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permutation groups
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& Kamilla Rekvényi

Abstract A base for a finite permutation group G ⩽ Sym(Ω) is a subset of Ω with trivial
pointwise stabiliser in G, and the base size of G is the smallest size of a base for G. Moti-
vated by the interest in groups of base size two, Burness and Giudici introduced the notion
of the Saxl graph. This graph has vertex set Ω, with edges between elements if they form a
base for G. We define a generalisation of this graph that encodes useful information about G

whenever b(G) ⩾ 2: here, the edges are the pairs of elements of Ω that can be extended to
bases of size b(G). In particular, for primitive groups, we investigate the completeness and arc-
transitivity of the generalised graph, and the generalisation of Burness and Giudici’s Common
Neighbour Conjecture on the original Saxl graph.

1. Introduction
Let Ω be a finite set, and let G be a group of permutations of Ω, so that G ⩽ Sym(Ω).
A subset ∆ ⊆ Ω is called a base for G if its pointwise stabiliser is trivial. The smallest
cardinality of a base for G is called the base size of G, denoted b(G). Equivalently,
if G is transitive with point stabiliser H, then b(G) is the smallest number b such
that the intersection of some b conjugates of H in G is trivial. The study of bases has
a long history, finding a number of connections to other areas of mathematics, from
relational complexity [25] to computational group theory [46].

Historically, there has been a particular interest in the study of base sizes for prim-
itive groups (recall that a transitive group G ⩽ Sym(Ω) is called primitive if its point
stabilisers are maximal subgroups, or equivalently, the only G-invariant partitions of Ω
are Ω itself and the partition into singletons). In terms of the structure and action of
the socle of the group (recall that the socle soc(X) of a group X is the product of its
minimal normal subgroups), the finite primitive groups are divided into five families
by the O’Nan–Scott theorem. Following [38], these families are:

affine, almost simple, diagonal type, product type, and twisted wreath products.
Questions related to base sizes have been considered for all five of these families;
for example, see [9, 13, 23, 22, 29, 33, 34]. In particular, a significant quantity of
research has been conducted on classifying primitive groups of small base size. A
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project initiated by Saxl in the 1990s to classify primitive base-two groups (i.e. groups
of base size 2) is one of the most intense research areas in this vein, however the
problem remains open in general.

For base-two groups G ⩽ Sym(Ω), Burness and Giudici [11] defined the Saxl
graph Σ(G), whose vertices are the points of Ω, and where two vertices are adja-
cent if and only if they form a base for G. This graph satisfies a number of interesting
properties. For example, if G is transitive, then Σ(G) is G-vertex-transitive, and if G
is primitive, then Σ(G) is connected. Burness and Giudici also made a rather strik-
ing conjecture that if G is primitive, then any two vertices in Σ(G) have a common
neighbour (see [11, Conjecture 4.5]). Moreover, they proved this conjecture in a num-
ber of cases, including families of sufficiently large twisted wreath and diagonal type
groups, as well as all primitive groups of degree at most 4095. Later on, Burness
and Huang [12] proved the conjecture for almost simple primitive groups with solu-
ble point stabilisers. They also proved that the conjecture is valid for the primitive
groups with socle L2(q), extending earlier work of Chen and Du [15]. More recently,
Lee and Popiel [35] proved the conjecture for most affine type groups with sporadic
point stabilisers.

It is evident from the existing literature on base size that a significant number of
groups have base size at least 3, and for these the Saxl graph is not defined. Hence,
in this paper, we generalise the definition of the Saxl graph in order to study groups
of arbitrary base size at least 2, as follows.
Definition 1.1. Let G ⩽ Sym(Ω) be a permutation group with b(G) ⩾ 2. Then the
generalised Saxl graph of G, denoted Σ(G), is the graph with vertex set Ω, with two
vertices α and β adjacent if and only if {α, β} is a subset of a base for G of size b(G).

From now on, we will write Σ(G) to denote the generalised Saxl graph of G. Observe
that this graph coincides with the Saxl graph when b(G) = 2. Note also that our
generalisation of the Saxl graph is analogous to the generalisation of the generating
graph of a group to the rank graph (see [41]). In Section 7, we shall consider a different
generalisation of the Saxl graph, related to irredundant bases for G.

A large proportion of this paper is devoted to studying the generalised Saxl
graphs Σ(G) of primitive groups G, in the context of three important problems,
which we now describe in detail.

1.1. Common Neighbour Conjecture. Our generalisation of the definition
of Σ(G) yields the following natural generalisation of the aforementioned conjecture
of Burness and Giudici.
Conjecture 1.2 (Common Neighbour Conjecture). Let G be a primitive permutation
group with b(G) ⩾ 2. Then any two vertices of Σ(G) have a common neighbour.

Notice that if b(G) ⩾ 3, then the definition of Σ(G) implies that any two adjacent
vertices have a common neighbour. Therefore, the above conjecture holds for G if and
only if Σ(G) has diameter at most two.

In this paper, we verify this conjecture for a number of cases. In Section 4 we
consider the case where G is an almost simple group, and prove the following theorem.
Theorem 1.3. Let G be an almost simple primitive group. Further suppose that either:

(i) b(G) ⩾ 3 and soc(G) is sporadic; or
(ii) G has soluble point stabilisers.

Then Conjecture 1.2 holds.
Note also that, together with [12, Theorem 4.22] on base-two groups, Theorem 1.6

below directly implies that Conjecture 1.2 holds for all almost simple primitive groups
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with soc(G) = L2(q) with q a prime power, other than a difficult case where the point
stabilisers have a particular structure, see Theorem 1.6(ii). We leave open the problem
of proving the conjecture in that case. Since that case only occurs when G > soc(G),
Conjecture 1.2 holds for all primitive actions of L2(q).

In Section 5, we further list some examples of primitive affine groups that satisfy
Conjecture 1.2, and discuss additional ideas that we hope will inspire further research
on this conjecture. Finally, in Section 6, we investigate primitive groups of product
type, and in particular prove that Conjecture 1.2 is equivalent to a certain condition
on orbits of point stabilisers. For diagonal type groups and twisted wreath products,
analogous work has been undertaken by the second author [30, Theorems 5.6 & 5.9.1].

1.2. Complete graphs. It turns out that in many instances, the graph Σ(G) not
only satisfies the Common Neighbour Conjecture, but is also complete.

Note that if G is transitive and b(G) = 2, then Σ(G) is complete if and only if G
is a Frobenius group. However, determining the completeness of Σ(G) when b(G) > 2
is not as straightforward. With this in mind, we introduce the following definition.

Definition 1.4. A permutation group G ⩽ Sym(Ω) with b(G) ⩾ 2 is semi-Frobenius
if any two elements of Ω lie in a common base for G of size b(G).

Thus Σ(G) is complete if and only if G is semi-Frobenius, and G is Frobenius if
and only if G is semi-Frobenius and b(G) = 2. As a straightforward example, the
natural action of GLn(q) on the set of non-zero vectors of Fn

q has base size n, and is
semi-Frobenius if and only if q = 2. We also note that any 2-transitive permutation
group is semi-Frobenius.

We prove the following theorem for diagonal type primitive groups in Section 3.1.

Theorem 1.5. Let G be a diagonal type primitive group with socle T k and top group
P ⩽ Sk. If k = 2, then G is semi-Frobenius if one of the following holds:

(i) P = 1;
(ii) T = An for n ⩾ 7; or
(iii) T is a sporadic group.

If instead k ⩾ 3, then the following statements hold.
(i) If P /∈ {Ak, Sk} then b(G) = 2 and G is not semi-Frobenius.
(ii) Suppose |T |ℓ−1 ⩽ k ⩽ |T |ℓ with ℓ ⩾ 1. If b(G) = ℓ + 2, then G is semi-

Frobenius.
(iii) Suppose P ∈ {Ak, Sk} and |T |ℓ−1 + 3 ⩽ k ⩽ |T |ℓ for some ℓ ⩾ 1 with

b(G) = ℓ + 1. Then G is not semi-Frobenius.

We note the only remaining cases for a complete classification of semi-Frobenius
primitive groups of diagonal type are the case where k ∈ {|T |ℓ−1 + 1, |T |ℓ−1 + 2}
for ℓ ⩾ 2, and the case where P = S2. In the former case, a partial result is given
in Lemma 3.7, which shows that G is not semi-Frobenius if Sk ⩽ G (this implies
that P = Sk, but the reverse implication does not hold). For the case where P = S2,
we show that G is not semi-Frobenius if G = T 2.(Out(T ) × S2) with T = L2(q)
and q ⩾ 11 (see Proposition 3.16).

Additionally, in Section 4, we provide a partial classification of semi-Frobenius
almost simple primitive groups with sporadic socle. We further give a complete classi-
fication for groups whose socle is L2(q), as summarised in the following theorem. Here
and throughout the paper, we follow the notation of [8, 32] when referring to the type
of a maximal subgroup of a classical group, which provides a rough description of its
group structure.
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Theorem 1.6. Let G be an almost simple primitive group with socle G0 = L2(q) and
point stabiliser H. Then G is not semi-Frobenius if and only if either:

(i) b(G) = 2; or
(ii) H is of type GL2(q1/2) with q ⩾ 16 and |G : G0| even.

We refer the reader to Theorem 4.7 for a more detailed statement of Theorem 1.6.
A key step in our proof of this result is Theorem 4.6, which extends results in [9, 8]
by determining the exact base size of every primitive group with socle L2(q).

1.3. Regular orbits and arc-transitivity. Suppose that G is transitive, and
write reg(G) for the number of regular orbits in the componentwise action of G
on Ωb(G). It is clear that in this case Σ(G) is G-vertex-transitive since G itself is
transitive on Ω. By the Orbit-Stabiliser Theorem, the ordered bases for G of minimal
size are precisely the elements of Ωb(G) lying in regular orbits. Hence, Σ(G) is G-arc-
transitive if reg(G) = 1, as in this case all ordered bases of minimal size lie in the
same G-orbit. The converse statement, that reg(G) = 1 if Σ(G) is G-arc-transitive,
clearly holds if b(G) = 2, but not in general if b(G) > 2. For example, if G is the
primitive group L3(4) of degree 56, then b(G) = 3 and Σ(G) is G-arc-transitive, while
reg(G) = 4.

Our aim hence is to classify primitive groups G with reg(G) = 1 and, more broadly,
primitive groups G such that Σ(G) is G-arc-transitive. In this direction, Burness and
Huang determined the almost simple primitive groups G with soluble stabiliser and
reg(G) = 1 (see [13, Theorem 1]). Furthermore, the diagonal type primitive groups G
with b(G) = 2 and reg(G) = 1 were determined in [29, Theorem 2]. In Section 3.2, we
generalise that result as follows, and show that the groups G from [29, Theorem 2]
with b(G) = 2 are the only diagonal type groups for which Σ(G) is G-arc-transitive.

Theorem 1.7. Let G be a diagonal type primitive group with socle T k. Then Σ(G) is
G-arc-transitive if and only if T = A5, k ∈ {3, 57} and G = T k.(Out(T ) × Sk), so
that b(G) = 2.

Thus we obtain the following corollary.

Corollary 1.8. Let G be a diagonal type primitive group with socle T k. Then
reg(G) = 1 if and only if T = A5, k ∈ {3, 57} and G = T k.(Out(T ) × Sk), so that
b(G) = 2.

Additionally, in Section 4.2, we are able to classify the almost simple primitive
groups G with socle L2(q) such that Σ(G) is G-arc-transitive, excluding one difficult
case.

Theorem 1.9. Let G be a primitive group with socle G0 = L2(q) and point sta-
biliser H, and if H is of type GL2(q1/2) with q ⩾ 16, then assume that |G : G0| is
odd. Then Σ(G) is G-arc-transitive if and only if one of the following holds:

(i) H is of type P1;
(ii) G is 2-transitive and (G, H) = (L2(11), A5), (PΓL2(8), D18.3), (L2(7), S4),

(S6, S5), (A6, A5), (S5, S4) or (A5, A4).
(iii) b(G) = 2, G = PGL2(q), H has type GL1(q) ≀ S2, and 5 ̸= q ⩾ 4; or
(iv) b(G) = 2 and (G, H) = (L2(29), A5), (PGL2(11), S4), (M10, 5:4) or (A5, S3).

In particular, reg(G) = 1 if and only if G is one of the groups in parts (iii) and (iv), or
H is of type P1 and G is sharply 3-transitive, or (G, H) ∈ {(S6, S5), (A6, A5), (S5, S4)}.

Finally, in Section 6, we investigate whether primitive groups G of product type
could satisfy reg(G) = 1.
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Organisation. We begin our study of the generalised Saxl graph in Section 2 by
noting several basic observations and probabilistic results. We then consider the above
problems on primitive permutation groups, for four of the five O’Nan–Scott families:
diagonal type groups in Section 3, almost simple groups in Section 4, affine groups
in Section 5, and finally product type groups in Section 6. In Section 7, we briefly
explore an alternative generalisation of the Saxl graph.

2. Preliminaries
2.1. Basic observations. Let G ⩽ Sym(Ω) be a finite permutation group with
base size b(G) and generalised Saxl graph Σ(G). We begin with some elementary
observations. Note that G is a subgroup of the automorphism group of Σ(G), and
if G is transitive, then Σ(G) is G-vertex-transitive.

Lemma 2.1. Suppose that G is 2-transitive, with b(G) ⩾ 2. Then Σ(G) is complete.

Proof. Note that Σ(G) is clearly non-empty. The 2-transitivity of G therefore implies
that {α, β} is an edge for all α, β ∈ Ω. □

Note also that if b(G) ⩾ 2, then Σ(G) is complete and G-arc-transitive if and only
if G is 2-transitive.

Lemma 2.2. Suppose that G is transitive with b(G) ⩾ 3, and let α ∈ Ω. Then Σ(G) is
complete if and only if α is the unique isolated vertex of Σ(Gα).

Proof. Observe that a subset Γ of Ω∖{α} is a base for H := Gα of size b(H) = b(G)−1
if and only if Γ ∪ {α} is a base for G of size b(G). Hence the non-isolated vertices of
Σ(H) are precisely the neighbours of α in Σ(G). The transitivity of G now yields the
result. □

A graph is called locally faithful if the stabiliser of any vertex acts faithfully on its
neighbours.

Lemma 2.3. Suppose that G is transitive with b(G) ⩾ 2. Then Σ(G) is locally faithful.

Proof. Let α ∈ Ω, and let N(α) be the set of neighbours of α in Σ(G). Then there
exist α2, . . . , αb(G) such that {α, α2, . . . , αb(G)} is a base for G. In particular, each αi

is adjacent to α in Σ(G). This implies that
(Gα)(N(α)) ⩽ (Gα)α2,...,αb(G) = Gα,α2,...,αb(G) = 1,

and the result follows from the vertex-transitivity of Σ(G). □

We now point out elementary relationships between the generalised Saxl graph of
G ⩽ Sym(Ω) and its orbital graphs. Recall that the orbitals of G are the orbits of G
on unordered pairs of elements of Ω. An orbital of G is diagonal if each of its elements
is of the form (α, α) with α ∈ Ω, and if G is transitive, then it has a unique diagonal
orbital. For a non-diagonal orbital Γ, we define the corresponding orbital graph to be
the graph with vertex set Ω and edge set Γ. Note that this is an edge-transitive graph
by definition.

Lemma 2.4. The graph Σ(G) is a union of orbital graphs of G.

Proof. Note that if a pair {α, β} of elements of Ω is contained in a base for G, then
each pair in the orbital {α, β}G is contained in a base. The result follows. □

By [27], all orbital graphs of G are connected if and only if G is primitive on Ω.
Hence we can define the orbital diameter of a primitive group G to be the supremum
of the diameters of its orbital graphs.
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Lemma 2.5. Suppose that G is primitive. Then Σ(G) is connected. Additionally, if
b(G) ⩾ 3 and the orbital diameter of G is at most two, then Conjecture 1.2 holds.

Proof. Each connected component of Σ(G) is a block for G, so the primitivity of G
implies that Σ(G) is connected. Now, Σ(G) is a union of orbital graphs by Lemma 2.4,
and since G is primitive, each of its orbital graphs is connected [20, Theorem 3.2A]
(this again shows that Σ(G) is connected). Hence, if the diameter of each orbital
graph is at most 2, then by the transitivity of G, the diameter of Σ(G) is also at
most 2. Since b(G) ⩾ 3, any two adjacent vertices have a common neighbour, and so
Conjecture 1.2 holds in this case. □

Remark 2.6. We note that Lemma 2.5 does not always hold for imprimitive groups,
as illustrated by the following examples.

(i) Let G = GL(V ) acting on non-zero vectors, where V has dimension at least
two and is defined over a field containing at least three elements. Then b(G) =
dim(V ) and Σ(G) is a complete multipartite graph, with each part being a
1-space. Even though G is imprimitive, it is worth noting that Σ(G) still
satisfies the property that any two vertices have a common neighbour.

(ii) Let G = PGL2(7) and consider its faithful transitive action on a set Ω of size
14. Then Gα

∼= S4 and a computation using Magma [4] shows that b(G) = 3,
and that Σ(G) has two connected components. For each positive integer k, the
base size of Gk with its product action on Ωk is also 3, and we see that Σ(Gk)
is a direct product of k copies of Σ(G). In particular, Σ(Gk) has 2k connected
components, and so the number of connected components in a generalised
Saxl graph can be arbitrarily large.

(iii) Let L be the primitive group labelled (27,8) in Magma’s Primitive Groups
Library [17], so that L = 33:(2 × S4). Let W := L ≀ S2 be an imprimitive
group of degree 54. With the aid of Magma, one can check that W contains
(imprimitive) transitive subgroups G1 of order 5832 and G2 of order 34992
such that b(G1) = 3, b(G2) = 4 and diam(Σ(G1)) = diam(Σ(G2)) = 3. Thus,
the statement of Conjecture 1.2 does not hold if we remove the condition of
primitivity (even for groups with connected generalised Saxl graphs).

2.2. Probabilistic methods. Probabilistic methods were first used to bound the
base size of a permutation group by Liebeck and Shalev [39], and such methods
have since had broad application in the area (see e.g. [8, 14]). In this approach, for a
permutation group G ⩽ Sym(Ω) and integer k ⩾ 2, one aims to bound the probability

Q(G, k) = |{(α1, . . . , αk) ∈ Ωk :
⋂

Gαi ̸= 1}|
|Ω|k

that a random k-tuple of elements from Ω does not form a base for G. If it can be
shown that Q(G, k) < 1, then there must be a base of size k for G.

Burness and Giudici [11, §3.3] observed that for transitive groups with base size 2,
there is a link between Q(G, 2) and the valency val(G) of the corresponding Saxl
graph Σ(G). We now generalise this connection to transitive groups of arbitrary base
size b(G) ⩾ 2.

Proposition 2.7. Let G ⩽ Sym(Ω) be a transitive group with k := b(G) ⩾ 2. Then

1 − Q(G, k) ⩽ val(G)k−1

|Ω|k−1 =
(

val(G)
|Ω|

)k−1
.
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Proof. Since G acts transitively, every element of Ω is contained in the same number
of bases of size k = b(G). Hence

1 − Q(G, k) = |{(α1, . . . , αk) ∈ Ωk :
⋂

Gαi = 1}|
|Ω|k

=
|{(α2, . . . , αk) ∈ Ωk−1 :

⋂k
i=1 Gαi

= 1}|
|Ω|k−1 ,

with α1 ∈ Ω fixed in this final expression. Now, the set of elements of Ω that appear
in a tuple in {(α2, . . . , αk) ∈ Ωk−1 :

⋂k
i=1 Gαi

= 1} has size val(G). Therefore,

1 − Q(G, k) ⩽ val(G)k−1

|Ω|k−1 =
(

val(G)
|Ω|

)k−1
. □

This allows us to extend [11, Lemma 3.6] as follows.

Lemma 2.8. Let G be a transitive group with k := b(G) > 1, and set
t := max{m ∈ N : Q(G, k) < 1/m}.

Additionally, let r := max{t, (k − 1)(t − 1)}. If r ⩾ 2, then the following properties
hold.

(i) Any r vertices in Σ(G) have a common neighbour.
(ii) Every edge in Σ(G) is contained in a complete subgraph of size r + 1.
(iii) The clique number of Σ(G) is at least r + 1.
(iv) Σ(G) is connected with diameter at most 2.
(v) Σ(G) is Hamiltonian.

Proof. We proceed as in the proof of [11, Lemma 3.6]. If Q(G, k) < 1/t, then by
Proposition 2.7, |Ω|(1 − 1/t)1/(k−1) < val(G). Now (1 − 1/t)1/(k−1) ⩾ 1 − 1

(k−1)(t−1)
since, for t ⩾ 2,(

1 − 1
(k − 1)(t − 1)

)k−1
⩽ e−(t−1) ⩽ 1 − 1

t − 1 + 1
2(t − 1)2 ⩽ 1 − 1

t
.

Hence val(G) > |Ω|(1 − 1
r ). This implies that, for any r vertices in Σ(G), the neigh-

bourhoods of those vertices have a non-trivial common intersection. That is, those
vertices have a common neighbour. This gives (i), and since r ⩾ 2, parts (ii) – (iv) fol-
low directly. Finally, since val(G) > |Ω|/2, Dirac’s Theorem [19, Theorem 3] directly
yields (v). □

A direct application of Proposition 2.7 and Lemma 2.8 yield the following.

Corollary 2.9. Let G be a transitive group with b(G) ⩾ 2. If we have that
Q(G, b(G)) < 1 − 2−b(G)+1, then val(G)/|Ω| > 1/2. In particular, every pair of
vertices in Σ(G) has a common neighbour.

Now, the probability that a random element in Ω is fixed by x ∈ G is given by the
fixed point ratio

fpr(x, Ω) = |fix(x, Ω)|
|Ω|

,

where fix(x, Ω) denotes the set of points fixed by x. In particular, if G is transitive,
then

fpr(x, Ω) = |xG ∩ H|
|xG|

,

where H is a point stabiliser of G. A powerful probabilistic approach to study b(G)
and Σ(G), originally introduced by Liebeck and Shalev [39], is to use fixed point ratios
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to bound Q(G, k) from above. Note that if {α1, . . . , αk} ⊆ Ω is not a base for G, then
there exists x ∈ Gα1,...,αk

of prime order. Therefore, if G is transitive, then

Q(G, k) ⩽
∑

x∈R(G)

|xG| · fpr(x, Ω)k =
∑

x∈R(G)

|xG ∩ H|k

|xG|k−1 =: Q̂(G, k),

where R(G) is a set of representatives for the G-conjugacy classes of elements in H

which have prime order. In particular, if Q̂(G, b(G)) < 1/t for some integer t ⩾ 2,
then each property listed in Lemma 2.8 holds for Σ(G).

3. Diagonal type groups
In this section we consider primitive groups of diagonal type. We first recall their
construction and list some preliminary results that we will use later. We then consider
completeness and arc-transitivity of the generalised Saxl graphs of these groups.

Here we follow the notation in [22]. Let k ⩾ 2 be an integer and let T be a non-
abelian simple group. Then

X := {(t, . . . , t) : t ∈ T}

is a core-free subgroup of T k, and defining Ω := [T k : X], we see that T k is a
transitive subgroup of Sym(Ω) (via the usual action on right cosets). Let W (k, T ) :=
NSym(Ω)(T k), noting that

W (k, T ) = T k.(Out(T ) × Sk)
has socle T k. A group G ⩽ Sym(Ω) is of diagonal type if

T k P G ⩽ W (k, T ).
Note that G induces a subgroup PG of Sk on the set of factors of T k by the conjugation
action. More precisely,

PG = {π ∈ Sk : (α1, . . . , αk)π ∈ G for some α1, . . . , αk ∈ Aut(T )}.

The group PG is called the top group of G, and naturally we have
T k P G ⩽ T k.(Out(T ) × PG).

Throughout the rest of this section, we will assume that G ⩽ Sym(Ω) is a diagonal
type group. Additionally, if G is clear from the context, we shall write P := PG and
W := T k.(Out(T ) × P ). Observe also that

D := {(α, . . . , α)π : α ∈ Aut(T ), π ∈ P}

is a point stabiliser of W (note that W ⩽ Aut(T )≀Sk). Thus, we make the identification
Ω = [W : D] = {D(φt1 , . . . , φtk

) : t1, . . . , tk ∈ T},

where φt ∈ Inn(T ) denotes the inner automorphism of T such that xφt = t−1xt for
all x ∈ T . Moreover, the action of G on Ω is given by

D(φt1 , . . . , φtk
)(α1,...,αk)π = D(φt

1π−1 α1π−1 , . . . , φt
kπ−1 αkπ−1 ),

and so the stabiliser of D ∈ Ω in W is D itself. Note that α−1φtα = φtα for all t ∈ T
and α ∈ Aut(T ), which implies that

D(φt1 , . . . , φtk
)(α,...,α)π = D(φtα

1π−1
, . . . , φtα

kπ−1
)

for any element (α, . . . , α) ∈ D.
Moreover, G is primitive if and only if either P is primitive on [k] := {1, 2, . . . , k},

or k = 2 and P = 1.
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The precise base sizes of primitive groups of diagonal type have been computed
in [29, Theorem 3] as follows, extending an earlier result of Fawcett [22].

Theorem 3.1 ([29, Theorem 3]). Let G be a diagonal type primitive group with socle
T k and top group P ⩽ Sk.

(i) If P /∈ {Ak, Sk}, then b(G) = 2.
(ii) If k = 2, then b(G) ∈ {3, 4}, with b(G) = 4 if and only if T ∈ {A5, A6} and

G = T 2.(Out(T ) × S2).
(iii) If k ⩾ 3, P ∈ {Ak, Sk} and |T |ℓ−1 < k ⩽ |T |ℓ with ℓ ⩾ 1, then b(G) ∈

{ℓ+1, ℓ+2}. Moreover, b(G) = ℓ+2 if and only if one of the following holds:
(a) k = |T |.
(b) k ∈ {|T | − 2, |T |ℓ − 1, |T |ℓ} and Sk ⩽ G.
(c) k = |T |2 − 2, T ∈ {A5, A6} and G = T k.(Out(T ) × Sk).

We will also need the following lemma from [29] for our later analysis.

Lemma 3.2 ([29, Corollary 2.6]). Let G be a diagonal type primitive group with socle
T k and top group P ⩽ Sk. If P ∈ {Ak, Sk} and k ⩾ |T | − 3, then G contains Ak.

For any x := (φt1 , . . . , φtk
) ∈ Inn(T )k, there is an associated partition

Px := {Px
t : t ∈ T}

of [k] such that j ∈ Px
t if tj = t, noting that some parts of Px might be empty. The

following lemma involves elements (α, . . . , α)π ∈ GD ⩽ D that also lie in other point
stabilisers.

Lemma 3.3. Let x = (φt1 , . . . , φtk
) ∈ Inn(T )k so that Dx ∈ Ω, and, and above, let

Px = {Px
t : t ∈ T} be the associated partition of [k]. Suppose also (α, . . . , α)π ∈ GDx.

Then the following properties hold.
(i) π ∈ P{Px}.
(ii) Suppose that 0 < |Px

1 | ≠ |Px
t | for all t ∈ T ∖ {1}. Then tα

j = tjπ for all j.
(iii) Under the same assumption as (ii), α lies in the setwise stabiliser of

{g : |Px
g | = |Px

t |}

for any t ∈ T .

Proof. Parts (i) and (ii) follow from [29, Lemma 2.2]. For part (iii), note that for any
t ∈ T , we have |Px

t | = |Px
tα | by applying (ii). □

Lemma 3.4. Let π = (j1, . . . , jm) ∈ Sk be an m-cycle with m < k, and let x =
(φt1 , . . . , φtk

) ∈ Inn(T )k such that tj1 , . . . , tjm
are not all equal. Then π /∈ GD ∩ GDx.

Proof. Suppose for a contradiction that π ∈ GD ∩ GDx. Then there exists g ∈ T such
that tj = gtjπ for all j ∈ [k]. Since m < k, there exists j0 ∈ [k] ∖ {j1, . . . , jm}, so
by taking j = j0 we see that g = 1. However, this yields tj1 = · · · = tjm

, which is
incompatible with our assumption. □

In the remainder of this section, we shall determine in various cases whether or
not G is semi-Frobenius, and then prove Theorem 1.7 by determining precisely when
Σ(G) is G-arc-transitive. We also note from Lemma 2.5 that all primitive groups of
diagonal type with orbital diameter two satisfy Conjecture 1.2. These groups were
classified in [43].
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3.1. Semi-Frobenius groups. We begin with the case where k ⩾ 3. The cases that
we need to consider are the ones where b(G) ⩾ 3, which are listed in Theorem 3.1(iii).
We start with a result that characterises a family of semi-Frobenius groups.

Proposition 3.5. Suppose that k ⩾ 3, P ∈ {Ak, Sk}, |T |ℓ−1 < k ⩽ |T |ℓ for some
ℓ ⩾ 1, and b(G) = ℓ + 2. Then G is semi-Frobenius.

Proof. Since b(G) = ℓ + 2, we see that G is one of the groups listed in cases (iii)(a)–
(c) of Theorem 3.1. Let x ∈ Inn(T )k so that Dx ∈ Ω ∖ {D}. We need to show that
{D, Dx} can be extended to a base for G of size ℓ + 2. By Lemma 3.4, there exists
(j, j′) ∈ Sk such that (j, j′) /∈ GD∩GDx. Hence, without loss of generality, it suffices to
find a1, . . . , aℓ ∈ Inn(T )k such that the pointwise stabiliser of ∆ := {D, Da1, . . . , Daℓ}
in T k.(Out(T )×Sk) is generated by a transposition in Sk. Write ai = (φti,1 , . . . , φti,k

).
First assume that k ∈ {|T | − 2, |T | − 1} and Sk ⩽ G, so that b(G) = 3 by Theo-

rem 3.1. Note that [29, Corollary 5] implies that there exists a subset S ⊆ T ∖ {1}
such that |S| = k − 2 and the setwise stabiliser of S in Aut(T ) is trivial. Let
{t1,3, . . . , t1,k} = S and t1,1 = t1,2 = 1. By Lemma 3.3(iii), if (α, . . . , α)π ∈ GDa1

then Sα = S and so α = 1, which yields GD ∩ GDa1 ⩽ ⟨(1, 2)⟩. Thus, G is semi-
Frobenius as noted above.

Next, assume that k ∈ {|T |ℓ −1, |T |ℓ} with ℓ ⩾ 2 and Sk ⩽ G, or that k = |T |2 −2,
T ∈ {A5, A6} and G = T k.(Out(T ) × Sk). In the proof of Lemma 5.10 in [29], we
see that there exists an (ℓ + 1)-subset of Ω containing D whose pointwise stabiliser in
T k.(Out(T ) × Sk) is generated by a transposition in Sk, and so G is semi-Frobenius
by arguing as above.

By Theorem 3.1, it remains to assume that k = |T | and b(G) = 3. Write x =
(φx1 , . . . , φxk

). We consider the following two cases in turn and show that {D, Dx}
can be extended to a base for G of size 3 in each case.

Case 1. There are at least three distinct entries in x.

Without loss of generality, we may assume that x1, x2, x3 are distinct. In view of
Lemma 3.4, it suffices to find a = (φt1 , . . . , φtk

) ∈ Inn(T )k such that GD ∩ GDa ⩽
⟨(1, 2, 3), (1, 2)⟩. Once again, [29, Corollary 5] implies that there exists a subset S ⊆
T ∖ {1} of size |T | − 3 with trivial setwise stabiliser in Aut(T ). Let {t4, . . . , tk} = S
and let t1 = t2 = t3 = 1. Suppose (α, . . . , α)π ∈ GDa. Then by Lemma 3.3(iii) we
have Sα = S, which forces α = 1. Thus, GD ∩ GDa ⩽ ⟨(1, 2, 3), (1, 2)⟩ as desired.

Case 2. There are exactly two distinct entries in x.
We may assume that x = (1, . . . , 1, φx, . . . , φx) for some non-trivial x ∈ T , with 1

appearing exactly m times for some m ⩽ |T |/2. By the main theorem of [26], there
exists y ∈ T such that ⟨x, y⟩ = T . Define a = (φt1 , . . . , φtk

) ∈ Inn(T )k such that the
following conditions hold:

(a) tm = tm+1 = 1;
(b) {t1, . . . , tk} ∖ {tm, tm+1} = T ∖ {1, y}; and
(c) if m = |T |/2, then some Aut(T )-conjugacy class C is equal to {t1, . . . , t|C|}

(note that |C| < m).
Note that since k = |T |, each element of T ∖ {1, y} is equal to tj for exactly one j.
By Lemma 3.3(iii), if (α, . . . , α)π ∈ GDa, then α ∈ CAut(T )(y).

Suppose now that (α, . . . , α)π also lies in GDx. We claim that α ∈ CAut(T )(x). If
m < |T |/2, then this is immediate from Lemma 3.3(iii). Otherwise, the same lemma
yields tα

j = tjπ for all j ∈ [k] and

{1, . . . , m}π = {1, . . . , m} or {m + 1, . . . , k}.
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If the latter holds, then for each j < m, there exists j′ ⩾ m + 1 such that tα
j = tj′ ,

contradicting condition (c). Hence, {1, . . . , m} is fixed by π, and xα
j = xjπ for all

j ∈ [k]. This implies that α ∈ CAut(T )(x), as claimed.
It now follows that α ∈ CAut(T )(⟨x, y⟩) = CAut(T )(T ) = 1. Moreover, if xj = xj′ ,

then tj ̸= tj′ , and therefore π = 1. Thus {D, Dx, Da} is a base for G. □

The following two results are partial converses to Proposition 3.5.

Proposition 3.6. Suppose that P ∈ {Ak, Sk}, |T |ℓ−1 + 3 ⩽ k ⩽ |T |ℓ for some ℓ ⩾ 1,
and b(G) = ℓ + 1. Then G is not semi-Frobenius.

Proof. If ℓ = 1, then b(G) = 2, so G is clearly not semi-Frobenius. Thus, we may
assume that ℓ ⩾ 2. Then T k :Ak ⩽ G by Lemma 3.2. Let x := (1, . . . , 1, φx) ∈ Inn(T )k

for some x ∈ T ∖ {1}. It suffices to show that ∆ := {D, Dx, Da1, . . . , Daℓ−1} is not
a base for any choices of ai := (φti,1 , . . . , φti,k

) ∈ Inn(T )k.
For each j ∈ [k], let cj := (t1,j , . . . , tℓ−1,j) ∈ T ℓ−1. Note that k−1 ⩾ |T |ℓ−1+2. This

implies that either there exist j1, j2, j3 ∈ [k−1] such that cj1 = cj2 = cj3 , or there exist
distinct j1, j2 ∈ [k − 1] and distinct j′

1, j′
2 ∈ [k − 1] such that cj1 = cj2 ̸= cj′

1
= cj′

2
. In

the former case, (j1, j2, j3) ∈ G(∆), while (j1, j2)(j′
1, j′

2) ∈ G(∆) in the latter case. □

In the following lemma, we assume that Sk ⩽ G. As we mentioned in Section 1,
this implies that P = Sk, but the reverse implication does not hold.

Lemma 3.7. Suppose that Sk ⩽ G and k ∈ {|T |ℓ−1 + 1, |T |ℓ−1 + 2} for some ℓ ⩾ 2.
Then G is not semi-Frobenius.

Proof. Note that b(G) = ℓ + 1 by Theorem 3.1. Let x := (1, . . . , 1, φx) ∈ Inn(T )k for
some x ∈ T ∖ {1}. Again, it suffices to show that ∆ := {D, Dx, Da1, . . . , Daℓ−1} is
not a base for any choices of ai := (φti,1 , . . . , φti,k

) ∈ Inn(T )k, and without loss of
generality, we may assume that ti,k = 1 for all i. Let cj := (t1,j , . . . , tℓ−1,j) ∈ T ℓ−1

for each j ∈ [k].
It is easy to see that if k = |T |ℓ−1 + 2, then there exist distinct j, j′ ∈ [k − 1] such

that cj = cj′ . Thus (j, j′) ∈ G(∆), and ∆ is not a base for G.
To complete the proof, we assume that k = |T |ℓ−1 + 1. Arguing as above, we may

also assume that c1, . . . , ck−1 are all distinct, otherwise there is a transposition in
G(∆). In particular, for each j ∈ [k − 1], we have cφx

j = cm (acting componentwise)
for some 1 ⩽ m ⩽ k − 1, and clearly cφx

k = ck as ck = (1, . . . , 1) by our assumption
above. Thus φx induces a permutation π ∈ Sk, where

jπ = m if cφx

j = cm.

That is, tφx

i,j = ti,jπ for each i ∈ {1, . . . , ℓ − 1} and j ∈ [k]. Now

Da(φx,...,φx)π
i = D(φti,1 , . . . , φti,k

)(φx,...,φx)π

= D(φtφx
i,1

, . . . , φtφx
i,k

)π

= D(φti,1π , . . . , φti,kπ )π

= D(φti,1 , . . . , φti,k
) = Dai.

Therefore, (φx, . . . , φx)π ∈ G(∆), which concludes the proof. □

Now let us turn to the groups with k = 2.

Proposition 3.8. Suppose that k = 2 and P = 1. Then G is semi-Frobenius.

Proof. By Theorem 3.1, b(G) = 3. Let x ∈ T ∖ {1}. By [26], there exists y ∈ T
such that ⟨x, y⟩ = T . Let ∆ := {D, D(1, φx), D(1, φy)} and suppose that g ∈ G(∆).
Then g = (α, α) for some α ∈ Aut(T ) as P = 1. It follows that xα = x and yα = y,
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and since ⟨x, y⟩ = T , we obtain α = 1. Therefore, ∆ is a base for G and so G is
semi-Frobenius. □

Lemma 3.9. Let O ⩽ Out(T ), K := Inn(T ).O, and x, y ∈ T . Suppose also that
G = T 2.(O × S2). Then {D, D(1, φx), D(1, φy)} is a base for G if and only if:

(a) CK(x) ∩ CK(y) = 1; and
(b) there is no α ∈ K such that xα = x−1 and yα = y−1.

Proof. Let ∆ := {D, D(1, φx), D(1, φy)}. If (a) fails to hold, then it is easy to see that
(α, α) ∈ G(∆) for some α ∈ K ∖ {1}, and so ∆ is not a base for G. Similarly, if (b)
fails to hold, then (α, α)(1, 2) ∈ G(∆) for α ∈ K such that xα = x−1 and yα = y−1.

Conversely, assume that both (a) and (b) hold, and suppose that (α, α)π ∈ G(∆),
so that α ∈ K. If π = (1, 2) then

D(1, φx) = D(1, φx)(α,α)(1,2) = D(1, φxα)(1,2) = D(φxα , 1) = D(1, φ(xα)−1),

so that xα = x−1, and similarly yα = y−1. However, this is incompatible with (b),
and so π = 1. It follows that

D(1, φx) = D(1, φx)(α,α) = D(1, φxα),
and thus α ∈ CK(x). Similarly, α ∈ CK(y) and hence α = 1 by condition (a). This
shows that ∆ is a base for G. □

As an immediate corollary, we deduce part of [40, Lemma 3.5], which is also
recorded as [29, Lemma 5.1].

Corollary 3.10. Suppose that G = T 2.(Out(T ) × S2), and let x, y ∈ T . Then the set
{D, D(1, φx), D(1, φy)} is a base for G if and only if:

(a) CAut(T )(x) ∩ CAut(T )(y) = 1; and
(b) there is no α ∈ Aut(T ) such that xα = x−1 and yα = y−1.

Lemma 3.11. Let O ⩽ Out(T ). Suppose that P = S2 and T ∈ {A5, A6}. Then G is
not semi-Frobenius if and only if G = T 2.(O × S2) with

(T, Inn(T ).O) ∈ {(A5, A5), (A6, S6), (A6, PGL2(9))}.

Proof. This can be obtained with the aid of Magma, noting that one can use
Lemma 3.9 to show that the three groups specified above are not semi-Frobenius. □

From now on we assume that T /∈ {A5, A6}, so that b(G) = 3 by Theorem 3.1.
Then Corollary 3.10 implies that T 2.(Out(T ) × S2) is semi-Frobenius if and only if
for each non-identity element x ∈ T ,
(⋆) there exists y ∈ T such that Conditions (a) and (b) of Corollary 3.10 hold.

Lemma 3.12. Suppose that T /∈ {A5, A6}. Then T 2.(Out(T ) × S2) is semi-Frobenius
if and only if (⋆) holds for all x ∈ T of prime order.

Proof. Let m be an integer, and let t ∈ T and α ∈ Aut(T ). Since CAut(T )(t) ⩽
CAut(T )(tm) and (tm)α = (tα)m, the result follows. □

Lemma 3.13. Suppose that T contains an element y that is not Aut(T )-conjugate to
y−1, with |CAut(T )(y)| prime. Then T 2.(Out(T ) × S2) is semi-Frobenius.

Proof. Note that T /∈ {A5, A6}. Additionally, CAut(T )(y) = ⟨y⟩ is of prime order, and
so CAut(T )(y)∩CAut(T )(x) = 1 for all x ∈ T∖⟨y⟩. Thus (⋆) holds for all x ∈ T∖{1}. □

Proposition 3.14. Suppose that k = 2, and that T is a sporadic simple group. Then
G is semi-Frobenius.
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Proof. First note that b(G) = 3 by Theorem 3.1, and so it suffices to consider the
case where G = T 2.(Out(T ) × S2). We divide the proof into four cases.

Case 1. T ∈ {M12, M22, HS, J1, J2, J3, McL, Suz, Ru, HN, He, Fi22, Fi′24, O′N}.

Computations in Magma (involving sequential or random searches) show that for
each conjugacy class representative x ∈ T of prime order, there exists an element
y ∈ T such that ⟨x, y⟩ = T and NAut(T )(⟨x⟩) ∩ NAut(T )(⟨y⟩) = 1. This first property
implies that CAut(T )(x) ∩ CAut(T )(y) = CAut(T )(T ) = 1, so that Condition (a) of
Corollary 3.10 holds, while the second property implies Condition (b) of that corollary.
Thus Lemma 3.12 yields the result.

Case 2. T ∈ {M11, M23, M24, Co1, Co2, Co3, Fi23, Th,B,M}.

We observe from the Atlas [16] that Aut(T ) = T has an element x that is not
conjugate to x−1, with |CT (x)| prime. Now apply Lemma 3.13.

Case 3. T ∈ {Ly, J4}.

The Atlas again yields T = Aut(T ), as well as the information that follows related
to conjugacy and centraliser orders in T . Let k := 33 if T = Ly, and k := 35 if
T = J4. Then T has a unique conjugacy class of cyclic subgroups of order k, and
letting a be a generator for such a subgroup, CT (a) = ⟨a⟩, and a and a−1 lie in
distinct T -conjugacy classes. Using the (primarily) computational methods described
in the following two paragraphs, we show that for each x ∈ T of prime order, there
exists a T -conjugate a′ of a such that the commutator [a′, x] is not equal to 1, so
that 1 = C⟨a′⟩(x) = CT (x) ∩ CT (a′). Thus (⋆) holds for x with y = a′, and the result
follows from Lemma 3.12.

If T = Ly, then we construct T as a permutation group in GAP [24] using the
AtlasGroup function from the AtlasRep [49] package, and subsequently verify that
the required commutator property holds (up to conjugacy of elements).

If instead T = J4, then we construct T as a subgroup of GL112(2), using Magma’s
database of Atlas groups. If |x| /∈ {2, 11}, then T has a unique conjugacy class of
cyclic subgroups of order |x|, and so we can obtain a generator for a conjugate of ⟨x⟩ by
generating a random element of order |x|. If instead |x| = 2, then either x is conjugate
to y4 for each y ∈ T of order 8, or x is conjugate to y14 for each y ∈ T of order 28.
Thus we can construct a conjugate of x by randomly generating an appropriate y.
In all of these cases, we verify the specified commutator property computationally.
Finally, if |x| = 11, then |a| and |CT (x)| are coprime, and hence [a, x] ̸= 1. □

Proposition 3.15. Suppose that k = 2 and T = An for some n ⩾ 7. Then G is
semi-Frobenius.

Proof. The cases where n ∈ {7, 8, 9} can be handled using Magma, so we will suppose
that n ⩾ 10. Note that b(G) = 3 by Theorem 3.1, and so we may assume that
G = T 2.(Out(T )×S2). We will appeal to Lemma 3.12 and prove the result by showing
that (⋆) holds for all elements x ∈ T of prime order. Conjugating by an element of
Sn if necessary, we may assume that

(1) x = (1, 2, . . . , p)(p + 1, p + 2, . . . , 2p) · · · ((s − 1)p + 1, (s − 1)p + 2, . . . , sp)

for some prime p and some positive integer s, so that the integers from 1 to sp appear
in consecutive order.

Let m := n if n is odd and m := n−1 if n is even. Suppose first that x = (1, 2)(3, 4).
We claim that (⋆) holds with y = (1, 4, 3, 5, 2, 6, 7, . . . , m) (so that all integers from 6
to m appear in consecutive order). To see this, first note that CSn(y) = ⟨y⟩, and that
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the elements of Sn inverting y by conjugation are precisely the elements of the right
coset ⟨y⟩σ, where

σ := (4, m)(3, m − 1)(5, m − 2)(2, m − 3)(6, m − 4)(7, m − 5) · · ·
(

m + 1
2 ,

m + 3
2

)
.

It is easy to check that if g ∈ Sn ∖ {1} satisfies yg ∈ {y, y−1} and 1g ⩽ 4, then 2g > 4
or 4g > 4, and thus xg ̸= x = x−1.

To complete the proof, suppose that x ̸= (1, 2)(3, 4). We claim that (⋆) holds
with y = (1, 3, 4, 2, 5, 6, . . . , m). By the definition of x in (1), x cannot lie in ⟨y⟩. In
what follows, we write ordered pairs using square brackets to avoid confusion with
permutations.

First, we will show that CSn
(x) ∩ CSn

(y) = 1. Note that CSn
(y) = ⟨y⟩, so for each

non-identity g ∈ CSn
(y), either

[1g, 2g] ∈ {[2, 7], [3, 5], [4, 6], [m − 2, 1], [m − 1, 3], [m, 4]},

or 1g ∈ {5, . . . , m − 3} and 2g = 1g + 3. Additionally, 3g = m − 1 if 1g = m − 2.
On the other hand, we see from (1) that each h ∈ CSn

(x) maps 1 and 2 to points in
a common p-cycle of x, and 2h = 1h + 1, interpreted within that cycle. Moreover, if
[1h, 2h] = [m − 2, 1] then (1, . . . , m − 2) is a p-cycle of x and 3h = 2. It follows that
CSn

(x) ∩ CSn
(y) = 1.

Finally, we will show that no element of Sn inverts both x and y via conjugation.
To see this, first observe that the elements of Sn inverting y are precisely the elements
of ⟨y⟩τ , where

τ := (3, m)(4, m − 1)(2, m − 2)(5, m − 3)(6, m − 4) · · ·
(

m + 1
2 ,

m + 3
2

)
.

Assume that g lies in this coset. Then either

[1g, 2g] ∈ {[1, m − 2], [2, 1], [3, m − 1], [4, m], [5, 3], [6, 4], [7, 2]},

or 1g ∈ {8, . . . , m} and 2g = 1g − 3. Furthermore, if g fixes 1, then 3g = m, and if
[1g, 2g] = [2, 1], then [3g, 5g, 6g] = [4, m, m − 1]. Now let h be an element of Sn that
inverts x. Then h maps 1 and 2 to points in a common p-cycle of x, and 2h = 1h − 1,
interpreted within that cycle. In addition, 3h = m − 3 if [1h, 2h] = [1, m − 2], and
if [1h, 2h] = [2, 1], then either p = 2 or 3h = p. Thus, if h also inverts y, then
[1h, 2h, 3h, 5h, 6h] = [2, 1, 4, m, m − 1], and the fact that p is prime yields p = 2.
Our assumption that x ̸= (1, 2)(3, 4) now gives sp ⩾ 6, and [5h, 6h] = [m, m − 1]
implies that (m − 1, m) is a cycle of x, so that m must be even. However, m is odd,
a contradiction. Hence the result follows. □

Theorem 1.5 follows from Propositions 3.5, 3.6, 3.8, 3.14 and 3.15. We also present
an infinite family of non-semi-Frobenius diagonal type primitive groups with k = 2.

Proposition 3.16. Suppose that G = T 2.(Out(T ) × S2), where T = L2(q) for some
q ⩾ 11. Then G is not semi-Frobenius.

Proof. Let x ∈ T be an element of order (q +1)/(2, q −1). We claim that (⋆) does not
hold, which implies the desired result. Letting R := PGL2(q), we note that CT (x) =
⟨x⟩, CR(x) ∼= Cq+1, and NR(⟨x⟩) ∼= D2(q+1) is a maximal subgroup of R. In particular,
each element of NR(⟨x⟩) either centralises or inverts x.

Write q = pf with p prime, and let y ∈ T . Then either |y| = p, or y lies in a cyclic
subgroup of T of order (q − 1)/(2, q − 1) or (q + 1)/(2, q − 1). We shall divide the rest
of the proof into four cases, which together account for all possible choices for y; in
each case, we will show that y does not satisfy (⋆).
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Case 1. |y| = 2.

The normaliser NT (⟨x⟩) is the unique maximal subgroup of T containing x. Thus
if y /∈ NT (⟨x⟩), then ⟨x, y⟩ = T . It follows (see [47, Theorem 3] and [36, p. 582]) that
there exists α ∈ Aut(T ) such that (x, y)α = (x−1, y−1). If instead y ∈ NT (⟨x⟩) ∖ ⟨x⟩,
then (x, y)y = (x−1, y−1), and if y ∈ ⟨x⟩, then y ∈ CAut(T )(x) ∩ CAut(T )(y). Hence y
does not satisfy (⋆).

Case 2. p is odd and |y| = p.

Let H be the unique maximal subgroup of R of type P1 that contains y. Then
H ∼= Cf

p :Cq−1, and each involution of H inverts y. Since (q − 1, q + 1) = 2 and any
subgroup of H of order 4 is cyclic, we see that J := H ∩ NR(⟨x⟩) has order at most
2. In fact, |H| · |NR(⟨x⟩)| > |R|, which implies that |J | = 2. Let α be the unique
involution of J . Now, α is contained in a cyclic subgroup of H of order q − 1. Hence if
α centralises x, then α lies in a proper subgroup of R of order divisible by both q − 1
and q + 1. However, no such subgroup exists, and so (x, y)α = (x−1, y−1).

Case 3. |y| ≠ 2 and |y| divides (q + 1)/(2, q − 1).

Here, y is contained in a cyclic subgroup of T of order (q + 1)/(2, q − 1). Since all
such subgroups of T are conjugate, we obtain that y ∈ ⟨xg⟩ for some g ∈ T . It is also
clear that the maximal subgroup NR(⟨xg⟩) ∼= D2(q+1) of R is equal to NR(⟨y⟩). If
y ∈ ⟨x⟩, then clearly CAut(T )(x)∩CAut(T )(y) ̸= 1, so we shall assume that y /∈ ⟨x⟩. By
inspecting [21, Table 2], we see that N := NR(⟨x⟩) ∩ NR(⟨y⟩) ̸= 1. As ⟨x⟩ ∩ ⟨xg⟩ = 1,
it follows that there exists α ∈ N such that (x, y)α = (x−1, y−1).

Case 4. |y| ≠ 2 and |y| divides (q − 1)/(2, q − 1).

We shall identify elements of R with corresponding matrices in GL2(q). In this case,
y lies in a cyclic subgroup of T of order (q − 1)/(2, q − 1), and so (conjugating x and
y by a common element of T if necessary) we may assume without loss of generality
that y is a diagonal matrix. Suppose that

x =
(

a b
c d

)
for a, b, c, d ∈ Fq,

noting that b, c ̸= 0 since |x| = (q + 1)/(2, q − 1). Then the matrix(
0 1

−cb−1 0

)
inverts each of x and y, and so (⋆) does not hold. □

Remark 3.17. Suppose that G = T 2.(Out(T ) × S2) with T /∈ {A5, A6} (so that
b(G) = 3), and let

N := {t ∈ T : D(1, φt) is a neighbour of D in Σ(G)}.

Then Σ(G) has diameter at most 2 (equivalently, G satisfies Conjecture 1.2) if and
only if N2 = T (that is, any t ∈ T can be written as t = x1x2 for some xi ∈ N). To
observe this, note that for g = (1, x−1) ∈ T 2 ⩽ G,

(D(1, φx), D(1, φy))g = (D, D(1, φyx−1)).

In particular, (D(1, φx), D(1, φy)) is an arc in Σ(G) if and only if (D, D(1, φyx−1)) is.
Hence (D, D(1, φx2), D(1, φx1x2)) is a 2-arc from D to D(1, φt), so diam(Σ(G)) ⩽ 2.
The converse also holds by a similar argument. As an example, in the case of T ∼= L2(q)
with q = 7 or q ⩾ 11, the elements of T of order (q −1)/(2, q −1) lie in N (as noted in
the proof of [29, Proposition 5.3]). By [2, pp. 240–241], for the conjugacy class C of
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an element of order (q − 1)/(2, q − 1), we have C2 = T, and so it follows that N2 = T
and diam(Σ(G)) ⩽ 2.

3.2. Arc-transitivity. In this subsection, we will prove Theorem 1.7, which classi-
fies the diagonal type primitive groups G such that Σ(G) is G-arc-transitive. We first
record [29, Theorem 2], which deals with the case b(G) = 2, noting that in this case
reg(G) = 1 if and only if Σ(G) is G-arc-transitive.

Theorem 3.18. [29, Theorem 2] Suppose that b(G) = 2. Then Σ(G) is G-arc-transitive
if and only if T = A5, k ∈ {3, 57} and G = T k.(Out(T ) × Sk).

Recall that for x = (φt1 , . . . , φtk
) ∈ Inn(T )k, the partition Px = {Px

t : t ∈ T}
of [k] is defined so that j ∈ Px

t if tj = t.

Lemma 3.19. Let x, y ∈ Inn(T )k be such that Dx and Dy lie in a common GD-orbit.
Then there exist g ∈ T and α ∈ Aut(T ) such that for each integer m,

g{t : |Px
t | = m}α = {t : |Py

t | = m}.

Proof. Write x = (φx1 , . . . , φxk
) and y = (φy1 , . . . , φyk

), and let α ∈ Aut(T ) and
π ∈ Sk be such that Dx(α,...,α)π = Dy. Then

D(φxα
1
, . . . , φxα

k
) = D(φy1π , . . . , φykπ ).

It follows that there exists g ∈ T such that gxα
j = yjπ for all j ∈ [k], and that

(Px
xj

)π = Py
yjπ . In particular, |Px

xj
| = |Py

yjπ | = |Py
gxα

j
|, and thus

{gtα : |Px
t | = m} = {t : |Py

t | = m}
as desired. □

We first consider the case where k = 2. The following result is a stronger version
of [29, Corollary 5.4]. Here, we write L+

n (q) := Ln(q) and L−
n (q) := Un(q).

Lemma 3.20. Let O ⩽ Out(T ) and K := Inn(T ).O, with O ̸= Out(T ) if T ∈ {A5, A6}.
Then there exists a pair (x, y) of elements of T such that:

(a) |x| ≠ |y|;
(b) CK(x) ∩ CK(y) = 1; and
(c) there is no α ∈ K such that xα = x−1 and yα = y−1.

Proof. First assume that T is not isomorphic to L2(q) or Lε
3(q) for ε ∈ {+, −}. One

can handle the case T = A7 with the aid of Magma. If T ̸= A7, then [36, Theorem 1.1]
implies that there exists a generating pair (x, y) for T with |x| = 2, such that there
is no α ∈ Aut(T ) with (x, y)α = (x−1, y−1). As T is not dihedral, |y| ≠ |x|.

Next, assume that T = L2(q) for q ⩾ 5, with q = pf for some prime p. If q ∈ {5, 9},
then T ∈ {A5, A6}, and one can show that the result holds using Magma (noting
that O < Out(T ) by our assumption). Now assume that q /∈ {5, 9}, and let λ be a
primitive element of F×

q . Additionally, let x ∈ T be the image of

x̂ =
(

λ 0
0 λ−1

)
∈ SL2(q),

and let y ∈ T be the image of

ŷ =
(

1 µ
0 1

)
∈ SL2(q)

for some µ ∈ F×
q . Then |x| = (q−1)/(2, q−1) and |y| = p. We claim that conditions (b)

and (c) hold. To see this, first note that CΓL2(q)(x̂) = CGL2(q)(x̂), and thus
CPΓL2(q)(x) = CPGL2(q)(x) ∼= Cq−1.
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Moreover, CPGL2(q)(y) ∼= Cf
p , and so

CAut(T )(x) ∩ CAut(T )(y) = CPGL2(q)(x) ∩ CPGL2(q)(y) = 1,

which gives (b). Observe next that x̂g = x̂−1, where

g =
(

0 1
1 0

)
∈ GL2(q).

It follows that if h ∈ ΓL2(q) and x̂h = x̂−1, then h lies in the coset CΓL2(q)(x̂)g =
CGL2(q)(x̂)g. Thus

h =
(

a 0
0 b

) (
0 1
1 0

)
=

(
0 a
b 0

)
for some a, b ∈ F×

q . However,

ŷh =
(

1 0
a−1bµ 1

)
̸=

(
1 −µ
0 1

)
= ŷ−1.

Condition (c) now follows, and the proof is complete for T = L2(q).
It remains to consider the case T = Lε

3(q), with ε ∈ {+, −} and q ⩾ 3. It suffices
to find x, y ∈ T of distinct orders such that NAut(T )(⟨x⟩) ∩ NAut(T )(⟨y⟩) = 1. For
q ⩽ 32, it is routine to find these elements by random search with the aid of Magma.
Thus, we may assume that q > 32. Let H1 be a maximal subgroup of Aut(T ) of type
GLε

1(q3), so that H1 = NAut(T )(⟨x⟩) for some x ∈ T with |x| = (q2 +εq +1)/(3, q −ε).
In addition, let y be an element of T with a preimage

ŷ =
(

A
ζ

)
∈ SLε

3(q),

for some A ∈ GL2(q) of order q2−1, with ζ chosen so that det(ŷ) = 1. Then |ŷ| = q2−1
and |y| = (q2 − 1)/(3, q − ε). Let H2 := NAut(T )(⟨y⟩). By [31, Satz II.7.3(a)], we have
H2 ∩ T = ⟨y⟩.2. It suffices to show that Hg

1 ∩ H2 = 1 for some g ∈ Aut(T ), or
equivalently, that Aut(T ) has a regular orbit on Γ1 × Γ2, where Γi := [Aut(T ) : Hi].
Recall that

fpr(z, Γi) = |zAut(T ) ∩ Hi|
|zAut(T )|

is the fixed point ratio of z ∈ Aut(T ) on Γi. Letting R(Aut(T )) be a set of represen-
tatives of the Aut(T )-conjugacy classes of elements of prime order in H1, arguing as
in Section 2.2 shows that Aut(T ) has a regular orbit on Γ1 × Γ2 if

(2)

m : =
∑

z∈R(Aut(T ))

|zAut(T )| · fpr(z, Γ1) · fpr(z, Γ2)

=
∑

z∈R(Aut(T ))

|zAut(T ) ∩ H1| · |zAut(T ) ∩ H2|
|zAut(T )|

< 1.

Adapting the method used to prove [9, Lemma 6.4], let z ∈ H1 be an element
of prime order r. First assume that z is unipotent or semisimple, and we apply the
bound given in the proof of [9, Lemma 6.4], which is

|zAut(T )| ⩾ 1
3q3(q − 1)(q2 − q + 1) =: c1.

We note that |H1∩PGLε
3(q)| ⩽ 3(q2+q+1) =: a1 and |H2∩PGLε

3(q)| ⩽ 6(q2−1) =: b1.
Now assume that z is a field automorphism with r odd. Here r ⩾ 5 as noted in the

proof of [9, Lemma 6.4], so we have

|zAut(T )| ⩾ |zPGLε
3(q)| = |PGLε

3(q)|
|PGLε

3(q1/r)|
>

1
2q32/5 =: c2,
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and there are at most 3(q2 + q + 1) log2 q =: a2 and 6(q2 − 1) log2 q =: b2 of these
elements in H1 and H2, respectively.

Assume next that z is an involutory graph automorphism. Then |CPGLε
3(q)(z)| =

|Sp2(q)| and so |zAut(T )| ⩾ q2(q3 − 1) =: c3. Moreover, z inverts the normal subgroup
C(q2+εq+1)/(3,q−ε) of H1 and the normal subgroup C(q2−1)/(3,q−ε) of H2. This implies
that both C(q2+εq+1)/(3,q−ε).⟨z⟩ and C(q2−1)/(3,q−ε).⟨z⟩ are dihedral, so H1 contains
at most a3 := q2 + q + 1 involutory graph automorphisms, and H2 contains at most
b3 := q2 − 1 involutory graph automorphisms.

It remains to consider the case where ε = + and z is an involutory field or graph-
field automorphism. Here,

|zAut(T )| ⩾ |zPGL3(q)| ⩾ |PGL3(q)|
|PGU3(q1/2)|

= q3/2(q + 1)(q3/2 − 1) =: c4,

and (as noted in the proof of [9, Lemma 6.4]) there are fewer than a4 := 2(q+q1/2 +1)
of these elements in H1. We also set b4 := 12(q2 − 1) ⩾ |(H2 ∩ PGLε

3(q)).⟨z⟩|.
Finally, we conclude that the number m defined in (2) is less than

∑4
i=1 aibi/ci,

which is less than 1 if q > 32. As noted above, this implies that there is some g ∈ G
with NAut(T )(⟨xg⟩) ∩ NAut(T )(⟨y⟩) = 1, which completes the proof. □

Proposition 3.21. Suppose that k = 2. Then Σ(G) is not G-arc-transitive, and hence
reg(G) ⩾ 2.

Proof. If P = 1, or if T ∈ {A5, A6} and G = T 2.(Out(T ) × S2), then G is semi-
Frobenius by Proposition 3.8 and Lemma 3.11. However, G is not 2-transitive, and
so Σ(G) is not G-arc-transitive. In each other case, Theorem 3.1 gives b(G) = 3, and
all hypotheses in the statement of Lemma 3.20 hold. Let x and y be the elements
described in that lemma. Then Corollary 3.10 shows that {D, D(1, φx), D(1, φy)}
is a base for G, and so D(1, φx) and D(1, φy) are adjacent to D in Σ(G). On the
other hand, since |x| /∈ {1, |y|}, Lemma 3.19 implies that D(1, φx) and D(1, φy) lie in
distinct GD-orbits. Therefore, Σ(G) is not G-arc-transitive. □

Recall that the holomorph Hol(T ) = T :Aut(T ) of T has a faithful, primitive action
on T . In fact, Hol(T ) = T 2.Out(T ) is a diagonal type group with trivial top group.
Each element of Hol(T ) can be written uniquely as ĝα, where ĝ ∈ T acts on T by left
translation and α ∈ Aut(T ) acts naturally on T . More precisely,

tĝα = (g−1t)α = (g−1)αtα

for every t ∈ T . For a subset S ⊆ T , we write Hol(T, S) for the setwise stabiliser of S
in Hol(T ), noting that Hol(T, S) = 1 if and only if S lies in a regular Hol(T )-orbit.

Lemma 3.22. Suppose that P ∈ {Ak, Sk}, and that |T |ℓ−1 < k ⩽ |T |ℓ − 3 for some
ℓ ⩾ 2. Then there exists x ∈ Inn(T )k such that the partition Px = {Px

t : t ∈ T} of [k]
satisfies the following properties.

(P1) |Px
t | ⩽ |T |ℓ−1 for all t ∈ T .

(P2) |Px
1 | ≠ 0 and Hol(T, S) = 1, where

S = {t ∈ T : |Px
t | = |Px

1 |}.

(P3) There exists t ∈ T ∖ {1} such that |Px
t | ∈ {1, |T |ℓ−1 − 1}.

(P4) If k ̸= |T |ℓ − 3, then there exist t1, t2 ∈ T ∖ S with |Px
t1

| ≠ |Px
t2

|.
(P5) If k = |T |ℓ − 3, then |S| = |T | − 3, |Px

t | = |T |ℓ−1 for all t ∈ S, and |Px
t | =

|T |ℓ−1 − 1 for all t ∈ T ∖ S.
Moreover, D is adjacent in Σ(G) to Dx for every such x.
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Proof. The existence of an element x ∈ Inn(T )k satisfying conditions (P1)–(P3) fol-
lows from [29, Lemma 5.5], and its proof shows that (P4) and (P5) also hold. As noted
in the proof of [29, Proposition 5.8], {D, Dx} can be extended to a base for G of size
ℓ + 1. The result therefore follows from Theorem 3.1, which yields b(G) = ℓ + 1. □

Proposition 3.23. Suppose that P ∈ {Ak, Sk}, and that |T |ℓ−1 < k ⩽ |T |ℓ − 3 for
some ℓ ⩾ 2. Then Σ(G) is not G-arc-transitive, and hence reg(G) ⩾ 2.

Proof. Let x ∈ Inn(T )k be as in Lemma 3.22, so that D and Dx are adjacent in Σ(G).
First assume that k ̸= |T |ℓ − 3. Additionally, let t1, t2 ∈ T be the elements described
in (P4), and define y ∈ Inn(T )k by setting

Py
t1

= Px
t2

, Py
t2

= Px
t1

, and Py
t = Px

t for t ∈ T ∖ {t1, t2}.

By applying Lemma 3.22 once again, D and Dy are adjacent in Σ(G). Suppose that
Dx and Dy lie in a common GD-orbit. Then letting S be as in (P2), Lemma 3.19
shows that there exist g ∈ T and α ∈ Aut(T ) such that gSα = S. Since Hol(T, S) = 1
by (P2), we obtain g = α = 1. Lemma 3.19 now implies that |Px

t | = |Py
t | for all t ∈ T .

However, this contradicts (P4), which yields |Px
t1

| ≠ |Px
t2

| = |Py
t1

|.
To complete the proof, we assume that k = |T |ℓ−3. Write T ℓ−1 = {b1, . . . , b|T |ℓ−1}

and bh = (a1,h, . . . , aℓ−1,h) for each h ∈ {1, . . . , |T |ℓ−1}, with b|T |ℓ−1 := (1, . . . , 1).
In addition, define ai := (φti,1 , . . . , φti,k

) ∈ Inn(T )k for i ∈ {1, . . . , ℓ − 1} by setting
ti,j = ai,h where j is the h-th smallest integer in Px

r for the appropriate r ∈ T ,
noting that this is possible by (P5). Then it follows from (P5) (as observed in the
proof of [29, Proposition 5.8]) that the set {D, Dx, Da1, . . . , aℓ−1} is a base for G
of size b(G) = ℓ + 1. In particular, D and Dai are adjacent in Σ(G). Since |Px

t | ∈
{|T |ℓ−1, |T |ℓ−1 − 1} for all t ∈ T by (P5), and since b|T |ℓ−1 := (1, . . . , 1), we obtain
|Pai

1 | = |T |ℓ−1 − 3. Hence by Lemma 3.19, (D, Dx) and (D, Dai) are arcs of Σ(G)
lying in distinct G-orbits, and the proof is complete. □

Lemma 3.24. Suppose that P ∈ {Ak, Sk}, that k ∈ {|T |ℓ − 2, |T |ℓ − 1, |T |ℓ} for some
ℓ ⩾ 2, and that G does not contain Sk. Then Σ(G) is not G-arc-transitive, and hence
reg(G) ⩾ 2.

Proof. First note by [7, Theorem 1.2] that T has a conjugacy class C such that for
any x, y ∈ T ∖ {1}, there exists z ∈ C with ⟨x, z⟩ = ⟨y, z⟩ = T . Let x1, y1 ∈ T and
x2, y2 ∈ C be such that: |x1|, |y1| and |x2| are distinct; x2 and y2 are distinct; and
⟨x1, x2⟩ = ⟨y1, y2⟩ = T . To do so, we can first choose an appropriate x1 and y1, then
find x2 ∈ C such that ⟨x1, x2⟩ = ⟨y1, x2⟩ = T , and finally replace y1 with yt

1 for
some t ∈ T such that y2 := xt

2 ̸= x2. Note that the setwise stabilisers of {x1, x2} and
{y1, y2} in Aut(T ) are trivial, and that {x1, x2}α ̸= {y1, y2} for any α ∈ Aut(T ).

Assume now that k = |T |ℓ − m, with m ∈ {0, 1, 2}. Define x ∈ Inn(T )k by setting
|Px

1 | = |T |ℓ−1 + 1, |Px
x1

| = |T |ℓ−1 − 1, |Px
x2

| = |T |ℓ−1 − m, and |Px
t | = |T |ℓ−1 for

t ∈ T ∖ {1, x1, x2}. We similarly define y ∈ Inn(T )k, with y1 and y2 in place of x1
and x2, respectively. Then as noted in the proof of [29, Lemma 5.10], D is adjacent
in Σ(G) to both Dx and Dy.

Suppose that Dx and Dy lie in a common G-orbit. Since

{t : |Px
t | = |T |ℓ−1 + 1} = {1} = {t : |Py

t | = |T |ℓ−1 + 1},

the element g ∈ T described in Lemma 3.19 is the identity. Thus if m = 1, then that
lemma yields the existence of some α ∈ Aut(T ) such that

{x1, x2}α = {t : |Px
t | = |T |ℓ−1 − 1}α = {t : |Py

t | = |T |ℓ−1 − 1} = {y1, y2},
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which is incompatible with our assumption. If instead m ∈ {0, 2}, then we similarly
observe that xα

1 = y1 for some α ∈ Aut(T ), another contradiction. Therefore, Σ(G) is
not G-arc-transitive. □

Proposition 3.25. Suppose that P ∈ {Ak, Sk}, and that k ∈ {|T |ℓ − 2, |T |ℓ − 1, |T |ℓ}
for some ℓ ⩾ 1. Then Σ(G) is not G-arc-transitive, and hence reg(G) ⩾ 2.

Proof. We first note that if b(G) = ℓ + 2, then Proposition 3.5 shows that Σ(G) is
complete, and therefore not G-arc-transitive (since G is not 2-transitive). In particular,
by Theorem 3.1, this holds if k = |T |, or if Sk ⩽ G and k ̸= |T |ℓ − 2. If instead
k ∈ {|T |−2, |T |−1} and Sk ̸⩽ G, then Theorem 3.1 yields b(G) = 2, and so the desired
result follows from Theorem 3.18. Additionally, one can simply apply Lemma 3.24 to
the groups with ℓ ⩾ 2 and Sk ̸⩽ G.

To complete the proof, we shall assume that k = |T |ℓ −2, b(G) ̸= ℓ+2 and Sk ⩽ G,
so that G = T k.(O × Sk) for some O ⩽ Out(T ). Suppose first that ℓ = 2, so that
b(G) ̸= 4. Then it follows from Theorem 3.1 that b(G) = 3, and that O ̸= Out(T ) if
T ∈ {A5, A6}. Let (x1, x2) be a pair of elements of T as described in Lemma 3.20,
and define x1, x2 ∈ Inn(T )k by setting |Pxi

1 | = |Pxi
xi

| = |T | − 1 and |Pxi
t | = |T | for

t ∈ T ∖ {1, xi}. Then as noted in the proof of [29, Proposition 5.13], D and Dxi are
adjacent in Σ(G). It follows readily from Lemma 3.19 that (D, Dx1) and (D, Dx2) lie
in distinct G-orbits.

Finally, suppose that ℓ ⩾ 3. Let x ∈ T , and (similarly to above) let x ∈ Inn(T )k

be such that |Px
1 | = |Px

x | = |T |ℓ−1 − 1 and |Px
t | = |T |ℓ−1 for t ∈ T ∖ {1, x}. Then as

observed in the proof of [29, Proposition 5.14], D and Dx are adjacent in Σ(G). Now
apply Lemma 3.19, noting that x was chosen arbitrarily. □

We are now in a position to prove Theorem 1.7.

Proof of Theorem 1.7. First note by Theorem 3.18 that if b(G) = 2, then reg(G) = 1
if and only if G is one of the two special cases arising in the statement of Theorem 1.7.
Thus, in view of Theorem 3.1, we may assume that P ∈ {Ak, Sk}, and either k = 2
or k ⩾ |T | − 2. The result follows from Proposition 3.21 in the first case, and from
Propositions 3.23 and 3.25 in the second case. □

4. Almost simple groups
In this section, we investigate Conjecture 1.2 in the context of almost simple primitive
groups, as well as the question of which of these groups are semi-Frobenius or have
G-arc-transitive generalised Saxl graphs. Our focus is on groups with sporadic socle,
groups with socle L2(q), and groups with soluble point stabilisers. In particular, we
prove Theorems 1.3, 1.6 and 1.9. Along the way, we complete the calculation of base
sizes for all primitive groups with socle L2(q).

4.1. Almost simple sporadic groups.

Proposition 4.1. Let G be a primitive almost simple group with sporadic socle G0
and point stabiliser H, such that b(G) ⩾ 3.

(i) If b(G) ⩾ 5, then G is semi-Frobenius.
(ii) If G0 /∈ {Co1, J4, Fi′24,B,M}, then G is semi-Frobenius if and only if

(G, H, b(G)) does not appear in Table 1.

Proof. The almost simple primitive groups with sporadic socle of each base size
at least 3 are classified in [14, 42]. In particular, if b(G) ⩾ 5 and G0 ∈ A :=
{Co1, J4, Fi′24,B,M}, then G0 ∈ {Co1, Fi′24}, and H is a maximal subgroup of G
of least index. Since G is transitive, it is semi-Frobenius if and only if, for a fixed
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Table 1. Primitive almost simple sporadic groups that are not semi-
Frobenius. When G = M12.2, exactly one of the two groups H ∼=
L2(11).2, up to conjugacy, satisfies H ∩ G0 <

max
G0.

G H b(G)

M12 L2(11) 3

M12.2 L2(11).2 3
L2(11).2 3

M22 24 :S5 3
23 :L3(2) 3

M22.2 25 :S5 3
23 :L3(2) × 2 3

M23 A8 3
24 :(3 × A5):2 3

M24 M22.2 4
M12.2 3
26 :3.S6 3
L3(4):S3 3

J2 3.A6.2 3
21+4.A5 3

J2.2 3.A6.2.2 3
21+4.A5.2 3
22+4 :(3 × S3).2 3

McL 34 :M10 3

McL.2 34 :(M10 × 2) 3

HS L3(4):2 3
S8 3

HS.2 25.S6 3
43.(2 × L3(2)) 3

Co3 U4(3).2.2 3
M23 3

G H b(G)

Co2 HS:2 3
(24 × 21+6).A8 3
U4(3):D8 3

Fi22 210 :M22 3
26 :Sp6(2) 3
(2 × 21+8):(U4(2):2) 3

Fi22.2 27 :Sp6(2) 3
(2 × 21+8 :U4(2):2):2 3
U4(3).2.2 × S3 3
25+8 :(S3 × S6) 3

HN A12 3
2.HS.2 3

HN.2 S12 3
4.HS.2 3

He 22.L3(4).S3 3

He.2 22.L3(4).D12 3

Suz G2(4) 4
3.U4(3):2 3
U5(2) 3
21+6.U4(2) 3
35.M11 3

Suz.2 G2(4).2 4
3.U4(3).2.2 3
U5(2):2 3
21+6.U4(2).2 3
35.(M11 × 2) 3

Fi23 PΩ+
8 (3).S3 4

22.U6(2).2 3
Sp8(2) 3
211.M23 3

ω ∈ Ω and each point α ̸= ω in a set of orbit representatives of Gω, the set {ω, α}
extends to a base for G of size b(G). For all groups G satisfying G0 /∈ A or b(G) ⩾ 5,
except for one special case mentioned at the end of the proof, we use Magma to
directly check this condition on orbit representatives.

We now detail how we construct the group G in Magma. If G0 ∈ {Ly, Th},
then we construct a (relatively) low-dimensional matrix group Ĝ isomorphic to G

using Magma’s database of Atlas groups, and a subgroup Ĥ isomorphic to H
using generators from [48]. Using the method described in [28], we then obtain G
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as the permutation group induced by the action of Ĝ on the orbit U Ĝ, where U
is a low-dimensional Ĥ-submodule of the module corresponding to Ĝ (this con-
struction requires a significant amount of RAM, e.g. 171 GB when G = Th and
H ∼= 25.L5(2)). If instead G0 /∈ {Ly, Th}, then we construct a permutation group
Ĝ isomorphic to G using the database of Atlas groups (or if G = HN.2, using the
AutomorphismGroupSimpleGroup function), and then construct G itself via the coset
action of Ĝ on a subgroup Ĥ isomorphic to H.

The one special case mentioned above is where we have G = Fi23 and H ∼=
31+8.21+6.31+2.2S4, with b(G) = 3. Here, the index of H in G is too large for the per-
mutation group G to be constructed directly. Therefore, with Ĝ and Ĥ permutation
groups as above, we search through the elements of Ĝ for a full set of representatives
of the double cosets in the set Ĥ\Ĝ/Ĥ, with the aid of the DoubleCosetCanonical
function. For each representative x /∈ Ĥ, we verify that there exists an element y ∈ Ĝ
such that Ĥ ∩ Ĥx ∩ Ĥy = 1. This implies the above condition on orbit representatives
of Gω, i.e. G is semi-Frobenius. □

Remark 4.2. Using computational methods from the proof of Proposition 4.1, we
can show that G is semi-Frobenius if G0 = Co1 and b(G) = 4 (so that H ∼= 3.Suz:2),
and that G is not semi-Frobenius if G0 ∈ {Co1, J4}, b(G) = 3, and |Ω| ⩽ 2 × 108.
Determining which of the remaining primitive groups with G0 ∈ {Co1, J4, Fi′24,B,M}
are semi-Frobenius will likely require alternative approaches, due to the extremely
large degrees of these groups.

In [11, Section 6], Burness and Giudici show that many almost simple sporadic
groups G with b(G) = 2 satisfy Conjecture 1.2. We now generalise their results (and
Proposition 4.1) in the case b(G) ⩾ 3, as follows.

Theorem 4.3. Let G be a primitive almost simple group with sporadic socle, such that
b(G) ⩾ 3. Then G satisfies Conjecture 1.2.

Proof. We first observe that any two vertices in Σ(G) have a common neighbour if
and only if, for a fixed ω ∈ Ω, each point α ̸= ω in a set of orbit representatives of Gω

is adjacent to a neighbour of ω. In particular, this is the case if the valency val(G) of
Σ(G) satisfies val(G)/|Ω| > 1/2.

Now, by Proposition 4.1, it suffices to consider the case where either G and H
appear in Table 1, or soc(G) ∈ {Co1, J4, Fi′24,B,M} and b(G) ∈ {3, 4}. The relevant
groups with these five socles, and their base sizes, are given in [14, 42].

If G and H appear in Table 1, or if G = Co1 and H is isomorphic to 211 :M24 or Co3,
then we construct the permutation group G in Magma via the method described in
Proposition 4.1, and verify the above condition on orbit representatives. In particular,
we observe that among these groups, val(G)/|Ω| ⩽ 1/2 if and only if G = M12.2,
H ∼= L2(11).2, and H ∩ G0 is maximal in G0. Even in this case, computations show
that any two vertices in Σ(G) have a common neighbour.

Next, suppose that G = Fi24 and H ∼= (2 × 2.Fi22):2, so that b(G) = 3. We
construct a permutation group Ĝ isomorphic to G in Magma using the database
of Atlas groups, and a subgroup Ĥ isomorphic to H using generators from [50].
Computations show that there exist elements r, s ∈ Ĝ∖Ĥ such that Ĥ ∩Ĥr ∩Ĥs = 1
and |ĤrĤ|/|Ĝ| > 1/2. Thus ω ∈ Ω is adjacent in Σ(G) to each point in a Gω-orbit
of size a := |ĤrĤ|/|Ĥ|, and so val(G)/|Ω| ⩾ a/|Ω| = |ĤrĤ|/|Ĝ| > 1/2.
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In all remaining cases, let R(G) be a set of representatives for the G-conjugacy
classes of elements of H of prime order. Recall from Section 2.2 that if

Q̂(G, b(G)) =
∑

x∈R(G)

|xG ∩ H|b(G)

|xG|b(G)−1 < 1/2,

then any two vertices in Σ(G) have a common neighbour. In each case, we verify that
Q̂(G, b(G)) < 1/2 using the GAP Character Table Library [6]. Note that if G = B and
H ∼= (22 ×F4(2)):2, then the fusion of H-conjugacy classes in G is not stored in GAP.
However, all possibilities for this fusion, as returned via the PossibleClassFusions
function, yield the same value for Q̂(G, b(G)). □

4.2. Groups with socle L2(q). In this subsection, we provide a complete classifi-
cation of groups G with soc(G) = L2(q) that are semi-Frobenius, and a near-complete
classification of such groups for which Σ(G) is G-arc-transitive.

We shall begin by determining the base size of a certain primitive action of G.
To do so, we require the following technical lemma. In what follows, for an element
t ∈ Fq, we write ⟨t⟩ to denote the smallest subfield of Fq containing t.

Lemma 4.4. Let q be a prime power not equal to 3, and let s be a primitive element
of Fq.

(i) If q is even, then there exists t ∈ F×
q such that ⟨t⟩ = Fq, and the polynomial

x2 + x + t is irreducible over Fq.
(ii) If q is odd, then there exists t ∈ F×

q such that ⟨t2/s⟩ = Fq, and t2 + s is a
(non-zero) square in Fq; and

(iii) If q ≡ 3 (mod 4), then there exists t ∈ F×
q such that ⟨t2⟩ = Fq, and t2 + 1 is

a (non-zero) square in Fq.

Proof. We shall write q = pf , with p prime. Suppose first that q is even, and let r be
a divisor of f . For a ∈ F2r , the polynomial x2 + x + a is reducible over Fq if and only
if there exists b ∈ Fq such that b2 + b = a, so that the polynomial has distinct roots
b and b + 1. Hence there are precisely 2r−1 elements a ∈ F2r such that x2 + x + a is
irreducible over F2r . Additionally, x2 +x+0 is reducible over Fq, as is each polynomial
reducible over F2r . Therefore, the number of elements a ∈ F×

q that lie in a proper
subfield of Fq, with x2 + x + a irreducible over Fq, is at most∑

1⩽r<f
r|f

2r−1 < 2f−1.

Therefore, among the 2f−1 elements t ∈ F×
q such that x2 + x + t is irreducible, there

exists at least one such that ⟨t⟩ = Fq, and hence t satisfies (i).
Now, if q is odd, then since s is not a square in Fq, exactly one of 1 + s and

s(1 + s) = s2 + s is a square (these are both nonzero as q > 3). Thus some t ∈ {1, s}
satisfies (ii). If, in addition, q ≡ 3 (mod 4), then it follows from [1, Theorem 3.1] and
a simple counting argument that the number of squares in the set {c2 + 1 | c ∈ F×

q }
is (q − 3)/4, which is nonzero since q > 3. Notice that f is odd, and so ⟨m2⟩ = ⟨m⟩
for all m ∈ Fq. Therefore, the number of squares in F×

q that lie in a proper subfield
of Fq = Fpf is at most∑

1⩽r<f
r|f

(pr − 1)/2 < (pf−1 − 1)/2 < (pf − 3)/4 = (q − 3)/4.
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Thus there exists t ∈ F×
q such that t2 + 1 is a square, and such that ⟨t2⟩ = ⟨t⟩ =

Fq. Note finally that −1 has no square root in Fq since q ≡ 3 (mod 4), and so t
satisfies (iii). □

Proposition 4.5. Let G be an almost simple primitive group with socle G0 = L2(q)
and point stabiliser H of type GL2(q0), with q = q2

0 for some q0 ⩾ 3. If G = PΣL2(9),
then b(G) = 4, and otherwise b(G) = 3.

Proof. It is straightforward to use Magma to calculate b(G) in the case q0 = 3.
Assume therefore that q0 ⩾ 4. By [21, p. 354], G0 has no regular suborbits in its
action on the right cosets of H ∩ G0. Therefore, b(G) ⩾ b(G0) ⩾ 3. Additionally, the
maximality of H implies that G ⩽ PΣL2(q). To complete the proof, we will assume
that G = PΣL2(q) and show that b(G) = 3. We shall write q = pf , with p prime.

It will be convenient to identify the action of G on the right cosets of H with
an equivalent action on certain 1-dimensional subspaces of F4

q0
, corresponding to the

isomorphism G0 ∼= Ω−
4 (q0) ∼= PΩ−

4 (q0) (see [32, Proposition 2.9.1]). To define this
action, let s be a primitive element of Fq0 , and let Q be a non-degenerate quadratic
form of minus type on V := F4

q0
, with polar form β. By [5, Propositions 1.5.39 &

1.5.42] and [32, Proposition 2.5.12], there exists a basis {e1, e2, e3, e4} for V such that
the matrix of Q (defined so that the (i, j) entry is equal to β(ei, ej) if i < j, to Q(ei)
if i = j, and to 0 otherwise) is

MQ :=


0 0 0 1
0 1 1 0
0 0 ζ 0
0 0 0 0

 ,

if q is even and

MQ :=


s/2 0 0 0
0 1/2 0 0
0 0 1/2 0
0 0 0 1/2

 ,

if q is odd, where ζ is an arbitrary element of F×
q0

such that the polynomial x2 + x + ζ
is irreducible over Fq0 . By Lemma 4.4, we may assume that ⟨ζ⟩ = Fq0 . The Gram
matrix Mβ of β is equal to MQ + MT

Q .
Next, define σ : V → V by

σ :
4∑

i=1
aiei 7→ a2

3ζe2 +
4∑

i=1
a2

i ei,

if q is even, and

σ :
4∑

i=1
aiei 7→ ap

1s(p−1)/2e1 +
4∑

i=2
ap

i ei,

if q is odd. Hence for each positive integer k, the map σk is defined by

σk :
4∑

i=1
aiei 7→ a2k

3

k−1∑
j=0

ζ2j

e2 +
4∑

i=1
a2k

i ei,

if q is even, and

σk :
4∑

i=1
aiei 7→ apk

1 s(pk−1)/2e1 +
4∑

i=2
apk

i ei,

if q is odd. Additionally, |σ| = f , and σ is induced by an automorphism of the simple
derived subgroup Ω−

4 (q0) of the isometry group GO−
4 (q0) of Q (see [10, pp. 58–59]).
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Slightly abusing notation and denoting this automorphism by σ, we may identify G
with ⟨Ω−

4 (q0), σ⟩/⟨−I⟩, where I is the 4×4 identity matrix (cf. [5, Tables 8.1 & 8.17]).
Note that L := ⟨Ω−

4 (q0), σ⟩ = ⟨σ⟩GO−
4 (q0), and that ⟨σ⟩ ∩ GO−

4 (q0) is generated by
σf/2. Let Y be a one-dimensional subspace of V and y ∈ Y ∖ {0}. We write Y ∈ ∆
if Q(y) is a non-zero square in Fq0 , and Y ∈ ∆ if Q(y) is a non-square. The action of
G on the right cosets of H is equivalent to its action on ∆, and also to its action on
∆ if q is odd.

Suppose now that q is even, and let u := e2, v := e1 + e2 and w := e3. Then
Q(u) = Q(v) = 1 and Q(w) = ζ, and so ⟨u⟩, ⟨v⟩, ⟨w⟩ ∈ ∆. By [5, Lemma 1.5.21], a
matrix A ∈ GL4(q0) lies in GO−

4 (q0) if and only the diagonal entries of AMQAT are
equal to the corresponding diagonal entries of MQ, and AMβAT = Mβ . Therefore,
the pointwise stabiliser X of {⟨u⟩, ⟨v⟩} in L consists of all elements of the form

σk


1 0 0 0
0 1 0 0
a b 1 0
a2 a 0 1

 ,

where a ∈ F×
q0

, b ∈ {0, 1} and k ∈ {0, . . . , f/2 − 1}. We also observe that an element
of X fixes ⟨w⟩ if and only if a = 0 and

∑k−1
j=0 ζ2j = b. Since b = b2, this implies that

k−1∑
j=0

ζ2j

=

k−1∑
j=0

ζ2j

2

=
k−1∑
j=0

(ζ2j

)2 =
k∑

j=1
ζ2j

,

and hence ζ = ζ2k . Since ⟨ζ⟩ = Fq0 by our assumption above, it follows that k = 0,
and so b = 0. Thus {⟨u⟩, ⟨v⟩, ⟨w⟩} is a base for G, and hence b(G) = 3.

Next, suppose that q is odd, let δ ∈ {1, 3} such that q0 ≡ δ (mod 4), and let γ1 := s
and γ3 := 1. By Lemma 4.4, there exists t ∈ F×

q0
such that t2+γδ is a (non-zero) square

in Fq0 and ⟨t2/γδ⟩ = Fq0 . Define u := e2, v := eδ + te2 and w := e2 +ze4 +e4−δ, where
z := s(q0−2+δ)/4. Then Q(v) = (t2+γδ)/2, and Q(w) = (1+z2+γ4−δ)/2 = 1/2 = Q(u).
Thus ⟨u⟩, ⟨v⟩, ⟨w⟩ ∈ Γ for some Γ ∈ {∆, ∆}. In this case, a matrix A ∈ GL4(q0) lies in
GO−

4 (q0) if and only if AMβAT = Mβ . Using the fact that ⟨t2/γδ⟩ = Fq0 , we deduce
that the pointwise stabiliser of {⟨u⟩, ⟨v⟩} in L lies in GO−

4 (q0), and consists of all
matrices of the form 

a 0 0 0
0 a 0 0
0 0 b1 c1
0 0 εc1 −εb1

 ,

if δ = 1, or 
b2 0 0 c2
0 a 0 0
0 0 a 0

−εc2s−1 0 0 εb2

 ,

if δ = 3, where a, ε ∈ {±1} and b2
1 + c2

1 = b2
2 + c2

2s−1 = 1. It is now straightforward to
show that the pointwise stabiliser of {⟨u⟩, ⟨v⟩, ⟨w⟩} in L consists of scalar matrices.
Therefore, b(G) = 3. □

By combining Proposition 4.5 with results from the literature, we are able to de-
termine the exact base size of every primitive group with socle L2(q). Here we exclude
the groups with socle L2(4), as L2(4) ∼= L2(5).
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Theorem 4.6. Let G be a primitive group with socle G0 = L2(q), q ⩾ 5 and point
stabiliser H. Then b(G) > 2 if and only if one of the following holds.

(i) H is of type P1, in which case b(G) ∈ {3, 4}. Furthermore, b(G) = 3 if and
only if either G ⩽ PGL2(q), or |G : G0| = 2 and G ̸⩽ PΣL2(q).

(ii) H is of type GL1(q) ≀ S2 and PGL2(q) < G, in which case b(G) = 3.
(iii) H is of type GL1(q2) and PGL2(q) ⩽ G, in which case b(G) = 3.
(iv) H is of type GL2(q0) with q = q2

0 ⩾ 9, in which case b(G) ∈ {3, 4}. Further-
more, b(G) = 4 if and only if G = PΣL2(9).

(v) (q, H) ∈ {(5, A4), (7, S4), (11, A5), (19, A5)} and b(G) = 3, (q, H) ∈
{(5, S4), (9, A5)} and b(G) = 4, or (q, H) = (9, S5) and b(G) = 5.

Proof. If H is soluble, then [9, Theorem 2] gives the precise base size of G. This
includes the cases where H is of type P1, GL1(q) ≀ S2, GL1(q2) or 21+2

− .Ω−
2 (2). For

the groups with H of type A5, or of type GL2(q0) with qk
0 = q for some odd prime

k, we deduce the base size from [8, Tables 1 & 3]. Suppose finally that H is of type
GL2(q0) with q2

0 = q, noting that if q0 = 2, then H is considered as a group of type
GL1(q) ≀ S2. Here, we obtain b(G) from Proposition 4.5. □

We are now able to classify the almost simple primitive groups with socle L2(q)
that are semi-Frobenius. This establishes Theorem 1.6 stated in Section 1.
Theorem 4.7. Let G ⩽ Sym(Ω) be an almost simple primitive group with socle G0 =
L2(q) and point stabiliser H. Then G is semi-Frobenius if and only if one of the
following holds:

(i) H is of type P1;
(ii) H is of type GL1(q) ≀ S2 and PGL2(q) < G;
(iii) H is of type GL1(q2) and PGL2(q) ⩽ G;
(iv) H is of type GL2(q0) with q = q2

0 ⩾ 9, and either q0 = 3 or |G : G0| is odd; or
(v) (q, H) ∈ {(5, A4), (5, S4), (7, S4), (9, A5), (9, S5), (11, A5), (19, A5)}.

Equivalently, G is not semi-Frobenius if and only if either b(G) = 2, or H is of type
GL2(q1/2) with q ⩾ 16 and |G : G0| even.
Proof. First note that if b(G) = 2, then G is not Frobenius, and therefore not semi-
Frobenius. Thus, we shall assume that b(G) > 2, and we shall use Theorem 4.6
without further reference to determine b(G). We divide the proof into several cases,
corresponding to the possible types of H. Throughout, we write q = pf , with p prime.

Case 1. H is of type P1.

Since G is 2-transitive, Σ(G) is complete.

Case 2. H is of type GL1(q) ≀ S2.

Here, b(G) > 2 if and only if PGL2(q) < G, in which case b(G) = 3. Assume
therefore that PGL2(q) < G. We may identify Ω with the set of distinct pairs of
1-dimensional subspaces of F2

q, and as shown in the proof of [9, Lemma 4.7], {α, β, γ}
is a base for G, where

α := {⟨e1⟩, ⟨e2⟩}, β := {⟨e1⟩, ⟨e1 + e2⟩}, and γ := {⟨e1⟩, ⟨e1 + µe2⟩},

with {e1, e2} an arbitrary basis for F2
q and µ a generator of F×

q . Thus {α, β} is an edge
in Σ(G). Moreover, for each λ ∈ F×

q , we see that α and {⟨e1⟩, ⟨e1 + λe2⟩} are adjacent
in Σ(G) by replacing e2 by λe2. By symmetry, α is also adjacent to {⟨e2⟩, ⟨e1+λe2⟩}. It
remains to prove that, for all distinct λ1, λ2 ∈ F×

q , there exists a base for G containing
both α and δ := {⟨e1 + λ1e2⟩, ⟨e1 + λ2e2⟩}.
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We claim that there exists ν ∈ {µ, µ−1} such that λ1λ−1
2 ̸= νpj−1 for all j ∈

{1, . . . , f}. Otherwise, since λ1 ̸= λ2, there would exist j, k ∈ {1, . . . , f − 1} such that
µpj−1 = (µ−1)pk−1, i.e. µpj+pk−2 = 1. Since pj + pk − 2 < 2q − 2, this would imply
that pj + pk − 2 = q − 1. However, 1 ̸≡ 2 (mod p), and so our claim follows. Now, let
θ := {⟨e1⟩, ⟨e1 + λ1νe2⟩}. We will show that {α, θ, δ} is a base for G.

The pointwise stabiliser of {α, θ} in ΓL2(q) consists of all elements of the form
gj,x := σjdiag((λ1ν)pj−1x, x), where 1 ⩽ j ⩽ f , x ∈ F×

q , and σ is the field automor-
phism such that (c1e1 +c2e2)σ = cp

1e1 +cp
2e2 for all c1, c2 ∈ Fq. Additionally, gj,x maps

U := ⟨e1 + λ1e2⟩ to ⟨e1 + λ1(ν−1)(pj−1)e2⟩. Suppose now that gj,x also stabilises δ. If
gj,x swaps the two subspaces in δ, then it follows that λ1λ−1

2 = νpj−1, contradicting
the definition of ν. Hence gj,x fixes U , and so (ν−1)pj−1 = 1, yielding j = f and
gj,x ∈ Z(GL2(q)). Therefore, {α, θ, δ} is a base for G.

Case 3. H is of type GL1(q2).

In this case, b(G) > 2 if and only if PGL2(q) ⩽ G, in which case b(G) = 3. Magma
computations show that G is semi-Frobenius when q = 4, so we shall assume that
q > 4. As in the proof of [9, Lemma 4.8], we identify G0 with the unitary group
R := U2(q), and Ω with the set of orthogonal pairs of non-degenerate 1-dimensional
subspaces of the natural module for R over Fq2 . More explicitly, fixing an orthonormal
basis α := {u, v} for this module and defining α := {⟨u⟩, ⟨v⟩}, it follows that

Ω = {α} ∪ {τζ : ζ ∈ F×
q2 , ζq+1 ̸= −1},

where τζ := {⟨u+ζv⟩, ⟨u−ζ−qv⟩}. Fix a generator µ of F×
q2 , and let ζ ∈ F×

q2 with ζq+1 ̸=
−1. We shall prove by contradiction that if −µ−(q−1) ∈ X := {ζ2, −ζ−(q−1)}, then
−(µ−1)−(q−1) /∈ X. First suppose that −µ−(q−1) = −(µ−1)−(q−1). Then 1 = µ2(q−1),
contradicting the fact that |µ| = q2 − 1 > 2(q − 1). Without loss of generality, we may
therefore assume that ζ2 = −µ−(q−1). Since −1 = µ(q2−1)/(2,q−1) and ζq+1 ̸= −1, we
deduce that q ≡ 1 (mod 4) and ζ = ±µ(q−1)2/4. It follows that ζ−(q−1) = µ−(q−1)3/4.
If −(µ−1)−(q−1) lies in X, then it is equal to −ζ−(q−1), and so 1 = µq−1+(q−1)3/4.
Hence q −1+(q −1)3/4 = k(q2 −1) for some positive integer k, and solving this cubic
equation shows that

√
k2 + 2k − 1 is an integer. However, k2 + 2k − 1 = (k + 1)2 − 2

is not a square, a contradiction. We have therefore proved our claim.
Now, choose ν ∈ {µ, µ−1} such that −ν−(q−1) /∈ X. We shall show that {α, τν , τζ}

is a base for G. The group ΓU2(q), generated by GU2(q) and field automorphisms,
satisfies G ⩽ Aut(U2(q)) ∼= ΓU2(q)/Z(GU2(q)). Following the proof of [9, Lemma 4.8],
we see that (since q > 4) the pointwise stabiliser of {α, τν} in ΓU2(q) is generated by
Z(GU2(q)) along with

M :=
(

0 −ν−(q−1)

1 0

)
.

Note that M2 ∈ Z(GU2(q)). Hence it suffices to prove that M does not fix τζ . It is
easy to see that if M fixes each of the two subspaces in τζ , then −ν−(q−1) = ζ2, and if
M swaps these subspaces, then −ν−(q−1) = −ζ−(q−1). However, −ν−(q−1) /∈ X, and
so neither of these cases occurs. Therefore, M does not fix τζ , and so {α, τν , τζ} is a
base for G. It follows immediately that G is semi-Frobenius.

Case 4. H is a subfield subgroup of type GL2(q0), where q = qk
0 for some prime k ⩾ 2.

If k ⩾ 3 then b(G) = 2, so we only need to consider the case where k = 2, and
the maximality of H implies that G ⩽ PΣL2(q). This case requires a more refined
treatment. Note that if q0 = 2, then H is considered as a group of type GL1(q) ≀ S2,
and if q0 = 3, then we obtain the result via Magma calculations. We shall therefore
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assume that q0 ⩾ 4, so that b(G) = 3, and separately consider two subcases, depending
on the parity of |G : G0|.

Subcase 4(a). o := |G : G0| is odd.

Let α ∈ Ω be such that H = Gα. We first note that, up to conjugacy in H0 :=
H ∩ G0, the point stabilisers of H0 are as follows (see [21, p. 354]):

H0, Cf/2
p , Cq0+1 ((q0 − 2)/2 copies), Cq0−1 (q0/2 copies)

if q is even, and

H0, D2(q0+ε), Cf/2
p , Cq0+1 ((q0 − 4 − ε)/4 copies), Cq0−1 ((q0 − 2 + ε)/4 copies)

if q is odd, where ε = ±1 satisfies q0 ≡ ε (mod 4). Now, for each δ ∈ {1, −1}, let
Zδ be the subgroup of F×

q of order q0 + δ. As discussed in [21, p. 354], the fusion
of G0-suborbits of length q0(q0 − δ) (i.e. with point stabiliser Cq0+δ) under a field
automorphism of G0 corresponds to the fusion under the corresponding field auto-
morphism of Fq of the sets {x, x−1}, for elements x ∈ F×

q /Zδ of order at least 3. It
follows that the point stabilisers of H = Gα are isomorphic to the following groups,
for certain divisors i+ and i− of o:

H, Cf/2
p .o, Cq0+1.i+, Cq0−1.i−, and (if q is odd and q0 ≡ ε (mod 4)) D2(q0+ε).o.

We now prove that Cq0+1 and Cq0−1 always appear as point stabilisers. It suffices
to show that the primitive element µ of Fq satisfies |Zδµ⟨σ⟩| = o, where σ is the
automorphism of Fq of odd order o. Let q1 be such that qo

1 = q and hence µ⟨σ⟩ =
{µqm

1 | 0 ⩽ m ⩽ o − 1}. Now |Zδµ⟨σ⟩| = o if and only if µqm
1 −ql

1 /∈ Zδ for all
0 ⩽ ℓ < m ⩽ o − 1. Suppose for a contradiction that µqm

1 −qℓ
1 ∈ Zδ for such ℓ and m.

Then µ(qm
1 −qℓ

1)(q0+δ) = 1, and so (q−1) | (qm
1 −qℓ

1)(q0+δ). Hence (q0−δ) | qℓ
1(qm−ℓ

1 −1),
which implies (q0 − δ) | (qm−ℓ

1 − 1). It follows easily that either (q0 − δ) = (qm−ℓ
1 − 1)

or (q0 − δ) | (qm−ℓ
1 q−1

0 − δ). However, since o is odd and qm−1
1 q−1

0 < q0, neither case
can occur, a contradiction.

Next, let β ∈ Ω ∖ {α}, and choose γ ∈ Ω so that (up to isomorphism) the ordered
pair (Hβ , Hγ) is one of (Cf/2

p .o, Cq0+1), (D2(q0+ε).o, Cq0−ε) and (Cq0±1.i, Cq0∓1), with
i a divisor of o. Since Hγ ⩽ G0, we observe that Hβ ∩ Hγ = (Hβ ∩ G0) ∩ Hγ . In
particular, if Hβ

∼= C
f/2
p .o, then Hβ ∩ Hγ = 1, and so {α, β, γ} is a base for G.

Thus {α, β} is an edge in Σ(G). In the remaining two cases, either Hβ ∩ Hγ = 1 and
{α, β} is again an edge, or Hβ ∩ Hγ = ⟨g⟩, where g is the unique involution of Hγ .
As Hβ is a core-free subgroup of H, there exists h ∈ H such that g /∈ Hh

β , and hence
g /∈ Hβh ∩ Hγ , which yields Hβh ∩ Hγ = 1. This shows that {α, β, γh−1} is a base for
G, and thus Σ(G) is complete.

Subcase 4(b). |G : G0| is even.

To show that Σ(G) is not complete, it suffices to consider the case where G is
generated by G0 and an involutory field automorphism. Similarly to the proof of
Proposition 4.5, we identify G with the orthogonal group PGO−

4 (q0), where GO−
4 (q0)

is the isometry group of a non-degenerate quadratic form Q of minus type on V := F4
q0

.
As above, the action of G on the right cosets of H is equivalent to its action on the
set ∆ of one-dimensional subspaces Y of V such that there exists y ∈ Y with Q(y) a
non-zero square in Fq0 . We shall therefore complete the proof by identifying a pair of
elements of ∆ that does not extend to a base for G of size b(G) = 3.
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Assume first that q0 is even, and let ρ be the polar form of Q. As in the proof of
Proposition 4.5, there exists a basis {e1, . . . , e4} for V so that the matrix of Q is

MQ :=


0 0 0 1
0 1 1 0
0 0 ζ 0
0 0 0 0

 ,

for an arbitrary ζ ∈ F×
q0

such that the polynomial x2 + x + ζ is irreducible over Fq0 .
Since q0 ⩾ 4, there are at least two choices for ζ, and so we will assume without loss
of generality that ζ ̸= 1.

Now, let v1 := e1 + ζe2 + e3 + ζe4, v2 := e2, v3 := e1 and v4 := e3, so that
{v1, v2, v3, v4} is a basis for V . Then Q(v2) = 1, and
Q(v1) = ζρ(e1, e4) + ζ2Q(e2) + ζρ(e2, e3) + Q(e3) = ζ + ζ2 + ζ + ζ = ζ(1 + ζ) ̸= 0.

Hence ⟨v1⟩ and ⟨v2⟩ are distinct subspaces in ∆. Additionally, let u ∈ V ∖ ⟨v1, v2⟩, so
that u =

∑4
i=1 αivi with αi ∈ Fq0 such that α3 and α4 are not both 0. Finally, let

m := ζα2
3 + α4(α3 + α4) and

A := m−1


ζα2

3 ζα3α4 0 ζα2
4

0 m 0 0
α3(α3 + α4) ζα2

3 m ζα3α4
ζ−1(α3 + α4)2 α3(α3 + α4) 0 ζα2

3

 .

Note that if α3 = 0, then m = α2
4 ̸= 0, and otherwise m = (α2

3)((α4α−1
3 )2+α4α−1

3 +ζ),
which is again non-zero by the definition of ζ. It is straightforward to check that
det(A) = 1, that the diagonal entries of AMQAT are equal to the corresponding
diagonal entries of MQ, and that the Gram matrix Mρ = MQ +MT

Q of the polar form
ρ satisfies AMρAT = Mρ. Hence A ∈ GO−

4 (q0). We also observe that A is a non-scalar
matrix that fixes u and each vector in ⟨v1, v2⟩. Since each subspace in ∆ is spanned
either by such a vector u or by a vector in ⟨v1, v2⟩, the subset {⟨v1⟩, ⟨v2⟩} of ∆ does
not extend to a base for G of size 3.

Next, suppose that q0 is odd. We deduce from [32, p. 45] that there exists a basis
{e1, . . . , e4} for V so that the matrix of Q is

MQ :=


0 1 0 0
0 0 0 0
0 0 −1 −r
0 0 0 −s

 ,

where r := ω + ωq0 and s := ωq0+1 for an arbitrary element ω of Fq ∖ Fq0 . Note that
r and s do indeed lie in Fq0 , as they are each equal to their q0-th power.

We now proceed similarly to above. Since q0 > 3, there exists y ∈ F×
q0

∖ {±1}. Let
v1 := e1 + e2, v2 := e1 + y2e2, v3 := e3 and v4 := e4, so that {v1, v2, v3, v4} is a basis
for V . As Q(v1) = 1 and Q(v2) = y2 are both non-zero squares in Fq0 , it follows that
⟨v1⟩ and ⟨v2⟩ are distinct subspaces in ∆. Additionally, each u ∈ V ∖ ⟨v1, v2⟩ satisfies
u =

∑4
i=1 αivi for some αi ∈ Fq0 such that α3 and α4 are not both 0. For such a

vector u, let t := (α3 + α4ω)(α3 + α4ωq0) and

A := t−1


t 0 0 0
0 t 0 0
0 0 α2

3 − sα2
4 (2α3 + rα4)α4

0 0 (rα3 + 2sα4)α3 −α2
3 + sα2

4

 .

Note that t ∈ Fq0 as tq0 = t, and that t ̸= 0 since α3 and α4 lie in Fq0 , while
ω and ωq0 do not. As above, A is a non-scalar matrix in GO−

4 (q0) (this time with
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determinant −1) that fixes u and each vector in ⟨v1, v2⟩. We conclude that {⟨v1⟩, ⟨v2⟩}
does not extend to a base for G of size 3, as required.

Case 5. H is of type 21+2
− .Ω−

2 (2) or type A5.

Here, b(G) > 2 if and only if (q, H) is one of the cases listed in (v). In each of these
special cases, one can easily check that Σ(G) is complete with the aid of Magma. □

If soc(G) = L2(q) and b(G) = 2, then Conjecture 1.2 is verified in [12, Theo-
rem 4.22], extending the earlier result [15, Theorem 1.3]. By Theorem 4.7, in order to
show that this still holds when b(G) > 2, it remains to prove that the conjecture is
satified when the point stabiliser of G is of type GL2(q1/2), with q ⩾ 16 and |G : G0|
even. We leave this as an open problem.

Finally, we classify the groups G with socle L2(q) such that Σ(G) is G-arc-transitive,
excluding the aforementioned difficult case. The following result is stated as Theo-
rem 1.9 in Section 1.

Theorem 4.8. Let G be a primitive group with socle G0 = L2(q) and point stabiliser
H, and if H is of type GL2(q1/2) with q ⩾ 16, then assume that |G : G0| is odd. Then
Σ(G) is G-arc-transitive if and only if one of the following holds:

(i) H is of type P1;
(ii) G is 2-transitive and (G, H) = (L2(11), A5), (PΓL2(8), D18.3), (L2(7), S4),

(S6, S5), (A6, A5), (S5, S4) or (A5, A4).
(iii) b(G) = 2, G = PGL2(q), H has type GL1(q) ≀ S2, and 5 ̸= q ⩾ 4; or
(iv) b(G) = 2 and (G, H) = (L2(29), A5), (PGL2(11), S4), (M10, 5:4) or (A5, S3).

In particular, reg(G) = 1 if and only if G is one of the groups in parts (iii) and (iv), or
H is of type P1 and G is sharply 3-transitive, or (G, H) ∈ {(S6, S5), (A6, A5), (S5, S4)}.

Proof. First assume that b(G) > 2. By Theorem 1.6 (as G does not satisfy Theo-
rem 1.6(ii)), G is semi-Frobenius. Hence, in this setting, Σ(G) is G-arc-transitive if
and only if G is 2-transitive. It follows from Theorem 4.6 that either H is of type P1,
or (G, H) is one of the following pairs:

(L2(11), A5), (PΓL2(8), D18.3), (L2(7), S4), (S6, S5), (A6, A5), (S5, S4), (A5, A4).

Also note that if G is 2-transitive, then reg(G) = 1 if and only if G is sharply b(G)-
transitive.

To complete the proof, we consider the case where b(G) = 2, so that Σ(G) is G-
arc-transitive if and only if reg(G) = 1. Here either H is soluble, or H has type A5
or GL2(q0) with qk

0 for some prime k ⩾ 3. For the former case, the result can be
deduced from [12, Theorem 1.6], and the relevant groups with reg(G) = 1 are listed
in the statement. Notice that if Q(G, 2) < 1/2 and 2|H|2 < |G|, then reg(G) ⩾ 2
and thus Σ(G) is not G-arc-transitive. The bound 2|H|2 < |G| always holds if H
is of type GL2(q0), and as discussed in the proof of [12, Theorem 4.22] we see that
Q(G, 2) < 1/2. For the case where H has type A5, we can check using Magma that
reg(G) ⩾ 2 if q < 197, unless q = 29 and reg(G) = 1. If instead q ⩾ 197, then the
proof of [12, Theorem 4.22] shows that Q(G, 2) < 1/2, and since 2|H|2 < |G| in this
case, we obtain reg(G) ⩾ 2. □

4.3. Almost simple groups with soluble point stabilisers. The following the-
orem extends [12, Theorem 1.1].

Theorem 4.9. Let G be an almost simple primitive group with soluble point stabilisers.
Then G satisfies Conjecture 1.2.
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Proof. The precise base size b(G) is computed in [9, Theorem 2]. In particular, we
have b(G) ⩽ 5 in every case. If b(G) = 2 then the result follows from [12, Theo-
rem 1.1]. Thus, to complete the proof, we may assume that 3 ⩽ b(G) ⩽ 5. Hence
by [9, Theorem 2], G appears among the infinite families and special cases listed in [9,
Tables 4–7].

Note that if soc(G) ∈ {L2(q), U3(q), 2B2(q), 2G2(q)} and the point stabiliser is of
type P1, then G is 2-transitive and so Σ(G) is complete by Lemma 2.1. Upper bounds
for Q̂(G, b(G)) in the remaining infinite families can be found in [9] and the proof
of [13, Lemma 3.7]. In almost all cases, we deduce that Q̂(G, b(G)) < 1/2, and it
follows (see the end of §2) that any two vertices in Σ(G) have a common neighbour,
i.e. G satisfies Conjecture 1.2. Any remaining group in these infinite families that may
satisfy Q̂(G, b(G)) ⩾ 1/2 satisfies one of the following (here G0 = soc(G) and H is a
point stabiliser):

(a) G0 = L3(q), H is of type P1,2, and either 3 ⩽ q ⩽ 16, 19 ⩽ q ⩽ 27, or
q ∈ {32, 47, 64};

(b) G0 = Sp4(q), H ∩ G0 = [q4]:C2
q−1, and q ∈ {4, 8, 32}; or

(c) G0 = L2(q), H is of type GL1(q2), and 11 ⩽ q ⩽ 16.
Combining probabilistic and computational methods (similar to those mentioned in

the proofs of Proposition 4.1 and Theorem 4.3), one can check that in each case in (a)–
(c), and each special case appearing in [9, Tables 4–7], G satisfies Conjecture 1.2. □

5. Affine groups
We now turn our attention to primitive groups of affine type. Let V be an n-
dimensional vector space over Fq. A primitive affine type group can be written as
G = V H ⩽ AGLn(q), with Ω = V , where the point stabiliser H acts irreducibly
on V .

Thus far, few authors have considered the Saxl graphs of these affine type groups.
Lee and Popiel [35] proved one of the first results on these graphs, namely that
Conjecture 1.2 holds for most primitive affine groups G of base size two such that H
is an almost quasisimple group with soc(H/Z(H)) a sporadic simple group. One of
the tools used in their analysis was an equivalence between that conjecture and an
arithmetic property of the underlying vector space. We begin this section by proving
that an analogous equivalence holds for generalised Saxl graphs.

Lemma 5.1. Let G = V H be a primitive group of affine type with point stabiliser H,
such that b(G) ⩾ 2. Then Σ(G) satisfies Conjecture 1.2 if and only if every vector in
V can be written as the sum of two vectors lying in bases for H of size b(H).

Proof. The proof proceeds similarly to that of [35, Lemma 2.3]. First note that b(G) =
b(H) + 1, and moreover, every base of minimal size for G gives rise to a base of
minimal size for H and vice versa, by removing or adding 0, respectively. Suppose
that G satisfies Conjecture 1.2, and let v ∈ V . Then v ∈ V and 0 ∈ V share a common
neighbour, say v1, in Σ(G). Therefore, {0, v1} and {v1, v} are subsets of bases for G
of size b(G). Since the image of a base under G is also a base, the image {0, v − v1}
of {v1, v} under the translation −v1 must also be a subset of a base of minimal size.
Since H is the stabiliser of 0 in G, both v1 and v − v1 lie in bases for H of size b(H),
and we can write v = v1 + (v − v1).

Conversely, suppose that each vector v ∈ V can be written as the sum of two vectors
in bases for H of size b(H), say v = v1+v2. Since G is transitive, it suffices to show that
v and 0 share a common neighbour in Σ(G). The definitions of v1 and v2 imply that
{0, v1} and {0, v2} are subsets of bases for G of size b(G). Applying the translation v1
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to the latter subset, we see that the same is true for {v1, v1 +v2} = {v1, v}. Therefore,
v and 0 share the common neighbour v1, and the result follows. □

Our next result describes the valency of Σ(G).

Proposition 5.2. Let G = V H be a primitive group of affine type, and let
{O1, . . . , Ok} be the set of orbits of H on V that meet a base for G of size
b(G) containing 0. Then

val(G) =
k∑

i=1
|Oi|.

Proof. This follows directly from the fact that the image of a base is also a base. □

In the remainder of this section, we relate the investigation of Σ(G) to other well-
studied properties of groups, and use these to verify Conjecture 1.2 in several cases.
The conjecture remains open for affine groups in general.

Recall from Lemma 2.4 that Σ(G) is a union of orbital graphs. In some cases,
we can make inferences about properties of Σ(G) from information about the orbital
diameter of G. For instance, recall from Lemma 2.5 that if b(G) ⩾ 3 and G has
orbital diameter two, then Σ(G) satisfies Conjecture 1.2. Similarly, if a group has
orbital diameter 1, which occurs if and only if G is 2-homogeneous, then Σ(G) is
complete. Of course, the converses of these statements do not hold in general.

Now, suppose that G is such that H is almost quasisimple. Such groups G with
orbital diameter two were considered in [45]. As shown in [44, Lemma 2.4.4], a natural
upper bound on the orbital diameter of G is rank(G) − 1, where rank(G) is the
permutation rank of G, i.e. the number of orbitals of G (note also that rank(G) − 1
is the number of distinct orbital graphs of G). Hence, each rank three primitive
permutation group has orbital diameter two, and so Conjecture 1.2 holds. Such groups
were classified in [37]. Since in this case there are just two orbital graphs, either the
generalised Saxl graph is complete, or it is a single orbital graph (and therefore G-
arc-transitive with diameter two). We now provide an example of a group for which
the latter occurs.

Proposition 5.3. There exists a rank three primitive group G of affine type such that
Σ(G) is a single orbital graph.

Proof. Let G = V H be the primitive affine type group such that H = 3.A6 and
V = F3

4. We can show using Magma that b(G) = 3, and that Σ(G) is not complete.
By [37], G is a rank three group, and so it has two orbital graphs. Thus if Σ(G) were
a union of both, then it would be complete. The result follows. □

Note that there are also examples of rank three affine type groups G such that Σ(G)
is complete, for example when H = SL2(5) ∼= 2.A5 and V = F2

9, so that b(G) = 3.
Further examples of primitive affine type groups that have orbital diameter two, and
hence satisfy Conjecture 1.2, are listed in [45, Theorem 1.5 & Example 4.2] and [44,
Remark 6.3.2]. We list some of them with rank at least four in Table 2.

6. Primitive wreath products
Let L ⩽ Sym(Γ) be a primitive group, and let P ⩽ Sk be a transitive group on [k].
Then G := L ≀ P has a faithful primitive action on the Cartesian product Ω := Γk.
More precisely, we have

(γ1, . . . , γk)(z1,...,zk)σ =
(

γ
z1σ−1

1σ−1 , . . . , γ
zkσ−1

kk−1

)
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Table 2. Examples of primitive affine groups G = V H with
diam(Σ(G)) = 2. Here, r := rank(G) − 1, and V is defined over
Fl.

H dim(V ) l r extra conditions
G2(q) 7 q 4 q odd

Aut(G2(3)) 14 2 5
Ω9(q) 16 q 4
3.A7 3 5 11

for any γi ∈ Γ, zi ∈ L and σ ∈ P . The group G is called a primitive wreath product
of L by P . As a special case, G is a product type primitive group if k ⩾ 2 and L is
either almost simple or of diagonal type.

Let reg(L, m) be the number of regular L-orbits on Γm in its coordinatewise action,
and let Π := {π1, . . . , πm} be a partition of [k] into m parts. Then Π is called a
distinguishing partition if its stabiliser

⋂m
i=1 G{πi} is trivial, noting that any refinement

of a distinguishing partition is also distinguishing. Thus, it is natural to consider the
minimal number m such that there exists a distinguishing partition of [k] into m
parts. We call this the distinguishing number of P , and denote it D(P ). This value is
closely related to b(G), as follows.

Theorem 6.1. [3, Theorem 2.13] Let G = L ≀ P be a primitive wreath product. Then
b(G) is the smallest integer m such that reg(L, m) ⩾ D(P ).

We now describe the bases for G = L ≀ P of size b := b(G). Let A := {αi,j} be a
k × b array, where αi,j ∈ Γ. Define a partition Π of [k] such that i and j are in the
same part if and only if (αi,1, . . . , αi,b) and (αj,1, . . . , αj,b) are in the same L-orbit.
Note that a column (α1,j , . . . , αk,j) of A lies in Ω = Γk. Let ∆ be the set of columns
of A, so that ∆ ⊆ Ω.

Lemma 6.2. The set ∆ is a base for G if and only if each {αi,1, . . . , αi,b} is a base for
L and Π is a distinguishing partition for P into D(P ) parts.

Proof. Here we extend the argument in the proof of [13, Lemma 4.1]. First assume
that each {αi,1, . . . , αi,b} is a base for L and Π is a distinguishing partition for P .
Suppose that x ∈ G(∆), so that x = zσ for some z = (z1, . . . , zk) ∈ Lk and σ ∈ P .
If iσ = j, then (αi,1, . . . , αi,b)zi = (αj,1, . . . , αj,b), which implies that σ fixes the
partition Π. Thus, σ = 1 as Π is a distinguishing partition. Now zi ∈

⋂b
m=1 Gαi,m

= 1
since {αi,1, . . . , αi,b} is a base for L. Therefore, z = 1, and so ∆ is a base for G.

To complete the proof, we assume that ∆ is a base for G. Suppose for a contradic-
tion that {αi,1, . . . , αi,b} is not a base for L, for some i ∈ [k]. Then there exists a non-
identity element x ∈ L fixing {αi,1, . . . , αi,b} pointwise. Now, let z := (z1, . . . , zk) ∈ L,
where zi := x and zj := 1 for j ̸= i. It is then easy to show that 1 ̸= z ∈ G(∆), a
contradiction. Thus {αi,1, . . . , αi,b} is a base for L.

Finally, we prove that Π is a distinguishing partition for P . Recall that Π is defined
in terms of the L-orbits on Γb, so without loss of generality, we may assume that
αi,m = αj,m for any m ∈ [k] if i and j are in the same part of Π, noting that the
columns of A still form a base for G with this assumption. In particular, we have

(αi,1, . . . , αi,b) = (αj,1, . . . , αj,b) if and only if i and j are in the same part of Π.

Thus, if σ ∈ P fixes the partition Π, then it also fixes every column of A. Since the
set ∆ of columns of A is a base for G, we obtain σ = 1, as required. □
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Let Pm([k]) be the set of ordered partitions of [k] into m parts, where some parts
are allowed to be empty. Then P has a natural action on Pm([k]). Note that a partition
Π ∈ Pm([k]) is a distinguishing partition if and only if it lies in a regular P -orbit.
Recall also that reg(G) denotes the number of regular orbits of G in its componentwise
action on Ωb(G).
Lemma 6.3. Let G = L ≀P be a primitive wreath product. Then reg(G) = 1 if and only
if reg(L, b(G)) = D(P ) and P has a unique regular orbit on PD(P )([k]).
Proof. Let b = b(G) and let A1 and A2 be two k × b arrays of elements of Γ. For each
i ∈ {1, 2}, write Πi for the associated partition of [k] with respect to L-orbits of rows
of Ai, and write ∆i for the set of columns of Ai. By Lemma 6.2, ∆i is a base for G if
and only if Πi is a distinguishing partition and each row of Ai is a base for L.

First assume that reg(G) = 1. Note that if Π1 and Π2 are in distinct P -orbits, then
∆1 and ∆2 are in distinct G-orbits. It follows by Lemma 6.2 that reg(L, b(G)) = D(P )
and P has a unique regular orbit on PD(P )([k]).

The other direction is clear by applying Lemma 6.2. □

Next, let us extend [13, Theorem 6] by determining primitive wreath products
G = L ≀ P with reg(G) = 1, where P ⩽ Sk is primitive, noting that [13, Theorem 6]
only treats the case where b(G) = 2.
Theorem 6.4. Let G = L≀P be a primitive wreath product, where P ⩽ Sk is primitive.
Then reg(G) = 1 if and only if reg(L, b(G)) = D(P ) and one of the following holds:

(i) P = Sk and D(P ) = k;
(ii) P = A5, k = 6 and D(P ) = 3;
(iii) P = PΓL2(8), k = 9 and D(P ) = 3; or
(iv) P = AGL3(2), k = 8 and D(P ) = 4.

Proof. Note that [13, Proposition 4.19] classifies the primitive groups P ⩽ Sk with a
unique regular orbit on PD(P )([k]). More specifically, P is such a group if and only if
P = Sk or

(P, k, D(P )) ∈ {(A5, 6, 3), (PΓL2(8), 9, 3), (AGL3(2), 8, 4)}.

Therefore, the theorem follows from Lemma 6.3. □

To conclude this section, we give an application of Lemma 6.2 to the study of Con-
jecture 1.2 for general primitive groups. Let G ⩽ Sym(Ω) be transitive. We introduce
the following terminology in order to generalise the notion of regular suborbits (that
is, regular orbits of Gα for α ∈ Ω) to the case b(G) ⩾ 3.
Definition 6.5. Let α ∈ Ω. An orbit ∆ ̸= {α} of Gα on Ω is called almost-regular if
∆ ∩ B ̸= ∅ for some base B for G of size b(G) with α ∈ B.

In other words, β lies in an almost-regular Gα-orbit if {α, β} can be extended to a
base for G of size b(G), i.e. if {α, β} is an edge in Σ(G). Thus, the set of neighbours of α
in Σ(G) is equal to the union of almost-regular Gα-orbits. For example, for a primitive
affine group G = V H, the H-orbits O1, . . . , Ok from Proposition 5.2 are precisely the
almost-regular H-orbits. Note that any permutation group G with b(G) ⩾ 2 has an
almost-regular suborbit, and if b(G) = 2, then a suborbit is regular if and only if it
is almost-regular. The set N(α) of neighbours of α in Σ(G) is exactly the union of
almost-regular Gα-orbits. In particular, if b(G) = 2, then N(α) is the union of regular
Gα-orbits, and it is conjectured by Burness and Huang [13, Conjecture 8] that if G is
primitive, then for any β ∈ Ω, the neighbourhood N(β) meets every regular Gα-orbit.
In the same paper, they show that this conjecture is equivalent to the base-two version
of Conjecture 1.2. Here, we give a similar extension as follows.
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Conjecture 6.6. Let G ⩽ Sym(Ω) be a finite primitive permutation group with
b(G) ⩾ 2. Then for any α, β ∈ Ω, the Σ(G)-neighbourhood N(β) meets every almost-
regular Gα-orbit.

Theorem 6.7. Conjecture 6.6 is equivalent to Conjecture 1.2.

Proof. Clearly, Conjecture 6.6 implies Conjecture 1.2. Let L ⩽ Sym(Γ) be a counter-
example for Conjecture 6.6. That is, suppose there exist vertices α, β ∈ Σ(L) such
that N(β) ∩ ∆ = ∅ for some almost-regular Lα-orbit ∆. Set r := reg(L), and let
G = L ≀ Sr act on Ω = Γr with its product action. Then G is primitive, and by
Theorem 6.1, we have b(G) = b(L). It suffices to show that the two vertices (α, . . . , α)
and (β, . . . , β) in Σ(G) have no common neighbour.

Let b := b(G), and suppose that the set

{(α, . . . , α), (α1,2, . . . , αr,2), (α1,3, . . . , αr,3) . . . , (α1,b, . . . , αr,b)}

is a base for G. Then by Lemma 6.2, each {α, αi,2, αi,3, . . . , αi,b} is a base for L, and
for any i ̸= j, the b-tuples (α, αi,2, αi,3, . . . , αi,b) and (α, αj,2, αj,3, . . . , αj,b) are in
distinct L-orbits. Since r = reg(L), there are at most r almost-regular Lα-orbits, so
each set {α1,i, . . . , αr,i} meets every almost-regular Lα-orbit. In particular, for each
2 ⩽ i ⩽ b, there exists j ∈ [r] such that αj,i ∈ ∆, and so our assumption implies that
αj,i /∈ N(β). By applying Lemma 6.2 once again, we see that, for each i, the point
(α1,i, . . . , αr,i) ∈ Ω is not in any almost-regular orbit of G(β,...,β). Therefore, the two
vertices (α, . . . , α) and (β, . . . , β) in Σ(G) have no common neighbour. This completes
the proof. □

7. Another generalisation: the irredundant base graph
In this final section, we briefly explore an alternative interesting generalisation of the
Saxl graph. Recall that an ordered subset (α1, . . . , αk) of Ω is an irredundant base for
G if

G > Gα1 > Gα1,α2 > · · · > Gα1,...,αk−1 > Gα1,...,αk
= 1.

In particular, any irredundant base is an ordered base for G, and any ordered minimal
base for G is an irredundant base.

Now, let I(G) be the maximal size of an irredundant base. It is clear that b(G) ⩽
I(G). For an integer k ⩾ 2, we define IΣk(G) to be the graph with vertex set Ω, such
that two distinct vertices adjacent if and only if they lie in a common irredundant
base for G of size k. By a result of Cameron, published as [18, Theorem 1.1], IΣk(G) is
non-empty if and only if b(G) ⩽ k ⩽ I(G). Note also that IΣk(G) is not necessarily a
subgraph of IΣk(L) if L < G. The following observations are immediate consequences
of the definition of IΣk(G).

Lemma 7.1. Let G be a permutation group and k an integer at least two.
(i) If G is transitive, then IΣk(G) is G-vertex-transitive.
(ii) If G is primitive and IΣk(G) is non-empty, then IΣk(G) is connected.
(iii) IΣb(G)(G) = Σ(G).

It is natural to drop the restriction on the size of the irredundant bases under
consideration, as follows. For a group G with b(G) ⩾ 2, let

IΣ(G) :=
I(G)⋃

k=b(G)
IΣk(G).

Clearly, Σ(G) is a subgraph of IΣ(G). It is also easy to see that IΣ(G) is G-vertex-
transitive if G is transitive, and connected if G is primitive.
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We now determine precisely when the graph IΣ(G) is complete, and show that for
all finite G, this graph satisfies an analogue of Conjecture 1.2, i.e. any two vertices
have a common neighbour.

Lemma 7.2. Let G ⩽ Sym(Ω) be finite. Then two distinct elements α, β ∈ Ω are
adjacent in IΣ(G) if and only if Gα ̸= Gβ. Hence IΣ(G) is complete if and only if
there are no pairs α, β ∈ Ω such that Gα = Gβ .

Proof. Let α, β ∈ Ω. First assume that Gα = Gβ , and suppose for a contradiction that
some irredundant base for G contains both α and β. Then without loss of generality,
this irredundant base is of the form (x1, . . . , xl, α, xl+1, . . . , xk, β, xk+1, . . . , xn). Hence
by the definition of an irredundant base,

Gx1,...,xl,α,xl+1,...,xk
> Gx1,...,xl,α,xl+1,...,xk,β .

However, Gx1,...,xl,α,xl+1,...,xk
⩽ Gα = Gβ , and so in fact

Gx1,...,xl,α,xl+1,...,xk
= Gx1,...,xl,α,xl+1,...,xk,β ,

a contradiction. If instead Gα ̸= Gβ , then since G is faithful, there exists an irredun-
dant base containing α and β. The result follows. □

Corollary 7.3. If G is primitive, then IΣ(G) is complete.

Proof. It is easy to see that the sets of elements of Ω with common point stabilisers
form a system of imprimitivity. Therefore, if G is primitive, then no two points α, β ∈
Ω satisfy Gα = Gβ . The result now follows from Lemma 7.2. □

Corollary 7.4. Let G ⩽ Sym(Ω) be finite. Then IΣ(G) is either complete or a
complete multipartite graph. In particular, any two vertices of IΣ(G) have a common
neighbour.

Proof. We may assume that IΣ(G) is not complete. We observe from Lemma 7.2 that
IΣ(G) is a complete multipartite graph, whose parts are the sets of elements of Ω
with common point stabilisers. It follows immediately that any two vertices of IΣ(G)
have a common neighbour. □
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