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Classification of thin Jordan schemes

Mikhail Muzychuk, Christian Pech & Andrew Woldar

ABSTRACT Jordan schemes generalize association schemes in a manner similar to how Jordan
algebras generalize associative algebras. It is well known that association schemes of maximum
rank are in one-to-one correspondence with groups (so-called thin schemes). In this paper, we
classify Jordan schemes of maximum rank-to-order ratio and show that regular Jordan schemes
of such type correspond to a special class of Moufang loops known as ring-alternative loops.

1. INTRODUCTION

In 1959, Shah proposed [20] to use the Jordan matrix product as an algebraic tool for
the analysis of block designs. This was a far-reaching generalization of the concept
of an association scheme introduced in the same year by Bose and Mesner [3]. The
concept was further developed and led to a flourishing research area called “Alge-
braic Combinatorics” by Bannai and Ito in their famous monograph [2]. Nevertheless,
Shah’s idea went virtually unnoticed until Bailey published her book [1] where she
analyzed the “first” properties of objects arising from Shah’s idea. In particular, she
showed that the symmetrization of an association scheme always produces objects in-
troduced by Shah. In 2001, Cameron called these objects Jordan schemes and posed
the question, “Is every symmetric Jordan scheme a symmetrization of an association
scheme?” In 2019, Klin, Muzychuk and Reichard gave a negative answer to Cameron’s
question and started a systematic investigation of Jordan schemes and, more generally,
coherent Jordan configurations [14].

It is well known that all finite groups form a special subclass of association schemes,
called thin schemes [23]. Such schemes may be characterized as those that have a
maximum rank-to-order ratio among all association schemes. In this paper, we classify
all Jordan schemes that attain maximum rank-to-order ratio. We further show that
regular Jordan schemes with this property are in a one-to-one correspondence with
a special class of Moufang loops. We direct the reader to [4] for detailed information
about various types of loops, e.g. Moufang loops, Bol loops, etc.

The paper is organized as follows. Section 2 contains all necessary definitions and
basic facts about coherent Jordan configurations and Jordan schemes. Section 3 is the
most central part of our paper. There we show that the rank-to-order ratio of a Jordan
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scheme is bounded by 3/2 with equality occurring if and only if the scheme is thin and
nonregular. All such Jordan schemes are classified in Subsection 3.1. Subsection 3.2
treats thin regular Jordan schemes. There we establish a one-to-one correspondence
between such schemes and ring-alternative Moufang loops (RA-loops). Finally, in
Section 4 we show that Jordan schemes corresponding to RA-loops are autonomous,
that is to say, they are not algebraic fusions of coherent configurations.

Thus we describe in Section 4 the first infinite family of autonomous Jordan
schemes. Previously, the only known autonomous Jordan scheme was the one on
15 points described in [18] (see also [14, Section 4]) related to one of the two Siamese
STS(15) constructed in [16, Section 4], see also [17]. The fact that this Jordan scheme
is autonomous was established using the COCO2P package [15] in GAP [8] and Ziv-
Av’s catalog of small coherent configurations [24].

2. BACKGROUND MATERIAL

2.1. BINARY RELATIONS AND MATRICES. Let © be a nonempty finite set. A binary
relation on € is an arbitrary subset s C Q x . We refer to the set ws := {5 € Q |
(w, B) € s} as the s-neighborhood of w € €. A relation is called regular if |ws| does
not depend on w. In such case, we refer to the constant ns := |ws| as the wvalency of
s. If s is a regular relation of valency one, then ws contains a unique element which
we denote as s(w), i.e. ws = {s(w)}. Thus s is a function on 2. All functions in this
paper, including permutations from Sym(Q), will be considered as binary relations.

Every relation s admits a transposed relation st = {(a,3) € Q2 | (B,a) € s}.
Throughout, we will denote the unary operator that transposes relations by 7, that
is, 7 : s — s'. Following [7] we call a relation s C Q x Q thin if |ws| <1 > |ws’| holds
for each w € Q.

We write ab for the relational product of a,b C Q2 and a b = ab U ba for their
Jordan relational product. For A C Q, the diagonal relation 15 is defined by 1A :=
{(8,8) | § € A}. The adjacency matriz of s C Q? is the square matrix, denoted s,
whose rows and columns are labeled by the elements of {2 and whose («, 8)-entry s, 5
equals one if (a, 5) € s and zero otherwise.

The algebra of all 2% matrices over a field IF will be denoted as Mq (F). It is always
assumed that char(FF) # 2. The standard product of two matrices A, B € Mq(F) will
be written as A - B or AB, while their Jordan product %(AB + BA) will be denoted
by Ax B. The Schur-Hadamard (or entry-wise) product will be denoted as Ao B. The
identity matrix and all-ones matrix will be denoted as I and Jq, respectively. The
linear span of any set of matrices S C Mq(F) will be denoted by F[S]. In the case
where § is given as a family {A;};cr, we also write (4;);ecr for F[S].

2.2. RAINBOW ALGEBRAS. Consider a vector subspace A C Mq(F) which is closed
with respect to 7 and o and contains Iq, Jo. Every such subspace A C Mq(F) has
a uniquely determined standard basis, namely the basis consisting of all minimal o-
idempotents of the algebra (A, o). These are {0, 1}-matrices Aj,..., A, € A that are
pairwise o-orthogonal. Each A; is the adjacency matrix of a unique binary relation
si CO?% ie A =s;,i=1,...,r. The set S = {s1,...,s,} forms a partition of Q?
that satisfies the following two conditions:

(a) 1lg is a union of some relations of S;

(b) St =S, where St := {s' | s € S};
Following [11] we call a pair & = (£2, S) a rainbow if it satisfies these conditions. The
elements of S are called basic relations of the rainbow. The cardinalities |Q] and |S]|
are called the order and rank of the rainbow, respectively. Observe that a rainbow has
rank one if and only if [ = 1. For |Q| > 2 one has |S| > 2, where equality is attained
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if and only if S = {1q, 2%\ 1q}. Such rainbows are called trivial. The relation matriz
of a rainbow & = (,5) is the Q x  matrix A(G) defined via A(G)q 3 = S(a, 3)
where S(a, 3) is the unique basic relation containing («, 8) € Q2.

A rainbow of maximum rank |Q|? is called discrete. Each basic relation of a discrete
rainbow contains a unique ordered pair.

In what follows, we call a subspace A C Mq(F) a rainbow algebra if it contains
I, Jo and is closed with respect to 7 and o. We say A is symmetric if every A € A
is symmetric, i.e. A' = A for every A € A. We call A homogeneous if (Ig) o A C (Iq)
and regular if (Jo) - A C (Jq).

Given a rainbow & = (2, .5), the linear span F[S] := (s)scs € Mq(F) is a rainbow
algebra. Thus, there exists a one-to-one correspondence between rainbows and rain-
bow subalgebras of Mg (F). The statement below collects some properties of rainbow
algebras.

PROPOSITION 2.1. Let & = (£2,.5) be a rainbow, and let A = (s)scs be the correspond-
ing rainbow algebra. Then

(a) A is symmetric iff all basic relations of & are symmetric;
(b) A is homogeneous iff 1o € S;
(c) A is regular iff all basic relations of & are regular.

In what follows, we call a rainbow symmetric, homogeneous, or regular depending
on which of those properties its corresponding algebra satisfies. Note that regularity
of a rainbow always implies homogeneity but not vice versa. A rainbow will be called
thin if all of its basic relations are thin.

Given two rainbows & = (2, S) and &' = (2,5"), we say that & is a fusion of &’
(equivalently, &' is a fission of &) if F[S] C F[S’]. In this case, we also write S C S’.

Two rainbows & = (€,5) and & = (©,5) are said to be (combinatorially)
isomorphic if there exists a bijection f : Q — ' satisfying f(S) = S’, where f(S) :=
{£(s) s € S} and £(s) := {(f(@), F(3)) | (@ B) € s}.

2.3. COHERENT JORDAN ALGEBRAS. A rainbow algebra is called a coherent algebra
(see [11]) if it is closed with respect to standard matrix multiplication. Similarly,
a rainbow algebra will be called a coherent Jordan algebra (coherent J-algebra, for
short) if it is closed with respect to Jordan multiplication *.

Let & = (£2,5) be a rainbow, and let A := (s)scs be its corresponding rainbow
algebra. We say & is a coherent configuration (resp. J-configuration) if A is a coherent
algebra (resp. J-algebra). In both cases, the algebra A will be referred to as the
adjacency algebra of &.

If & = (Q,8) is a coherent configuration, then for any pair s, € S we have
sr=7, pgﬂ,j for suitable nonnegative integers p;r. We refer to these p;T as structure
constants of &. Due to their combinatorial meaning p’, ,. = |as N Brt|, (a, B) € t, they
are also called intersection numbers of &.

Similarly, one can define intersection numbers pt{s’r} for a coherent J-configuration
as follows: pf{sw} = |as N Brt| + |ar N Bst], (o, B) € t. These also appear as structure
constants for the Jordan product s xr = % o p?{s,r}t' (Note that our notation pf{sjr}
reflects the fact that % is commutative.)

Recall that a homogeneous coherent configuration is called an association scheme
(see [23]). Following this pattern, we will call a homogeneous coherent J-configuration
a Jordan scheme. While it is well known that association schemes are always regular,
Jordan schemes do not possess this property in general. It was shown in [18] that a
symmetric Jordan scheme is always regular. Regarding nonsymmetric Jordan schemes,
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they are not necessarily regular, but have a very special structure — see [18, Propo-
sition 2.2]. Examples of nonregular Jordan schemes also appear in Subsection 3.1 of
this paper.

2.4. COHERENT J-CLOSURE. It follows immediately from the definition of a coherent
J-algebra that the intersection of any set of coherent J-algebras defined on 2 is again a
coherent J-algebra on ). This observation leads to the notion of the coherent J-closure
J(S) of a set S C Mq(F) of matrices as the intersection of all coherent J-algebras
containing S.

The coherent J-closure generalizes the well-known concept of the coherent closure
of § which is the intersection of all coherent algebras containing S. It is often called
the WL-closure in honor of Weisfeiler and Leman [21], who designed an algorithm
for its computation. For this reason, we will denote this closure by WL(S). Observe
that we always have J(S) C WL(S). If S is a set of binary relations on €2, then we
write J(S) and WL(S) for the underlying rainbows of J({s}ses) and WL({s}scs),
respectively.

2.5. ALGEBRAIC FUSIONS OF J-CONFIGURATIONS. Given a J-configuration & =
(©2,5), a permutation o € Sym(S) is called an algebraic J-automorphism of & if
its linear extension to C[S] is an automorphism of the Jordan algebra (C[S],*). All
algebraic J-automorphisms of & form a subgroup of Sym(S) that will be denoted
by JAut(&). Note that the transpose permutation 7 : a — a® is always an algebraic
J-automorphism of &. The group JAut(S) consists of all permutations of Sym(S)
that preserve the tensor of structure constants of Jordan multiplication with respect
to the standard basis. In other words, a permutation u — u’ of S belongs to JAut(&)
if and only if

Vu,'u,wES : p?u'm/} :p?u,v}'
The following statement collects certain properties of subgroups of JAut(&).
PROPOSITION 2.2. Fach of the following holds:

(a) The transpose permutation T belongs to the center of JAut(S);

(b) For any ® < JAut(S) and s € S the relation ®(s) = Uyeqp ¢(s) is either
symmetric or anti-symmetric;

(c) For any ® < JAut(S), (Q,{®(s) | s € S}) is a Jordan configuration.

Proof. Proof of (a): One readily checks that for any pair r,s € S,
s=r" & (sx1)olq # Oq (the Q x Q zero matrix).
Since any ¢ € JAut(&) preserves I, we conclude that
(sxr)ola # Oq <= (¢(s) x ¢(r)) o In # Oq,

thereby implying that s = 1t <= ¢(s) = ¢(r)t.

Proof of (b): It follows from part (a) that

(@(s)" = U o(s)' = U o(s") = 2(s").
PP PP

If s* = ¢(s) for some ¢ € P, then B(s') = P(¢(s)) = P(s), which implies D(s) is
symmetric. If, on the other hand, st # ¢(s) for every ¢ € ®, then 1(st) # ¢(s) and
consequently 1(s') N ¢(s) = @ for every pair ¢, ¢ € ®. Therefore ®(s') N ®(s) =
Uyp.sca(¥(s") Né(s)) = @, whereby ®(s) is anti-symmetric in this case.

Proof of (c): Denote A := C[S] and extend each ¢ € ® on A linearly via ¢(s) :=
@(s). We will use the same notation for the induced linear operator on 4. Then

HX *Y) = p(X)*x3(Y), $(X oY) = ¢(X) 0 p(Y), p(X") = p(X)".
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Since ¢(Iq) = Iq and ¢(Jq) = Jq, the subspace %A = {X € A | Vyeo ¢(X) = X} is
a coherent Jordan algebra. It is easy to verify that the matrices {®(s)}ses form the
standard basis of A. O

It follows from above that given any ® < JAut(&), the pair & = (Q, {®(s)}ses)
is also a Jordan configuration which we will refer to as an algebraic fusion of &.

2.6. CONSTRUCTING JORDAN CONFIGURATIONS FROM COHERENT ONES. If & =
(€2, 5) is a coherent configuration, then it is also a Jordan configuration. Recall that
a permutation ¢ of S is called an algebraic automorphism (anti-automorphism) of
G if its linear extension to A := (s)scs is an automorphism (anti-automorphism)
of (A,-). The group AAut(&) of all algebraic automorphisms of & is contained in
JAut(S). Also, 7 € JAut(S). Every anti-automorphism of & is a composition of 7
and some ¢ € AAut(&). All automorphisms and anti-automorphisms of & form a
subgroup of JAut(&) which will be denoted by TAut(&). If & is commutative, then
AAut(6) = TAut(S) = JAut(6). If however & is not commutative, then 7 ¢ AAut(S)
and [TAut(&): AAut(S)] = 2 whence TAut(S) = AAut(S) x (7). In general, the inclu-
sion TAut(6) < JAut(S) may be proper. The smallest examples of this are CC(8, 31)
and CC(8,32) of order 8. (Enumeration of coherent configurations here is taken from
Ziv-Av’s catalog [24] of small coherent configurations.)

If & = (9,95) is a thin association scheme, then S is a regular subgroup of Sym(Q).
In this case a permutation ¢ € Sym(S) belongs to JAut(&) if and only if it satisfies
o(st) € {P(s)d(t), p(t)p(s)} for all s,t € S. It was shown in [19] that any such map
is either an automorphism or anti-automorphism. Thus for thin association schemes
one always has TAut(&) = JAut(S).

We call a Jordan configuration & = (£,5) non-autonomous if it is an algebraic
fusion of a coherent configuration € = (2, C) via a subgroup ® < JAut(¢). A Jordan
configuration will be called autonomous otherwise, that is, if it cannot be obtained as
an algebraic fusion of some coherent configuration sharing the same point set.

Note that in [18] Jordan schemes were divided into two types: proper and improper.
An improper Jordan scheme is one that can be realized as a symmetrization of an
association scheme. Otherwise it is proper. Under this definition, any nonsymmetric
Jordan scheme is automatically proper. Regarding symmetric Jordan schemes, there
are proper ones that are non-autonomous. We are able to show that there are no
examples of proper non-autonomous Jordan schemes of order less than 16. In fact,
the smallest examples of such schemes known to us are of order 24 as described below.

EXAMPLE 2.3. Computer calculations show that each of AS(24,526), AS(24,597),
AS(24,669) has two algebraic fusions that are proper symmetric Jordan schemes.
Hence, it follows that these schemes are non-autonomous. Enumeration of association
schemes here is taken from Hanaki and Miyamoto’s catalog [10] of small association
schemes. These are also accessible in GAP [8] as well as in the COCO2P package [15].

It appears that the proper Jordan schemes constructed in [18] are also autonomous,
but we have yet to prove this. We have however verified this for the smallest example
of order 15 constructed there.

3. THIN JORDAN SCHEMES

It is well known that each basic graph of an association scheme (£2,S) is regular.
Therefore we always have that |S| < || where equality holds if and only if each
basic relation s € S is a permutation on 2. Such a scheme is called thin and it is not
difficult to check that an association scheme (€2, S) is thin if and only if S is a regular
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subgroup of Sym(f2). Since every group has a regular representation, one can consider
groups as a particular case of association schemes.

Although symmetric Jordan schemes are always regular, this is no longer true of
nonsymmetric ones as the following simple example illustrates.

EXAMPLE 3.1. The full matrix algebra Mq(F) is a discrete coherent algebra of
ab

rank |Q[2. In the case of Q = {1,2} the mapping ¢ : L a CCZZ is an anti-

automorphism. Therefore, the subspace A := <¢’>M{172}(F) = {{CCL Z}

a,b,c € IF}
is a coherent J-algebra which has order 2 and rank 3. The corresponding Jordan
configuration (€2, {so, s1,s2}), where so = 1o, s1 = {(1,2)} and so = {(2,1)}, is
homogeneous but not regular, and its rank-to-order ratio |S|/|?| is 3/2.

The following assertion shows that this is the maximum value of a rank-to-order
ratio for any nonregular Jordan scheme.

PROPOSITION 3.2. Let (2,.5) be a nonregular Jordan scheme. Then |S|/|Q| < 3/2
where equality holds if and only if all basic relations are thin.

Proof. By [18, Proposition 2.2] there exists a partition Q = Q; U Qg with |Q4]| = ||
such that every regular relation is contained in Q3 U Q% and each nonregular one is
contained in either Q0 xQ; or 4 x{y. Thus S splits into a disjoint union S = S, USy ;U
S10 where S, stands for all regular relations while S; 1_; := {s € S |C ; x Q1_;}.
Define ng = %p%‘;st} for each s € S;1_;. Then |s| = ng|€Q;|, and it follows from
Dosesia, sl = 18] - [Q1i| that 30 g
latter sum are nonnegative integers, we conclude |S; 1| < |2]/2 for i =0, 1.
Since a basic relation s is regular if and only if s C Q3 U Q32, we can write

|22 1]
SES) SESy SESy

ns = |Q/2. Since all summands in the

Arguing as before we conclude that |S,.| < [2]/2. Combining together all of the above,
we obtain

S = 18:] + 1S0.1] + S0l < 31€2-
Moreover, by the above arguments it follows that |S| = 2| if and only if n, = 1 for
all s € S. O

Since the maximum rank-order ratio is attained by nonregular thin Jordan schemes,
our next goal is to classify them. This will be proceeded in the next subsection.

3.1. NONREGULAR THIN JORDAN SCHEMES. Let us begin by describing how every
commutative homogeneous coherent algebra gives rise to a nonregular homogeneous
coherent Jordan algebra.

DEFINITION 3.3. Let C < M, (F) be a commutative homogeneous coherent algebra. We
define J(C) € Mo, (F) as follows:

J(C) = {[2?] ‘A,B,CGC}.

PROPOSITION 3.4. For every commutative homogeneous coherent algebra C < M, (F)
we have that J(C) is a homogeneous coherent Jordan algebra.

Proof. Clearly, J(C) is a linear subspace of My, (F). Since C is itself closed under
Schur-Hadamard multiplication, so is J(C).
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It remains to show closure of the Jordan product. To thisend, let A, B,C,D,E, F €
C. Then

2AD+ BF + EC 2AE+2BD
2DC +2AF 2AD+ BF + EC

AB
CA

DE
FD

*

e J(C). O

An important special case is when C is the adjacency algebra of a thin association
scheme coming from an abelian group G. In this case, we shall write J(G) rather than
the more accurate, albeit cumbersome, J(A(G,G)). Clearly, for every abelian group
G we have that J(G) is a nonregular thin homogeneous coherent Jordan algebra.

PROPOSITION 3.5. Let & = (Q,C) be a nonregular thin Jordan scheme. and let A be

its adjacency algebra. Then there exists an abelian group G and a permutation matriz
P, such that A= P17 (G)P.

Proof. Let J = (2,C) be a nonregular thin Jordan scheme and let A4 be its adjacency
algebra. Let S = {A;};_, be the standard basis of A. By [18, Proposition 2.2], each
element of S is of one of the following shapes:

AO ocC
OB 00

00
DO

i Y )

where A, B, C, D are certain matrices of order n, and where O denotes the zero matrix.
Since & is thin, each of A, B,C, D is a permutation matrix.
Let us choose the following designations:

gi={al3B: ;9] s}, .= {B|34: [59] es},
n={c|[9¢5]es}, k={p|[95]es}.

Note that £ = H' and Y. G1 = >.Go = >.H = >. K = J. Moreover, |G| = |G2| =
[H| = [K] = n.

We next prove

AO
(1) VAggl H!Begz : [OB} €Ss.
Suppose [g Bol}, {é 32} € S with By # Bs. Then {g BI?BJ € A, whence also
o O A O O 0O
o = € A
O B; — B OB O B;
But since A is closed under taking powers, we thereby obtain g?] € A, a con-

tradiction under the assumption that J is a Jordan scheme. It therefore follows that
By = Bs.

This establishes a bijection between G; and G which we denote by A — ¢(A).
Clearly, G; is the standard basis of a thin homogeneous coherent J-algebra, and
likewise for Gs.

We next show that

A O CcD O
(2) Voen Vaeg, Ipex : [o @(A)} - { o) DC}.
To see this, first observe that for all C' € H, D € K we have
OO0 ocC CD O
* = .
DO OO0 O DC
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Since |CK| = K| = |G1], there exists D € K for which A = CD. By (1), ¢(4) = DC
holds for this D.
Next we establish

(3) Veen Vacg, : p(A) = C AC.

To this end, let A € Gy. By (2), there exists D € K such that A = CD and ¢p(A) = DC.
From this it follows that D = C~! A, hence p(A4) = C~1AC.

Let P be a permutation matrix and let X € A be arbitrary. Then conjugation
X — PXP~! preserves each of the operations -, 7, %, o on A. In other words, the
resulting algebra A’ = PAP~! is a homogeneous coherent J-algebra, and the Jordan
schemes corresponding to A and A’ are combinatorially isomorphic.

Next we claim that:

(4 3p: Pi tati trix, and V -PAO |40
p @ P is a permutation matrix, and Vaeg, : 0 w(A) =10 al
To see this, let C' € ‘H and let P := {(I) g] Then from (3) it follows that
A O L |1o1|4 O I 0| |AO
O ¢(A) ~loc||loctac| |loc | o Al

By (4) we may now assume that G; = Gy and moreover that ¢ is the identity-map.
Henceforth, we make these assumptions.
Since A = p(A) = C~LAC, an immediate consequence of (3) is

(5) Vaeg,, Voen : AC = CA.
For A € G, and C € H, we next compute
AO ocC 1|0 AC+CA 0O AC
* = — =
O A (0X0; 210 O O O

which proves
Vaeg,, Voen + AC € H.

We next claim G; is an abelian group. To this end, let C' € H and let A, A’ € G;.
Then

AA'C = A(AC) = (AC)A = ANAC = AA =AA = AxA = AN,

and the claim is proved.

Finally, it remains to show that % = K = G;. For this purpose, let C' = (¢; ;) be
the unique element of H with ¢; 1 = 1, i.e. Cé; = &;. (Note that this element exists
because Y H = J.) Let k € {1,...,n} and let Ay = (a;kj)) be the unique element of
G; with aglflz =1, i.e. Ap€1 = €j. (This element exists due to > G = J.)

Since AxC': &1 — €, CAy: &1 — Cé, and A,C = CAg by (5), it follows that
C = I. We thereby conclude that H = {AC | A € G1} = G1. As K = H™!, we also
have KL = G;. But now it is clear that A = J(Gy). O

Let us collect our findings in one place:

THEOREM 3.6.

(a) For every finite abelian group G, J(G) is the adjacency algebra of a non-
regular thin Jordan scheme.

(b) For every non-regular thin Jordan scheme & with adjacency algebra A, there
exists a finite abelian group G such that A = J(G).
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(¢) For finite abelian groups G and H, one has J(G) = J(H) if and only if
G=H.

Proof. Parts (a) and (b) follow from Propositions 3.4 and 3.5, respectively. For part
(¢), clearly, if G = H then J(G) = J(H). For the reverse direction we note that G
can be reconstructed from J(G) as follows: observe that the WL-closure W of J(G)

is equal to
AB
W = {[CD} A,B,C,D e A(G,G)}.
In other words it is a coherent algebra with two fibres where each fibre constituent
coincides with A(G, G). O

3.2. REGULAR THIN JORDAN SCHEMES. In this subsection, we assume that (€2, 5) is
a regular thin Jordan scheme, that is, S is a set of permutations on Q. The set S
contains the identity permutation 1g and is closed under transpose, i.e. s* € S for
every s € S. In fact st = s~ 1.

Since S is a partition of 02 into a disjoint union of permutations, for every pair
(a, B) € Q2 the basic relation S(a, 3) € S is the unique permutation that maps a to
B. From the definition of a Jordan scheme it follows that S(a, @) = 1 and S(a, §) =
S(B,a)~!. The same definition implies that the adjacency matrix (S(a, 3))a.geq is a
Latin square. Pick an arbitrary point wg € 2 and define a binary operation ¢ on S by

aob = S(wop, a(b(wp))). That is, a triple a, b, ¢ € S satisfies acb = ciff a(b(wp)) = c(wp).

REMARK 3.7. It follows from the definition that the product ¢ depends on the choice
of the “base point” wy. It could be that a different choice of base point will yield a
nonisomorphic magma.

PROPOSITION 3.8. The magma (S, ) has the following properties

(a) 1lq is the neutral element of (S,0);

(b) vaES atoa = la;

(€) VYapes at o (aob) =b;

(d) Vapes the equation x o a =b has a unique solution x € S.

Proof. Proof of (a): We have aolg = S(wp, a(la(wp))) = S(wo, a(wo)) = a. Similarly,
lgoa=a.
Proof of (b): This follows at once from the identity a’(a(wp)) = wo = 1o (wo)-
Proof of (¢): aob=c< a(b(wy)) = c(wo) & blwg) = at(c(wg)) & al oc=b.
Proof of (d): We have z(a(wo)) = b(wp). Therefore, x = S(a(wo), b(wo)). O

We conclude from the above that (S,¢) is a loop with the left inverse property.
It is well known that each element a € S determines two permutations ¢, and 7,
on S, defined naturally by £,(z) = a oz and r,(z) = z ¢ a. From (c) it follows that
lyily = 1g, that is, £,c = £;1. Tt also follows from (c) that left division in the loop
(S,0) is at o b. Right division will be denoted as b/a, that is, (b/a) ¢ a = b. Later we
will prove b/a = b o a.

Recall that an isotopism between two Latin squares L : Q2 — S and L' : /% — &'
is a triple of bijections a:Q — ', 8:Q — Q' and v: S — S’ that satisfy the identity
v(L(wy,wz2)) = L' (a(wr), B(we)) for all wy,wq € Q.

PROPOSITION 3.9. Let 0 : S — Q be the mapping defined via o(s) = s(wp). Then
(a) o is a bijection.
(b) o~ tac =4, for each a € S.
(¢) The triple of mappings o,0,1s is an isotopism between the Latin squares
(v/W)v,ues and (S(a, B))a,pen-
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Proof. Proof of (a):If s #t € S, then sNt = &. Thus o(s) = s(wo) # t(wo) = o(t)
which proves ¢ is injective. To prove surjectivity, pick an arbitrary w € € and set
s:= S(wp,w). Then o(s) = s(wp) = w.

Proof of (b): We must show aoc = of, for each a € S. But this is equivalent to
showing Vses : a(o(s)) = 0(4y(s)). Now a(o(s)) = a(s(wo)) = (a© s)(wp) = a(£a(s)).

Proof of (c): We must show S(o(u),o(v)) = ls(v/u) = v/u for all u,v € S.
Denote w := v/u. Then w ¢ u = v which implies w(u(wg)) = v(wg). Hence w =
S(o(u),o(v)). O

Proposition 3.9 implies that the permutations {{s}scs form a Jordan scheme on S
isomorphic to the original (€2,.5). Therefore V,, veg lu - bv + v - u = Luocw + Lvou, OF
equivalently,

(6) vu,vES euev U evéu = guov U Evou-
This latter equality may be re-expressed as
(7) Vuwwes {uo(wow),vo(uow)} = {(uov)ow, (vou)ow)}.

As an immediate consequence we conclude that (.S, ¢) has the left alternative property:
uo (uov) = (uou)owv.

For each pair u,v € S, we set a(u,v) :={w € S| uo(vow) = (uov)ow}. Observe
that 1o € a(u,v). It follows from (7) that a(u,v) = a(v,u).

3.2.1. (S,¢) is a Moufang loop. To show this we start with the following assertion:

PRrROPOSITION 3.10. Let u,v € S be an arbitrary pair. Then the following hold:

(a) Ifuov=wvou, then yl, = lyly, = Ly, and a(u,v) = S.
(b) Ifuov £vou, then 0, NL,l, = 3.

Proof. Proof of (a): This is an immediate consequence of (7).
Proof of (b): As uov # vou, we have lye,Nlyoy, = @. But then (uov)ow # (vou)ow
holds for every w € S, whence the result follows once more from (7). O

PROPOSITION 3.11. Let u,v € S, and let a := a(u,v) and @ := S ~ a. Then the
following hold:

(@) Luoy = Lulylq U lyl, 15, in particular, Cyey C lyly U Lyl,.
(b) The set a is invariant with respect to £,, and ¢,.

Proof. If w and v commute, then we are done by Proposition 3.10(a). So for the
balance of the proof we assume u o v # v ¢ u.

Proof of (a): By (6), £y, U Lyly = Lyey U Lyoy while by (7), (uov)ow € {uo (vo
w),v o (uow)}. More precisely,

uo (vow), w € a,
vo(uow), w € a.

(u<>v)<>w:{

But this is equivalent to £y, = £y ly1q ULyl 15.
Proof of (b): From (a) and the fact that u! o (uov) = v, it follows that ¢, C
Lyt lyop U lyoply:. Taking into account that £,: = £, 1 we now obtain

Cy Tl (Lulylg ULyly1g) U (Lylyly ULyl 15)0,"
which simplifies to

(8) Oy Cl1a UL 0 15 UL L 100, UL, 150,
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Below we determine the cardinality of the intersection of £, with each set appearing
in (8).

|,1a N &y| = |a
‘€;1£v€u1303v|
10,,10051 N 0,

Lyl N Ly| = [€uly N Luly] =0 = 010,015 N Ly| =
| 0,0
0ol 15051 N £y

< ey |
< Olol L N ly] = [0uly N Loly] = 0 = [€ulu1alst N L, =
= [0l 15 N Lol | =[]

Together, this implies (£,14 U, 0,150, ) N €, = £, which in turn yields £, 150, = 15,
or equivalently, £, (@) = @. Similarly, we obtain the equality ¢,(a) = @ from u < v
symmetry. (]

It follows from Proposition 3.11(b) that uca(u,v) = a(u, v) and voa(u,v) = a(u, v).
Together with 1o € a(u,v), we see that the subloop of (S, ¢) generated by u and v is
contained in a(u,v). In particular, u,v € a(u,v).

PROPOSITION 3.12. For all u,v € S one has (vou)t = ut ovt.

Proof. Since u ¢ a(u,v) = a(u,v), it follows that u’ o (u o a(u,v)) = u' ¢ a(u,v). By
Proposition 3.8(c), uto(uoa(u,v)) = a(u,v) whence u‘oa(u,v) = a(u,v). Analogously,
vt o a(u,v) = a(u,v). Now since 1o € a(u,v), we obtain u’ ¢ v' € a(u,v) = a(v,u).
Therefore (v o u) o (ut o v') = vo (uo (uf ov')) = vovt = 1g. Together with
(vou)o (vou)t = 1q, we conclude that (vou)t = ul o vt as desired. O

PROPOSITION 3.13. The loop (S,¢) is alternative, that is to say, for all u,v € S we
have

(uou)ov=uo(uov) (L)
(vou)ou=vo(uou) (R)
(u<>v)<>u uo (vou) (M)

Proof. Equality (L) follows from equation (7), while (R) and (M) follow from the
inclusion u € a(u, v) = a(v, u). O

PROPOSITION 3.14. (S,¢) is a Moufang loop.

Proof. A loop is Moufang iff it is simultaneously a left and right Bol loop. We start
by showing that (S, ¢) is a left Bol loop. To this end, we must prove the identity

(9) yo(zo(yor))=(yo(zoy))ox

But this identity is equivalent to £,¢.£, = £, (.0y)- To establish the latter identity, we
first note that J := (£,)ses is *—closed Therefore £,€,£, = 2(£, * (£, xL,) — (£, *£,) *
£,) € J. This implies that the permutation matrix £,£,.£, is a linear Combination of
pairwise disjoint permutation matrices £, s € S. But this can only occurif £, £.£, = £,
for some w € S, or equivalently, ¢,¢,¢, = {,,. We further argue that since (S, {{s}scs)
is a Jordan scheme, we have £y, = {0 (z0y) if and only if £y, (1s) = lyo(z0y)(1s). (We
have here used the fact that in a Jordan scheme two basic relations are either equal
or disjoint.) We now compute

ly(ls) = gy(gz(gy(ls))) =yo(zoy) = Eyo(zoy)(ls)'
Thus identity (9) holds, and (S, ¢) is indeed a left Bol loop.
To see that (S,¢) is a right Bol loop, we must establish the identity
(10) (woy)oz)oy=zo((yoz)oy).
Similarly to the above, this identity is equivalent to ryr.r, = 7(y02)0y- From Propo-
sition 3.12 it follows that r, = 7¢,.7 where 7 € Sym(S) is the involutory trans-
pose permutation on S, i.e. 7(z) = at. Since (S,¢) is a left Bol loop, we have
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Lyl ilye = Lyig(stoyry. Conjugating both sides of this identity by 7, we obtain on
one hand

Tlyt by T = (Tl T) (Tt T) (Tl T) = 1y 721y,
while on the other hand

Tlyto(atoy)T = Tl((yoz)oy)! T = T(yoz)oy-
Thus identity (10) holds, and (S, ¢) is a right Bol loop as well. O

PROPOSITION 3.15. Let (2,.5) be a thin symmetric Jordan scheme. Then S is an
abelian 2-group and (Q, S) is a symmetric association scheme.

Proof. Since a' = a, each element of the loop (S,¢) has order two. It is well known

that a Moufang loop of exponent two is a group (cf. [5, Proposition 2]). Hence (S, ¢)
is an elementary abelian 2-group. O

3.2.2. Relation to alternative algebras. A loop (S,¢) is ring-alternative (an RA-loop,
for short [6]) if the loop ring RS is an alternative ring for any commutative associative
ring R. It is known that every RA-loop is Moufang but the converse is not true [6].
RA-loops were characterized in [6, Theorem 1] as follows:

THEOREM 3.16. A nonassociative loop (S,©) is an RA-loop if and only if the following
hold:

(a) If three elements in S associate in some order, then they associate in all
orders.

(b) If three elements u,v,w do not associate, then (uov)ow = uo (wowv) =
vo (uow).

THEOREM 3.17. Let (S,0) be a loop with identity e. The permutations {{y}acs form
a thin Jordan scheme if and only if (S,©) is an RA-loop.

Proof. (<) Let (5,¢) be an RA-loop. Then (5, ¢) is a Moufang loop [6], and therefore
every element a has an inverse a ! satisfying V¥, pes ao(a~'ob) = b. This implies that
ly-1 = €71 = ¢!, Together with £, = 15, we conclude that the partition L := {{,}aes
of S? is a rainbow. If ¢ is associative, then (L,S) is a thin association scheme, and
therefore it is a Jordan scheme as well.

If ¢ is nonassociative, then (L, S) is a Jordan scheme if and only if

Vapes : la- Lo+ Lo Lo = Llaoh + lboa-

Observe that this is equivalent to the following relation in the loop ring RS":

(11) ao(boc)+bo(avc)=(aob)oc+ (boa)oc.

If a, b, c associate in lexicographic order, then by Theorem 3.16 they associate in any
order and (11) follows. If a, b, ¢ do not associate, then by Theorem 3.16 a ¢ (boc) =
(boa)oc,bo(aoc)=(aob)ocand (11) holds once more.

(=) Assume now that the permutations L = {{,},cs form a Jordan scheme.
Choosing wy = 1 we obtain a binary operation ® on L via

Lo Oy =1, <= L.(wo) = La(lp(wy)) < c=aob.

Thus it always holds that ¢, ® £, = {;0p. Therefore the mapping a — ¢, is an isomor-
phism between the magmas (L, ®) and (S, ).

By Proposition 3.14, (L, ®) is a Moufang loop. We must check the two conditions of
Theorem 3.16. If ¢, ¢, ¢,, associate with respect to ®, then they generate a group in
L and therefore associate in any order. (Here we have used the fact that any subloop
of a Moufang loop that is generated by three associate elements is associative.) Thus
the first condition of Theorem 3.16 is satisfied.
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To check the second condition, we consider a triple £, £,, ,, that are non-associate
with respect to ©, i.e. £y, @ (£y @ Ly) # (Ly © £y) © £y. Then it follows from (7) that
Ly © (by ©Lly) = (Ly ©Ly) © Ly and £y @ (L © Ly) = (Ly © £y) © Ly,

It remains to show that (€, ® €,) @ Ly = £y © (by @ Ly). Since £y, 4, L, are
non-associate with respect to ©, the elements ¢, /1, ¢! are non-associate as well.
Now (7) implies (' ® (6,1 © £,1) = (6,1 © £,1) ® £, 1. Taking the inverse of both
sides, we obtain (£, ® £,) © £y, = £, ® (by © £,). Combining this with the equality
of the previous paragraph, we conclude that (L, ®) satisfies the second condition of
Theorem 3.16. Hence (L, ®), and therefore (S,¢), are RA-loops. O

We end this subsection with an isomorphism criterion for loop-based Jordan
schemes. Following [9], a half-isomorphism between two loops (L, o) and (L',¢) is a
bijection ¢ : L — L’ satisfying ¢(zoy) € {p(x) o ¢(y), (y) o’ ¢(x)}. Note that every
loop isomorphism or anti-isomorphism is a half-isomorphism, although we regard
these as trivial.

PROPOSITION 3.18. Given two nonassociative RA-loops (L,o) and (L', o), their corre-
sponding Jordan schemes J := (L,{ly}acr) and J' := (L', {l, }acL’) are algebraically
isomorphic if and only if L and L' are half-isomorphic.

Proof. Recall ([18]) that two Jordan schemes J = (2, 5) and J' = (', 5) are alge-
braically isomorphic if and only if there exists a bijection between basic relations such
that the induced linear map between their respective adjacency algebras preserves the
Jordan product. In our case, any bijection between {{,}.cr, and {£/ },cr/ is uniquely
determined by a bijection ¢ : L — L’ for which the induced linear map & is given
by ®(£,) = £ ,(,)- The bijection ¢ determines an algebraic isomorphism if and only
if ® preserves x, i.e. ®(£, *£,) = ®(L,) * P(¢,) for all a,b € L. Observe that the latter
equality is equivalent to

’ ’ o ’
Co(aot) T Lopboa) = Lpayorpv) T Lo)orp(a)-

We thereby obtain the desired result, namely ® is an algebraic isomorphism if and
only if

{elaob),pboa)} = {p(a) o ©(b),p(b) o v(a)}.

Since both (L,<) and (L',¢’) are 2-associative, it follows from Scott’s theorem that
the latter condition is equivalent to ¢ being a half-isomorphism. O

Although there exist Moufang loops that are non-trivially half-isomorphic, we are
not aware of any examples of isomorphic Jordan schemes that arise from nontrivially
half-isomorphic Moufang loops.

3.2.3. RA-loops. RA-loops were classified in [12, Theorem 1.1]. To describe them, we
must first introduce a special construction.

Let G be a finite group satisfying G/Z(G) = Z3 and G’ = {e, s} C Z(G) where e
is the identity element of G. Note that according to [12], the property G/Z(G) = Z3
implies G’ = {e, s} C Z(G). Note also that in this case there exists a 2-subgroup P
of G and an abelian subgroup A of G such that G = P x A and P/Z(P) = Z3.

Define an involution g — ¢* (g € G) by

«_ g9, 9€Z(G)
g _{gs,gézZ(G)'
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We next fix an arbitrary element gy € Z(G) and define a binary operation ¢ on the
set G x {0,1} as follows:

(9h,0), z=y=0
_ ) (hg,1), z=0y=1
(12) (g,l’)O(h,y) - (gh*,l), le,y:()
(QOh*gaO)v r=yY= 1.
As in [12], we denote this algebraic structure by L(G, *, go).

THEOREM 3.19 ([12, Theorem 1.1]). The algebraic structure (L(G, *, g9),©) is an RA-
loop. Moreover, any nonassociative RA-loop is isomorphic to L(G,x*, go) for suitable
G and go € Z(G) as described above.

The following result lists properties of L(G, %, go) that will be critical to our later
arguments.

PROPOSITION 3.20. Let L = L(G, , go) be as above. Then

(a) The map x — z* is an anti-automorphism of G;

(b) Z(1) = Z(G) x {0};

(¢c) Z(L) coincides with the right and left nucleus of L.
Proof. Proof of (a): Define g* = ga(g) where a(g) = e if g € Z(G) and a(g) = s
otherwise. We must show (gh)* = h*g*, which is equivalent to showing [g,h] =
a(g)a(h)a(gh)~!.

It follows from the properties of a group that g, h € G do not commute if and only
if the cosets ¢gZ(G), hZ(G), ghZ(G) are pairwise distinct. In this case [g,h] = s =
a(g) = a(h) = a(gh), and the required equality holds.

On the other hand, if g,h commute then they belong to an abelian subgroup
N := (g, h, Z(@)) that is normal in G. As the restriction of & to N is a homomorphism,
we have a(gh) " ta(g)a(h) = e = [g, h], thereby completing the proof of part (a).

Proof of (b): For any g € Z(G) and h € G, it follows from the product formula (12)
that gh = hg, g* = g. Therefore,

_Jghy=0 _ [hg, y=0 _
.0 o) = { gy =0 = L39 V28 o a0

implying (g,0) € Z(L).

From this it follows that (g,0), g € Z(G), commutes with every element of L. If
g € Z(G), then (g,0) and (g,1) do not commute. Hence, neither (g,0) nor (g, 1) lies
in Z(L).

Proof of (c): Given that L is an RA-loop, it is also a Moufang loop. Thus its left
nucleus Ny (L) coincides with its right nucleus N,(L). We claim N,(L) = Z(L).

To this end, let f,g,h € G, z,y € {0,1} and define

L= ((g,2) o (h,y)) © (f,0),
R:=(g,2) o ((h,y) o (f,0)).
Using (12), we compute

(gh70)0(f70)7 x:y:O (ghf,0)7 r=Yy=

L (hg,l)O(f,O), xzoayzl (hgf*vl)a x:an:

(gh*71)<>( 70)a leayzo (gh*f*71)a levy:
(goh*%o)o(fao)’ r=Y= 1 (QOh*gfao)a r=1Y=
h1.0) Ew#&% r=y=0

_ hfa07 y= hf*gala 55:0,(921

i @m°&wmmy1‘ (g(hf)",1), @=1y=0

(90(hf*)*9,0), =y =
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If f € Z(G) then f* = f, which together with (hf)* = f*h* implies L = R. Therefore,
Z(G) x {0} C N,(L).

If f ¢ Z(G) then f* = fs ¢ Z(G), which implies hgf* # hf*g for any g € G
that does not commute with f*. Therefore L # R for every g with [g, f] # e. Hence
(f,0) & N,(L) for any f & Z(G).

It remains to show that (f,1) € N,(L) for any f € G. For arbitrary g,h € G, we
compute L := ((g,1) ¢ (h,1)) o (f,1),R:= (g,1) o ((h,1) ¢ (f,1)). Applying (12), we

now obtain
L = (90h"g,0) o (f,1) = (fgoh"g,1), and
R=(g,1) 0 (gof"h,0) = (9(g0.f"h)", 1) = (gh" fg5,1).
It follows from go € Z(G) that g5 = go. Thus L = R holds iff fh*g = gh*f. If
f € Z(G), then choosing h = e and g € C(f) we obtain L # R. (Here C(f) denotes
the centralizer in G of f.) If f € Z(G), then we may take g, h € G with [h*, g] # e to
ensure L # R. We thereby conclude that (f,1) & N,(L) for any f € G. O

4. COHERENT CLOSURE OF THIN JORDAN SCHEMES

The goal of this section is to show that the Jordan schemes we have found in the
previous section are autonomous. For this purpose we compute the WL-closure € of
the Jordan scheme J = (S, {¢s}scs) obtained from an RA-loop (.9,¢). Following, we
compute the group JAut(€) and use it to check that no algebraic fusion of € coincides
with J.

PROPOSITION 4.1. Let 2 be a finite set, and let G < Sym(Q2) be a transitive subgroup.
Then the WL-closure of G is a coherent configuration consisting of the 2-orbits of the
group H := Csymq)(G).

Proof. Let X = (2, C) be the coherent closure of G. Since H centralizes G, each h € H
is an automorphism of every g € G. Therefore every basic relation of X is a union of
2-orbits of H. We must show that each 2-orbit of H is a union of basic relations of X.

Pick an arbitrary pair (wy,ws) € Q2 and define G, ., to be the set of all g € G
that map wy to we, that is Gy, 4w, = {9 € G | gw1) = w2} = {9 € G| (w1,w2) € g}.
Note that Gy, —w, is nonempty and G, —w, = gGu, for any g € Gu, -, -

The relation 7y, w, == () 9EG ;w9 18 MONCMDEY and is the union of certain ele-
ments from C. We claim r,, ., is a 2-orbit of H. First we notice that 7., ., = 1o,
where ; is the fixed-point set of Gy,,. Now for an arbitrary g € G, ., Wwe have
Twiws = 9Twiw, = gla,. Since each 7, o, is the intersection of H-invariant relations,
it is H invariant too. In particular, 1o, is H-invariant yielding that € is H-invariant
as well.

Observe that the action of H on 1q, is equivalent to its action on €24, and, therefore,
is semiregular. Finally, it is well known that || = [Ng(Gw,) : G, | = |Csyma) (G)| =
|H|. Hence H acts transitively in 1g,, and therefore it also acts transitively in glg, =
Twy,wy- We conclude that 7, ., is a 2-orbit of H. O

PROPOSITION 4.2. Let (S,0) be a loop with identity e, and let G < Sym(S) be the

subgroup generated by {{s}scs. Then Csyms)(G) coincides with the subgroup N, :=
{rs}sen, of Sym(S), where N, is the right nucleus of (S,).

Proof. Recall that N, := {z € S | Vyyes 0 (yo2) = (xoy)oz}. It is easy to see
that N, contains e and is ¢-closed. Together with ry,. = ryr., we obtain that ]\pr is
a subgroup of Sym(.S). Note that Z\~fp acts semiregularly on S.

A permutation ¢ € Sym(S) centralizes G if and only if it commutes with ¢ for every
s € S, that is, if ¢(sou) = sop(u) for all s,u € S. Substituting u = e into this equality,
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we obtain ¢ = ry(.), i.e. ¢(x) = x o ¢(e). Thus the equality Vs ,es ¢(sou) = 50 d(u)
becomes V, ues (s ou) o ¢pe) = so (uo ¢(e)) whence ¢(e) € N,. To summarize,
¢ € Csym(s)(G) implies ¢ = ry(.) and @(e) € N, i.e. ¢ € N,,.

On the other hand, if s € N, then

Vuwes Ts(lu(v)) = (wov)os =uo (vos) = l,(rs(v)),
in other words r.¢,, = ¢, rs. Hence J\N/'p < Osym(9)(G). O

4.1. JORDAN ALGEBRAIC AUTOMORPHISMS OF COHERENT CONFIGURATIONS. Let
¢ = (Q,C) be a coherent configuration, and let A be its adjacency algebra which we
consider as a Jordan algebra. Denote by €21, ..., the fibers of €. Then the matrices
lg,,i =1,..., k are the only minimal idempotents with respect to both x and o. There-
fore, every algebraic automorphism ¢ of € permutes the relations 1q,,i = 1,...,k,
which we may regard as a permutation of the indices 1, ..., k. Following this, we abuse
notation by writing ¢(1a,) = la, -

In what follows, if 7 is a relation on 2 and Q1 C €, then we write [, =N (2 x
Q) to indicate the restriction of r to Q. Moreover, if R is a set of relations on  we
write R|q, = {rlq, |7 € R}.

PROPOSITION 4.3. Let € = (2,C) be the 2-orbit configuration of a semiregular sub-
group H < Sym(Q)). Then

(a) €= (21,Clg,) ® Dy where Q is an H-orbit, k is the number of H-orbits on
Q, and Dy, is the discrete configuration on [k] :== {1,...,k}.
(b) JAut(€) = TAut().

Proof. Proof of (a): Let 4,...,Q be a complete set of H-orbits on . Clearly
2| = |H| for all 7 € [k]. Note that ©; x [k] is the point set of (21, Clq,) ® ®j. Thus,
to build a bijection f : Q; x [k] — Q we choose arbitrary w; € €, € [k]. Define
f(w, ) = h(w;) where h € H is the unique element satisfying w = h(wy).

We now check that f maps basic relations of (€1,Clq,) ® D}, onto basic relations
of €. In what follows, denote by r(z,y) the unique basic relation of the configuration
containing (z,y). Since in both configurations all basic relations have the same car-
dinality (namely |H]|) it suffices to prove that the following holds for any quadruple

of points («, 1), (8,7), (¢/,3), (8,7") € Q1 x [k]:
T((a’ i)’ (ﬂa])) = ’I"((()é/,i,), (/Blvj/)) = T(f(a’i)v f(/Bv.])) = T(f(a/7i/)v f(ﬂla.]/))

It follows from the first equality that i/ = ¢ and j° = j. Also o/ = h(a) and
B’ = h(B) where h is the unique element of H that maps a to o'. Let a,b € H
be elements satisfying o = a(wy) and 8 = b(wy) from which it follows that o/ =
ha(wy) and B’ = hb(wi). Then we obtain f(«a,i) = a(w;), f(B8,j) = blw,;) and
f(e/,i) = ha(w;), f(B,§) = hb(w;). The latter equality implies (f(c/, i), f(8',7)) =
(RS, 0)-WF(9.5). whene we e {500, (9,9) = (6 £ 1(5.) v
ing (a).

Proof of (b): We first describe the group of isomorphisms Iso(€) (referred to as
color automorphisms in [13]). Since H acts semiregularly on €2, H is 2-closed [22]. In
this case Iso(€) coincides with the normalizer of H in the symmetric group Sym(2).

Under the identification € with (Q1,Clq,) ® Dk, a semiregular action of H on
Oy x [k] is given by h(w,i) = (h(w),%). Denoting by F the set of basic relations of
(21,Clgq,), we can now describe the basic relations of € in the following manner:
[f1i; = {((e,9),(B.4)) | (o, B) € f} where f € F. In what follows, we set C := {[f]; |
fekFijelk]}.
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Since H acts regularly on 21, its 2-orbit scheme is thin, i.e. each f € F is a
permutation on ; and F is a regular permutation subgroup of Sym(€);). Note that
F is the centralizer of H in Sym(©;) and F = H.

We next describe certain elements of the group AAut(€). Given v € F*, we define
a permutation © € Sym(C) by ¢ : [f];; + [v; ' fvj]ij. Tt is easy to check that © is an
algebraic automorphism of €. Another class of algebraic automorphisms comes from
the symmetric group Sy = Sym([k]), namely every permutation 1) € S permutes the
basic relations in the following manner: [f]; j — [f]y(i),5(;)- We denote such induced

permutations by 1[)

A third class of algebraic automorphisms comes from Aut(F'), namely ¢ € Aut(F')
permutes the basic relations by [f];; — [¥(f)];;. In keeping with the above, we
denote these induced permutations by 1/3 One can easily check that the three types
of automorphisms just described generate a group isomorphic to F* x (Sy x Aut(F)).

Pick an arbitrary ¢ € JAut(€). Then Vicr) ¢(lo,) = lo,,, for a suitably chosen
© € Sk. Since ¢ € AAut(€), we have that ¢~ 1¢ is a Jordan automorphism of € that
fixes each fiber Iq,,7 € [k]. Thus, in what follows we may assume V¢ ¢(Io,) = Io,.

Consider now the matrices F; ; := ﬁQi x €. The linear span Ao := (Ej j); je[k
is a two-sided ideal of A := C[C] isomorphic to M(C). Since E;; is the unique
nonzero solution to the equations X x I, = X, X X = X, X o X = ﬁX and
o(Ilo,) = Iq,, we obtain ¢(E; ;) = E; ; for each i € [k]. Given i # j € [k], the equations
EiixX = %X, E;ixX = %X and XoX = ﬁX have two nonzero solutions FE; ; and
E, ;. Hence for any pair 7 # j, it is either the case that ¢(E; ;) = E; i, ¢(E;i) = E;
or ¢(E; ;) = E;j,¢(E;;) = Ej;. Let us call a pair switched in the former case and
non-switched in the latter case.

Our next step is to show that if a single pair {i,j} C [k] is switched, then all pairs
in [k] are switched. This is trivial if &k = 2. For k > 3, it suffices to prove that given
any three distinct elements i, 7, ¢ € [k], if {i,j} is switched then {i, ¢} and {j, £} are
also switched.

By way of contradiction, suppose {i,j} is a switched pair and at least one of
{3,£} and {j, ¢} is non-switched. First suppose {4, £} is non-switched. Then ¢(E; ;) =
Ej,’iv (ZS(EJ’Z) = Ei,j and Qs(EZ,Z) = Ei’g, ¢(Eg’7l) = E[’i. This 1mphes

E&j = 2Ei7j * Egﬂ' = 2¢(Ej7i) * (b(EZ,i) = Q(ﬁ(Ej,i * Egﬂ‘) = O,

a contradiction. Thus we are in the case where {i, j} and {i, ¢} are switched and {7, ¢}
is non-switched. But here, just as above, we reach the contradiction

EiJ = 2Ei7( * Eg)j = 2¢<E@)i) *d)(EZ,j) = Q(ﬁ(Eg’i *Eg,j) = 0.

We conclude that every pair in [k] is switched or every such pair is non-switched.

It follows from above that ¢ acts on Ay = My (C) either trivially or via matrix
transposition. Combining ¢ with 7 in the latter case, we may assume ¢ acts trivially
on Ay, i.e. ¢(E; ;) = E; ; for all 4, j € [k]. This implies the set of relations {[f]; ;}fer
is ¢-invariant for any ¢, j € [k], i.e. there exists a permutation ¢;; € Sym(F) such that
o([f1ig) = [0ii ()i s

Gii(fh) € {dii(f)dis(h), psi(h)dai(f)}

Thus ¢;; is a half-automorphism [19] of F. According to [19], ¢;; is either an auto-
morphism or an anti-automorphism.
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For every pair i # j and f,h € F we have 2(f]; jx[h];; = [fhli;: +[hf];;. Applying
¢ to both sides, we obtain

®ii(f)oji(h) = ¢ii(fh)
(13) 61 (W) i (f) = 63;(nf)

for all f,h € F. Substituting f = e into (13) now gives
¢ij(e)dji(h) = ¢ii(h), ;i (h)dij(e) = b;5(h) = ¢ij (€)™ dii(h) iz () = 655 (h).

It follows from f;;(e) = e that ¢;;(e) = ¢;;(e)~!. Substituting h = e into (13) we
obtain qzﬁzj(f) = ¢u (f)qi)ji(e)_l. Together with Qsﬂ(h) = qbij (6)_1¢m‘(h) this yields

Gij (f)ji(h) = ¢ii(f)dji(e) " dij(e) ™ dii(h) = ¢ui(f)dii(h).

It now follows from (13) that ¢y (f)dii(h) = ¢ii(fh), i.e. ¢y is an automorphism of
F for every i € [k].

Since ¢;; € Aut(F), it induces an algebraic automorphism ¢ € AAut(€) which
acts via [f]i; — [67,'(f)]i;- Replacing ¢ by ¢¢ ', we may assume that ¢y is trivial.
This yields ¢;;(h) = ¢j1(e) " p11(h)¢1,(e). Setting a; := ¢1,(e) € F, we may write
¢j;(h) = a;lhaj for each j € [k]. Also ¢1,(f) = ¢11(f)¢j1(e) ™ = fa;.

To complete the proof, it suffices to show that ¢ = & where a := (ay,...,ax) € F*.
The equality ¢ = a is equivalent to ¢([f]i;) = a([f]i;) = [a; * fajli;-

It follows from (13) that ¢;;(f) = ¢i(f)dji(e) ™' = a; ' fa;p;i(e) L. So it remains
to show that ¢;;(e) = aj_lai. If ¢ = j, this equality follows from ¢;; € Aut(F).
Hence we assume i # j. But now 2[e];; = [e];1 * [e]1; implies ¢;;(e) = ¢;1(e)p1i(e) =
d)lj (6)_1¢1i(6) = aj_lai as desired. O

4.2. THIN REGULAR JORDAN SCHEMES ARE AUTONOMOUS. Before proceeding to
fulfill the task reflected in the subsection title, we make some small notational changes.
Namely, given a loop (5, ¢), the left translation by an element s € S shall now be
denoted by § rather than ¢4, which was our previously chosen notation. Also, the set
of all permutations {8}ses will be denoted by S.

We are now equipped to prove the main result of this subsection.

N

THEOREM 4.4. Let (S,0) be a nonassociative RA-loop. Then & = (S,5) is an au-
tonomous Jordan scheme.

Proof. By way of contradiction, assume & is the algebraic fusion of a coherent con-
figuration € = (S, C') with respect to a certain subgroup ® < JAut(€). Then § = ®(c)
for every s € S and ¢ € C contained in §. In particular, this implies that each ¢ € C
is thin. By [7, Exercise 2.7.35], every such configuration is Schurian, i.e. there exists
H < Sym(S) such that C is the set of 2-orbits of H. Since every 2-orbit of H is
thin, we have that H is semiregular. Thus by Proposition 4.3, JAut(¢) = TAut(<).
Hence the subgroup ® := ® N AAut(€) has index at most two in ®. Moreover, since
®y < AAut(€), the rainbow ¢ = (S,Cy) where Cy = {®g(c)}cec is a coherent
configuration. Thus S =2CC (CyLC C. Since G is not a coherent configuration, the
inclusion S C Cy must be proper, and [® : ®g] = 2. In particular, g is normal in P,
which in turn implies that each ®-orbit on C' is either a ®g-orbit or a disjoint union
of two ®g-orbits of equal size. Therefore, each § € S is either a basic relation of ®0@
or the union of two basic relations of o€ of equal size. Since ®°¢ and ¢ are distinct,
there exists § € S which splits into a disjoint union of two basic relations of ®°¢ of
equal size, say § = ¢; U cg. It follows from |c1| = |e2] = |S]/2 that both ¢; and ¢y
are nonregular basic relations of ®°¢. Therefore ®°€ is a nonhomogeneous coherent
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configuration, that is, each of its basic relations is nonregular. This in turn implies
that all basic relations of ®°¢ have size |S|/2.

Observe that the coherent closure = (S, T) of & satisfies S = T C Cy. By Propo-
sition 4.2, the basic relations of T' coincide with the 2-orbits of the right nucleus N,
of the loop (S,¢). In particular, |t| = |[N,| for each ¢t € T. It follows from Proposi-
tion 3.20 that N, = Z(S), and therefore |N,| = |S|/8. Since each ¢t € T is the union of
basic relations of Cy, a basic relation ¢ € Cy has cardinality at most |S|/8, contrary
to |¢| = |S]/2. As this is an obvious contradiction, the proof is complete. O
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