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Stanley decompositions of modules of

covariants

William Q. Erickson & Markus Hunziker

ABSTRACT Let H be a complex reductive group, with finite-dimensional representations W and
U. The module of covariants for W of type U is the space of all H-equivariant polynomial maps
¢ : W — U. In this paper, we take H to be one of the classical groups GL(V), O(V), or Sp(V),
where W is a direct sum of copies of V' and V*, and U is an arbitrary rational representation
(with U restricted to exterior powers of V' in the O(V') case). Our main result gives uniform
Stanley decompositions of these modules of covariants, with Stanley spaces parametrized by
combinatorial objects we call jellyfish. As a corollary, we write down the Hilbert series as a
finite sum of rational functions, each with a combinatorial interpretation in terms of lattice
paths. Notably, these results do not rely on the module being Cohen—Macaulay. We further
apply our methods to invariant rings for SL(V) and SO(V'). Our proofs rely on previous work
by Jackson on standard monomial theory for dual reductive pairs, since classical modules of
covariants can be viewed via Howe duality as Harish-Chandra modules of unitary highest weight
representations of a certain real reductive group. As a first step toward extending this program
to arbitrary unitary highest weight representations (including those of the exceptional groups),
we establish analogous results uniformly for the Wallach representations of type ADE.

1. INTRODUCTION

MODULES OF COVARIANTS. Modules of covariants are generalizations of invariant
rings, and (under different terminology) played a key role in 19th-century classical
invariant theory. Let H be a complex reductive group, and let W and U be finite-
dimensional representations of H. The module of covariants for W of type U is the
space of all H-equivariant polynomial functions ¢ : W — U. It is a module over the
ring of invariants C[W]H via multiplication of functions; in fact, C[W] is itself the
module of covariants of trivial type. In this paper, for the most part, we consider the
case where H is a classical group GL(V'), O(V), or Sp(V), and W is a direct sum of
arbitrarily many copies of V and V*, and U is an arbitrary rational representation
of H. This setting is the framework for Weyl’s fundamental theorems of classical
invariant theory [52].

In the 1970s, Schwarz [44] classified cofree representations of simple algebraic
groups, where every module of covariants is free, and hence has the Cohen—Macaulay
property. Roughly speaking, being Cohen—Macaulay is tantamount to having a struc-
ture that is combinatorially “nice.” For example, suppose that M is a finitely generated
graded module over a complex polynomial ring S. If M is Cohen—Macaulay, then there
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exists a system of homogeneous, algebraically independent elements 61,...,0, € S
such that M is a graded free module over C[f,..., 6], and admits a Hironaka de-
composition
(].) M:®C[91,,9[] Niy

iel

where I is a finite set indexing certain homogeneous elements 7n; € M. A Hironaka
decomposition (1) immediately yields the Hilbert—Poincaré series of M in the form
__tdegmi
P(M;t) = ZZZEI .
[Tj=y (1 —tdee?s)

There was a flurry of interest in modules of covariants during the 1990s, with papers
by Brion [7], Broer [8], and Van den Bergh [49, 50] addressing the question of when
modules of covariants have the Cohen—Macaulay property in the non-cofree case.
Currently, modules of covariants play a central role in the rapidly growing study of
equivariant machine learning; see the final paragraph of the introduction for more
context connected to our main result.

STANLEY DECOMPOSITIONS. Our original goal was to write down Hironaka decompo-
sitions for the classical modules of covariants that are Cohen-Macaulay. The Cohen—
Macaulay property is extremely rare among modules of covariants; this follows from
the work of Brion [7], and more explicitly from [1, Ch. 4]. Gradually we realized that
we could obtain equally nice decompositions, and in complete generality, by allowing
the @’s in (1) to vary with each component. This led us to look instead for Stanley
decompositions, which take the form

(2) M=@C[01,...,0i¢]m,
i€l
where, for each ¢ € I, the homogeneous elements 0; 1,...,0;,, € S are algebraically

independent, and n; € M is homogeneous. (Stanley decompositions are so called be-
cause they first appeared in work by Stanley [46, Thm. 5.2] on commutative monoids.)
Each summand in (2) is called the Stanley space corresponding to ¢ € I. With respect
to writing down the Hilbert—Poincaré series, a Stanley decomposition is effectively
just as elegant as a Hironaka decomposition, since (2) yields

tdegmi

(3) P(M;t) =)

ei 0. .\
iel Hj:l(l — tdesbis)

In the special case of the invariant rings C[W]#, there are well-known Stanley de-
compositions, with Stanley spaces parametrized by families of nonintersecting lattice
paths. These were obtained in the 1990s (see [48, 9, 11, 22]) in the context of deter-
minantal rings (which are isomorphic to the invariant rings, by Weyl’s fundamental
theorems). Since modules of covariants generalize invariant rings, our task was to find
a generalization of lattice path families which could parametrize Stanley decomposi-
tions for all modules of covariants in a uniform manner. (Note that the problem is
not one of existence, but rather of combinatorial tractability; indeed, it was shown
in [27, Lemma 1.1] that if S is a polynomial ring in n variables over a field, then any
finitely generated Z"-graded S-module admits a Stanley decomposition.)

MAIN RESULT: A NONTECHNICAL OVERVIEW. The main result in this paper is a

uniform combinatorial description of Stanley decompositions and Hilbert—Poincaré
series for the classical modules of covariants, regardless of whether the modules are
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Cohen—Macaulay. We introduce objects called jellyfish that parametrize the Stanley
spaces in our decompositions. In particular, let

W JVTeve, H=GL(YV),
v, H=0(V) or Sp(V).

Recall that the irreducible rational representations U, of the classical groups are
labeled by certain weakly decreasing integer tuples o. Our object of interest is therefore

M, = {H -equivariant polynomial functions ¢ : W — Ug}7

that is, the module of covariants of type U,. Our main result is the following theorem,
with notation to be explained immediately below. (The statement of the theorem given
below applies in the “interesting” range, that is, where the rank of H is small enough
that W is not cofree. Nonetheless, in the actual statement of Theorem 3.2, we will
also include the much simpler Stanley decomposition that arises in the range where
all M,’s are free.)

THEOREM (See the detailed statement in Theorem 3.2). Let H = GL(V), O(V), or
Sp(V). Let U, be an irreducible rational representation of H; if H = O(V), then
assume U, is an exterior power of V.. We have a Stanley decomposition

(4) M, = @ C[fij : (Zv.]) € F] fcor(F) T PT,
(F,T)eTJ (o)

where J (o) is the set of jellyfish of shape o (see Definition 3.1).

We illustrate the notation in (4) by means of an example. Let H = Sp(V'), where
dimV = 2k, and let W = V"; in particular, we take £k = 3 and n = 8, with ¢ =
(5,4,2).

e Each f;; € C[W]H is the quadratic contraction f;; : (v1,...,v,) — w(vs,v)),
where w is the nondegenerate skew-symmetric bilinear form preserved by
Sp(V). Note that the f;;’s therefore range over all pairs (¢, ) € P := {(4,7) :
1 < i < j < n = 8}. Depicting P using matrix coordinates, we obtain an
upper triangular staircase pattern, as in (5) below.

e F is a subset of P formed by taking all the points lying weakly above the kth
antidiagonal (i.e. the points in the shaded isosceles triangle in (5)), together
with the points lying along some family of k lattice paths connecting this
antidiagonal to the right-hand edge of P. In the example (5), we show a
typical F consisting of the shaded points. (The shaded triangle somewhat
resembles the bell of an actual jellyfish, and the lattice paths resemble the
beginnings of tentacles.)

12
]

e o
o 0 0
e 0 0 ot

0~ D U W N
o0 00 0O

o0 000 0

e 00000 0
00 ~1 O U= W N
‘o 0 @i

e e @ o U

o0 00 00

o ofe] o8] 0

e 0o 0 0 0 of8x

P FCP

® feor(r) denotes the product of those f;;’s whose corresponding points lie on
the corners (i.e. the east-to-south turns) of the lattice paths determined by
F. The subset F shown in (5) has three corners, indicated by squares.

e T is a semistandard tableau of shape o = (5,4, 2), with maximum entry n = 8.
By depicting each row of the tableau 7" as a path outside P, where the tableau
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entries determine the row indices, we obtain a collection of k paths attached
to the right-hand edge of P:

.
2]2[3[3]4] .
(6) T =[3[4[5[8] is depicted as in (7). Explicitly: ®
[516] .
o [0

(In general, it is nontrivial to determine the points of attachment; see (39)
for more examples.)
o or: W — U, is an H-equivariant polynomial map induced canonically by
the tableau T', to be defined in (19). The map ¢ has degree |o| :== ", 0; = 11.
e A pair (F,T) is said to be a jellyfish of shape o if the lattice paths determined
by F align with the paths determined by T'. The set of jellyfish of shape o is
denoted by J (o).

In the present example, if F and T are as given in (5) and (6), respectively, then
this particular pair (F,T') does indeed belong to J(o); we see this immediately by
depicting F and T together in a single diagram (7). Specifically, we check that the
lattice paths in F align with those representing T, thus forming “tentacles.” On the
right-hand side of the diagram in (7), we write down the Stanley space corresponding
to this jellyfish (F,T) in the decomposition (4):

123456758
1 e e e e o ofe
2 e e oo e f127f137f147f157f167
Z 1 :é: f23, f2a, fo5, f34,

(7) 5 o o ~ C| Sz, f1s, fos, J18fo7 faz - o1
6 L ———
7 . f26, fo1, f37, f3s8, corners
8
a]ellyﬁsh f357f457f467f47af577f58
(F, T) (S j((f) fij’s corresponding to points (i,j) € F

As a corollary of our main result, using (3), we can write down the Hilbert—Poincaré
series of M,. As a preview of Corollary 3.4, recalling that each f;; has degree 2 and
o7 has degree |o|, we observe that the Stanley space in (7) contributes the term

(tQ)#corners of F ol _ (t2)3 . tll

(1 _ tQ)#points in F (1 _ t2)22

to the Hilbert—Poincaré series of M, . In fact, by gathering together the jellyfish with
respect to the endpoints of their lattice paths, we are able to write down the Hilbert—
Poincaré series as a sum over just the sets of endpoints, rather than over all jellyfish.
Thus for the example above (upon programming the combinatorial definitions given
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in this paper), we obtain the following Hilbert—Poincaré series for M,:

2\#corners of F
t|0| 2 : (ZF with endpoints E (t )

(1 _ t2)size of any F ending at E

) (#tableaux T that attach at E)

sets of
endpoints
E
1 1+t2+t4 46
=t | s ) (41580) +--- — ] (8316
| () )+ (M)
E is topmost set of endpoints E is bottommost set of endpoints

498960t — 887040¢% + 460152¢"5 + 44352417 — 12196819 + 44352¢2! — 5544423
- (1 —t2)27 :

(The large coefficients are the price paid for having chosen an example big enough
to yield an interesting diagram in (7).) In general, the Hilbert—Poincaré series can be
verified using the generalized BGG resolutions constructed in [18, 15]; see also the
Hilbert series results in Nishiyama—Zhu [40, §4], viewed from a very different approach.
By contrast, the jellyfish approach allows us to write these series explicitly as a finite
sum of rational functions, whose numerators can be interpreted combinatorially in
terms of lattice paths.

Section 4 is devoted to the proof of Theorem 3.2. Our point of departure is the stan-
dard monomial theory for reductive dual pairs presented by Jackson [30]. Standard
monomial theory was developed by Seshadri [45], as a way of determining explicit lin-
ear bases for sections of line bundles over generalized flag varieties; see also [34, 35].
In related work, De Concini—Procesi [13] wrote down canonical bases of standard
monomials, in terms of (bi)tableaux, for the classical rings of invariants C[W]*; we
also refer the reader to the treatments in [41, Ch. 13] and [36, Ch. 10-12], and our
synthesis in [19]. In [30], standard monomial theory is applied to the ring C[W]¥,
where N is a maximal unipotent subgroup of H; this ring can be viewed as the direct
sum of the modules M,,. The key to our method is the use of Stanley—Reisner theory
to carefully organize the standard monomials in C[W]" into Stanley spaces.

COMPLICATIONS WITH THE ORTHOGONAL GROUP. Unlike the case where H = GL(V)
or Sp(V), for H = O(V) it seems that a Stanley decomposition of M, for arbitrary
o (rather than only exterior powers of V') may be beyond the reach of our jellyfish
approach. There are several complications that arise in the O(V') case; these difficul-
ties can already be glimpsed from the standard monomial theory in [30], discussed
above. Because O(V) is disconnected and certain irreducible representations contain
two independent highest weight vectors, it is not true in general that C[W]¥ is the
multiplicity-free direct sum of the M,’s. For this reason, Jackson [30] imposes the
condition dim V' > 2n in the orthogonal case. (The same condition is imposed in the
closely related paper [29].) This condition automatically excludes all non-free mod-
ules of covariants, which are the only ones of real interest for us in the present paper.
Therefore we have adapted the arguments of [30] (particularly the notion of “split”
monomial generators) to the orthogonal group in our special case where U, = A"V
(see Definition 4.7 and Lemma 4.8).

An even more serious difficulty is the fact that the irreducible representations U, of
O(V) have an especially complicated structure as quotients of GL(V')-representations,
due to the orthogonal trace relations which arise whenever the partition o has more
than one column in its Young diagram; see [33]. These trace relations seem to be
incompatible with our approach using jellyfish.
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APPLICATIONS IN THIS PAPER. In Section 5, we extend our jellyfish method to write
down Stanley decompositions for the rings of invariants C[W]# where H = SL(V)
or SO(V); see Propositions 5.1 and 5.2. In Section 6, via Howe duality, we view
the classical modules of covariants M, as (g, K)-modules L) of unitary highest
weight representations of a real reductive group Ggr. (See Theorem 4.2.) In fact, for
H = GL(V) or O(V), all irreducible unitary highest weight representations of Ggr
arise in this way, as some L)) in the dual pair setting. We flatten our jellyfish
into arc diagrams whose degree sequence encodes the weight basis structure of these
modules Ly,); see Proposition 6.2.

An ultimate goal of the program in this paper is to find Stanley decompositions for
arbitrary unitary highest weight representations. In the dual pair setting, the modules
L (o) (corresponding to the invariant rings C[W]H) are instances of Wallach represen-
tations, which are defined for any Hermitian symmetric pair (g, ). Outside the dual
pair setting, in the cases where g is simply laced, we show (Section 7) that Stanley de-
compositions for Wallach representations can be obtained using the same lattice path
method we used for the classical groups: namely, for the kth Wallach representation,
we parametrize the Stanley spaces by families of k¥ maximal nonintersecting lattice
paths in the Hasse diagram of the poset of positive noncompact roots of g. In this
way, we reinterpret the Hilbert—Poincaré series of the Wallach representations [15, 16]
in terms of lattice paths, for all Hermitian symmetric pairs of type ADE. This marks
a first step toward extending our jellyfish method outside the dual pair setting.

FURTHER APPLICATIONS. A further application of our main result is developed in
our preprint [20]. In that paper, for H = GLj and Sp,; (and conjecturally for Oy),
we give a uniform tableau-theoretic interpretation of the multiplicity of the modules
of covariants M,, or equivalently, the Bernstein degree of the (g, K')-modules Ly (4.
(Recall that the multiplicity of a graded module is obtained by evaluating the numer-
ator of its reduced Hilbert—Poincaré series at t = 1.) Our result in [20] both refines
and generalizes the main result of Nishiyama—Ochiai-Taniguchi [39], which gave a
formula for Bernstein degree in the range where k is at most the real rank of Gg.
By contrast, our combinatorial Bernstein degree formula in [20] is valid for all values
of k, and leads to a closed determinantal formula as well. The key fact, apparent
from (3), is that the multiplicity of a graded module M equals the number of Stanley
spaces of maximal Krull dimension; using this in the context of the present paper, we
reinterpret the multiplicity of M, by counting those tableaux whose initial column
entries satisfy certain inequalities.

The main result in this paper suggests a strong connection to equivariant machine
learning, which has grown rapidly as a research area during the last three years. For
machine learning problems exhibiting symmetries (such as those arising naturally
in physical sciences), restricting the learning class to equivariant functions between
data spaces leads to dramatic improvement over ordinary approaches; for a detailed
summary, see [24] and the references therein. Therefore, a fundamental problem in
equivariant machine learning is finding suitable parametrizations of equivariant func-
tions between group representations. For example, recent advances in equivariant
machine learning have exploited Hironaka decompositions of modules of covariants
that are Cohen—Macaulay [24, p. 88]; as mentioned above, however, such modules
are quite rare. The Stanley decompositions in Theorem 3.2 give an equally concrete
parametrization, without requiring Cohen—Macaulayness; in fact, they broadly gen-
eralize the examples given in the recent Notices article [6]. We are therefore hopeful
that Theorem 3.2 may be of some interest to experts in machine learning.
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2. CLASSICAL INVARIANT THEORY AND STANLEY—REISNER RINGS

Along with relevant exposition, the primary aim of this section is to define the func-
tions f;; and ¢ that will appear in our main result.

THE FUNCTIONS f;;. Let My ¢, denote the space of complex k x ¢ matrices, and set
My, = M ;. Throughout the paper, H always denotes one of the complex classical
groups (the general linear group, the orthogonal group, or the symplectic group,
respectively):

GLj == {h € M}, : det h # 0},
Oy ={h € GLy: h* =h7'},
Spyy = {h € GLaoy, : h'Jh = J},

where J = (_OI 6) and I is the k x k identity matrix. Given a classical group H,
we write V to denote its defining representation C* (or C?*, if H = Sp,,), and we
write V* to denote the contragredient representation. Note that Oy is the subgroup
of GLj that preserves the nondegenerate symmetric bilinear form b(v,w) = viw on
V; likewise, Spy; is the subgroup of GLj that preserves the nondegenerate skew-
symmetric bilinear form w(v,w) = v*Jw on V. Hence for H = Oy, or Spyy,, the form
b or w induces an equivalence of representations V = V*.

Let W denote the direct sum of an arbitrary number of copies of V and V*.
By Weyl’s first fundamental theorem of classical invariant theory [52], the ring of
invariants C[W]¥ is generated by the following contractions fij, ranging over all
ordered pairs (i, 7) in the index set P:

H w Generators f;; of C[W]H P={(i,j)eN>:..}
®) GLL (VP @ VI fij s (], 05,01, ,0) = 07 (v)| 1 <i<p, 1<j<q

Ok v fij o (U1, vn) — b(vs, v5) 1<i<j<n

Spai| V™ fijt (V15 ., vp) = w(vi, v5) 1<i<j<n

We choose the notation P due to the poset structure we will impose in Section 4. It
will often be convenient to introduce the following matrix coordinates on W:

o C[W] H-action on C[W] fij

ClMpr ®Mp ] | B B % —
ZC[{yij}U{mij}]h f(Y,X) = (Yh h~'X) ;yw »

GLy

9 CIMg ., k
) Ok _ (CLU:] ] h-f(X) = f(h7'X) ;xzﬂwﬂ'
C|Map k
Spas _ C{x;]k ] h - f(X) = f(h_lX) ;(Wﬂkﬂ,j - $k+z,iwzg‘)

SEMISTANDARD TABLEAUX AND IRREDUCIBLE REPRESENTATIONS. A partition is a
finite, weakly decreasing sequence of positive integers (called its parts). Given a par-
tition o = (01,...,0n), we write £(o) := m for its length, and we write |o| = )", 0;
for its size. We write (a™) := (a,...,a), and we write 0 for the empty partition, which
has length 0. A Young diagram of shape o is a left-justified arrangement of |o| many
boxes, where the ith row from the top contains o; many boxes. A semistandard Young
tableau is a Young diagram in which each box is filled with a positive integer, such
that the entries are weakly increasing along each row, and strictly increasing down
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each column. Let [n] == {1,2,...,n}. We write
SSYT (o, n) := {semistandard Young tableaux of shape o with entries from [n]}.

Note that if £(c) > n, then SSYT(o,n) = @. Below is an example of a partition o
along with a semistandard tableau of shape o:

2]2]5]
3[4
4[6] € SSYT(o,n), where n > 6.
5

1
2
c=0(4,3,3,21) ~ [2
5

6

We write a; to denote the number of boxes in the jth column of the Young diagram
of o; hence in the example above, we have o] = 5, 0§, = 4, and so on. We denote the
empty tableau (of shape 0) by the symbol @; thus we have SSYT(0,n) = {@}. Given
a tableau T', we write T; ; to denote the entry in the 7th row from the top and the
jth column from the left.

In the case of the group GLg, we will need to generalize partitions by allowing
nonpositive parts, still in weakly decreasing order. Upon fixing the total number of
parts to be k, any such generalized partition ¢ can be expressed uniquely as an ordered
pair o = (67,07), where 0 and o~ are true partitions: in particular, o+ consists of
the positive parts of o, and o~ is the partition obtained by negating and reversing
the negative parts of o. For example, if £k = 9 and 0 = (6,3,3,2,0,0,—1,-3,-5),
then we have o™ = (6,3,3,2) and 0~ = (5,3,1). We write |o| := |oT| + |07 |.

Let H denote the set of irreducible rational representations of H (up to equiva-
lence). It is well known that the elements of H can be labeled by partitions (or pairs
thereof), as follows:

{oc=(oct,07):l(ct)+l(c7) <k}, H=GLy,
(10) H = {o: 0]+ ) < k}, H = Oy,
{o:4(c) <k}, H = Spy,, .

Given a classical group H, we write U, to denote a model for the irreducible repre-
sentation of H labeled by o € H. If H = GLj, or Spoy, then U, is the irreducible
representation of H with highest weight o (in standard coordinates). For H = Oy,
which is disconnected, the situation is more subtle; see [23, pp. 438-9] for details. Our
object of interest is the module of covariants of type U,, denoted by

p(h-w) = h- p(w) }

11 M, = olynomial maps ¢ : W — U,
(11) {py s foralhe Handwe W

THE FUNCTIONS @7: GENERAL LINEAR AND SYMPLECTIC GROUPS. Throughout this
subsection, let H = GLj or Spy;. Using the coordinate functions x;; and y;; given
in (9), we define the following determinants in C[W], where I and J are assumed to
be sets of positive integers:

H det functions T (o) detp
det; :=det |x;i]|;crr1. kY
J [ j]jeeyf e N Ao )
GLy - [ dets -] det;
det? = det [yij]iel, X SSYT(G ’p) columns  columns
(12) JefL, I} Jof T* IofT-
Spoy|det = det [Tij]ictht1,... ktlapy, | SSYT(o,n) HdetJ
jed columns
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In (12), for each o € H we introduce the set T (o) consisting of certain semistandard
tableaux (or pairs thereof); in particular, for H = GLj, we write a generic element
of T(o) as a tableau pair T = (T",T7). Each T € T (o) induces the function detr
defined in (12), which is the product of det functions obtained by viewing each column
of T as the set of its entries.

Since GLj, and Sp,,, are connected, a choice of maximal unipotent subgroup N C H
uniquely determines a Borel subgroup, which then contains a unique maximal torus
isomorphic to (C*)*. Each p = (p1,...,u,) € Z* gives rise to the character x,, :
(t1,. . tk) — -t A vector v in an H-module is called a weight vector with
weight p if, for all ¢ in the maximal torus, we have ¢t-v = x,,(t)v. In this case we write
wtg(v) = p. In order to express the weight of a monomial

m = Hx Hye”e(c

we will write

degm Z dij, degy Z €ij,
degw Z dij, degy Z €ij-

We write c* to denote the highest welght of U}; in terms of the longest element wy
of the Weyl group of H, one has ¢* = —(wy - o). Concrete details are given below:

(13)

e For H = GLy, let N consist of the upper triangular matrices with 1’s along
the diagonal. Then the maximal torus consists of the diagonal matrices

t:diag(tl,...,tk), tiECX.

Given the H-action on C[W] in (9), the torus acts on coordinate functions

via

toyig = tiyi,  tomy =t Ty
Therefore with respect to this action, the weight of a monomial m € C[W] is
given by

(14) wty(m) = (degy.1 (m) — deg,, (m),...,deg,  (m)—deg,,, (m))
Comparing this with (12), for all o € Hand T e T (o) we have
(15) wtg(detr) = (67,0") = o™,

where o* is the k-tuple obtained by reversing and negating o.

e For H = Spy,, let N consist of the matrices with block form (§ 4), where
U, L, A € My, such that U (resp. L) is upper triangular (resp. lower triangular)
with 1’s on the diagonal. Then the maximal torus consists of diagonal matrices
of the form

t =diag(tt, ... tryty e estyh), t; € C*.
Given the H-action on C[W] in (9), the torus acts on coordinate functions as
follows, for 1 <@ < k:
t- xij = t;lxij, t- mk+i,j = ti(EkJriJ'.

Therefore with respect to this action, the weight of a monomial m € C[W] is
given by
(16)
WtH(m) = (dcgmkﬂ__ (m) — deg,, . (m), dogmkﬁ.. (m) — dogmz.'(m), .. ,dcgmlﬁ_(m) —deg,, . (m))
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Comparing this with (12), for all o € Hand T e T (o) we have
(17) wtg (dety) =0 = o™,
where 0 = 0™ since every rational representation of Sp,,, is self-dual.

Assume still that H = GLj, or Spy;,. Let 0 € H. Let U € Us be a lowest weight
vector; that is, Wtz (uy, ) = wo-o. Let u} € U; be the linear functional sending u,,,
to 1, and sending every higher weight vector to 0. Note that wty (u’ ) = —(wo-0) =
o, and therefore u; ~is a highest weight vector in U;. Due to the H-equivariance
property in (11), any ¢ € M, is uniquely determined by the function v’ o¢ € C[W];
in other words, for all w € W, its image ¢(w) € U, is completely determined by its
Uy -component. Note that wtg(ul o) = o*, since for ¢ in the maximal torus of H

we have

(t - (upy, © @) (w) = uj (p(t™" - w))
(18) = uy (7" p(w))

= (- ufy, ) (0(w)) = Xo= (1) (ugy, @) (w).

Repeating the same calculation for an element of N shows that u} o is N-invariant,
since u;, is a highest weight vector in Uj. Conversely, any N-invariant function
f € CIW]" with weight o* determines a unique element ¢ € M, such that u* op = f.
(In fact, this map is the inverse of the canonical isomorphism ¥ in (54) below.)

Therefore, in light of (15) and (17), and the N-invariance of det; and det; in (12),
the functions dety can play the role of this f; indeed, for all T' € T (¢), we now define

(19) @7 = the unique element ¢ € M, such that u; oy = detr.

In words, @1 sends w € W to the vector in U, whose lowest weight component equals
detr(w) and whose remaining weight components are determined by H-equivariance.
Note that with respect to the standard grading on C[W] whereby each coordinate
function has degree 1, both dety and ¢r have degree |o|.

THE FUNCTIONS ¢7: ORTHOGONAL GROUP. Let H = Oy, and let ¢ = (1™) for
some 0 < m < k. Since Oy, is disconnected, the highest weight arguments used in
the previous subsection are not valid, so we will construct the analogous maps @
directly. Since T € T (o) is a single column with entries T < - -+ < Ty, we will make
the identification

T(o) = ([:l]) = {m-element subsets of [n]},
so that T = {T1,...,T;n}. We define an H-equivariant map o1 € M, in the obvious
way:
or: W — Uy = N"V,

20
(20) (V1,0 0) = v A A

Tm

Note that @7 is a polynomial function of degree |o| = m.

STANLEY—REISNER THEORY. We follow the exposition given in [47, Ch. 12]. Given
a finite set 'V, an abstract simplicial complex on V is a collection A of subsets of V
such that

e {v} € AforallveV;

e if Se Aand RCS, then R € A.
The set V is called the vertex set; elements v € V are called vertices, and the elements
of A are called faces. A maximal face in A (with respect to inclusion) is called a facet.
Let

F(A) = {F : F is a facet of A}.
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We say that A is pure if every facet has the same cardinality. A pure simplicial
complex is said to be shellable if there exists an ordering F1, ..., F, of its facets with
the following property: for all ¢ = 1,...,r, the facet F; contains a unique minimal
subset res(F;) not belonging to the subcomplex generated by Fi,... ,F,_1. Such an
ordering is called a shelling of A, and res(F;) is called the restriction of the facet F;.

To each v € V we associate the indeterminate z,. Given a subset S C 'V, we write

zg 1= H Zy and C[S] :==Clz, : v € 8].
vES
Let Ian denote the ideal of C[V] generated by all monomials zg such that S ¢ A.
Such an S is called a nonface of A, and Iz is generated by the minimal nonfaces (i.e.
nonfaces that contain no proper nonface). The support of a monomial z € C[V] is the
set

(21) supp(z) = {v € V : z, divides z}.

The quotient

(22) ClA] = C[V)/Ia

is called the Stanley—Reisner ring of A. The ring C[A] has a linear basis consisting of
(the images of) the monomials z such that supp(z) € A. Moreover, each shelling of
A induces a Stanley decomposition

(23) C[A} = @ (C[F] Zres(F)»
FeF(A)

where we identify monomials in C[V] with their images in C[A].

POSETS AND LABELINGS. Now suppose that the vertex set V is equipped with a
partial order <. We use standard terminology from order theory; see [51]. Suppose
further that the poset V is bounded, that is, contains a minimal and maximal element.
Recall that a subset S C V is called a chain if S is totally ordered with respect to
<; it is called an antichain if, for all distinct v,w € S, neither v < w nor w < v.
The width of a subset S C V is the cardinality of the largest antichain contained in
S; we denote this by width(S). Equivalently, by Dilworth’s theorem, width(S) is the
smallest number of disjoint chains into which S can be partitioned. We write v < w
to denote the covering relation, meaning that v < w and there is no element x € V
such that v < z < w. A saturated chain takes the form v; < vg < -+ < vy.

The Hasse diagram of V is the graph with vertex set V and edge set E := {(v,w) €
V X V : v < w}, oriented so that each edge (v,w) is drawn upward from v to w. A
labeling of V is a function o : ' — Z3( assigning a nonnegative integer to each edge
of the Hasse diagram. Each labeling a induces a lexicographic ordering on the set
of saturated chains vy < - - - < vy, via the lexicographic order on their label sequences

(a(v1,v2), ..., a(ve—1,v0)).

DEFINITION 2.1 (EL-labeling; see [4, Def. 2.1]). Let 'V be a finite bounded poset. A
labeling o of V is said to be an edge-lexicographic labeling (EL-labeling for short) if,
forallv,w € V such that v < w, there exists a unique saturated chain v<---<w whose
label sequence is nondecreasing and lexicographically precedes the label sequences of all
other saturated chains v < --- <w.

The order complex A(V) is the abstract simplicial complex whose faces are the
chains in V; hence the facets of A(V) are the maximal chains in V. Let o be an
EL-labeling of V, and F a facet of A(V). An element v € F is said to be a descent of
F (with respect to «) if F contains elements u < v < w such that a(u,v) > a(v,w).

Algebraic Combinatorics, Vol. 9 #3 (2026) 749



WiLLiAM Q. ERICKSON & MARKUS HUNZIKER

LEMMA 2.2 (See [3, Thm. 2.3] and [5, Thm. 5.8]). An EL-labeling a of V induces a
shelling of the order complex A(V'), where the facets (i.e. mazimal chains) are ordered
lexicographically by their label sequences with respect to o. (While an EL-labeling does
not guarantee that the mazimal chains are totally ordered, nevertheless, arbitrarily
breaking ties results in a shelling order.) With respect to a shelling induced by o, the
restriction of each facet is precisely its set of descents:

(24) res(F) = {v : v is a descent of F}.

3. MAIN RESULT: STANLEY DECOMPOSITIONS VIA JELLYFISH

Let M be a finitely generated graded S-module, where S is a polynomial ring over
C. Following [10, Def. 2.1], a Stanley decomposition of M is a finite family (S;,n;)icr
where n; € M is homogeneous, and 5; is a graded C-algebra retract of S such that
S; N Annn; =0, and
(25) M= Sin;

i€l
as a graded vector space. Each summand in (25) is called the Stanley space corre-
sponding to i € I.

UNIFORM OVERVIEW. In our context, in (25) we take M = M, to be the module of
covariants defined in (11), and we take S = C[P] := C[z;; : (4, ) € P], acting on M,
via the algebra homomorphism
(26) 7§ — CW]H,

Zij — fij,
where the f;;’s are the quadratic contractions defined in (8). (The map 7* arises as
a certain comorphism in the theory of Hermitian symmetric pairs; see (111) below
for details.) Hence the S-action on M, is given by z;; - ¢ = f;; ¢. Our main result
is Theorem 3.2 below, stated in a uniform manner for the three classical groups
H = GLg, O, and Spy;,. The upshot of the theorem is that each module of covariants
M, admits a Stanley decomposition where the Stanley spaces are parametrized by
certain combinatorial objects we call jellyfish of shape o (see Definition 3.1 below).
We summarize the key constructions and notation in the following paragraph.

We depict P as a grid of points, where (¢,7) lies in row ¢ and column j. By a
southeast lattice path in P, we mean a subset of P obtained by starting at some point
and taking steps either south or east, that is, in the direction (1,0) or (0, 1). We define
a northeast lattice path similarly, replacing (1,0) by (—1,0). If the starting point and
endpoint coincide, then the lattice path contains only that single point. The subset
A C P is the region lying above a certain antidiagonal (to be defined for each group
H below). Then 6(A) or §(P) denotes the set of points lying on a certain boundary
of A or P, respectively (to be defined for each group H below). In our construction
of jellyfish to follow, we assume that

k< #5(P),

since we will construct k nonintersecting lattice paths with endpoints in §(P). Our
main result (Theorem 3.2) will treat the somewhat trivial k& > #46(P) case separately,
without reference to jellyfish. We define the set

— k ~each L; is a lattice path
(27) Fe {(A\a(A)) T L oot b s ,

where for H = GLj or Sp,;, the lattice paths are southeast, while for Oy they are
northeast. (The “F” notation is meant to suggest “facets,” and will be justified in
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Section 4.) We write cor(F) C F to denote the set of corners of F € F, meaning
certain turns in the defining lattice paths (to be defined for each group H below), and
we use the shorthand

(28) fcor(F) = H fij .
(i,5)Ecor(F)

(Although for H = GLj, the decomposition of F € F into lattice paths L; is in general
not unique, nonetheless it turns out that the corners of F are well defined.) We define
the collection

. . k  {Li}F_ is a family of nonintersecting
(29) &= {{endpomt of Lu}ty : lattice paths from 6(A) to 6(P) ’

consisting of all possible sets E C §(P) of endpoints for the lattice paths appearing
in (27). For E € &, we define

F = (A\6(A)) UL, Lo,
(30) FE = F € F: where each L, is a lattice path

from 0(A) to E
For H = Spy;, or Oy we will have F = [[gc¢ FE, but for H = GLy it is possible that
Fg = Fg/. Given o € H, and recalling the tableau set 7 (o) from (12), we will define
a map

(31) end: T (o) — &

(see details for each group H below); very roughly speaking, end(T") is the set of
endpoints most closely aligning with the initial column of the tableau 7. Then for
each E € £, we define the fiber

(32) Te(o) ={T € T (o) : end(T) = E}.

Clearly T (0) = [Igee Te(0), although we may have Tg(o) = @ for certain E € £.

DEFINITION 3.1 (Jellyfish). Let H = GLy, Oy, or Spyy, and let o € H as in (10). A
jellyfish of shape o is an element of the set

J(0) = 11 J& x Te(0),

Ec¢g
with Fg and Te(o) as in (30) and (32), and with case-by-case details to be described

below.

From now on, we treat the three classical groups in the order Sp,;,, GLg, O. This is
because the combinatorics are simpler for Sp,;, than for GL, and because Oy, requires
special handling in several respects (see the introduction). If we were to consider only
the polynomial representations of GLj, (i.e. those U,’s such that o~ = 0), then the
GLjg case would actually be quite straightforward; however, allowing for arbitrary
rational representations makes the situation surprisingly more delicate.

DETAILS FOR THE SYMPLECTIC GROUP. Let H = Spy;,, with P as in (8). Thus P is
depicted as a strictly upper triangular staircase with side length n — 1. Let
A={({j)eP:i+j<2(k+1)},
5(A)={(i.j) € Azi+j=2(k+1)orj=n},
6(P) =A{(i,j) eP:j=n}
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Note that § denotes the eastern boundary. Below are two examples where n = 11:

(33) s
oo o(P)
P
Explicitly, we have
where
_n, t<2(k+1)—n,
‘e 2(k+1)—t otherwise.

Referring to (27), we observe that in the Sp,; setting, each F € F admits a unique
decomposition F = (A\6(A)) UL; U--- ULy, where each L, is a southeast lattice
path starting at (¢,0;) and ending in 6(P). A point (i,5) € L, is said to be a corner
of F if

(35) {(,j—1), (i+1,§)} CLyand {(i + £,j — ) cP: £ >1} Z F.

In other words, a corner is an east-to-south turn, such that the string of points directly
southwest of it contains at least one point not in F. In (36) below, we show an element
F € F for each of the two examples in (33). We shade the points in F, and we draw
squares to indicate the elements of cor(F):

...... ofe] o e e

oo o

e efe]e oo @@ @@

k=4 4 k=T

Observe that, due to the nonintersecting property of the lattice paths, for any set of
endpoints E = {(i;,n) : 1 <t < k} € £ where the i,’s are listed in increasing order,
the maximum attainable value 7; for i; is given by

. {t t<2k+1)—n,
t:

37
(37) n—2(k—t)—1 otherwise.

The topmost case in (37) corresponds to those ¢’s (whenever k is sufficiently large) for
which L; is necessarily the singleton {(¢,b:)}; for example, in the right-hand example
in (36), this occurs for ¢t < 2(k + 1) —n = 5, and indeed the four topmost lattice
paths are singletons. We now define the “end” map (31) as follows, for T' € T (o) =
SSYT (o, n):

(38) end(T) :== {(i,n) : 1 <t <k}, where i =min{T}1, i;}.
Since T} 1 is undefined for ¢ > ¢(o), in this range the equation (38) reduces to i, = 7.

As an example, in (39) below, for a given tableau T' we indicate end(T") by highlighting
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its elements in red inside §(P). (See also Example 3.6.)
(39)

end(7)

[EIR AR 2]« T

e 2[3]5]
ip—ie: 1[6]8] A« Ty
2[3][5[5] ‘e [5]7] (Bl T,
T =1[38]9 i — @ T =6]8] (6]« Ty,
19] : li [« T51
is — (@ Tz 18] « Ts,
i B4 Tsu 2] B¢ Tra

iy — e

DETAILS FOR THE GENERAL LINEAR GROUP. Let H = GLy, with P as in (8). Thus
P is depicted as a p x ¢ rectangular grid. Let

A={(i,j)ePritj<k+1},
6(P) ={(i,j) eP:i=porj=q}

Note that § denotes the southeastern boundary. Below are three examples, where
p="Tand qg=10:

(A)

L]
L]
(]
L]
L]

Given o € H , it will be useful to define
k' :=max{l(cT), k — p},
k™ =k—kt,

(40)

so that k = k™ 4+ k~. The purpose of (40) is to divide §(A) into two sides: due to the
upcoming definition of end(T") in (44), it will turn out that (F,T) € J (o) only if the
k* many southernmost lattice paths in F have endpoints along the southern edge of
0(P), and the remaining k¥~ many easternmost lattice paths have endpoints along the
eastern edge of §(P). In particular, if k¥ — p is positive, then it equals the number of
starting points along the southern edge of §(A) N §(P) that are necessarily their own
endpoints. Explicitly, then, we have

S(A) = {(ay,u) : 1 <u<kTU{(t,b): 1<t <k},

where

b, u<k_pa q, tgk‘_q?
Ay = 3 and bt = .
k—u+1 otherwise, k—t+1 otherwise.

By (27), for each F € F we have F = (A\0(A)) UL, for a (not necessarily unique)
disjoint union
L=L{uU--ULf ULT U UL
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where each L} is a southeast lattice path from (a,,u) to 6(P), and Ly is a southeast
lattice path from (t,b;) to 6(P). For each of the k lattice paths, a corner is defined
as it was for H = Sp,,, in (35). In the diagrams below, we show an element F € F
for each of our previous examples:

e o W T —— . T ———
‘o0 e efge o o8e 000000000 ‘e0 00000000
‘o ofe] e s efe] e o0 © 0000000 00 ‘o0 00000000
o0 000000 00 © 000 00 ofee e e 000000000
ofe] e o 0o 0 000 o ®© o0 000 0 0o Eooooooooo@
........E]. ........E]. E..........
® 06 00 06 00 0 0 o ® 600 000 0 00 ® 000 00 0 0 o
k=4 k=38 k=12

In the k£ = 8 example above, note that F can be decomposed into a different fam-
ily of lattice paths: specifically, we could extend the fourth path (counting from the
north) all the way to the southeast corner of P, and shorten the fifth path accord-
ingly. Nonetheless, in general, cor(F) is well defined regardless of the lattice path
decomposition one chooses.

Observe that, due to the nonintersecting condition on the lattice paths L and L;,
each set of endpoints E € &£ has the following property: for all 1 < ¢ < min{k, p, ¢},
the ¢ x £ square in the lower-right corner of P contains at most ¢ many points in E.
That is, for E = {(p,ju) : 1 < u < kT}U{(it,q) : 1 <t < k™ }, we have the tight
inequalities

H#lu:j—u>qg—L0y+#{t: iy >p—L} <UL,

41
(1) forall 1 << #{(i,j) eP:i+j=k+1}.

Consequently, upon fixing the j,’s, the maximum attainable value i; of i; (for all
1<t < k™) is given by
it:tift<k‘—q,

while if ¢ > k — g, then the ;’s are the largest elements i1, k—q} < -+ < i} of the
set

(42) {ie[p]:q—p+i¢{ju:1<u<k+}}.

In other words, for max{1,k — ¢} <t < k~, the i;’s are the distinct elements chosen
from [p] to be as large as possible without violating (41); see the example (45) below.
As a result, note that the sets

Q={¢—ju:1<u<ktand P:={p—i;:min{l, k—q¢} <t <k}
are disjoint, and
(43) QUPO {0315"'ap7imax{1,k—q}}'

In light of this, we define the “end” map (31) as follows, for T = (T+,T7) € T(0) =
SSYT(ct,q) x SSYT (o, p):

end(T) = {(p,ju) 1<u< k+} U {(it,q) 1<t < k—},

where

u u < k — P B
44 'u = ? ? and 7; = min T , i .
() ’ {Til otherwise, t { t,1 ¢}

Since T ; is undefined for ¢ > £(c~), in this range the right-hand side of (44) reduces
to iy = 4. As an example below, we indicate end(T") by highlighting its elements in
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red inside §(P):

3[4]8] [1]2]5]
4[6]9] [4]6
=[5 M Ty
9]9
o
ET R S
(45) k=8
kt =5 [« T35,
k=3
B
T T
T, 754

The dashed lines in (45) are meant to illustrate the definition of the 2;’s in (42).
Specifically, on the southern edge of §(P), take the easternmost points that are not
in the set {(p,j.) : 1 < u < kT}; then the 4;’s are their corresponding points along
the eastern edge of §(P). See also Example 3.6.

DETAILS FOR THE ORTHOGONAL GROUP. Let H = Oy, with P as in (8). Thus P is
depicted as an upper triangular staircase with side length n. Let

A=45A)={@l7))eP:i=j},

6(P) ==A{(i,j) e P:j=n}.
Note that 6 denotes the eastern boundary. Note also that, unlike the GL; and Spy
cases above, A is defined independently of k, and we have #J§(A) = n rather than
k. By (27), since A = §(A), for each F € F we have a unique disjoint union F =
Ly U--- UL of northeast lattice paths from §(A) to §(P), such that each L; has

starting point (a, a;), for some 1 < a; < -+ < a < n. For each 1 < ¢ < k, a point
(i,4) € L, is said to be a corner of F if the following is true:

(46) (i—1,7) €Ly and (i +1,5) ¢ Ly.

In other words, a corner either is a point at which a lattice path turns from east to
north, or is the starting point of a lattice path whose first step is north.
For 1 <t <k, set

it =k—-t+1.

Recall that we state our main result for H = Oy, only in the case where o = (1) for
some 0 < m < k; for this reason, in (20), we made the identification 7 (o) = ([:T’L])
For T € ([:l]) with elements labeled in decreasing order T > - -+ > Ty, define

(47) end(T) = {(it,n) : 1 <t <k}, where iy = max{T},%}.

Note that for ¢t > m this reduces to ¢; = 7;. Below is an example where n =6, k = 4,
and m = 3:

end (7))

® e o e o0 000
® e Ole o o
® o o8 o T =[4]

e o0

A =0(A) FeF e
(® ‘e
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MAIN RESULT. We will prove the following theorem in Section 4. For the sake of
concreteness, note that we have the following:

pq, H:GLIW p+q_17 H:GLka
(18)  #P={ (1), H=0 #6(P) = . H =0
(5); H = Spyy, n—1, H = Spy,, .

THEOREM 3.2. Let H = GLj, Oy, or Spy,. Let o € H as in (10); but if H = Oy,
then let o = (1™) for some 0 < m < k. Let M, be the module of covariants defined
in (11), with f;; as in (8).

If k < #0(P), then we have a Stanley decomposition

MG = @ (C[flj : (7’73) S F] fcor(F) %
(F,TY)eT (o)

where J (o) is the set of jellyfish in Definition 3.1, feorw) is the product of fi;’s
defined in (28), and pr : W — U, is the map defined in (19) or (20).
If k > #6(P), then M, is a free module over C[WH | with Stanley decomposition

Mo’ = @ (C[flj : (27]) € P] ©oT-
TeT (o)

REMARK 3.3.In the k < #(P) case of Theorem 3.2 for H = GLj, or Spyy, it is still
possible that M, is free. This occurs if and only if Fg = {P} for all E € &, if and
only if

loT)<k—-porllc™)<k—-gq, H=GLy,
o) <2k—n+1, H = Spy,, .
COROLLARY 3.4. Assume the setting of Theorem 3.2. For E € £, let

dg = cardinality of any (equivalently, every) F € Fg,

ZFG]—'E (tQ)#cor(F)
B (1 —t2)de

If k < #0(P), then we have the Hilbert-Poincaré series

P(My;t) =171y " #Tx(0) - Pa(t).

Ec¢&

If k > #0(P), then we have the Hilbert-Poincaré series

&) - gle]
P(M, ;1) = m.

Proof. Suppose k < #0(P). By Definition 3.1, we have J(0) = [[gce FE X Te(0).
Therefore the Stanley decomposition in Theorem 3.2 can be expanded as follows:

(49) M, = @ < @ @ (C[fu : (Z’]) € F]fcor(F) ' @T) .
Ec& \FeFg T€Te(o)

We claim that for all E € £, the elements F € Fg all have the same cardinality dg.

For H = GLj, and Sp,,,, this follows from the fact that the length of a southeast lattice

path is determined by its starting point and endpoint. For H = Oy, where the starting

points vary along the diagonal 6(A), we observe that for a fixed endpoint (i,n), its

distance to any possible starting point (a, a), such that a > ¢, equals the constant n—i.
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Finally, since each f;; has degree 2, and ¢ has degree |o|, the decomposition (49)
yields the Hilbert—Poincaré series

2\#cor(F)
P(My;t) = Z (#TE(O‘) Z 8 )tQ)#F -t"")

Ec¢ O
Z ( ) #cor(F) . ,
= Z (#713 FE(]-'E s cglel ) = ¢lel Z #Tg(0) - Pg(t),
Ec¢g Eec¢g
by (3). The result for the case k > #4(P) is immediate from Theorem 3.2. O

Although it is straightforward to program the various constructions used in this
section, it is illustrative to work out the following small examples by hand.

EXAMPLE 3.5 (Symplectic group). Let
H=Sp,, k=3 n=6, U:(l,l):H.

Then we have

T(o) = SSYT(o,m) = {I’!’!III’!Il!IIIII}

Let T € T (o), and suppose that end(T) = E = {(i4,6) : 1 < ¢ < 3}, with i1 < is < 43.
By (37), we have (i1,%2,%3) = (1,3,5). Thus min{Tj 4, 21} = 1, and so by (38) we
must have i, = 1. Moreover, since {(c) = 2, the entry T3 ; is undefined, so by (38) we
have i3 = 73 = 5. Finally, since io = min{T5 1, %2} = min{7T> 1, 3}, and since in any
tableau we have T5; > 2, we conclude that

. 23 T2,1 = 27
1o =
2 3 otherwise.

Hence either E = Eq95 := {(1,6),(2,6),(5,6)} or E = E;35 := {(1,6),(3,6), (5,6)}.
Therefore, for all other E € £ we have Tg(c) = @, so we may restrict our attention
to just these two:

.FE125 — 7 5

é y TEys(0) = {},

}-Ews =

o -
£ b ’ El&o 7475 o [BP[6P[6]f
L ]
[ ]

the 14 remaining tableaux in 7 (o)

This gives us an explicit understanding of the set

T(0) = (Foras % Toras () U (Fiags X Tions (),

which contains exactly (2x 1)+ (1 x 14) = 16 jellyfish. To obtain the Hilbert-Poincaré
series of M, via Corollary 3.4, we count the number of shaded points in any F € Fg to
obtain dg,,, = 14 and dg,,, = 15, and we count the corners to obtain the numerators
as follows:

(t2)0 + (£2)! 142

PE125 (t) = (1 — t2)14 = (1 — t2)147 #TE125(U) =1,

12)0 1
P, (t) = 1 (_ 22)15 = (1— )5 #7TR15 (0) = 14.
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Thus since |o| = 2, the Hilbert—Poincaré series is given by

1+ L 1582 — 18
(1 _ t2)14 (1 — t2)15 - (1 — t2)15

P(M,;t) =2 (

EXAMPLE 3.6 (General linear group). Let
H = GLg, k=3, p=3, q=4, o=(1,0,-1).

Note that U, is the nontrivial component of the adjoint representation of GL3. We
have T (o) = {(z],[¥]) : 1 < 2 < 4,1 <y < 3}. Since k™ =1 and k= = 2, we will
denote elements of £ with the shorthand Eg. :== {(3,a), (b,4), (c,4)}. There are six
elements E € £ such that Tg(o) is nonempty:

o {BZ BE BF) mo-(an)

o { BE B2 B - (mm. @)
e {BE ER) mo-(ma)

A=y B2} Rsio) = (B0, @)
Fous { } Towlo) = { @D, @@, @D }.

Hence the number of jellyfish in [ (o) equals 3(1)+3(2)+2(1)+1(2)+1(3)+1(3) = 19.
Using Corollary 3.4, we obtain the Hilbert—Poincaré series
12 — 4t

1+2¢° 1+t 41 1+¢2 1 1 1 _
(1—t2)10 +2- (1—t2)i1 + (1—t2)t +2- (1—t2)12 +3- (1—t2)12 +3- (1—t2)1z — (1 — t2)12~

4. PROOF OF THEOREM 3.2

Our proof of Theorem 3.2 relies on viewing the module of covariants M, as the multi-
plicity space for the UZ-isotypic component inside C[I¥]. These multiplicity spaces, in
turn, are irreducible representations of a certain Lie algebra g corresponding to H via
a principle known as Howe duality [28]. We devote the first subsection below to record-
ing the details of the Howe duality setting. We largely follow the conventions in [12,
§7]; see also the exposition on reductive dual pairs in [39, §3]. In analytic contexts,
Howe duality arises in the theory of theta liftings; we refer the reader to [32, 21, 37, 40],
for example. The explicit action of g via differential operators is difficult to find in
the literature, and so we include those details in Appendix A.

HowE pUALITY. Let H = GLj, Oy, or Sp,;, acting on the space C[W] given in (9).
Let D(W) denote the Weyl algebra of polynomial-coefficient differential operators on
C[W], and let D(W)# denote the subalgebra of H-invariant operators. There is a
complex Lie algebra g that embeds in D(W)# as a Lie subalgebra and is spanned
by a generating set of the associative algebra D(W)#. Let w : g — D(W) denote
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the injective homomorphism. Then g acts on C[W] via its image w(g) in D(W)*.
Similarly, if o € H, then D(W)# and hence g acts on the multiplicity space

HOHlH(U;,(C[W]) = Maa
b [wm D v ),

where {u;} is a basis for U, and {u}} is the dual basis for U. The action of an operator
D € D(W)H on M, is given by D - [w — >, fi(w)u;] = [w — Y, (Df;)(w)u;]. The
algebra D(W)H acts irreducibly on M,,, and hence g does as well.

One can say more about the Lie algebra g described above. In fact, g is the complex-
ified Lie algebra of a real reductive Lie group Gg, with maximal compact subgroup
Kpg such that Gg/Kg is a Hermitian symmetric space. For each classical group H,
this real group Gp is given in the table in Theorem 4.2 below. In that table, we use
the following realizations:

U(p,q) = {g €GL(p+4¢,C):yg (Ié’ _OL) g = (IOP _OIq) } :

Sp(2n,R) = {g € GL(2n,C) : g (Oln Ig) g = ((}n {;)} NU(n,n),

0*(2n) = {g € GL(2n,C) : g (I(i Ig) g = (}) Ig)} AU(n,n).

Note that we have U(p, ¢)NU(p+q) = U(p) x U(g), and Sp(2n, R)NU(2n) = U(n), and
O*(2n)NU(2n) = U(n), where in the last two cases U(n) is embedded block-diagonally

as follows:
{(g (af)l)t) ‘a€ U(n)} ~ U(n).

It follows that Sp(2n,R) C SL(2n,C) and O*(2n) C SL(2n, C). For this reason, many
authors write SO*(2n) to denote O*(2n). In the table in Theorem 4.2, Mp(2n,R)

denotes the metaplectic double cover of Sp(2n,R), while (ﬁm denotes the double
cover defined in Appendix A.2.

REMARK 4.1. Our definition of Sp(2n,R) above differs from the more standard defi-
nition by a Cayley transform as follows. Let ¢ € SL(2n,C) be the matrix given by

Then ¢ Sp(2n,R)c™! C SL(2n,R), with equality if and only if n = 1.

C =

Let ¢ denote the complexified Lie algebra of Kg, and let K denote the complexifi-
cation of Kg. Roughly speaking, a (g, K)-module is a complex vector space carrying
representations of both g and K, such that K acts locally finitely and the actions of
g and K are compatible; see [43, Def. 3.2.3] for details. In the Howe duality setting,
the natural ¢-action on M, (namely, the differential of the right matrix multiplication
on C[W]) is different from that obtained by restricting the g-action to . Indeed, in
order for the f-action to extend to a g-action, we must tensor M, with a certain one-
dimensional £-module F_j.¢, where c is a certain constant intrinsic to Gr/Kr (see [2,
§2]), and ¢ is the fundamental weight for g that is orthogonal to the compact roots
(see details in Theorem 4.2). In this way, the €-action on

(50) My =M, @ F_pec
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integrates to a K-action in a manner compatible with the g-action, and hence Mg can
be viewed as a (g, K)-module. Further, M, is a highest weight g-module, which follows
from work of Harish-Chandra [25, 26] since Gr /K is Hermitian symmetric. We denote
this highest weight by A(c). To write down A(o) in coordinates, we introduce the
following shorthand for a weight of g:

T = vector obtained from o by padding with 0’s on the right,
% = vector obtained by reversing the coordinates of 7,

u — k = vector obtained from p by subtracting k& from every coordinate.

In what follows, we write weights for g in standard epsilon coordinates on the Cartan

subalgebra consisting of diagonal matrices. In particular, a weight for g = gl,,,
is written as (a1,...,ap | b1,...,Dq); a weight for g = sp,y,, or soy, is written as
(aty...,an).

THEOREM 4.2 ([28, 32]). Assume one of the three settings in the following table:

» =
H C[w] (oe 3 L Gr (g, K) o) c ¢
o) <q, — —
GLy, | C[M,; & My.] Z((‘;_)) <Z) Up,a) | (8ly4q:GLy xGLy) | (o~ —k|o®) | 1 | (17]09)
O C[Mpn) o)<n | Mp(2n,R) (89 GLy) -5 -& 12 | (1)
Spo | ClMag,n] (o) <n 0" (2n) (5024, GLy,) 5 -k 2 | ()"

We have the following multiplicity-free decomposition as a (g, K) x H-module:

(51) CWl= @ M, U,
ocED

where ¥ = {o € H : M, # 0}. Furthermore, the map o — \(o) is an injective map
from ¥ into the set of t-dominant integral weights, such that as a (g, K)-module

(52) My = Ly, = simple g-module with highest weight \(c),
and Ly (o) is unitarizable with respect to gg.

See Appendix A for further details, where we record explicitly the Lie algebra
homomorphism w : g — D(W)# using a block matrix form that we find especially
helpful in understanding the differential operators by which g acts on C[IW]. Upon
comparing (12) with the H-spectrum X C H given in Theorem 4.2, we observe that

~

forall o € H,
(53) o € X if and only if T (o) # 2.

GENERAL LINEAR AND SYMPLECTIC GROUPS. We now proceed toward the proof of
Theorem 3.2. In the following discussion, let H = GLj or Spy,. Let N be the maximal
unipotent subgroup of H defined in the discussion preceding (14) and (16). In [30],
the ring C[W]V is called the ring of covariants. This ring effectively gathers all the
modules of covariants into a single object, as follows. Taking the N-invariants in the
Howe duality decomposition (51), we have

Cw)N = 5 M, ® (UH)N,
oe

= 6692 My @ Cu,
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where the functional v} is dual to a fixed lowest weight vector v, € Us,, as in (18).
In particular, recall that u} = is a highest weight vector in U;. Hence as a g-module,
we have .
CWIY = @ CW. = @ M,,
ocy ceX
where

W)y, = {f e CWIY : wip(f) = 0*},
with a canonical isomorphism of g-modules given by

U M, — C[WI]Y.,
(54) .

Q> u, 0.

Comparing (54) with (19), it follows that ¥(¢7) = dety, for all T € T (o). Thus, if

f € C[W]H denotes a monomial in the f;;’s, then we have

(55) U(f-pr) =1-detr.

Define the set of indeterminates
{1 o) € PYU {wy s T e U, () ] H = Spy.
{zi; : (i,j) e P}U {U/J e Ui, ([3])} U {w? e, (DZ])} , H=GLy.

The tableau order is the partial order among nonempty sets of positive integers,
whereby J < J' if and only if (when viewed as top-justified columns with increasing
entries) J can appear to the left of J’ in a semistandard tableau.

The following definition distinguishes certain monomials in C[Z]; following Jack-
son [30], we associate these monomials with combinatorial objects called splits.

DEFINITION 4.3 (Monomial of a split for H = Sp,;, or GLg; see Definition 3.6.15-16
in [30]).

An Spyy-split consists of four (possibly empty) subsets of [n], namely A = {a;}}_4,
B={b}_, C={c;i}i_y, D={d;},_, such that t+v <k andr+t=k+ 1, where

i< - <di1<ep << <b < <brandd; <a, <---<aj.

The monomial of an Spsy,-split is the following element of C[Z]:

(56) (H zci,bi> WDUA-
i=1

A GLy-split consists of four (possibly empty) subsets of [q], namely A = {a;}}¥* 1, B =
{bi}iq, C=A{c}i_y, D ={d;}}, and four (possibly empty) subsets of [p], namely
A* = {a;}_,, B* = {bi}i_,, C* = {cf}i_,, D* = {d}!_,, such that t + v < k,
ut+w<k,r+s+t+u=k+1, andr+ s >0, where

dy <+ <dyp<ecg<--<cp <by <---<blanddy < ay and c; < by,
dy < - <di << <y <by <+ <by and dj < a), and i < by,
The monomial of a GLg-split is the following element of C[Z]:

T S
(57) <H 2t ,b; szf&:) WpuUA w]*yuA*.
i=1 i=1

LEMMA 4.4. Let z € C[Z] be a monomial in the z;;’s. If zwy is divisible by the mono-
mial of an Spyy,-split, then 50 is zZeupp(z)W.r, for all J' < J in the tableau order. Like-
wise, if zw ywy is divisible by the monomial of a GLy-split, then so is zgpp(z)Ws WY,
for all J' < J and I' < I in the tableau order.
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Proof. Let H = Sp,,,, and suppose that zw; is divisible by the monomial of a split
(A, B,C, D). Since the monomial of a split is squarefree in the z;;’s, we can pass from
Z 10 Zsupp(z)- By (56), we have J = DU A. If J' < J, then J' = D" U A, where
#D' =#D =t and #A' > #A. In particular, D’ consists of elements d} < --- < d}
such that each d; < d;. Thus by Definition 4.3, (A’, B,C, D’) is also an Spg-split,
which completes the proof for Sp,;,. The proof for GLj is identical. 0

In the following lemma, we introduce a map 7* : C[Z] — C[W]¥. The notation
is due to the fact that upon restricting the domain of 7* to S = C[P], one recovers
the map 7* : S — C[W]# from (26).

LEMMA 4.5 (see [30, Thms. 3.6.17, 3.8.12, and 3.8.27]). Let H = Spy, or GLj. Define
the algebra homomorphism
7. C[Z] — CW]Y,
Zij = Jij;
(58) i i
wy — det g,
(if H = GLg) w} — det],
with fi; and the det functions as defined above in (8) and (12), respectively. Then
ker m* is the ideal generated by the following elements:
(1) all monomials of H-splits;
(2) all products wywy such that J and J' are incomparable in the tableau order;
(3) (if H = GLy) all products wiw}, such that I and I' are incomparable in the
tableau order;

(4) (¢f H = GLyg) all products wiw;y such that #I +#J > k.

Moreover, the images of the monomials lying outside ker 7 furnish a linear basis for
CIW|¥N, and are said to be standard monomials in C[W]V.

We equip P with the product order, that is, the partial order < whereby
(59) (i,7) < (¢, 4') if and only if ¢ <4’ and j < 5.
Note that P is a bounded poset: for Spy;, the minimal and maximal elements are
(1,2) and (n—1,n), respectively, and for GLy, they are (1,1) and (p, ¢). Observe that
an antichain in P is a subset of the form {(i1,51), ..., (i¢, j¢)} where i; < --- < iy and
j1>--->jg. Given S C P, we will use the shorthand

Slisa, j>b = {(i,j) € S:i>aand j > b}.

For each T' € T (o), we define the following abstract simplicial complex Ar:

width (S‘i>Tt,1) < k—t }

(H =Spy,) Ar:= {SCP: for all 0 < t < £(0)

(60)

(1= GLy) Ap=iscp: NGl or) Sk-t-u ,
forall 0 <t < /(o) and 0 <u < (o)
where we put Tp 1 := 0. Analogously to the function dety in (12), define

H wyr, H = Sp2k7

columns

Jof T

wr =

H wy H w}, H:GLk.

columns columns

Jof Tt Iof T™
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LEMMA 4.6. Let H = Spy;, or GL;. We have

C[Z\\ker7* = P ( P ClA7] wT> .
oc€X \TEeT (o)

Proof. Every monomial in C[Z] is of the form zw, where z is a monomial in the z;;’s,
and where w is a monomial in the w;’s (and wj’s, if H = GLj). We have zw ¢ ker 7*
if and only if

(a) zw is not divisible by the monomial of an H-split, and

(b) w = wr for some T' € [[, 5 T (0);
condition (a) is due to the generators (1) of ker 7* in Lemma 4.5, and condition (b)
is due to the generators (2)—(4). Therefore we have

CiZ\ker7* = ( &b < é (Cz) wT>,
o€X \ TeT (9) zZw :(:)t div.
by monom.
of H-split
()

and it suffices to prove that (x) = C[Ar], as defined in (60). We prove this below
separately for the Spy, and GLj cases.

Let H = Spyy,, let 0 € ¥, and fix T € T (o), with the initial column denoted by T 1.
By Lemma 4.4, zwr is divisible by the monomial of a split if and only if zg,ppz) w1, ,
is divisible by the monomial of a split. In this case, we have T, ; = DU A in (56), and

so there exists some ¢ such that 0 < t < £(0) and
Tin=di<cr <---<ep <b <---<by,

where r +¢ =k + 1 (and if ¢t = 0, then omit the d;), and {(¢;, b;)}7_, is an antichain
contained in supp(z). Equivalently, width(supp(z)|i>7,,) = k —t + 1. It follows that
z occurs in (%) if and only if

width(supp(z)|i>1,,) <k —t, for all 0 <t < £(0).

But by (60), this is equivalent to the condition supp(z) € Ar. Thus, since (x) has
a basis consisting of those monomials z such that supp(z) € Ar, it follows from the
definition of a Stanley—Reisner ring that (x) = C[Ar] as claimed. This completes the
proof for H = Spy,,.

The proof for H = GLj is essentially identical, with the following modifications. By

Lemma 4.4, zwr is divisible by the monomial of a split if and only if Zsupp(z) W w;,
e, o1

is divisible by the monomial of a split. In this case, we have Ti 1 = DUA and
T,, = D*U A" in (57), and so there exist some u and ¢ such that

Tuflzdl <eg << <b << by,

Typ=di <cp <. < <b] <--- <by,
where r+s+t+u==k+1, and {(cf,b;)}i_; U{(b},¢;)}5_; is an antichain contained
in supp(z). Equivalently, Width(supp(z)|i>T;17 j>T3,1> > k—t—u+1. The rest of the
proof is the same as in the Sp,, case above. O

Proof of Theorem 3.2 (H = GLj, or Spyy,). For each group, the proof will proceed as
follows. Suppose that k < #d(P). For each E € £ we will define a certain abstract
simplicial complex Ag on a subset of P, in such a way that

(61) Ar = Acpacr) for all T € T(o);
(62) F(Ag) = Fg as defined in (30), for all E € £.
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Then we will exhibit a certain shelling of each Ag, in such a way that

(63) res(F) = cor(F) as defined in (35), for all F € F(Ag).

From this it will follow that

C[Z\ker7* = P &b (C[AT] by Lemma 4.6
oceX \TeT (o

end( )] wT) by (61)
OEE TGT(U

( ( ClAEg] wT)) by (32)
cex \Ee€ \TeTg(o)

( < @ (C[ ] Zres(F) ) wT>> by (23)
UEE Ec& \TeTe(o) \FEF(AE)

( < @® ClF] Zcor(F)) wT)) by (62) and (63)
aez Ec€ \TeTe(o) \FEFE

CIF] zeor(r) wT> by Definition 3.1.

ocED ((F T)eJ (o)

Recalling from Lemma 4.5 that the images (under 7*) of the monomials in C[Z]\ ker 7*
furnish a linear basis for C[W]", we conclude that the direct sums above are preserved
by 7*. Therefore, applying 7* to the last displayed equation above, we have

C[W]N = @ ( @ (C[fw : (7’7.7) € F] fcor(F) detT) .

ocex \ (F,T)eJ (o)
By (15) and (17), the o-component above is precisely C[W]X., so that
(C[W]c];y* = &) (C[flj :(i,5) € F] fcor detT
(F,T)eJ (o)

Applying the inverse of the isomorphism ¥ in (55), we obtain the following decom-
position of M, which (as a graded vector space) is isomorphic to M,:

My,= @ Clfij:(i,5) € F] foor(w) 1>
(F,T)eJ (o)

which establishes the & < #d(P) case in Theorem 3.2. Note that this result is valid
for all 0 € H (not just ¥): on one hand, by definition (see Theorem 4.2), we have
o € ¥ if and only if M, # 0, and on the other hand, by observation (53), we have
o € ¥ if and only if J (o) # @.

If k > #46(P), then observe that there are no H-splits (see Definition 4.3). Conse-
quently, in Lemma 4.6, each Ar is just the power set of P, and has a unique facet P.
Thus in the case k > #6(P), we have

CiZ\ker7* = ( é C[P] wT> ,
o€X \TEeT (o)
and now the argument from above yields the k > #6(P) result in Theorem 3.2.
It remains to fill in the initial details above, namely the definition of Ag and the
verification of its three properties (61)—(63). We do this below separately for the Spy,
and GL; cases.
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Let H = Spyy,. From now on, let E = {(i;,n) : 1 <t < k} € €, where 0 = i <
i1 < --- < ik < n— 1. Define the following abstract simplicial complex:

(64) AE::{SgP:forall()gtgk

To prove (61), namely that Ap = Agq(ry, let T € T (o) with end(T") = E; we must
show that for all S C P,

width(S|i>7,,) <k —t for all 0 <t < /(o)

(65) )

width(S|;s;,) < k—t for all 0 < ¢ < k.

By definition, we have both T 1 = 0 and ip = 0, so the t = 0 case in (65) is done. Next,
suppose 1 <t < (o). By (38), if T3 1 < 4, then i = T; 1 and so we are done. Thus
suppose that T} 1 > 7, so that i, = %; in this case, we claim that both propositions in
the biconditional (65) are automatically true. On one hand, if ¢ > 2(k 4+ 1) — n, then
by (38) we have i; =i = n — 2(k — t) — 1. Observing that for all 0 < a < n we have

(66) width(P|i>q) = |[(n — a)/2],
and setting a = iy = n — 2(k — t) — 1, we obtain

Thus the top proposition in (65) is true for all S C P; likewise, since the width (66)
weakly decreases as a increases, and since T} 1 > 4, the bottom proposition in (65) is
also true for all S C P, so we are done. On the other hand, if t < 2(k + 1) — n, then
iy =% =1t > n—2(k —t) — 1; thus again, both propositions in (65) are true for all
S C P, so we are done. The last remaining case is ¢ > ¢(0); in this range, by (38) we
have i; = i, and so again the bottom proposition in (65) is true for all S C P. This
completes the proof of (61).

Next we will prove (62), namely that the facet set F(Ag) coincides with the set
Fg in (30). Let F € Fg. Each subset F|;;, can be partitioned into k —¢ many chains:
namely, take its intersections with L; 1, Lito,. .., L, where for each £ > i; (in order
to cover A) the starting point of Ly is extended from (¢,b;) to (¢,t+1). It follows that
each width(F|;>;,) < k—t, and so F € Ag. To show maximality, let F' = FU{(¢/, ')}
for some (i, j) € P\F. Consider the antidiagonal D = {(i,j) €e P : i+ j =i + j'}
containing (7', j'). There is some ¢, where 0 < ¢ < k, such that D intersects precisely
the lattice paths Lity1,Liyo,..., Lk, and thus we have D C P|;5;,. But DNF is
an antichain of size k — ¢, and so D N F’ is an antichain of size k& — ¢t + 1 contained
in Pl;~;,. Thus we have width(F'|;>;,) > k —t, and so F’ ¢ Ag. Therefore, F is
a maximal element (i.e. a facet) of Ag, and hence Fg C F(Ag). Conversely, any
facet F € F(Ag) can be decomposed into the disjoint union of saturated chains
Cy,...,Cy, where the minimal element of C; is the minimal element (¢,¢ 4+ 1) of
P\(C;U---UC;_1), and the maximal element of C; is the maximal element (i;,n)
of Plic;,. But then F = [[}_, C, = (A\6(A)) UTIF, L;, where L, = C,\(A\6(A))
is a southeast lattice path from (¢,b;) to (it,n), and hence by (27) we have F € Fg.
Thus we have F(Ag) C Fg, and the claim (62) follows.

Finally, to show (63), namely that res(F) = cor(F) for all F € F(Ag), we need to
exhibit a shelling of Ag such that the restrictions coincide with the corners defined
in (35). (Note that Ag is pure, since its facets all have the same cardinality; see the
proof of Corollary 3.4.) Let F = (A\d(A)) U (Ly U---ULyg) € F(Ag) as in (27).
Denote the southwest boundary of a subset S C P by

(67) ~v(S) ={(,5) e S:(i+1,j—-1) ¢S}
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Note that each L; is contained in the poset interval between (¢, b;) and (i, n). In fact,
since L; cannot intersect L;,1, each path L; is contained in the subset Q; defined
recursively for t = k. k —1,...,2,1 as follows:

k
Q= {(i.5) € P (1.b) < (124) < (i) }\ U Qo).

f=t+1
Now equip each subposet Q; with the labeling «; defined as follows:

ar((i=1.9), (.9)) =0,

(68) i
at((z’,j ), (i,j)) _ {0, (,7) € 7(Qu),

1 otherwise.

(Note that if ¢ < 2(k 4+ 1) — n, then Q; consists of the single point (¢,b;) = (i¢,n), so
there are no edges to label.) If (¢,7) < (¢, '), then there is a unique saturated chain
(i,j)<---< (', 4") with label sequence (0, ..., 0), obtained by stepping south whenever
possible, and east otherwise. Therefore a; is an EL-labeling of Q;, by Definition 2.1.
Thus by Lemma 2.2, oy induces a shelling order on the facets of A(Q;), or equivalently,
on the lattice paths L; from (¢,b:) to (it,n); moreover, by (24), with respect to this
shelling order, res(L;) is the set of descents of L;. With respect to «, a descent of
L; corresponds to a (1,0) in its label sequence. In turn, a (1,0) occurs in the label
sequence whenever L; contains three points of the form (i, — 1), (¢,7), and (i + 1, j)
such that (4,j) ¢ v(Q¢). Note that (4,7) € v(Qq) if and only if (i +¢,j — ) € Ly,
for all 1 < ¢ < k — t. Comparing this with the definition (35) of a corner, we have
that res(L;) = cor(F)NL;. Note that v(Q;) is the facet of A(Q;) with label sequence
(0,...,0); thus, since v(Q¢) N Q;—1 = &, the shellings induced by the a;’s extend
to a shelling of Ag, where we order the facets F € F(Ag) lexicographically by
concatenating the label sequences of Ly,..., Ly in that order. With respect to this
shelling order, we have res(F) = cor(F). This establishes the claim (63), and completes
the proof of Theorem 3.2 for H = Sp,,,.

Now let H = GLg; again, we must prove (61)—(63). The arguments are the same
as in the Sp,;, case above, with the following modifications.

Recall the parameters k™ and k&~ from (40). From now on, let E = {(p, j,) : 1 <
u < kTYU{(it,q) 1 <t <k} €& where 0 = jo < j1 < -+ < jp+ < q and
0=tip <ip <+ <ip- <p. Define

Width(S|i>it7j>]’u) < k—t—u }

AE::{SQP:forallOgtgkandOguglﬁ

To prove (61), let T = (T*,T~) € T (o) with end(T) = E; we must show that for all
SCP,

width(S| 17j>T+1) Sk—t—uforall 0 <t<l(o7)and 0 <u<L(ch)

i>T,
(69)

width(S|i>i,, j>j.) <k—t—uforall 0 <t <k~ and 0 <u < k™.
Since by definition ip = Ty, = 0 and jo = Ty, = 0, the case t = u = 0 in (69) is
done. Next observe that for all 0 < a < pand 0 < b < g,
(70) width(P|i>q, j>») = min{p — a, ¢ — b}.

Moreover, iy > t and j, > u. It follows that if t < k—q, then k—t—u > ¢g—u > q—ju;
therefore, width(P|;>;,, j>j,) < k —t — u for all t. By symmetry, if v < k — p, then
width(P|i>4,, j>j.) < k —t —u for all w. Thus, if t < k — ¢ or u < k — p, then the
bottom proposition in (69) is automatically true; in either case, since each T} ; > i
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and TJ 1 = Jju, the top proposition in (69) is automatically true as well, and we are
done. Therefore we may assume that ¢ > k — ¢ and u > k — p; thus by (44) we have
ju=T,, and iy = min{T},, %}, where i, is given by (42). If T, ; <%, then i, = T},

and we are done. On the other hand, if T;; >, then i; =7, as in (42). By (70), we
have width(P|;>s,, j>;.) = m = min{p — i, ¢ — j.}. By (43), we have

{0,1,...,.m =1}y C{p—ip : ' >t} U{q— ju : ' > u},

cardinality m cardinality kK —t — u

and therefore the bottom proposition in (69) is true. Since we assumed that T77 >,
the top proposition is true as well. This establishes (69), and thus the claim (61).
To prove (62), let F € Fg. Note that the subset F|;;, j>;, can be partitioned into
k —t—u many chains: namely, its intersections with LIH, e ,L',:+ and Ly, q,... L,
upon extending these chains to cover A as necessary. Thus width(F|;>,, j>j.) < k—t—
u, and so F € Ag. The maximality of F follows from the same argument as in the Spy
case above, where we try to add a point (¢, j') ¢ F and observe that its antidiagonal D
intersects precisely the paths L\, |, Lt ,,..., L and L, ,,L;,,,...,L,_ for some ¢
and u; then D C P|;~;,, j>j,, and the rest of the argument goes through. Conversely,
just as in the Sp,, case, any facet F € F(Ag) can be decomposed into a disjoint
union of saturated chains, which takes the form (27) for some element of Fg.
Finally, to prove (63), let ¥(S) be as in (67). For u = 1,..., k™, recursively define

Q= {(i,j) € P: (au,u) < (i,7) < 0, 5u) P (Q;_1),

and for t = k7, ..., 2,1, recursively define

Qi ={(,7) € P: (t,b) < (4,7) < (i, ) P\ (Q¢)
where the role of v(Q; ;) is played by fy(QL) in the base case t = k~. Equip each
subposet Q; and Q; with the EL-labeling a; or a; , respectively, in the same way
as in (68). The rest of the proof is identical to the Sp,;, case above, upon extending

the shellings induced by the a; ’s and a;f’s to all of Ag, by concatenating the label
sequences from northeast to southwest. O

THE ORTHOGONAL GROUP. Whereas for GLj; and Sp,;, we appealed to the results
of Jackson [30] in Lemma 4.5, there is no analogous result for Oy. In particular, the
treatment of Oy, in [30] is restricted to the case k > 2n (see pp. 64 and 75), in which
case W was cofree and there was no occasion to define analogues of splits or their
monomials (see Definition 4.3 above). For this reason, we briefly develop the requisite
theory below in the special case o = (1™).

Fundamental theorems of tensor invariants for Oy. We follow the exposition in
Lehrer-Zhang [38, §3.1]. Let s be a positive integer. Let M(2s) denote the set of
matchings on [2s], where a matching is a set

n = {{il,jl}, R {isajs}}

of two-element subsets such that {i1,...,4s,71,...,7Js} = [25]. To each matching pu €
M (2s), we associate the following complete contraction in (V®2)*:
(71) 9”1U1®"'®U25|—>Hb(vi7vj),

{igten

where b is the nondegenerate symmetric bilinear form on V' that is preserved by Oy.
By the first fundamental theorem of tensor invariants for Oy, (see [38, Thm. 3.1] or [23,
Thm. 5.3.5]), we have

(72) [(V®25)*]O% = span{@u TS M(Qs)}
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To describe the relations among these 6,’s, let X = {z1,...,2541} and ¥V =
{y1,.-.,yp+1} be disjoint subsets of [2s]. We assume the labeling convention
21 < - <Tpyrand yp < - < Ypy1. Let Sy denote the symmetric group on k + 1
letters, and let 7 € &y41. Let v be a matching on [2s]\(X UY"). Define the following
matching in M(2s) by letting 7 act on X:

k+1
7(X,Y,v) = {{$T(£),yg}}ezl Uwv.
Then define
(73) @(Xv Ya V) = Z Sgn(T) QT(X,Y,U)»
TEG K41

where sgn(7) € {£1} is the signature of 7. We collect all such elements in the following
set:

. - X,Y are disjoint (k + 1)-element subsets of [2s],
R= {@(X’ Y, is a matching on [2s]\(X UY) '
By the second fundamental theorem of tensor invariants for Oy (see [38, Thm. 3.4]),
any linear relation among the 6,,’s is a linear consequence of the relations © = 0, for
all © € R.

Combining (71) with (73), we expand each © € R as follows:

k+1
OX,Y,v):v1 @ ® vgg — Z sgn(T) Hb(vwf(z),vyz) H b(v;, vj)
TEG k41 (=1 {i,j}ev
(74) = det [b(vu,vym)}lg’mgkﬂ' T owi, vy,

By the straightening law of De Concini—Procesi [13, Lemma 5.3], based on that of
Doubilet-Rota-Stein [14, Thm. 1, p. 198], the determinant of the matrix [b(vg,, vy,, )]
in (74) can be written as a linear combination of determinants of matrices [b(vy, vy, )]
such that x}, <y, for all 1 < ¢ < k+ 1. Hence it suffices to consider the subset

R = {@(X7Y7V) €R:xp <y for aullléﬁgk—i—l}7

and we may sharpen the second fundamental theorem as follows:

any linear relation among the 6,,’s is a linear consequence
of the relations © = 0, for all © € R'.

Note that if s < k, then R = R’ = &, and thus by (75) the 6,,’s furnish a basis for
(Ve

(75)

Proving the main result for O. We introduce the following orthogonal analogue of
Definition 4.3.

DEFINITION 4.7 (Monomial of a split for H = Oy). An Oy-split of type ¢ = (1)
consists of four (possibly empty) subsets of [n], namely A = {a;}?_,, B = {b;}_4,
C={c;}i_,, D={d;}!_,, such that t +v=m andr +t =k + 1, where

b < - <b<di <---<dpanday < - <a,<dyandcy <---<cp

and each b; < ¢;.
The monomial of an Oy-split is

(76) (H fb> AuD,
=1

with fi; and o7 as defined in (8) and (20), respectively.
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LEMMA 4.8. Let H = Oy, and put 0 = (1™), where 0 < m < k. Let f denote a
monomial in the f;;’s. A linear basis for M, is given by the set of all monomials forp
which are not divisible by the monomial of an Oy-split.

Proof. Let d = (dy,...,d,) be an n-tuple of nonnegative integers, and put d =
dy + -+ + dy. Let C[V"]q denote the multigraded component of C[V"] spanned by
monomials m such that degm.j(m) =d; for all 1 < j < n. Likewise, let M, 4 denote
the multigraded component of M, spanned by those maps ¢ such that deg$.j (p) =4d;
for all 1 < j < n. Then we have
(77) M,= @ Mya.
deNn
Define the surjective Og-equivariant map
@ : [(VEH™) 0% — M, q
to be the composition of the following canonical maps:
(78)
[(VEHm)*|Ok 2 (V)84 g VEMOx — [(SH(V*) @ --- @ S (V")) @ V]

>~ (C[V"]q @ N"V)Or 2 M, 4.
The first isomorphism in (78) is induced by the canonical isomorphism of O-
representations V' = V* via v — b(—,v). The arrow in the first line of (78) denotes
the obvious projection given by symmetrizing each block of d; tensor factors, and
then antisymmetrizing the final m tensor factors. We call these the d-symmetrization
and the m-antisymmetrization by ®, respectively. The final isomorphism in (78) is
given by f @ u+— [w — f(w)u] for all f € C[V"]q and u € A"V

For each i € [d], let

(79) 7 := the unique j € [n] such that di +--- +d;j—1 < i < d,.
In other words, if one partitions [d] into consecutive “blocks” of lengths dy, ..., d,,
then 7 designates the block containing . Let

{i¢,d + ¢} € p implies i, € [d]

M(dm)=qpeM(d+m): forall 1 << m,

and 771, ...,%, are all distinct

For p € M(d|m), define

o= {{ie,d+f}€u:1<€§m},
(80) Z(ﬁ) = {if 1<l m} - [d],
() ={w:1<<m} C[nj,

sgn(p) := signature of the sequence (7¢)1<r<m.,

meaning the signature of the permutation in &, required to arrange (77) in increasing
order. It is straightforward to verify from (78) that for every p € M(d + m),

Sgn(ﬁ’) H fij @5(;;); “eM(d‘m)v

(81) ®(0,) = {ijrem\n

0 otherwise.

Since ® is surjective, the first fundamental theorem (72) (where we take s = (d+m)/2)
implies that M, q is spanned by {®(0,,) : p € M(d|m)}. Thus by (81) we have

(82) Myqa= span{fcpT :f € C[W]q is a monomial in the f;;’s, and T € ([n"l])}
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This leads us to impose the following monomial ordering on M, q. We declare for <
/o7 if T < T’ with respect to lexicographic order, or if T = 7" and f < f’ with
respect to the ordering

(83) fir> o> fin> foo > fon > fas > > fusin > fan.

Taking s = (d+m)/2 in (75) and applying the map ® in (78), we see that any linear
relation among the ®(6,,)’s (or equivalently, among the fir’s) is a linear consequence
of the relations ®(©) = 0, for all ©® € R’. But in fact, we now show that certain of these
©’s are redundant. Given ©(X,Y,v) € R/, we define the set partitions X = XuX
and Y =Y UY and v = D U D as follows:

{Z’::{xg:yggd}, :):(:Z:{l'giyz>d},
Y ={y:y<d} Y ={y:y>d}
v={{i,jlev:i,j<d}, v={{i,j} €v:iorjis>d}.

We also recall the notation i(¥) from (80). We claim that in order to generate all
linear relations among the monomials for in M, 4, it suffices to consider the images
under ® of the elements of the subset

X C [d] with distinct Z’s for all x € X,
distinct 3’s for all y € }7',

v C p for some p € M(d|m),

and 7 < T forall i € i(D) and x € X

(84)  R"={O(X,Y,v)eR

We justify the claim as follows. If X ¢ [d], then the m-antisymmetrization by ® (along
with Laplace expansion) allows the determinant in (74) to be written as a linear com-
bination of determinants det[b(vy, vy )]srex’ ey’ such that X’ C [d]; therefore we
may as well insist that X C [d]. If two of the T’s (or two of the §’s for y € }v/) are equal,
then the d-symmetrization by @ kills det[b(va, vy)]zex,yey in the expression (74) for
O(X,Y,v); hence (O(X,Y,v)) is identically zero, and yields only the trivial relation
0 = 0. Likewise, if v is not a submatching of some p € M(d|m), then by (81), every
term in O(X,Y,v) is killed by ® (due to the combination of the d-symmetrization
and the m-antisymmetrization), so we obtain only the trivial relation. Finally, recall
that the m-antisymmetrization by ® is a signed average over all permutations of the
indices d + 1, ...,d + m, which are precisely the indices paired with the elements of
X Ui(?) in the matching e, ye} 3+ Uw. Hence, we may as well restrict our at-
tention to those triples (X,Y,v) such that all the elements i € i(¥) are less than all
the elements = € X. The d-symmetrization by ® then forces 7 < T, as in (84). This
establishes the claim above, and we conclude that in M, 4,

any linear relation among the for’s is a linear consequence

(85) of the relations ®(0) = 0, for all © € R".

By comparing (84) with Definition 4.7, we observe that in R”, the equivalence classes
modulo © are parametrized by the Oy-splits:
OX,Y,v)~A=1), B={T:2€ X}, C={y:yeY}, D={z:2¢c X}.

In the context of Definition 4.7, we thus have r = #)v( = #iv/ and t = #)A( = #f/ and
v = #U. Set

~

7(X) = {Trp : we € X}
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By (81), we have the following for each ©(X,Y,v) € R” with corresponding split

0=2a(6(X,Y, 1/)) =0 | > sen(r)b-(xvu)

TES K41
= Z Sgn(T) (I)(GT(X,Y,V))
TGG)H.l
= D sen(r)sgn(® ( II fw) ( II fw) Pr)uF(X)
T7€G k11 {i,jtev zeX,
ye)v’
= sgn H f1’7 ’ Z Sgn < H fw,y) z V)UT A)]
{i,j}ev LTES K41 xEX
yeﬁv/
(86) = sgn(v H fig- Z sgn(m) W-(det[fij]i,eB 'WAUD>‘| )
{i,jtev Lm:B+D jec

where the sum ranges over all exchanges m between B and D; that is, each m acts
by exchanging any number p of elements of B with p elements of D (with 0 < p <
min{r,t}), and sgn(m) equals (—1)? times the signatures of the resulting lists B’ and
D'.

The right-hand side of (86) contains r! many terms for each exchange m, cor-
responding to the terms in the r X r determinant. With respect to the monomial
ordering in (83), the leading term on the right-hand side of (86) occurs within the
summand corresponding to m = id, since in a split the elements of B are already less
than all the elements of D. Furthermore, in the summand corresponding to m = id,
the leading monomial is the one that contains the main diagonal in the determinant.
Hence the leading monomial in (86) is the monomial of the split (A, B, C, D), times
the monomial [] (ijew fi5. It follows that if a monomial for € M, g4 is divisible
by the monomial of an O-split, then it can be rewritten as a linear combination of
strictly lesser monomials with respect to the term order (83). Thus M, q is spanned
by the monomials that are not divisible by the monomial of a split, and by (85), these
monomials are linearly independent. Hence these monomials form a linear basis for
M, 4, and the result follows from (77). O

Proof of Theorem 3.2 (H = Oy). We adapt the argument used in the proof for Sp,,
and GL; above. We equip P with a different partial order:

(87) (i,7) < (¢',4") if and only if i > i’ and j < j’

Then for each T = {T1,..., Ty} € T (o) = ([m"]) wheren+1=Ty>Ty > - > Ty,
define the abstract simplicial complex

(88) Ag = {S C P : width (S|icr,) <k —t, forall 0 < t < m}.

By Lemma 4.8, we have My = @rcr(,) (B¢ Cf)or, where the inside direct sum
ranges over all monomials f that are not divisible by the monomial of an Oj-split.
Letting () denote this inside direct sum, we claim that (x) = C[Ar]. To this end, let
supp(f) = {(i,j) € P : f;; divides f}. Since the monomials of splits are squarefree in
the fi;’s, if for is divisible by the monomial of a split, then so is fs,pp(r)¢r- In this
case, where the split in question is (A, B,C, D), we have T = AU D in (76). Thus
there is some ¢, where 0 <t < m, such that dy < b; < --- < b, where r+t =k +1
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(and if ¢ = 0, then omit the dy), and {(b;, ¢;)}7_, is an antichain contained in supp(f).
Equivalently, width(supp(f)|;<1,) = k — t + 1. Therefore f occurs in (x) if and only
if width(supp(f)|i<7,) < k — ¢, for all 0 < t < m. By (88), this is equivalent to
supp(f) € Ap. Hence we have (x) = C[Ar], as claimed, which yields

(89) M, = @ ClAr]er.
TeT (o)

For E = {(i,n)}f_; € & where n + 1 = iy > iy > - > iy, define the abstract
simplicial complex

Ag = {S C P : width (S|i<;,) <k —t, forall 0 <t < k}.

It remains to establish the three properties (61)—(63). The property (61), namely that
A7 = Acna(r), follows from the definition of end(T") in (47) and from the fact that
width(P|;<4) = a—1. Property (62) follows from the same argument used in the proof
for Sp,;, and GLj above; recall, however, that for Oy, each F € Fg is determined by
k many northeast lattice paths, which are saturated chains with respect to the partial
order (87). To show (63), namely that res(F) = cor(F), let F = L - --ULy, € F(Ag),
where each L; is a northeast lattice path from some diagonal element (b, b;) to (i, n).
Then each L; is contained in the lower order ideal Q; := {(¢,7) € P : (i,7) < (i, n)}.
Let Qt = Q;U{0}, where 0 is an auxiliary element covered by every diagonal element
(i,7). Thus Qt is a bounded poset, with minimal element 0 and maximal element
(i¢,n). Define the labeling «; on Qt as follows:

at(o,(z‘,@):{o’ T (60 G-10) =0, (i), G )) =1

1, >,

Then «; is an EL-labeling of Qt, since between any two comparable elements there
is a unique saturated chain with label sequence (0,...,0). Thus by Lemma 2.2, a4
induces a shelling of the order complex A(Qt) where the restrictions of the facets are
given by the descents in label sequences, and it is clear that the descents correspond
to the corners defined in (46). Each Ly is a facet of A(Q;) with 0 removed. By con-
catenating the label sequences of Ly, ..., Ly, and then ordering these concatenations
lexicographically (among all F’s), we obtain a shelling of Ag in which the restrictions
are the corners, which proves (63). The rest of the proof proceeds in the same way
as for Sp,;, and GLy, starting from (89) and using the chain of equalities displayed
after (63) (replacing z;; by fij, and wr by ¢r). O

5. INVARIANT RINGS FOR SO(V) aAnND SL(V)

In this section, we adapt our jellyfish model to the special linear group SLy := {h €
GLj : det h = 1} and special orthogonal group SOy := {h € Oy : det h = 1}, in order
to write down Stanley decompositions and Hilbert series of their rings of invariants.
All notation in this section (M, fij, detr, P, etc.) in the context of SLy, (resp. SOy) is
the same as for GLy (resp. Og) above. We begin with SOy, which is the much simpler
case.

THE SPECIAL ORTHOGONAL GROUP. Let V = CF be the defining representation of
Oy, and let W := V™ as before. Recall that for H = Oy, the irreducible representation
Ugry = A"V is the one-dimensional representation on which h € H acts by the scalar
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det h. Therefore, we have

C[W]SOk == {f € C[W]: f(hw) = f(w) for all h € SO and w € W}

_ ~ f(hw) = (det h)® f(w) for all h € Oy and w € W,
_{fe(c[w]'wheres—()orl }

(90) = Mo ® Mqry,

where My and My« are modules of covariants (11) for H = Oy. (The module M)
is sometimes called the module of semiinvariants for O.) In the proposition below,
given some J € ([Z]) containing elements j; < --- < ji, we write det; to denote the
function (vi,...,v,) = det(vj,,...,v5,).

PROPOSITION 5.1. Let V = CF, and set B = {(i,n) : 1 < i < min{k,n}}, with
all other notation as in the H = Oy setting of Theorem 3.2. We have a Stanley
decomposition

(C[Vn]sok = @C[flj : (7'7]) S F]fcor(F)EB @ ( @ (C[fu : (Z’J) € F] fcor(F) detJ)~

FeF; Je([vkll) FeF(Gnyert
Furthermore, we have the Hilbert—Poincaré series

P(C[Vn]sok;t) = Pﬁ(t) + tk Z P{(j,n):jeJ}(t)-
7e()

In particular, if k > n, then C[V"]30% = C[V"|O = Cl[fi; : (i,j) € P] with Hilbert—
Poincaré series 1/(1 — t2)(n§1).
Proof. This follows directly from (90), upon applying the H = Oy, case of Theorem 3.2
and Corollary 3.4 in the two extreme cases m = 0 and m = k. Recalling from (48)
that #0(P) = n, in applying Theorem 3.2, we treat separately the two cases k < n
and k > n. R

Suppose & < n. Then E = {(1,n),...,(k,n)} consists of the k northernmost
endpoints in §(P). When m = 0, we have 7(0) = T5(0) = {@}, by (47). Thus
J(0) = F5 x {@}. Since 9z = 1, we apply Theorem 3.2 to conclude that My equals

the first direct sum (ranging over F € F5) in this proposition. Likewise, when m =k,

we have T(1%) = (i), upon identifying a one-column tableau T' € SSYT((1*),n)

with the set J = {T11,...,Tk1}. Then we have T{(jn):jes}(1%) = {J}, by (47). Thus

J(1F) = ]_[Je([n]) F{(Gn):jesy X {J}. Since ¢ ; = det; by (20), we conclude that M x)
k

equals the second direct sum (ranging over J) in this proposition.

Suppose k > n. When m = 0, we have 7(0) = {@}, so that My = C[f;; : (i,7) € P]
by Theorem 3.2. But since E = 6(P), we have F = {P}, and cor(P) = &; thus the
first direct sum in this proposition equals My. When m = k, we have that M)
equals the second direct sum in this proposition, by the same argument as in the
k < n case above.

In particular, if k > n, then T(1*) = @, so that J(1¥) = @ and we have M x) = 0.
Thus in this range, we have C[V"]59% = M, and the given Hilbert series follows from
the fact (48) that #P = (";1) O

THE SPECIAL LINEAR GROUP. Let V = CF be the defining representation of GLj, and

let W = V*P @ V1 as before. Recall that for H = GLg, and for s € Z, the irreducible
representation Uy is the one-dimensional representation on which h € H acts by
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the scalar (det h)®. Therefore, we have

C[W]St == {f e C[W]: f(hw) = f(w) for all h € SLy, and w € W}

_ ~ f(hw) = (det h)® f(w) for all h € GLy and w € W,
N {f € w1 for some s € Z
= @D M
SEL
(91) =My ® @ M(Sk) 2] @ M(Sk),
s>0 s<0

where Mgk is a module of covariants (11) for H = GLj. (These modules, where
s # 0, are sometimes called modules of semiinvariants for GLy.)

In what follows, we use the letters J and [ in a consistent way, such that J € ([g])
and I € (). Note that these sets are empty if k > ¢ (resp. k > p). In our notation,
the J’s are accompanied by plus signs, and the I’s by minus signs; this will make the
proof of Proposition 5.2 as transparent as possible. Recalling the sets g and Tg(o)
from the GLy setting of (30) and (32), respectively, we introduce the shorthand

]:f = F{(p,j)jeT}s Fr = FlG.ayiel}
T, (0) = T{w.i)jerr (@), T (0) = T{(i,qcr(0).

We will write C to denote a maximal chain in ([Z]) or ([i’]), with respect to the tableau
order; equivalently, C denotes a facet of the order complex of either poset. We have
the covering relation J < J’ if and only if J’ is obtained by adding 1 to exactly one
element of J. Thus we can define the following labeling «, for all J < J':

(92)

(93) «(J,J') = <= J'is obtained by adding 1 to the £th smallest element of .J.

¢
We abbreviate this by J < J’. By Definition 2.1, this « is an EL-labeling of both ([Z])

and ([Z]), since the lexicographically minimal path between two elements J < J' is
obtained by repeatedly incrementing the elements of J as necessary, from smallest
to largest. Thus by Lemma 2.2, « induces a shelling on the order complex of ([Z]) or

([i}). By (24), the restrictions are given by descents:
¢
(94) res(C) = {J € C: C contains A < J < B such that ¢ > m}.

Let J € ([Z]), and consider the upper order ideal ([ql consisting of those elements

k)}J
J' such that J’ > J. Define ([Z])>1 in the same way. Let

Ch= {C : C is a maximal chain in ([Z})>J},
(95) /
Do}

C; = {C : C is a maximal chain in ([Z

WV

For C € C:}' or C; , respectively, define

(96) detc := det H det s, detg == det] H dety.
J'€res(C) I’cres(C)

Analogously to the set of jellyfish from Definition 3.1, we define

(97) Kt =11FF xCF, K- =1[F; xC;.
7e() re()
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A straightforward calculation shows that every element of C}r (respectively, C; ) has
the same cardinality ¢¥ (resp. ¢; ), namely

k , _ kK .
(98) cj:§(2q—k—1)—2j and 0125(2;0—]@—1)—21.
jed iel

Finally, recalling the rational function Pg(t) from Corollary 3.4, we define the short-
hand

(99) P}F(t) = P{(p,j);ng} (1), Pr(t) = P{(i,q):iel} (t),
along with the new rational functions
- ZCEC}' (tk)#res(C)-‘rl B ZCECI_ (tk)#res(C)+1

(100) Q7 ()

} Q; (t) =

(1= tk)es (1 )7

PROPOSITION 5.2. Let V = C*. If k < min{p, ¢}, then we have a Stanley decomposi-
tion

(101)
(C[V*P D Vq]SLk = @ (C[fz] : (Z?J) € F] fCor(F)
Fef;p—k+1 ----- p}
® ©D (C[{fij (4,j) e Fru{dety : J € C}} feor(r) detc
(F,C)eKk+
& @ C[{fy: (i) €FYU{det] : T € CY| frontr) detis,
(F,C)ek—

where f;;, det}, and det; are defined for H = GLy in (8) and (12), and K* in (97),
and dets and dets in (96). Furthermore, we have the Hilbert—Poincaré series

(102) P(CV*? @ VI¥*it) = PE_ . () + > PFOQT() + Y Pr(H)Q; ().
7e(%) re()
If k > min{p, ¢}, then replace the first direct sum in (101) by C[f;; : (¢,j) € P], and
replace the first term in (102) by W
In particular, if k > q (resp. k > p), then the second (resp. third) direct sum
in (101) is empty, and thus the second (resp. third) term in (102) is 0.

Proof. Just as in Proposition 5.1, this result will follow from (91) and Theorem 3.2;
here, however, we must first use Stanley—Reisner theory in order to collapse the infinite
direct sums in (91) into finite direct sums.

Note that for T € T (s*), we have T = (T*,2) if s > 0, and T = (2,T7) if s < 0.
We may identify o with the function dety defined in (12). It follows that for all
T € T(s*), we have

1a S = O7
(103) or = detr = [oorums 5 op 7+ dety, s> 0,
Hcolumns I of T™ det?’ s < 0.

We now apply Theorem 3.2 to the three components in (91), corresponding to s = 0,
s> 0, and s < 0. We suppose k < min{p, ¢}.

For s = 0, note that i, =% = p—t+11in (44), so that 7(0) = T5(0) = {@}, where
E:={(p—t+1,q):1<t<k} Thus J(0) = Fz x {@}. In the notation of (92), we
have Fs = Flp—t+1a<i<k) and so we conclude that My equals the first direct sum

in (101).
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It remains to show that the s > 0 and s < 0 components in (91) equal the second
and third direct sums in (101). We will prove only the s > 0 case, since the s < 0 case
is identical. Let

As j = the order complex of ([q])
k),

with Stanley—Reisner ring C[A> ;] in the indeterminates z;, for all J’ > J. Note that
Cj, defined in (95), is precisely the facet set F(Ax ;). By (98), As s is pure. On one
hand, a monomial z lies in C[A ] if and only if one can write z = 2, - - 2z, such
that the columns J; < --- < J, form a tableau in SSYT((r*), ¢), with J < J;. On
the other hand, the shelling induced by the labeling « in (93) restricts to a shelling
of As ;. This gives us two ways to decompose C[A ;]:

(104) ClAs,l=6 ( S, C- HZJ'> = @ Clzy:J' € C] zes(c),
20 \ TeSSYT((r"),q):  cols. J' cect

o.l/J of

where the Stanley decomposition on the right-hand side follows from (23).
Let s > 0. It follows from the “end” map in (44) that Tg(s*) is nonempty if and
only if Tg(s*) = T, (s*) for some J € ([Z]). Therefore by Definition 3.1, we have

(105) T = 11 FfxT;(s").

re()
Explicitly, we have
(106) T (s%) = {(T, @) : T € SSYT((s*), q) with Tu 1 = J}.

Thus the s > 0 component in (91) can be decomposed using Theorem 3.2 followed
by (105):

@ M(mk) = @

s>0 s>0 ((F,T)ej(sk)

(C[fij : (Zvj) € F] fcor(F) @T)

@ 69 @ (C[flj : (Z,j) S F] fcor(F) @ (CQOT

>0 JG([Z]) Fe]—'j TET}'(S’“)

(107) = @ (EB Clfij : (0,7) € Fl feor(ry | D D Cor )

Je('y \FeF; >0 \ TeTt(sk)

()
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where
(x) = P ( S C(pT> = < detJ/> by (103)
>0 \ TeTH(s%) TONTETTEN ol
s>0 TESSYT((S cols. J’
Te1=J of T
:@< (C.HdetJ/>detJ (7":3_1)
r=0 TESSYT cols. J’
T, 1;] of T

( Cldet, : J' € C] HdetJ/>detJ by (104)

CEC J'€res(C)
= @@ Cldet, : J' € C]detc by (94).
cect

Substituting this direct sum for () in (107), we have

@ M(Sk) = @ @ (C[fl] : (Z7J> € F] fcor(F) @ (C[detjl :J e C] detc

s>0 Je('y \FeFf cect
= @ CHfiy:(i,)) e Fru{det : J € C} feor(r) detc,
(F,C)ek+

where the last equality follows from the definition of Kt in (97). Thus the s > 0
component in (91) equals the second direct sum in (101). The proof for the s < 0
component is identical. The Hilbert—Poincaré series follows immediately from the
Stanley decomposition (101), using (3), along with the definitions (99) and (100), and
the fact that the det functions in this setting all have degree k.

Finally, suppose that k& > min{p, q}. Consider the s = 0 case, and recall that
T(0) = {@}. Theorem 3.2 splits into the two cases k < #(P) and k > #5(P), where
we recall from (48) that #6(P) =p+¢— 1. If kK < p+ ¢ — 1, then it is easy to check
using (44) that for the unique E € & such that 7(0) = 75(0), we have F = {P}.
Thus J(0) = {(P, @)}, and cor(P) = &, so that My = C[f;; : (¢,j) € P]. Likewise, if
k > p+ q— 1, we obtain the same result directly by Theorem 4.2. The Hilbert series
P(Mo;t) = 1/(1 — t2)P4 follows from the fact (48) that #P = pq. O

EXAMPLE 5.3. Let k = 3, p = 8, and ¢ = 10. Below is an example of a pair (F,C) € K~
indexing one of the Stanley spaces in Proposition 5.2:

In particular, (F,C) belongs to F; x C; , where I = {2,4,5}. Hence C is a max-
imal chain {2,4,5} <--- < {6,7,8} in (@)21. Here we depict C in the same way as
we depicted tableaux T' € T (o) in Section 3, so as to extend the lattice paths of F
into “tentacles.” Thus each I’ € C is depicted as a column of dots. The long vertical
rectangles indicate the elements of res(C), defined in (94): at each such element, the

.
.

0
.
.
.
.
.

e e 000 0 0
e e 0000 00
e o 0 o0 o0 o
e e 0000 00
o o 0 0 000 o
oo 0 0 0 0 o0
e e 000000
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left-hand descending tentacle lies below the right-hand descending tentacle. In partic-
ular, with respect to the labeling « in (93), C has label sequence (3,2,3,1,1,2,1,2,1),
whose four descents correspond to the four elements of res(C).

EXAMPLE 5.4.Let k = 3, p = 3, and ¢ = 4. We abbreviate P{iabc} (t) by PZ (t).
Implementing (102) leads to the following Hilbert series of C[WW]5Lx:
Pros (1)
+ Pos(t) Qras(t)
+ Piys(t) Qizs(t) + Pioy(t) Qiag(t) + Priy(t) Qfza(t) + Pasy(t) Q34(t)

B 1
(1—t2)12
N 1 3
1—2)2 (1-#)
3 2 3 2 4 3 3
+ 1 ] t n 142t ] t +l—k—t +t ) t n 1 ) t

(1—t2)9 (1_t3)4 (1_t2)10 (1—t3)3 (1—t2)11 (1—t3)2 (1—t2)12 (1_t3)

1+ 3t% + 263 + 6t* + 3t5 + 810 + 3t7 + 6¢° + 2t9 + 3¢10 + ¢12
(1— 21— ) (1) |
(We also verified this using Macaulay2.) This reduced form is somewhat surprising,

since the denominator contains the factor (1 — %) in addition to the expected factors
(1 —t2) and (1 — 3). Furthermore, the numerator is palindromic but not unimodal.

6. WEIGHT BASES VIA ARC DIAGRAMS

Recall that via Howe duality (Theorem 4.2), the modules of covariants M, for a
classical group H can be viewed as (g, K)-modules L) of unitary highest weight
representations of a real reductive group Gr. In this section, we manipulate our jel-
lyfish diagrams in order to realize a weight basis for these modules Lj(,). Recall
from (50) that when viewing M, as a (g, K)-module, we write M, to emphasize
that the t-action is given by tensoring the natural t-action with a one-dimensional
t-module F_.c. By Theorem 3.2, M, has an infinite linear basis consisting of stan-
dard monomials, where a standard monomial £ is the product of a monomial in the
fi;’s with some 7. In particular, for each standard monomial ¢ in M,, there is a
unique jellyfish (F,T) € J (o) whose corresponding Stanley space contains . Thus
one can produce standard monomials from the diagram of a jellyfish (F,T) by ar-
bitrarily “populating” the points (i,j) € F with their corresponding f;;’s. It turns
out that these standard monomials are weight vectors with respect to the g-action,
and by “flattening” this picture into an arc diagram, we can read off the weight of a
standard monomial directly from its degree sequence.

DEFINITION 6.1 (Arc diagram of a standard monomial in Mg) Assume the hypotheses
of Theorem 3.2. Let (F,T) € J(o), and let

£= I 77
(i,5)€F
for nonnegative integers d;;. The arc diagram of the standard monomial
§ =f- fcor(F) CPT-

is constructed as follows (see Examples 6.3 and 6.4):
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(1) Starting with the usual diagram of the jellyfish (F,T'), place a box labeled d;;
at each point (i,j) € F such that d;; # 0. (Make these boxes small enough so
that the corners in cor(F) are still visible outside them.)

(2) “Flatten” the resulting picture into an arc diagram as follows:

If H = GLy, then draw vertices 1*,...,p*,1,...,q in a line from left to
right. The “tentacles” attached outside eastern edge of P remain attached
to their corresponding (starred) vertices from below; likewise, the tenta-
cles attached outside the southern edge of P remain attached to their
corresponding (unstarred) vertices from below.

On either side (starred and unstarred) of the arc diagram, each horizontal
cross section of the tentacles is viewed as a hyperedge connecting the
vertices lying directly above its dots.

For alli and j, draw d;; many arcs from vertex i* to vertex j. Then for
each (i,7) € cor(F), draw an additional arc from vertex i* to vertex j.
If H = Oy or Spyy,, then draw vertices 1, ..., n in a line from left to right.
The “tentacles” attached outside the eastern edge of P remain attached
to their corresponding vertices from below.

Each horizontal cross section of the tentacles is viewed as a hyperedge
connecting the vertices directly above its dots.

For all i and j, draw d;; many arcs from vertex i to vertex j. Then for
each (i,7) € cor(F), draw an additional arc from vertex i to vertex j.

As usual, the degree sequence of an arc diagram is the sequence

{(degl*,...,degp* | degl,... ,degq), H = GLg,

(deg1,...,degn), H = Oy or Spy,

where degi is the number of edges (including hyperedges) that are incident to vertex i.

PROPOSITION 6.2. Let (H, g) be one of the three pairs in Theorem 4.2. Let € € Mg be
a standard monomial as in Definition 6.1. Then £ is a weight vector under the action
of g, whose weight wty(§) is obtained from the degree sequence of its arc diagram as

follows:
wtg(§) =
(_ degl*v ceey T degp* | deg L..., degQ) - (kp | Oq)a (Hv g) = (GLkvg[erq)y
(—degl,...,—degn)— ((%)n)7 (Hag) = (Ok75p2n)’
(_degla'--v_degn) - (kn)7 (va) = (Sp2ka502n)'

Before proving Proposition 6.2, we illustrate it with the following examples.

EXAMPLE 6.3. Let H = GLy, where k =4, p =4, ¢ = 6, and ¢ = (4,3,2,-3). On
the left-hand side below, we implement Step 1 of Definition 6.1, starting with the
diagram of a jellyfish (F,T) € J (o). The numbers along the lattice paths are the
exponents d;; in Definition 6.1, which determine a standard monomial £ lying in the
Stanley space indexed by (F,T). On the right-hand side, we implement Step 2 of
Definition 6.1 to obtain the arc diagram of £, with the hyperedges highlighted below
the vertices. Beneath the arc diagram, we use Proposition 6.2 to compute wty(&):
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1 2 3 4 5 6
2t e o o |E| =
3*5. ] |E| . .

4 H o oo o o

AN
&= fiofoafssfii frefasfss or wtg(§) =
—_—— ——
FECis: ()R] Jeortry (—3,-3,-2,-54,1,3,3,4,4)
1[3]3]4][2]4]4] _( 47 4; 47 4a|0,070703070)
T= gg 5{ (_7a_77_6a _9|431a3737474)

EXAMPLE 6.4. We give another example of Definition 6.1 and Proposition 6.2, this
time where H = Sp,;,, with k = 3 and n = 8, and 0 = (3, 3,2):

1 2 3 4 5 6 7 8
1 :‘ ° o o o |Z|
2 e o o o |§| [}
3 ] o o o E]
4 H e o o ~
5 o o
6 ° o wtg(§) =

° —(4,5,4,6,5,0,4,4)

8 —(3,3,3,3,3,3,3,3)

_(7a 87 77 97 8a 3a 7) 7)

Proof of Proposition 6.2. The proof for all three groups H is identical, up to the
details of the g-action on C[W] given in Appendix A. By (55), when computing the
weight of & we may as well replace ¢ by detr, as defined in (12). We write wty to
denote the weight with the respect to the action of g, upon restriction to its Cartan
subalgebra consisting of diagonal matrices. In writing out weight formulas below, we
use the degree notation defined in (13), and we write ¢; to denote the tuple with 1 in
the ¢th coordinate and 0’s elsewhere.

Let H = GLj. The action of g = gl,,, , on C[W] is given explicitly in Appendix A.1,
from which we observe that the weight of a monomial

m € CIW] = C[{wsy  (i.5) € o] x [} U ey : (0.5) € () < [a)]
is given by the (p + ¢)-tuple
(108)
wig(m) = ( —deg,,, (m),...,—deg, (m)| deg,, (m),... ,degw.q(m)) — (k* | 0).
Each arc {i*,j} in the arc diagram of ¢ contributes (¢; | €;) to the degree sequence; it
also represents a factor fi; in f - feor(r), which contributes (—¢; | €;) to wtg(£), by (9)
and (108). Therefore, upon negating the degrees of the starred vertices i*, the arcs

combine to contribute wty(f- foor(r)) to the degree sequence of the arc diagram. Within
a hyperedge, a dot below vertex ¢* (resp. vertex j) contributes (e; | 0) (resp. (0 | ¢;))
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to the degree sequence of the arc diagram; it also corresponds to an entry ¢ in T~
(resp. an entry j in "), which by (12) and (108) contributes (—¢; | 0) (resp. (0| €;))
to wtg(detr). Therefore, upon negating the degrees of the starred vertices i*, the
hyperedges combine to contribute precisely wty(detr) to the degree sequence. Thus,
by combining the arcs and the hyperedges, we conclude that wty(£) is obtained from
the degree sequence of the arc diagram of £ by negating and then subtracting k& from
the degrees of the starred vertices.

Let H = Spy,. The action of g = s09,, on C[W] is given explicitly in Appendix A.3,
from which we observe that the weight of a monomial

m € CIW] = Clay; : (i, j) € [2K] x [n]]
is given by the n-tuple

(109) wtg(m) = ( —deg,,, (m),...,—deg,, (m)) — (k™).

Each arc {i,7} in the arc diagram of ¢ contributes ¢; + ¢; to the degree sequence;
it also represents a factor fi; in f - feor(w), which contributes —(e; + €;) to wtg(€),
by (9) and (109). Therefore the arcs together contribute —wtg(f- foor(r)) to the degree
sequence of the arc diagram. Within a hyperedge, a dot below vertex i contributes ¢;
to the degree sequence; it also corresponds to an entry 7 in 7', which by (12) and (109)
contributes —e; to wty(detr). Therefore the hyperedges together contribute precisely
—wtg(detr) to the degree sequence. Thus, by combining the arcs and the hyperedges,
we see from (109) that wty(§) is obtained from the negative of the degree sequence
of the arc diagram of £, upon subtracting k from every coordinate.

Let H = Og. The action of g = sp,,, on C[W] is given explicitly in Appendix A.2,
from which we observe that the weight of a monomial

meqmzc@f@ﬁemxw}
is given by the n-tuple
(110) whg(m) = (= deg,,, (m), .., —deg,, (m)) = ((5)").

The rest of the proof is identical to the Sp,;, case, upon replacing detr by ¢r. O

ISR

7. WALLACH REPRESENTATIONS OF TYPE ADE

In this final section, we apply our jellyfish approach to certain unitary highest weight
modules beyond those modules Ly, arising in the Howe duality setting. In particular,
we consider certain distinguished modules known as Wallach representations, in all
cases where g is simply laced (i.e. of type A, D, or E), and we reinterpret their Hilbert
series in terms of lattice paths.

HERMITIAN SYMMETRIC PAIRS. Suppose G is a connected real reductive group and
Kg C Grg is a maximal compact subgroup such that Gg/Kx is an irreducible Hermit-
ian symmetric space of noncompact type. Let gr = tr @ pr be a Cartan decomposition
of the Lie algebra of Gg, and let g = £ ® p be the corresponding decomposition of
the complexified Lie algebra. From the general theory, there exists a distinguished
element hgy € 3(¢) such that ad hg acts on g with eigenvalues 0 and +1. We thus have
a triangular decomposition
g=p Otop’

where p* = {x € g : [ho, ¥] = £z }. The subalgebra q = €@ p* is a maximal parabolic
subalgebra of g, with Levi subalgebra ¢ and abelian nilradical pT™. Upon fixing a
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Cartan subalgebra h of both g and €, we write ® for the root system of (g,h), and g,
for the root space corresponding to the root @ € ®. Then we put

d(pT)={acd:g, Cpt}.

Let r denote the real rank of Ggr. Recall that two roots «, are called strongly
orthogonal if neither a + B nor a — 3 is a root. We adopt Harish-Chandra’s maximal
set {v1,...,7v-} of strongly orthogonal roots in ®(p*), which are defined recursively
as follows. Let y1 be the lowest root in ®(p™*); then for 1 < i < r, let 7; be the lowest
root in ®(p™) that is strongly orthogonal to each of 4, ..., v;_1. For any nonnegative
integers ny > --- > n, > 0, the weight — >, n;7; is ¢-dominant and integral. We have
the following multiplicity-free decomposition due to Schmid [42]:

Clo"1 =D Foniyy—noves
nyz-2n, 20
where F), denotes the simple £-module with highest weight p.
As a specific example, we revisit the Howe duality setting of Section 4, where we
have the following concrete realizations (with SM,, and AM,, denoting the spaces of
n X n symmetric and alternating matrices, respectively):

H g |e={[&B]: -} | e={[§5]} | »" ={[§5]} r i
GLy | gl,4, | no constraints al, © gl, M,.q min{p,q} | (§ | =€)
A=-D,
O | shan B= B, al, SM,, n 5,
c=cCt
A=—Dt,
Spay | 502n B =-B, gl, AM, n/2) €2i—1 + €24
C=-Ct

In this setting, one can define an H-invariant polynomial map © : W — pT as
follows:

(H = GLyg) m: My @My g — Mpq, Y, X)—YX,
(H =0y) 7 Mg, — SM,, X — X'X,
(H = Spyy,) 7 Mok, —> AM,,, Xi—)Xt(_OIé)X.

Then (W) C pt is either all of p* (if k£ > r), or else is the determinantal variety MEZ
or SMSF or AMS?* | respectively; here Miz denotes the set of matrices with rank at
most k, and similarly in the other two cases. Thus for k < r, the map 7 descends to an
isomorphism W/ H = Mgk (resp. SMSF or AMS?¥). Moreover, 7 induces a surjective
comorphism

7t Clpt] — C[W]H,

(111)
zij — [ij,

where the z;;’s are the standard matrix coordinates on p*, and the f;;’s are the
contractions in (8). Note that 7* is the same map introduced in (26), since we have
S = C[P] = C[pT]. In all three Howe duality settings, we have P = ®(p*) as sets;
moreover, in the two cases where g is simply laced (i.e. where g = gly., or $02y,), We
have a poset isomorphism P = &(p™), where the partial order on P is given by (59),
and the partial order on ®(p™) is inherited from the standard partial order on ®.
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Explicitly, the poset isomorphism P — ®(p™) is given by
(i,4) — (& | =€), (H,8) = (GLy, gl,4,),

.o <
(Zaj) — € + €5, (Hag) = (Sp2k5502n)'

THE WALLACH REPRESENTATIONS. Let K be the complexification of Kr. Then £
is the Lie algebra of K, and the adjoint action of £ on g exponentiates to a K-
action. In particular, K acts on pT. The K-orbits in pT are Oy := {0} and Oy =
K-(ey, +---+eq,) for 1 <k <r, where e, € g, denotes a root vector corresponding
to ;. The closures of the K-orbits in p* form a chain of algebraic varieties

{0} =0pcO,C---CcO,=p".

For each 0 < k < r, the coordinate ring of O}, can be viewed as a truncation of the
Schmid decomposition above [17]:
C[Ok] = @ F*ﬂl”/lf"'*nr%.
kzniz-2n,20

Let ¢ := %(p, 73 —77'), where as usual p is half the sum of the positive roots of g, and
(, ) is the nondegenerate bilinear form on §* induced from the Killing form of g. Let
¢ be the unique fundamental weight of g that is orthogonal to the roots of . Then for
each 1 < k < r, the kth Wallach representation is the simple g-module L_j.c. The
determinantal variety Oy, is the associated variety of the kth Wallach representation.

In the Howe duality setting of Section 4, one can check (using the A(c) column of
the table in Theorem 4.2) that the kth Wallach representation is given by

L_ke¢ = L) = Mo,

where My = C[W] is the ring of invariants. Therefore, when (g, £) = (g1, ol, S gl,)
or (spsy,,8l,) or (soa,,gl,), the Stanley decompositions and Hilbert series for the
Wallach representations are obtained by specializing to 0 = 0 in Theorem 3.2 and
Corollary 3.4. (One should replace the f;;’s by their preimages z;; in S = C[p*], and
thus also replace each t? by ¢ in the Hilbert series.) Note that in this o = 0 case, we
have J(0) = F(Ax(P)) x {@}, where the kth order complex is defined to be

Ar(P) = {S C P : width(S) < k}.

As a result, in the special case o = 0, for the two simply laced cases (where P &
®(p™)), Theorem 3.2 can be rewritten as an isomorphism of graded vector spaces:
(112) L*kc{ = @ C[F]Zres(F)~

FeF(Ak(2(pH)))
Indeed, it is a general fact for Hermitian symmetric pairs [31, Lemma 4.1] that the
Hasse diagram of ®(p™) is a planar distributive lattice, and therefore its order com-
plexes are shellable [3, Thm. 7.1]. This suggests that the Stanley decomposition (112)
might be valid for other Hermitian symmetric pairs (g,¢), which would yield the
Hilbert series
t#res(F)

ZF F(AR(®(pt
(113) P(L i t) = =2 Ei ipt));) :

where d is the common size of all facets F.

We have found that (113) does indeed hold true whenever g is simply laced (i.e.
when g is of Killing—Cartan type A, D, or E). Below, we verify (113) for all Hermitian
symmetric pairs of simply laced type. The Hilbert series for the Wallach representa-
tions were previously computed in [18] and [15, §6.6-6.8] and [16], by using Enright—
Shelton reduction to compute generalized BGG resolutions. Our formula (113), on
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the other hand, provides a new combinatorial interpretation of these Hilbert se-
ries in terms of nonintersecting lattice paths in ®(p™). As mentioned above, types
(Aptqg—1,Ap—1 X Ay_1) and (D,,, A,—1) occur in the Howe duality setting and there-
fore are included already in Corollary 3.4, for H = GLj; and Sp,,,, respectively. This
leaves three simply laced cases: (D, D,,—1) and (Eg,Ds), for k < r =2, and (E7, Eg),
for k < r = 3. In each case, we rotate the Hasse diagram of ®(p™) so that the mini-
mal element v, is in the upper-left. In this way, saturated chains are southeast lattice
paths. We continue to suppress the edges in the Hasse diagrams, in order to make the
lattice paths clearly visible; there is no loss of information, since each point is covered
by the point(s) immediately to its south and its east. We also continue to indicate
the elements of res(F) by drawing squares around them; these are easily determined
by imposing a binary EL-labeling on ®(p*) as we did in Section 4, and then using
our characterization of corners in (35).

FIRST WALLACH REPRESENTATION OF (D,,D,_1). For (g,¢) = (D,,,Dpn—_1), the
Hasse diagram of ®(p™*) has 2(n — 1) many vertices, arranged as two chains of length
n — 2 joined by a square. Since r = 2, there is only one Wallach representation, corre-
sponding to k = 1, where —kc{ = —(n + 2)e;. The facets of Aj(®(p™)) are precisely
the maximal southeast lattice paths in ®(p™). There are only two facets Fg and Fy
(shown below in the case n = 6):

(I)(p+) = e Fo= o Fi= o
o o o o [o]

Note that each facet has cardinality d = 2n — 3. Following (113) yields the Hilbert
series below, which coincides with [15, Thm. 26]:

1+t
P(L_gecsit) = 55—
( kc¢ ) (1 — t)2n—3
FIRST WALLACH REPRESENTATION OF (Eg,Dj5). For (g,%) = (Eg, Ds), since r = 2,
there is only one Wallach representation, corresponding to k = 1, where —ke( = —3(.
The facets of A;(®(p™)) are again just maximal southeast lattice paths in ®(p™).

o= fils  Bampkofafen T8
o o 0 0 o =

All twelve facets have cardinality d = 11. Following (113) yields the Hilbert series
below, which agrees with [15, Thm. 28]:

1+ 5t + 5t + ¢
P(L_pecit) = ————

( kc¢ ) (1 — t)ll
FIRST WALLACH REPRESENTATION OF (E7,Eg). For (g,t) = (E7,Eg), since r = 3,
there are two Wallach representations. For k = 1, we have —kc( = —4(, and the facets
of A1(®(p™)) are again the maximal southeast lattice paths in ®(p™):

oo 00 00 e o o ofe]e
L) LI )
LI ) o oo
e o 00 o o ofe]e
P(pt) = oo °: Example of a facet: oo o:
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This gives us 78 facets, all having cardinality d = 17. Counting the sizes of the
restrictions, and following (113), we obtain the Hilbert series below, which agrees
with [15, Thm. 29]:

14—10t4—28t24—28t34—10t4—%t5
(1 — )17

P(L,kcc; t) =

SECOND WALLACH REPRESENTATION OF (E7,Eg). The poset ®(p™*) is the same as
above; this time, for k& = 2, we have —kc( = —8(. Each facet of Ay(®(pt)) is a
maximal union of two nonintersecting southeast lattice paths in ®(p*). There are
only three facets, each with cardinality d = 26:

oo o oo o oo o
L ) o oo e o o]
e e e oo e o see o] e-ee
Fyo = e e 00 o F, = e e 00 o Fy = o o0 0 o
. . ]
[ . [

Hence, following (113) yields the Hilbert series below, which agrees with [15, Thm. 30]:

1+t+1¢2

P(L,kcg;t) = m

APPENDIX A. EXPLICIT MAPS IN HOWE DUALITY SETTINGS
A.1. HOWE DUALITY FOR (H,g) = (GLg, gl,,,). The action of K = GL, x GL, on
C[W] = C[Mp,r © Mg,q] is given by
(91.92) - F(Y, X) = det(g1) " f(g1 'Y, Xg2).

The Lie algebra homomorphism w : gl — DM, @ Mk,q)GLk’ is given by

p+q
ARB D P q q k 9
(C’ D) — Zzaij ( Zyﬂ kaz]) +szij (Z xei(%>

i=1 j=1 i=1 j=1 =1 t

P q k 92 q k
+zzbw<z,,) £ e ).

—1 i—1 — 8%@333@] 1 _

i=1 j= =1 i=1 j=1 =1

Asj fii

A.2. HOWE DUALITY FOR (H,g) = (O, sp,,). The action of K = GL, on C[W] =
C[Mg,»] is given by

(9:5) f(X)=s"Ff(X(g71)"),

where GL,, := {(g,s) € GL,, x C* : det(g) = s} and hence s~* can be interpreted
as “det(g)~*/2” The Lie algebra homomorphism w : spy, — D(My,,,)O* is given by

A B " L0k
(0 7%) = Lo - L —5%)

i=1 j=1
n n 1 8 n
+;;sz( EZ&U Oxgj ) +;;CU(waxlz)
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A.3. HOWE DUALITY FOR (H, g) = (Spay,502,). The action of K = GL,, on C[W] =
C[May,»] is given by

g+ f(X) =det(g) " fF(X(g7")").

The Lie algebra homomorphism w : 05, —> D(Mgkm)Sp% is given by

(45 S50 Frl )

i=1j=1

n n 1 k 82
Jrzzb”(zlz(ax&axukj )>

0% p41,:0%0;

i=1 j=1 =1
n n k Aij

+ E E ng< E (xzijJrk,i - x£+k,jx€i) )
i=1 j=1 =1

fii
A.4. MAPS BETWEEN COORDINATE FUNCTIONS. In each of the three cases above,
identify p~ with (p™)* via the K-equivariant linear isomorphism

(29)+ [(0) o i)

Then define the matrix coordinate functions z;; € (p™)* b

0B
(O 0) '—)bij.

Via the inverse isomorphism (p*)* — p~, we have
00 ) . }
ifg=gl,and 1 <i<p, 1<j<q
Eji 0

0 0
Zij 1 if g=s09, and 1 <i < j < n;
7(Eji — Eij) 0

7(Eji + Ey5) 0

It follows that in all three Howe duality settings above, we have

0 0
(1 ) ifg=sp,, and 1 <i < j < n

T Zij fij
via Clzi;] = Clp*] = U(p~) C U(g) — DW)"
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