the proof of Theorem 4.4. By the above lemma, |Z;| is equal to the product
of the numbers of spanning trees in K; and in K|, _ ;. This implies that

zl= > |z

@#IC[n—1]
counts the number of spanning forests in K,, with two connected components (i.e.
forests with exactly n — 2 edges). As was proved by Rényi [14] (see also [9, Eq. (19)]
or [10, Theorem 2.2]), the number of two-component spanning forests in K, is equal
to nn 4. w. Thus we obtain that

|X| :n”_Q—n"_“-(n_l);nm:n”—‘l.(n_Qg(”_?’):nn—4(n;2). 0

REMARK 4.6. From the proof of Theorem 4.4 we see that the dimension of the top
degree component of the algebra %}(n has a combinatorial interpretation as the differ-
ence between the number of spanning trees in K,, and the number of two-component
spanning forests in K,. It would be very interesting to find a combinatorial description
of the dimension of the top degree component of %, for general graphs. (Notice that
in general, the difference between the numbers of spanning trees and two-component
spanning forests of a graph may not even be positive.)

Unlike the external and the central bizonotopal algebras, the internal algebras
provide much weaker graph invariants. In fact, as the following theorem shows, their
Hilbert series coincide for large classes of graphs.

THEOREM 4.7. Let G = (V, E) be a simple graph with n > 4 vertices and let h,(t) be
the Hilbert series of its internal bizonotopal algebra AB,.

(i) If G is a 3-regular graph (in which case n > 4 and is even) then
=01+t
(ii) If G is a 4-regular 4-edge-connected graph (so that n > 5), then
L= (14t+ )" —nt2nt — 2,

Proof. (i) If G is a 3-regular graph, then for each v € V, we have k, = 3 and thus

22 = 0 in A%,. Moreover, the monomial H 2z, of degree n does not vanish in %,

veV
because for any I C V we have k; — 1 > |I| since

&1>g|l|>|l|—|—l, if |[I| 23, ky 25if|I| =2, and k;y =3 if [I| = 1.

Hence, the ideal of relations of %%, does not contain any square-free monomials and
therefore h%,(t) = (1 +t)™.
(ii) If G is 4-regular, then &, = 4 for all v € V and we have 23 = 0 in Z%,. We also
have H 22 =0 in B, because ky = |E| = 2n. For any u € V, the product H 22
veV vF#u
does not vanish in %%, because for a proper subset I C V, by 4-edge-connectedness,
we have

I‘&]*l}

4
SUI =9 +4-1=2]1+1.

Therefore

th(t) — (1 Lta t2)n _ nthfl _ t2n’
where the subtracted terms correspond to the vanishing of monomials of total degree
2n — 1 and 2n. O
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5. CONCLUDING REMARKS

Below we list several questions about bizonotopal algebras that, in our opinion, war-
rant further investigation.

(1) The dimension of the external bizonotopal algebra % of a graph G has a nice

~

combinatorial interpretation as the number of integer points in the polytope of
weak parking functions of GG. Finding a combinatorial interpretation for the
dimension of the central algebra ¢ is an interesting problem. (Currently
we only know such an interpretation for the dimension of the top degree
component of %)

It would be interesting to find a combinatorial interpretation of the dimension
of the top-degree component of the internal bizonotopal algebra %%, for graphs
other than K.

The Hilbert series of the internal bizonotopal algebras, unlike the central and
external cases, do not satisfy the loopy deletion-contraction relation. Does it
satisfy a recursion of some other kind?

The external and central bizonotopal algebras are very strong (almost com-
plete) graph invariants. On the other hand, we saw that the internal algebra
is a rather weak invariant. It would be interesting to characterize pairs of
graphs with isomorphic Z¢,.

In a follow-up paper [7] we show that using our loopy deletion-contraction re-
lation (3.7) one can construct a new multivariate graph polynomial which we
call the loopy polynomial. The Hilbert series of r-bizonotopal algebras are cer-
tain specializations of this loopy polynomial. It strongly resembles Stanley’s
Tutte symmetric function and several related polynomials, but the precise re-
lationship between them is currently unclear. This aspect needs clarification.
Even though the Hilbert series of the bizonotopal algebras are not specializa-
tions of the Tutte polynomial, our computer calculations indicate that they
are all unimodal and log-concave. Proving these properties and determining
whether they hold for other specializations of the loopy polynomial seems to
be a very interesting problem.

. APPENDIX: HILBERT FUNCTIONS OF BIZONOTOPAL ALGEBRAS OF

COMPLETE GRAPHS

Below we present the results of the computations for complete graphs K, with n <
9 vertices of the dimensions of the bizonotopal algebras %5 , %5 and HBj and
their Hilbert function h(k), the dimension of the kth graded component #*) of the
corresponding algebra.

6.1.
K;s:
Ky:
Ks:

K6Z

EXTERNAL ALGEBRAS %j . Kp: dim=3; h(k): 1,2

dim=17; h(k): 1,3,6,7;

dim = 144;  h(k): 1, 4, 10, 20, 31, 40, 38;

dim = 1623; h(k): 1,5, 15, 35, 70, 121, 185, 255, 310, 335, 291;

dim = 22804; h(k): 1,6, 21, 56, 126, 252, 456, 756, 1161, 1666, 2232, 2796,
3281, 3546, 3516, 2932;
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K7 dim = 383415;  h(k): 1,7, 28, 84, 210, 462, 924, 1709, 2954, 4809, 7420, 10906,
15309, 20559, 26454, 32655, 38591, 43589, 46984, 47649, 45150, 36961;

Ks: dim = 7501422;  h(k): 1, 8, 36, 120, 330, 792, 1716, 3432, 6427, 11376, 19160,
30864, 47748, 71184, 102524, 142920, 193117, 253240, 322596, 399344, 480390, 561472,
637400, 701296, 746089, 765640, 748532, 691720, 561948;

Ko: dim = 167341283;  h(k): 1,9, 45, 165, 495, 1287, 3003, 6435, 12870, 24301,
43677, 75177, 124485, 199035, 308187, 463287, 677520, 965493, 1342513, 1823553,

2421927, 3147723, 4005819, 4993839, 6100350, 7303545, 8570601, 9855829, 11101599,
12241305, 13203705, 13902291, 14254524, 14195199, 13575951, 12369033, 10026505.

6.2. CENTRAL ALGEBRAS %%, . Ko: dim=1; h(k): 1;

Ksz: dim=7; h(k): 1,3, 3;

Ky dim = 66; h(k): 1,4, 10, 16, 19, 16;

Ks: dim =792; h(k): 1,5, 15, 35, 65, 101, 135, 155, 155, 125;

K dim = 11590; h(k): 1, 6, 21, 56, 126, 246, 426, 666, 951, 1246, 1506, 1686,
1731, 1626, 1296;

Ky dim = 200469;  h(k): 1,7, 28, 84, 210, 462, 917, 1667, 2807, 4417, 6538, 9142,
12117, 15267, 18327, 20958, 22827, 23667, 23107, 21112, 16807;

Kg: dim = 4004490;  h(k): 1, 8, 36, 120, 330, 792, 1716, 3424, 6371, 11152, 18488,
29184, 44052, 63792, 88852, 119288, 154645, 193880, 235292, 276592, 315078, 347880,
371820, 384112, 382817, 364232, 328392, 262144;

Ko dim = 90759016; h(k): 1, 9, 45, 165, 495, 1287, 3003, 6435, 12861, 24229,
43353, 74097, 121515, 191907, 292743, 432399, 619677, 863109, 1170073, 1545777,

1992195, 2506983, 3082599, 3705795, 4357593, 5013801, 5645313, 6219649, 6703245,
7064073, 7267815, 7285959, 7100739, 6660495, 5966613, 4782969.

6.3. INTERNAL ALGEBRAS %y . Ks: dim=1; h(k): 1;
K, dim=16; h(k): 1,4,6,4, 1,
Ky dim = 237; h(k): 1,5, 15, 30, 45, 51, 45, 30, 15;

Kg: dim = 3892; h(k): 1, 6, 21, 56, 120, 216, 336, 456, 546, 580, 546, 456, 336,
216;

Ky dim = 72425;  h(k): 1,7, 28, 84, 210, 455, 875, 1520, 2415, 3535, 4795, 6055,
7140, 7875, 8135, 7875, 7140, 6055, 4795, 3430;

Ks: dim = 1521810;  h(k): 1, 8, 36, 120, 330, 792, 1708, 3368, 6147, 10480, 16808,

25488, 36688, 50288, 65808, 82384, 98813, 113688, 125588, 133288, 135954, 133288,
125588, 113688, 98533, 81488, 61440;
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dim = 35794801; h(k): 1,9, 45, 165, 495, 1287, 3003, 6426, 12789, 23905, 42273,

71127, 114387, 176463, 261891, 374808, 518301, 693693, 899857, 1132677, 1384803,
1645791, 1902663, 2140866, 2345553, 2503053, 2602341, 2636263, 2602341, 2502423,
2342907, 2134062, 1881243, 1596861, 1240029.
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