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On the generalised Saxl graphs of

permutation groups

Saul D. Freedman, Hong Yi Huang, Melissa Lee
& Kamilla Rekvényi

ABSTRACT A base for a finite permutation group G < Sym(2) is a subset of Q with trivial
pointwise stabiliser in G, and the base size of GG is the smallest size of a base for G. Moti-
vated by the interest in groups of base size two, Burness and Giudici introduced the notion
of the Saxl graph. This graph has vertex set (2, with edges between elements if they form a
base for G. We define a generalisation of this graph that encodes useful information about G
whenever b(G) > 2: here, the edges are the pairs of elements of Q that can be extended to
bases of size b(G). In particular, for primitive groups, we investigate the completeness and arc-
transitivity of the generalised graph, and the generalisation of Burness and Giudici’s Common
Neighbour Conjecture on the original Saxl graph.

1. INTRODUCTION

Let Q be a finite set, and let G be a group of permutations of €2, so that G < Sym(£2).
A subset A C ) is called a base for G if its pointwise stabiliser is trivial. The smallest
cardinality of a base for G is called the base size of G, denoted b(G). Equivalently,
if G is transitive with point stabiliser H, then b(G) is the smallest number b such
that the intersection of some b conjugates of H in G is trivial. The study of bases has
a long history, finding a number of connections to other areas of mathematics, from
relational complexity [25] to computational group theory [46].

Historically, there has been a particular interest in the study of base sizes for prim-
itive groups (recall that a transitive group G < Sym(Q) is called primitive if its point
stabilisers are maximal subgroups, or equivalently, the only G-invariant partitions of €2
are € itself and the partition into singletons). In terms of the structure and action of
the socle of the group (recall that the socle soc(X) of a group X is the product of its
minimal normal subgroups), the finite primitive groups are divided into five families
by the O’Nan—Scott theorem. Following [38], these families are:

affine, almost simple, diagonal type, product type, and twisted wreath products.

Questions related to base sizes have been considered for all five of these families;
for example, see [9, 13, 23, 22, 29, 33, 34]. In particular, a significant quantity of
research has been conducted on classifying primitive groups of small base size. A
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project initiated by Saxl in the 1990s to classify primitive base-two groups (i.e. groups
of base size 2) is one of the most intense research areas in this vein, however the
problem remains open in general.

For base-two groups G < Sym(2), Burness and Giudici [11] defined the Sazl
graph X(G), whose vertices are the points of €, and where two vertices are adja-
cent if and only if they form a base for G. This graph satisfies a number of interesting
properties. For example, if G is transitive, then X(G) is G-vertex-transitive, and if G
is primitive, then X(G) is connected. Burness and Giudici also made a rather strik-
ing conjecture that if G is primitive, then any two vertices in X(G) have a common
neighbour (see [11, Conjecture 4.5]). Moreover, they proved this conjecture in a num-
ber of cases, including families of sufficiently large twisted wreath and diagonal type
groups, as well as all primitive groups of degree at most 4095. Later on, Burness
and Huang [12] proved the conjecture for almost simple primitive groups with solu-
ble point stabilisers. They also proved that the conjecture is valid for the primitive
groups with socle Ly(q), extending earlier work of Chen and Du [15]. More recently,
Lee and Popiel [35] proved the conjecture for most affine type groups with sporadic
point stabilisers.

It is evident from the existing literature on base size that a significant number of
groups have base size at least 3, and for these the Saxl graph is not defined. Hence,
in this paper, we generalise the definition of the Saxl graph in order to study groups
of arbitrary base size at least 2, as follows.

DEFINITION 1.1. Let G < Sym(Q2) be a permutation group with b(G) > 2. Then the
generalised Saxl graph of G, denoted X(G), is the graph with vertex set ), with two
vertices a and 8 adjacent if and only if {«, B} is a subset of a base for G of size b(G).

From now on, we will write ¥(G) to denote the generalised Sazl graph of G. Observe
that this graph coincides with the Saxl graph when b(G) = 2. Note also that our
generalisation of the Saxl graph is analogous to the generalisation of the generating
graph of a group to the rank graph (see [41]). In Section 7, we shall consider a different
generalisation of the Saxl graph, related to irredundant bases for G.

A large proportion of this paper is devoted to studying the generalised Saxl
graphs X(G) of primitive groups G, in the context of three important problems,
which we now describe in detail.

1.1. CoMMON NEIGHBOUR CONJECTURE. Our generalisation of the definition
of 3(@G) yields the following natural generalisation of the aforementioned conjecture
of Burness and Giudici.

CONJECTURE 1.2 (Common Neighbour Conjecture). Let G be a primitive permutation
group with b(G) = 2. Then any two vertices of X(G) have a common neighbour.

Notice that if b(G) > 3, then the definition of ¥(G) implies that any two adjacent
vertices have a common neighbour. Therefore, the above conjecture holds for G if and
only if 3(G) has diameter at most two.

In this paper, we verify this conjecture for a number of cases. In Section 4 we
consider the case where G is an almost simple group, and prove the following theorem.

THEOREM 1.3. Let G be an almost simple primitive group. Further suppose that either:
(i) b(G) = 3 and soc(Q) is sporadic; or
(ii) G has soluble point stabilisers.

Then Conjecture 1.2 holds.

Note also that, together with [12, Theorem 4.22] on base-two groups, Theorem 1.6
below directly implies that Conjecture 1.2 holds for all almost simple primitive groups
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with soc(G) = La(q) with ¢ a prime power, other than a difficult case where the point
stabilisers have a particular structure, see Theorem 1.6(ii). We leave open the problem
of proving the conjecture in that case. Since that case only occurs when G > soc(G),
Conjecture 1.2 holds for all primitive actions of Ly(q).

In Section 5, we further list some examples of primitive affine groups that satisfy
Conjecture 1.2, and discuss additional ideas that we hope will inspire further research
on this conjecture. Finally, in Section 6, we investigate primitive groups of product
type, and in particular prove that Conjecture 1.2 is equivalent to a certain condition
on orbits of point stabilisers. For diagonal type groups and twisted wreath products,
analogous work has been undertaken by the second author [30, Theorems 5.6 & 5.9.1].

1.2. COMPLETE GRAPHS. It turns out that in many instances, the graph 3(G) not
only satisfies the Common Neighbour Conjecture, but is also complete.

Note that if G is transitive and b(G) = 2, then X(G) is complete if and only if G
is a Frobenius group. However, determining the completeness of ¥(G) when b(G) > 2
is not as straightforward. With this in mind, we introduce the following definition.

DEFINITION 1.4. A permutation group G < Sym(Q) with b(G) > 2 is semi-Frobenius
if any two elements of Q lie in a common base for G of size b(Q).

Thus (@) is complete if and only if G is semi-Frobenius, and G is Frobenius if
and only if G is semi-Frobenius and b(G) = 2. As a straightforward example, the
natural action of GL,(g) on the set of non-zero vectors of Iy has base size n, and is
semi-Frobenius if and only if ¢ = 2. We also note that any 2-transitive permutation
group is semi-Frobenius.

We prove the following theorem for diagonal type primitive groups in Section 3.1.

THEOREM 1.5. Let G be a diagonal type primitive group with socle T* and top group
P < S, If k=2, then G is semi-Frobenius if one of the following holds:

(i) P=1;
(ii)y T= A, forn>=7; or
(iii) T is a sporadic group.
If instead k > 3, then the following statements hold.
(i) If P ¢ {Ag, Sk} then b(G) = 2 and G is not semi-Frobenius.
(ii) Suppose [T~ < k < |T|* with € > 1. If b(G) = { + 2, then G is semi-
Frobenius.
(iii) Suppose P € {Ay, Sk} and |T|*"' +3 < k < |T|* for some £ > 1 with
b(G) =0+ 1. Then G is not semi-Frobenius.

We note the only remaining cases for a complete classification of semi-Frobenius
primitive groups of diagonal type are the case where k € {|T|*1 + 1,|T|*"! + 2}
for ¢ > 2, and the case where P = S;. In the former case, a partial result is given
in Lemma 3.7, which shows that G is not semi-Frobenius if S, < G (this implies
that P = S, but the reverse implication does not hold). For the case where P = Sy,
we show that G is not semi-Frobenius if G = T2.(Out(T) x S2) with T = La(q)
and ¢ > 11 (see Proposition 3.16).

Additionally, in Section 4, we provide a partial classification of semi-Frobenius
almost simple primitive groups with sporadic socle. We further give a complete classi-
fication for groups whose socle is La(g), as summarised in the following theorem. Here
and throughout the paper, we follow the notation of [8, 32] when referring to the type
of a maximal subgroup of a classical group, which provides a rough description of its
group structure.
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THEOREM 1.6. Let G be an almost simple primitive group with socle Gy = La(q) and
point stabiliser H. Then G is not semi-Frobenius if and only if either:

(i) b(G) =2; or
(ii) H is of type GLg(q"/?) with ¢ > 16 and |G : Gy| even.

We refer the reader to Theorem 4.7 for a more detailed statement of Theorem 1.6.
A key step in our proof of this result is Theorem 4.6, which extends results in [9, 8]
by determining the exact base size of every primitive group with socle La(q).

1.3. REGULAR ORBITS AND ARC-TRANSITIVITY. Suppose that G is transitive, and
write reg(G) for the number of regular orbits in the componentwise action of G
on Q&) Tt is clear that in this case ¥(G) is G-vertex-transitive since G itself is
transitive on 2. By the Orbit-Stabiliser Theorem, the ordered bases for G of minimal
size are precisely the elements of Q@) lying in regular orbits. Hence, ¥(G) is G-arc-
transitive if reg(G) = 1, as in this case all ordered bases of minimal size lie in the
same G-orbit. The converse statement, that reg(G) = 1 if ¥(G) is G-arc-transitive,
clearly holds if b(G) = 2, but not in general if b(G) > 2. For example, if G is the
primitive group L3(4) of degree 56, then b(G) = 3 and ¥(G) is G-arc-transitive, while
reg(G) = 4.

Our aim hence is to classify primitive groups G with reg(G) = 1 and, more broadly,
primitive groups G such that X(G) is G-arc-transitive. In this direction, Burness and
Huang determined the almost simple primitive groups G' with soluble stabiliser and
reg(G) =1 (see [13, Theorem 1]). Furthermore, the diagonal type primitive groups G
with b(G) = 2 and reg(G) = 1 were determined in [29, Theorem 2]. In Section 3.2, we
generalise that result as follows, and show that the groups G from [29, Theorem 2]
with b(G) = 2 are the only diagonal type groups for which ¥(G) is G-arc-transitive.

THEOREM 1.7. Let G be a diagonal type primitive group with socle T*. Then %(G) is
G-arc-transitive if and only if T = As, k € {3,57} and G = T*.(Out(T) x Si), so
that b(G) = 2.

Thus we obtain the following corollary.

COROLLARY 1.8. Let G be a diagonal type primitive group with socle T*. Then
reg(G) = 1 if and only if T = As, k € {3,57} and G = T*.(Out(T) x Si), so that
b(G) = 2.

Additionally, in Section 4.2, we are able to classify the almost simple primitive

groups G with socle La(g) such that X(G) is G-arc-transitive, excluding one difficult
case.

THEOREM 1.9. Let G be a primitive group with socle Gy = La(q) and point sta-
biliser H, and if H is of type GLa(q'/?) with q¢ > 16, then assume that |G : Gy is
odd. Then X(G) is G-arc-transitive if and only if one of the following holds:
(i) H is of type Py;
(ii) G is 2-transitive and (G, H) = (L2(11), As), (PTL2(8), D15.3), (La(7),S4),
(Se,S5), (Ag, As), (S5,54) or (As, Ay).
(iii) b(G) =2, G =PGLy(q), H has type GL1(q) 1Sz, and 5 # q > 4; or
(iv) b(G) =2 and (G, H) = (L2(29), 45), (PGL2(11),S4), (Mo, 5:4) or (45, Ss).
In particular, reg(G) = 1 if and only if G is one of the groups in parts (iii) and (iv), or
H is of type Py and G is sharply 3-transitive, or (G, H) € {(Se, S5), (46, As), (S5,54) }.
Finally, in Section 6, we investigate whether primitive groups G of product type
could satisfy reg(G) = 1.
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ORGANISATION. We begin our study of the generalised Saxl graph in Section 2 by
noting several basic observations and probabilistic results. We then consider the above
problems on primitive permutation groups, for four of the five O’Nan—Scott families:
diagonal type groups in Section 3, almost simple groups in Section 4, affine groups
in Section 5, and finally product type groups in Section 6. In Section 7, we briefly
explore an alternative generalisation of the Saxl graph.

2. PRELIMINARIES

2.1. BASIC OBSERVATIONS. Let G < Sym(f2) be a finite permutation group with
base size b(G) and generalised Saxl graph X(G). We begin with some elementary
observations. Note that G is a subgroup of the automorphism group of X(G), and
if G is transitive, then X(G) is G-vertex-transitive.

LEMMA 2.1. Suppose that G is 2-transitive, with b(G) > 2. Then 2(G) is complete.

Proof. Note that ¥(G) is clearly non-empty. The 2-transitivity of G therefore implies
that {a, 8} is an edge for all a, 8 € Q. O

Note also that if b(G) > 2, then X(G) is complete and G-arc-transitive if and only
if G is 2-transitive.

LEMMA 2.2. Suppose that G is transitive with b(G) > 3, and let o € Q. Then 3(G) is
complete if and only if « is the unique isolated vertex of X(G).

Proof. Observe that a subset I' of O~ {a} is a base for H := G, of size b(H) = b(G)—1
if and only if ' U {a} is a base for G of size b(G). Hence the non-isolated vertices of
Y (H) are precisely the neighbours of « in ¥(G). The transitivity of G now yields the
result. 0

A graph is called locally faithful if the stabiliser of any vertex acts faithfully on its
neighbours.

LEMMA 2.3. Suppose that G is transitive with b(G) = 2. Then X(G) is locally faithful.

Proof. Let o € Q, and let N (o) be the set of neighbours of « in 3(G). Then there
exist aw, ..., ayg) such that {a,ag,. .., ab(G)} is a base for G. In particular, each «a;
is adjacent to a in X(G). This implies that

(Ga)(N(a)) < (Ga)ag,‘..,ab(c) = Ga,ag,‘..,ab(c) =1,
and the result follows from the vertex-transitivity of 3(G). O

We now point out elementary relationships between the generalised Saxl graph of
G < Sym(Q?) and its orbital graphs. Recall that the orbitals of G are the orbits of G
on unordered pairs of elements of 2. An orbital of G is diagonal if each of its elements
is of the form («, ) with o € Q, and if G is transitive, then it has a unique diagonal
orbital. For a non-diagonal orbital ', we define the corresponding orbital graph to be
the graph with vertex set Q2 and edge set I'. Note that this is an edge-transitive graph
by definition.

LEMMA 2.4. The graph X(G) is a union of orbital graphs of G.

Proof. Note that if a pair {«, 5} of elements of € is contained in a base for G, then
each pair in the orbital {«, 3}¢ is contained in a base. The result follows. O

By [27], all orbital graphs of G are connected if and only if G is primitive on Q.
Hence we can define the orbital diameter of a primitive group G to be the supremum
of the diameters of its orbital graphs.
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LEMMA 2.5. Suppose that G is primitive. Then 3(G) is connected. Additionally, if
b(G) = 3 and the orbital diameter of G is at most two, then Conjecture 1.2 holds.

Proof. Each connected component of ¥(G) is a block for G, so the primitivity of G
implies that 3(G) is connected. Now, X(G) is a union of orbital graphs by Lemma 2.4,
and since G is primitive, each of its orbital graphs is connected [20, Theorem 3.2A]
(this again shows that ¥(G) is connected). Hence, if the diameter of each orbital
graph is at most 2, then by the transitivity of G, the diameter of X(G) is also at
most 2. Since b(G) > 3, any two adjacent vertices have a common neighbour, and so
Conjecture 1.2 holds in this case. O

REMARK 2.6. We note that Lemma 2.5 does not always hold for imprimitive groups,
as illustrated by the following examples.

(i) Let G = GL(V) acting on non-zero vectors, where V' has dimension at least
two and is defined over a field containing at least three elements. Then b(G) =
dim(V) and X(G) is a complete multipartite graph, with each part being a
1-space. Even though G is imprimitive, it is worth noting that X(G) still
satisfies the property that any two vertices have a common neighbour.

(ii) Let G = PGLy(7) and consider its faithful transitive action on a set Q of size
14. Then G, = Sy and a computation using MAGMA [4] shows that b(G) = 3,
and that X(G) has two connected components. For each positive integer k, the
base size of GF with its product action on QF is also 3, and we see that %(G*)
is a direct product of k copies of ¥(G). In particular, £(G¥) has 2¥ connected
components, and so the number of connected components in a generalised
Saxl graph can be arbitrarily large.

(iii) Let L be the primitive group labelled (27,8) in MAGMA’s Primitive Groups
Library [17], so that L = 3%:(2 x S;). Let W := L Sy be an imprimitive
group of degree 54. With the aid of MAGMA, one can check that W contains
(imprimitive) transitive subgroups G of order 5832 and Gy of order 34992
such that b(G1) = 3, b(G3) = 4 and diam(X(G1)) = diam(X(G3)) = 3. Thus,
the statement of Conjecture 1.2 does not hold if we remove the condition of
primitivity (even for groups with connected generalised Saxl graphs).

2.2. PROBABILISTIC METHODS. Probabilistic methods were first used to bound the
base size of a permutation group by Liebeck and Shalev [39], and such methods
have since had broad application in the area (see e.g. [8, 14]). In this approach, for a
permutation group G < Sym({2) and integer k > 2, one aims to bound the probability

H(ay,...,an) € Q¥ :NGa, # 1}
|2[F

Q(G, k) =

that a random k-tuple of elements from €2 does not form a base for G. If it can be
shown that Q(G, k) < 1, then there must be a base of size k for G.

Burness and Giudici [11, §3.3] observed that for transitive groups with base size 2,
there is a link between Q(G,2) and the valency val(G) of the corresponding Saxl
graph 3(G). We now generalise this connection to transitive groups of arbitrary base
size b(G) = 2.

PROPOSITION 2.7. Let G < Sym(Q2) be a transitive group with k := b(G) = 2. Then

val(G)F1 (val(G))k_l.

- <
ER S T = (T
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Proof. Since G acts transitively, every element of ) is contained in the same number
of bases of size k = b(G). Hence

ceey €N NGy, =1
_ Q(G,k) _ |{(041, ak) - ﬂ i }|
€2
_ e, oyop) € 9571 | Gy = 1}|
|QF—1

with oy € (2 fixed in this final expression. Now, the set of elements of {2 that appear
in a tuple in {(ag,...,ax) € QF 1. ﬂle G, = 1} has size val(G). Therefore,
val(G)F=1 /val(G) ol 0

Q=1 9l '

This allows us to extend [11, Lemma 3.6] as follows.

- Q(Ga k) <

LEMMA 2.8. Let G be a transitive group with k := b(G) > 1, and set
t :=max{m € N: Q(G, k) < 1/m}.

Additionally, let r := max{t,(k — 1)(t — 1)}. If r > 2, then the following properties
hold.

(i) Any r vertices in X(G) have a common neighbour.

(ii) Every edge in X(QG) is contained in a complete subgraph of size r + 1.

(iii) The cliqgue number of X(G) is at least r + 1.

(iv) 3(G) is connected with diameter at most 2.

v)
Proof. We proceed as in the proof of [11, Lemma 3.6]. If Q(G,k) < 1/t, then by
Proposition 2.7, |Q](1 — 1/t)"/* =1 < val(G). Now (1 — 1/t)/(=1) > 1 — Wl(tm
since, for t > 2,

Y(G) is Hamiltonian.

k—1
1 1 1 1
1-—— ) et Dg1- <1--.
( (k—l)(t—l)) ¢ =1 21y t

Hence val(G) > [©|(1 — 1). This implies that, for any r vertices in (G), the neigh-
bourhoods of those vertices have a non-trivial common intersection. That is, those
vertices have a common neighbour. This gives (i), and since r > 2, parts (ii) — (iv) fol-
low directly. Finally, since val(G) > |Q|/2, Dirac’s Theorem [19, Theorem 3] directly
yields (v). O

A direct application of Proposition 2.7 and Lemma 2.8 yield the following.

COROLLARY 2.9. Let G be a transitive group with b(G) > 2. If we have that
Q(G, (@) < 1 —27%UE* then val(@Q)/|Q| > 1/2. In particular, every pair of
vertices in X(G) has a common neighbour.

Now, the probability that a random element in €2 is fixed by x € G is given by the
fixed point ratio
[fix(z, Q)|

Q]
where fix(z, ) denotes the set of points fixed by z. In particular, if G is transitive,
then

fpr(z, Q) =

|z N H|

fpr(z, Q) = g

where H is a point stabiliser of G. A powerful probabilistic approach to study b(G)
and X(@G), originally introduced by Liebeck and Shalev [39], is to use fixed point ratios
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to bound Q(G, k) from above. Note that if {a1,...,ar} C 2 is not a base for G, then
there exists x € G, ,....a, Of prime order. Therefore, if G is transitive, then

Q(G, k) < Z 26| - fpr(z, Q)F = Z |z N H|*

T G
2ER(G) 2ER(G)

where R(G) is a set of representatives for the G-conjugacy classes of elements in H
which have prime order. In particular, if Q(G,b(G)) < 1/t for some integer t > 2,
then each property listed in Lemma 2.8 holds for ¥(G).

3. DIAGONAL TYPE GROUPS

In this section we consider primitive groups of diagonal type. We first recall their
construction and list some preliminary results that we will use later. We then consider
completeness and arc-transitivity of the generalised Saxl graphs of these groups.

Here we follow the notation in [22]. Let k£ > 2 be an integer and let T be a non-
abelian simple group. Then

X ={(t,...,t):teT}

is a core-free subgroup of 7%, and defining 2 := [T* : X], we see that 7% is a
transitive subgroup of Sym(Q) (via the usual action on right cosets). Let W (k,T) :=
Nsym(g)(Tk), noting that

W(k,T) = T*.(Out(T) x S)
has socle T%. A group G < Sym(Q) is of diagonal type if
™" QG <W(k,T).

Note that G induces a subgroup Pg of Sy on the set of factors of 7% by the conjugation
action. More precisely,

Pe={meS;:(a,...,ar)m € G for some ay,...,a; € Aut(T)}.
The group Pg is called the top group of G, and naturally we have
" 9 G < T*.(Out(T) x Pg).

Throughout the rest of this section, we will assume that G < Sym(€2) is a diagonal
type group. Additionally, if G is clear from the context, we shall write P := Pg and
W = T*.(Out(T) x P). Observe also that

D :={(a,...,a)m:a € Aut(T),r € P}
is a point stabiliser of W (note that W < Aut(T)1Sk). Thus, we make the identification
Q=[W:D]={D(pty,...,pt,) i t1,...,tx € T},

where ¢; € Inn(T) denotes the inner automorphism of 7' such that x¥* = t~!at for
all x € T. Moreover, the action of G on (2 is given by

D(<pt1, e thk)(al Q)T D((’Dtlﬂ—l Qa=1,. 3Pt Ozkﬂf1),

kT

and so the stabiliser of D € Q in W is D itself. Note that a l¢ia = @ for all t € T
and o € Aut(T'), which implies that

D(Sotl’ ctt Sotk)(a’m’a)ﬂ— = D(Sot;xﬂ'71 yctty (pt:ﬂ’*I )

for any element (a,...,a) € D.
Moreover, G is primitive if and only if either P is primitive on [k] := {1,2,...,k},
ork=2and P=1.
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The precise base sizes of primitive groups of diagonal type have been computed
in [29, Theorem 3] as follows, extending an earlier result of Fawcett [22].

THEOREM 3.1 ([29, Theorem 3]). Let G be a diagonal type primitive group with socle
Tk and top group P < Sj.
(1) IfP ¢ {Ak,Sk}, then b(G) =2.
(ii) If k = 2, then b(G) € {3,4}, with b(G) =4 if and only if T € {45, Ag} and
G =T2.(0ut(T) x Ss).
(iii) If k > 3, P € {Ay, Sk} and |[T|""! < k < |T|* with £ > 1, then b(G) €
{€+1,£+2}. Moreover, b(G) = £+2 if and only if one of the following holds:
(a) k= I[T].
(b) ke {|T|—2,|T|" —1,|T|*} and Sy, < G.
(c) k=1|T|> -2, T € {As, A} and G = T*.(Out(T) x Sy).

We will also need the following lemma from [29] for our later analysis.

LEMMA 3.2 (29, Corollary 2.6]). Let G be a diagonal type primitive group with socle
T* and top group P < Sy. If P € {Ay, S} and k > |T| — 3, then G contains Ay,.

For any x := (¢4, ..., ¢, ) € Inn(T)¥, there is an associated partition
P ={Pr:teT}

of [k] such that j € Py if t; = ¢, noting that some parts of P* might be empty. The
following lemma involves elements (q, ..., a)m € Gp < D that also lie in other point
stabilisers.

LEMMA 3.3. Let X = (¢4,,---,¢1,) € Inn(T)* so that Dx € Q, and, and above, let
P* = {P¥:t €T} be the associated partition of [k]. Suppose also (a,...,a)T € Gpx.
Then the following properties hold.

(i) T e P{px}.

(i) Suppose that 0 < |PY| # [P¥| for allt € T\ {1}. Then t§ =t~ for all j.

(iii) Under the same assumption as (i), o lies in the setwise stabiliser of
{g: 1Pyl =IPE[}
foranyteT.

Proof. Parts (i) and (ii) follow from [29, Lemma 2.2]. For part (iii), note that for any
t € T, we have |PF| = |PX| by applying (ii). O

LEMMA 34. Let m1 = (J1,..-,Jm) € Sk be an m-cycle with m < k, and let x =
(1101, ) € In(T)* such that t;,,...,t; are not all equal. Then ™ ¢ Gp NG px.

Proof. Suppose for a contradiction that m € Gp N Gpx. Then there exists g € T such
that ¢; = gt;= for all j € [k]. Since m < k, there exists jo € [k] \ {j1,...,Jm}, 5O
by taking j = jo we see that g = 1. However, this yields ¢;, = --- = ¢, , which is
incompatible with our assumption. O

In the remainder of this section, we shall determine in various cases whether or
not G is semi-Frobenius, and then prove Theorem 1.7 by determining precisely when
Y(G) is G-arc-transitive. We also note from Lemma 2.5 that all primitive groups of
diagonal type with orbital diameter two satisfy Conjecture 1.2. These groups were
classified in [43].
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3.1. SEMI-FROBENIUS GROUPS. We begin with the case where k > 3. The cases that
we need to consider are the ones where b(G) > 3, which are listed in Theorem 3.1(iii).
We start with a result that characterises a family of semi-Frobenius groups.

PROPOSITION 3.5. Suppose that k > 3, P € {Ay, S}, |T|*"t < k < |T|* for some
£>21, and b(G) =L+ 2. Then G is semi-Frobenius.

Proof. Since b(G) = £ + 2, we see that G is one of the groups listed in cases (iii)(a)—
(c) of Theorem 3.1. Let x € Inn(T)* so that Dx € Q ~ {D}. We need to show that
{D, Dx} can be extended to a base for G of size £ + 2. By Lemma 3.4, there exists
(4,7') € Sk such that (4, j') ¢ GpNG px. Hence, without loss of generality, it suffices to
finday,...,a, € Inn(T)* such that the pointwise stabiliser of A := {D, Day, ..., Da,}
in T%.(Out(T') x Sy) is generated by a transposition in Sy,. Write a; = (¢4, ,, ..., @1, ,)-

First assume that k € {|T| — 2,|T| — 1} and S}, < G, so that b(G) = 3 by Theo-
rem 3.1. Note that [29, Corollary 5] implies that there exists a subset S C T~ {1}
such that |S| = k — 2 and the setwise stabiliser of S in Aut(T) is trivial. Let
{t13,...,t1ix} = S and t11 = t12 = 1. By Lemma 3.3(iii), if (o,..., )7 € Gpa,
then S* = S and so a = 1, which yields Gp N Gpa, < {((1,2)). Thus, G is semi-
Frobenius as noted above.

Next, assume that k € {|T|°—1,|T|*} with £ > 2 and S}, < G, or that k = |T'|2 -2,
T € {As,Ag} and G = T*.(Out(T) x Si). In the proof of Lemma 5.10 in [29], we
see that there exists an (¢ + 1)-subset of Q containing D whose pointwise stabiliser in
T*.(Out(T) x S) is generated by a transposition in Sk, and so G is semi-Frobenius
by arguing as above.

By Theorem 3.1, it remains to assume that & = |T| and b(G) = 3. Write x =
(Qays---s 9z, ). We consider the following two cases in turn and show that {D, Dx}
can be extended to a base for G of size 3 in each case.

Case 1. There are at least three distinct entries in X.

Without loss of generality, we may assume that x1,zso, x5 are distinct. In view of
Lemma 3.4, it suffices to find a = (¢4,,...,¢s,) € Inn(T)* such that Gp N Gpa <
((1,2,3),(1,2)). Once again, [29, Corollary 5] implies that there exists a subset S C
T ~ {1} of size |T| — 3 with trivial setwise stabiliser in Aut(7T'). Let {t4,...,tx} =S
and let ¢; = t3 = t3 = 1. Suppose (@, ...,a)m € Gpa. Then by Lemma 3.3(iii) we
have S¢ = S, which forces oo = 1. Thus, Gp N Gpa < ((1,2,3),(1,2)) as desired.

Case 2. There are exactly two distinct entries in x.

We may assume that x = (1,...,1, ¢4, ..., ;) for some non-trivial € T, with 1
appearing exactly m times for some m < |T|/2. By the main theorem of [26], there
exists y € T such that (z,y) = T. Define a = (¢4, ..., ¢, ) € Inn(T)* such that the
following conditions hold:

(a) tm =tme1 = 1;
(b) {tla cee atk} ~ {tﬂ%tm-l—l} =T~ {la y}v and
(c) if m = |T|/2, then some Aut(T)-conjugacy class C' is equal to {t1,...,t|c|}
(note that |C] < m).
Note that since k = |T'|, each element of 7'\ {1, y} is equal to t; for exactly one j.
By Lemma 3.3(iii), if (o, ..., )7 € Gpa, then a € Cauyr)(y)-
Suppose now that (a,...,a)r also lies in Gpx. We claim that o € Cpye(ry(). If

m < |T|/2, then this is immediate from Lemma 3.3(iii). Otherwise, the same lemma
yields t§ = t;= for all j € [k] and

{1,....m}"={1,...,m}or {m+1,...,k}.
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If the latter holds, then for each j < m, there exists j* > m + 1 such that 157 = tj,
contradicting condition (c). Hence, {1,...,m} is fixed by m, and x§ = x;~ for all
Jj € [k]. This implies that a € Caye(r) (), as claimed.

It now follows that a € Cauyr)((2, %)) = Caue(r)(T) = 1. Moreover, if z; = .,
then t; # t;/, and therefore 7 = 1. Thus {D, Dx, Da} is a base for G. O

The following two results are partial converses to Proposition 3.5.

PROPOSITION 3.6. Suppose that P € {Ag, Sk}, |T|*"1 +3 <k < |T|* for some £ > 1
and b(G) =L+ 1. Then G is not semi-Frobenius.

Proof. If £ = 1, then b(G) = 2, so G is clearly not semi-Frobenius. Thus, we may
assume that ¢ > 2. Then T%: A, < G by Lemma 3.2. Let x := (1,...,1,¢,) € Inn(T)*
for some x € T~ {1}. It suffices to show that A := {D, Dx, Day,...,Da,_1} is not
a base for any choices of a; := (¢4, ,, ..., ¢, ) € Inn(T)".

For each j € [k],let c; := (t1,...,ti—1,) € T*"1. Note that k—1 > |T|*~'+2. This
implies that either there exist jq, j2, js € [k—1] such that ¢;, = ¢;, = c;,, or there exist
distinct ji, j2 € [k — 1] and distinct ji, j; € [k — 1] such that ¢;, = ¢;, # ¢ =cj;. In
the former case, (j1,j2,73) € G(a), while (j1,52)(j1,73) € G(a) in the latter case. [

In the following lemma, we assume that S; < G. As we mentioned in Section 1,
this implies that P = Sk, but the reverse implication does not hold.

LEMMA 3.7. Suppose that Sy, < G and k € {|T|*"1 + 1,|T|*~! + 2} for some £ > 2
Then G is not semi-Frobenius.

Proof. Note that b(G) = £+ 1 by Theorem 3.1. Let x := (1,...,1,¢,) € Inn(T)* for
some z € T~ {1}. Again, it suffices to show that A := {D, Dx, Day,...,Day_1} is
not a base for any choices of a; := (¢, ,,...,¢¢,,) € Inn(T)*, and without loss of
generality, we may assume that t;, = 1 for all i. Let ¢; := (t1j,...,t—1;) € 71
for each j € [k].

It is easy to see that if k = |T|*~! 4+ 2, then there exist distinct 7,5’ € [k — 1] such
that ¢; = c;. Thus (4, j') € G(a), and A is not a base for G.

To complete the proof, we assume that k = |T|~! + 1. Arguing as above, we may
also assume that ci,...,cp_1 are all distinct, otherwise there is a transposition in

G(a)- In particular, for each j € [k — 1], we have cfl = ¢,, (acting componentwise)
for some 1 < m < k — 1, and clearly ¢;* = ¢ as ¢ = (1,...,1) by our assumption

above. Thus ¢, induces a permutation w € Sy, where
JT=mif ¢t = cp.

That is, t75 = t; j= for each i € {1,...,£ —1} and j € [k]. Now

Dal(%’ )T =D(pt; 15 ,%i,k)(%,m,wm)w
D(gotw R e )"
= D(ipy, arre e e )T
=D(t, 15, 01,,) = Da;.
Therefore, (¢z, ..., 9s)™ € G(a), which concludes the proof. O

Now let us turn to the groups with k = 2.
PROPOSITION 3.8. Suppose that k =2 and P = 1. Then G is semi-Frobenius.

Proof. By Theorem 3.1, b(G) = 3. Let « € T ~ {1}. By [26], there exists y € T
such that (z,y) = T. Let A := {D, D(1,¢,), D(1,¢,)} and suppose that g € G(a).
Then g = («, «) for some o € Aut(T) as P = 1. It follows that z® = z and y* =y,
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and since (z,y) = T, we obtain a = 1. Therefore, A is a base for G and so G is
semi-Frobenius. O

LEMMA 3.9. Let O < Out(T), K := Inn(T).0, and x,y € T. Suppose also that
G =T?(0 % S3). Then {D,D(1,¢,),D(1,¢,)} is a base for G if and only if:

(a) Cx(z)NCk(y) =1; and

(b) there is no a € K such that x® =2~ % and y® =y~ 1.
Proof. Let A :={D,D(1, ), D(1,¢,)}. If (a) fails to hold, then it is easy to see that
(a,a) € G(a) for some a € K ~ {1}, and so A is not a base for G. Similarly, if (b)
fails to hold, then (a, ®)(1,2) € G(a) for a € K such that z* =z~ ! and y* =y~ 1.

Conversely, assume that both (a) and (b) hold, and suppose that (a,a)m € G(a),

so that a € K. If 7 = (1,2) then

D(1,¢,) = D(1,0,) @02 = D(1, 00 )M = D(ppa, 1) = D(1,p(ze) 1),

so that 2@ = z~!, and similarly y® = y~!. However, this is incompatible with (b),
and so m = 1. It follows that

D(1,¢.) = D(1,0,)(** = D(1, oge),
and thus o € Ck(x). Similarly, & € Ck(y) and hence @ = 1 by condition (a). This
shows that A is a base for G. O

As an immediate corollary, we deduce part of [40, Lemma 3.5], which is also
recorded as [29, Lemma 5.1].

COROLLARY 3.10. Suppose that G = T?.(Out(T) x S3), and let x,y € T. Then the set
{D,D(1,¢:),D(1,¢y)} is a base for G if and only if:
(a) Cau(r)(x) N Cauy(ry(y) = 1; and
(b) there is no o € Aut(T) such that x* = 2~ and y* =y~ 1.
LEMMA 3.11. Let O < Out(T). Suppose that P = Sy and T € {As, Ag}. Then G is
not semi-Frobenius if and only if G = T?.(O x S3) with
(717 IDI’I(T)O) S {(Ag,, A5), (A6, SG), (A6, PGL2 (9))}

Proof. This can be obtained with the aid of MAGMA, noting that one can use
Lemma 3.9 to show that the three groups specified above are not semi-Frobenius. [

From now on we assume that T ¢ {As, Ag}, so that b(G) = 3 by Theorem 3.1.
Then Corollary 3.10 implies that T2.(Out(T) x S3) is semi-Frobenius if and only if
for each non-identity element x € T,

(%)  there exists y € T such that Conditions (a) and (b) of Corollary 3.10 hold.

LEMMA 3.12. Suppose that T ¢ {As, Ag}. Then T?.(Out(T) x So) is semi-Frobenius
if and only if (x) holds for all x € T of prime order.

Proof. Let m be an integer, and let t € T and a € Aut(T). Since Caue(r)(t) <
Cau(r)(t™) and (t™)* = (t*)™, the result follows. O

LEMMA 3.13. Suppose that T contains an element y that is not Aut(T)-conjugate to
y~ L, with |Caye(r)(y)| prime. Then T?.(Out(T) x S3) is semi-Frobenius.

Proof. Note that T' ¢ {As, Ag}. Additionally, Caue(ry(y) = (y) is of prime order, and
50 Caut(1) (¥)NCaus(ry(x) = 1forallz € T\(y). Thus (x) holds for allz € T~ {1}. O

PROPOSITION 3.14. Suppose that k = 2, and that T is a sporadic simple group. Then
G is semi-Frobenius.
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Proof. First note that b(G) = 3 by Theorem 3.1, and so it suffices to consider the
case where G = T2.(Out(T) x S3). We divide the proof into four cases.

Case 1. T € {Mja,May, HS, J, J2, J3, McL, Suz, Ru, HN, He, Fig,, Fiy,, O’'N}.

Computations in MAGMA (involving sequential or random searches) show that for
each conjugacy class representative x € T of prime order, there exists an element
y € T such that (z,y) = T and Nauer)((7)) N Nawg(r)((y)) = 1. This first property
implies that Caugr)(z) N Caue(r)(¥) = Caue(ry(T) = 1, so that Condition (a) of
Corollary 3.10 holds, while the second property implies Condition (b) of that corollary.
Thus Lemma 3.12 yields the result.

Case 2. T € {Mlla Mos, Moy, COl, COQ, CO?,7 Fiag, Th7 B, M}

We observe from the ATLAS [16] that Aut(7') = T has an element x that is not
conjugate to x =1, with |Cr(z)| prime. Now apply Lemma 3.13.

Case 8. T € {Ly,J4}.

The ATLAS again yields T' = Aut(T), as well as the information that follows related
to conjugacy and centraliser orders in T. Let k := 33 if T = Ly, and k := 35 if
T = Js. Then T has a unique conjugacy class of cyclic subgroups of order k, and
letting a be a generator for such a subgroup, Cr(a) = (a), and a and a~! lie in
distinct T-conjugacy classes. Using the (primarily) computational methods described
in the following two paragraphs, we show that for each x € T of prime order, there
exists a T-conjugate a’ of a such that the commutator [a’, x] is not equal to 1, so
that 1 = C(yy(x) = Cr(x) N Cr(a’). Thus (x) holds for x with y = a’, and the result
follows from Lemma 3.12.

If T = Ly, then we construct T as a permutation group in GAP [24] using the
AtlasGroup function from the AtlasRep [49] package, and subsequently verify that
the required commutator property holds (up to conjugacy of elements).

If instead T = J4, then we construct T as a subgroup of GLj12(2), using MAGMA’s
database of ATLAS groups. If |z| ¢ {2,11}, then T has a unique conjugacy class of
cyclic subgroups of order |z|, and so we can obtain a generator for a conjugate of (x) by
generating a random element of order |z|. If instead |z| = 2, then either x is conjugate
to y* for each y € T of order 8, or z is conjugate to y'* for each y € T of order 28.
Thus we can construct a conjugate of x by randomly generating an appropriate y.
In all of these cases, we verify the specified commutator property computationally.
Finally, if || = 11, then |a| and |Cr(z)| are coprime, and hence [a, x] # 1. O

PROPOSITION 3.15. Suppose that k = 2 and T = A, for somen > 7. Then G is
semi-Frobenius.

Proof. The cases where n € {7,8,9} can be handled using MAGMA, so we will suppose
that n > 10. Note that b(G) = 3 by Theorem 3.1, and so we may assume that
G = T?.(0Out(T) x So). We will appeal to Lemma 3.12 and prove the result by showing
that (x) holds for all elements = € T of prime order. Conjugating by an element of
Sy, if necessary, we may assume that

(1) z=(1,2,....p)p+1L,p+2,....2p)---((s—Dp+1,(s—Dp+2,...,sp)

for some prime p and some positive integer s, so that the integers from 1 to sp appear
in consecutive order.

Let m := n if n is odd and m := n—1 if n is even. Suppose first that z = (1,2)(3,4).
We claim that (%) holds with y = (1,4, 3,5,2,6,7,...,m) (so that all integers from 6
to m appear in consecutive order). To see this, first note that Cs, (y) = (y), and that
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the elements of S, inverting y by conjugation are precisely the elements of the right
coset (y)o, where

a:Mmm&m—n@m—m@m—a@m—@mm—mm(m;{m;%.
It is easy to check that if g € S,, \ {1} satisfies 9 € {y,y~ '} and 19 < 4, then 29 > 4
or 49 > 4, and thus 29 # x = 2~ L.

To complete the proof, suppose that = # (1,2)(3,4). We claim that (x) holds
with y = (1,3,4,2,5,6,...,m). By the definition of z in (1),  cannot lie in (y). In
what follows, we write ordered pairs using square brackets to avoid confusion with
permutations.

First, we will show that Cs, (z) N Cg, (y) = 1. Note that Cg, (y) = (y), so for each
non-identity g € Cg, (y), either

[19729} € {[277]3 [335]7 [476}7 [m - 27 1]’ [m - 173]a [m74]}a

or 19 € {5,...,m — 3} and 29 = 19 + 3. Additionally, 39 = m — 1 if 19 = m — 2.
On the other hand, we see from (1) that each h € Cg, (x) maps 1 and 2 to points in
a common p-cycle of z, and 2" = 1" + 1, interpreted within that cycle. Moreover, if
[17,2"] = [m — 2,1] then (1,...,m — 2) is a p-cycle of z and 3" = 2. It follows that
Csn (1‘) N Csn (y) =1.

Finally, we will show that no element of S,, inverts both = and y via conjugation.
To see this, first observe that the elements of .S,, inverting y are precisely the elements
of (y)r, where

T:@mﬂ&m—D@m—ﬂ@m—@@m—Mm(m+1m+ﬁ.

2 7 2
Assume that g lies in this coset. Then either
[19,29] € {[1,m — 2],[2,1],[3,m — 1], [4,m], [5, 3], 6, 4], [7,2]},

or 19 € {8,...,m} and 29 = 19 — 3. Furthermore, if g fixes 1, then 39 = m, and if
[19,29] = [2,1], then [39,59,69] = [4,m,m — 1]. Now let h be an element of S,, that
inverts . Then h maps 1 and 2 to points in a common p-cycle of z, and 2" = 1" — 1,
interpreted within that cycle. In addition, 3" = m — 3 if [1? 2"] = [1,m — 2], and
if [17 2"] = [2,1], then either p = 2 or 3" = p. Thus, if h also inverts y, then
[17, 20 30 5h 6" = [2,1,4,m,m — 1], and the fact that p is prime yields p = 2.
Our assumption that = # (1,2)(3,4) now gives sp > 6, and [5",6"] = [m,m — 1]
implies that (m — 1,m) is a cycle of z, so that m must be even. However, m is odd,
a contradiction. Hence the result follows. g

Theorem 1.5 follows from Propositions 3.5, 3.6, 3.8, 3.14 and 3.15. We also present
an infinite family of non-semi-Frobenius diagonal type primitive groups with k& = 2.

PROPOSITION 3.16. Suppose that G = T?.(Out(T) x Ss), where T = La(q) for some
q = 11. Then G is not semi-Frobenius.

Proof. Let x € T be an element of order (¢+1)/(2,qg—1). We claim that (x) does not
hold, which implies the desired result. Letting R := PGL3(q), we note that Cr(x) =
(z), Cr(z) = Cyq1, and Nr({z)) = Dy(441) is a maximal subgroup of R. In particular,
each element of Ng({x)) either centralises or inverts x.

Write ¢ = p/ with p prime, and let y € T. Then either |y| = p, or y lies in a cyclic
subgroup of T of order (¢ —1)/(2,g—1) or (¢+1)/(2,q—1). We shall divide the rest
of the proof into four cases, which together account for all possible choices for y; in
each case, we will show that y does not satisfy (x).
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Case 1. ly| = 2.

The normaliser N ((z)) is the unique maximal subgroup of T' containing x. Thus
if y ¢ Np((z)), then (z,y) = T. It follows (see [47, Theorem 3] and [36, p. 582]) that
there exists a € Aut(T) such that (z,y)* = (z~1,y~1). If instead y € Nr((z)) \ (),
then (z,y)Y = (z71,y71), and if y € (z), then y € Caut(r) () N Caue(ry (y). Hence y
does not satisfy ().

Case 2. p is odd and |y| = p.

Let H be the unique maximal subgroup of R of type P; that contains y. Then
H= CIJ::C’q_l, and each involution of H inverts y. Since (¢ — 1,¢ + 1) = 2 and any
subgroup of H of order 4 is cyclic, we see that J := H N Ng({z)) has order at most
2. In fact, |H| - |Ng({x))| > |R|, which implies that |J| = 2. Let « be the unique
involution of J. Now, « is contained in a cyclic subgroup of H of order ¢ — 1. Hence if
« centralises z, then « lies in a proper subgroup of R of order divisible by both ¢ — 1
and g + 1. However, no such subgroup exists, and so (x,y)* = (z=1,y71).

Case 3. |y| # 2 and |y| divides (¢+1)/(2,q — 1).

Here, y is contained in a cyclic subgroup of T of order (¢ + 1)/(2,q — 1). Since all
such subgroups of T are conjugate, we obtain that y € (x9) for some g € T It is also
clear that the maximal subgroup Ng((x9)) = Dy(g41) of R is equal to Nr((y)). If
y € (x), then clearly Caue(r) () N Caue(r)(y) # 1, so we shall assume that y ¢ (z). By
inspecting [21, Table 2|, we see that N := Ng({z)) N Nr({y)) # 1. As () N (29) =1,
it follows that there exists o € N such that (z,y)® = (71,97 1).

Case 4. |y| # 2 and |y| divides (g —1)/(2,q—1).

We shall identify elements of R with corresponding matrices in GLa(q). In this case,
y lies in a cyclic subgroup of T of order (¢ — 1)/(2,q — 1), and so (conjugating = and
y by a common element of 7" if necessary) we may assume without loss of generality
that y is a diagonal matrix. Suppose that

ab
T = (c d) for a,b,c,d € Fy,

noting that b, ¢ # 0 since |z| = (¢ +1)/(2,q — 1). Then the matrix

0 1
—cb™1 0

inverts each of z and y, and so (%) does not hold. O

REMARK 3.17. Suppose that G = T2.(Out(T) x Sz) with T ¢ {As, A} (so that
b(G) = 3), and let

N:={teT:D(1,¢;) is a neighbour of D in £(G)}.
Then 3(G) has diameter at most 2 (equivalently, G satisfies Conjecture 1.2) if and
only if N2 = T (that is, any ¢ € T can be written as t = 2,15 for some x; € N). To
observe this, note that for g = (1,27!) € T? < G,
(D(l, @x)v D(la Soy))g = (Dv D(L @yz*l))'

In particular, (D(1,y:), D(1,¢,)) is an arc in ¥(G) if and only if (D, D(1, ¢,,-1)) is.
Hence (D, D(1, ¢g,), D(1, ¥,2,)) is a 2-arc from D to D(1, ), so diam(3(G)) < 2.
The converse also holds by a similar argument. As an example, in the case of T = Ly(q)
with ¢ = 7 or ¢ > 11, the elements of T of order (¢—1)/(2,¢—1) lie in N (as noted in
the proof of [29, Proposition 5.3]). By [2, pp. 240-241], for the conjugacy class C' of
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an element of order (¢ —1)/(2,q — 1), we have C? = T, and so it follows that N> =T
and diam(X(G)) < 2.

3.2. ARC-TRANSITIVITY. In this subsection, we will prove Theorem 1.7, which classi-
fies the diagonal type primitive groups G such that ¥(G) is G-arc-transitive. We first
record [29, Theorem 2|, which deals with the case b(G) = 2, noting that in this case
reg(G) = 1 if and only if X(G) is G-arc-transitive.

THEOREM 3.18. [29, Theorem 2| Suppose that b(G) = 2. Then ¥(G) is G-arc-transitive
if and only if T = As, k € {3,57} and G = T*.(Out(T) x Sy).

Recall that for x = (¢4,,...,¢1,) € Inn(T)*, the partition P* = {P¥ : t € T}
of [k] is defined so that j € PX if t; =t¢.

LEMMA 3.19. Let x,y € Inn(T)* be such that Dx and Dy lie in a common G p-orbit.
Then there exist g € T and o € Aut(T') such that for each integer m,

git : [Prl=m}* = {t: [P]| = m}.
Proof. Write X = (0g,,...,¢z,) and y = (@y,,--., ¢y, ), and let a € Aut(T) and
7 € Sj, be such that Dx(®»®7™ = Dy. Then
D((Pl’f‘uvgoZZ) = D(Soy17r7~~~7§0yk7r)~

It follows that there exists g € T such that gz = y;= for all j € [k], and that
(Px)™ =Py .. In particular, [P} | = [P} .| = |P),«|, and thus
{gt™ : [PF| =m} = {t: [P| =m}
as desired. O
We first consider the case where k = 2. The following result is a stronger version
of [29, Corollary 5.4]. Here, we write L} (¢) := L,,(¢) and L;, (¢) := U, (q).
LEMMA 3.20. Let O < Out(T) and K := Inn(T).0, with O # Out(T) if T € {As, As}.
Then there exists a pair (x,y) of elements of T such that:
(a) [z] # lyl;
(b) Cx(x)NCk(y) =1; and
(c) there is no o € K such that z® = 27! and y* =y~ L.
Proof. First assume that T is not isomorphic to La(q) or L§(q) for ¢ € {4+, —}. One
can handle the case T' = A7 with the aid of MAGMA. If T' # Az, then [36, Theorem 1.1]
implies that there exists a generating pair (x,y) for T with |z| = 2, such that there
is no o € Aut(T) with (z,y)® = (271, y~1). As T is not dihedral, |y| # |z|.
Next, assume that T' = Ly(q) for ¢ > 5, with ¢ = p/ for some prime p. If ¢ € {5, 9},
then T € {45, Ag}, and one can show that the result holds using MAGMA (noting

that O < Out(7T') by our assumption). Now assume that ¢ ¢ {5,9}, and let A be a
primitive element of F;*. Additionally, let = € T' be the image of

N A0
T = (O )\_1> € SLa(q),

7= (p4) estat)

for some o € F*. Then |z| = (¢—1)/(2,¢—1) and |y| = p. We claim that conditions (b)
and (c) hold. To see this, first note that Crr,4)(Z) = Car,(q)(Z), and thus

and let y € T be the image of

Cpri,(q) () = OpaLy(q) () = Cy1.
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Moreover, Cpgr,(q) (y) = CI{, and so

Caut() (%) N Cau(r) (¥) = Cpar,y(g) () N Crar,g)(y) =1,

which gives (b). Observe next that 79 = 2!, where

It follows that if h € T'La(q) and 2" =
CGLz(q) (ZL’\)g Thus

for some a,b € F; . However,

~h 1 0 ]-_/14 _ 1
y _<a_1b,u1>7£<0 1))=Y

Condition (c¢) now follows, and the proof is complete for T' = La(q).

It remains to consider the case T' = L5(q), with ¢ € {4+, —} and ¢ > 3. It suffices
to find z,y € T of distinct orders such that Nayuecry((x)) N Naw(r)((y)) = 1. For
q < 32, it is routine to find these elements by random search with the aid of MAGMA.
Thus, we may assume that ¢ > 32. Let H; be a maximal subgroup of Aut(T) of type
GLi(¢?), so that Hy = Naus(ry((x)) for some x € T with |z = (> +eq+1)/(3,q—¢).
In addition, let y be an element of T" with a preimage

7= (") estst.

for some A € GLy(q) of order g2 —1, with ¢ chosen so that det(7) = 1. Then |j| = ¢>—1
and |y| = (¢ —1)/(3,¢ —€). Let Hy := Nau(r)((y)). By [31, Satz I1.7.3(a)], we have
HyN'T = (y).2. It suffices to show that HY N Hy = 1 for some g € Aut(T), or
equivalently, that Aut(T") has a regular orbit on I'y x I's, where I'; := [Aut(T') : H;].
Recall that

‘ZAut(T) ) Hi‘

is the fixed point ratio of z € Aut(T) on T';. Letting R(Aut(T')) be a set of represen-
tatives of the Aut(T')-conjugacy classes of elements of prime order in Hy, arguing as
in Section 2.2 shows that Aut(T") has a regular orbit on I'y x Iy if

m: = Z |zAut(T)| fpr(z,Ty) - fpr(z, Ta)
zER(Aut(T))
(2) |ZAut(T) N H1| . ‘ZAut(T) N HQ‘

- Z | Aut(D)|

z€R(Aut(T))

fpr(z,T;) =

<1.

Adapting the method used to prove [9, Lemma 6.4], let 2 € H; be an element
of prime order r. First assume that z is unipotent or semisimple, and we apply the
bound given in the proof of [9, Lemma 6.4], which is

1
2 2¢* (@ - 1)(¢* —g+1) = e

We note that |H;NPGL5(q)| < 3(¢*+¢+1) =: a1 and |[HoNPGL;(q)| < 6(¢>—1) =: by.
Now assume that z is a field automorphism with » odd. Here » > 5 as noted in the
proof of [9, Lemma 6.4], so we have

c PGLS 1
|ZAut(T)| > ‘ZPGL3(q)| | (9] 7q32/5 _

- [PGL3(¢/7)] ~ 2

L Co,
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and there are at most 3(q%> + ¢ + 1)logy ¢ =: az and 6(¢*> — 1)log, ¢ =: by of these
elements in H; and H,, respectively.

Assume next that z is an involutory graph automorphism. Then |CPGL§(q)(z)| =
ISPy (q)| and so |zA"(T)| > ¢2(¢® — 1) =: c3. Moreover, z inverts the normal subgroup
Clg24eq+1)/(3,q—e) Of H1 and the normal subgroup C(g2_1)/(3,4—c) of Hz. This implies
that both Cig24cq41)/(3,q—e)-(2) and Cig2_1)/(3,g—c)-(2) are dihedral, so H; contains
at most a3 := ¢ + ¢ + 1 involutory graph automorphisms, and H; contains at most
b3 := ¢> — 1 involutory graph automorphisms.

It remains to consider the case where ¢ = 4 and z is an involutory field or graph-
field automorphism. Here,

[PGLs(q)|
[PGUs(q'/?)|
and (as noted in the proof of [9, Lemma 6.4]) there are fewer than ay := 2(q+¢"/?+1)
of these elements in H;. We also set by := 12(¢*> — 1) > |(Ha N PGL5(q))-(2)]-

Finally, we conclude that the number m defined in (2) is less than Z?Zl aibi/c;,

which is less than 1 if ¢ > 32. As noted above, this implies that there is some g € G
with Nawe(r)({29)) N Nauecr)((y)) = 1, which completes the proof. O

|ZAut(T)| > ‘ZPGL;;((])| > — q3/2(q+ 1)((]3/2 _ 1) =: ¢y,

PROPOSITION 3.21. Suppose that k = 2. Then X(QG) is not G-arc-transitive, and hence
reg(G) > 2.

Proof. If P = 1, or if T € {45, A6} and G = T?.(Out(T) x S3), then G is semi-
Frobenius by Proposition 3.8 and Lemma 3.11. However, G is not 2-transitive, and
so 3(@G) is not G-arc-transitive. In each other case, Theorem 3.1 gives b(G) = 3, and
all hypotheses in the statement of Lemma 3.20 hold. Let z and y be the elements
described in that lemma. Then Corollary 3.10 shows that {D,D(1,¢.), D(1,¢,)}
is a base for G, and so D(1,¢,) and D(1,¢,) are adjacent to D in 3(G). On the
other hand, since |z| ¢ {1, |y|}, Lemma 3.19 implies that D(1, ¢,) and D(1, ¢,) lie in
distinct G p-orbits. Therefore, 3(G) is not G-arc-transitive. O

Recall that the holomorph Hol(T) = T': Aut(T') of T has a faithful, primitive action
on T. In fact, Hol(T) = T?.0ut(T) is a diagonal type group with trivial top group.
Each element of Hol(T') can be written uniquely as go, where g € T acts on T by left
translation and « € Aut(7") acts naturally on 7. More precisely,

tjq\a _ (gflt)a _ (gfl)atoc
for every t € T. For a subset S C T, we write Hol(T', S) for the setwise stabiliser of S
in Hol(T'), noting that Hol(7,.S) = 1 if and only if S lies in a regular Hol(T")-orbit.

LEMMA 3.22. Suppose that P € {Ay, S}, and that |T|*~! < k < |T|* — 3 for some
¢ > 2. Then there exists x € Inn(T)* such that the partition P* = {PX :t € T} of [k]
satisfies the following properties.

(P1) |Py| < |T|*" for allt € T.
(P2) |P¥| # 0 and Hol(T, S) = 1, where
S=A{teT: [P =[P}
(P3) There exists t € T~ {1} such that |P¥| € {1,|T|*~! —1}.
(P4) If k # |T|* — 3, then there exist t1,ts € T\ S with |P¥| # |PX|.

(P5) If k = |T|* — 3, then |S| = |T'| — 3, |P¥| = |T|*"! for allt € S, and |P¥| =
IT|*"Y —1 forallt e T\ S.

Moreover, D is adjacent in X.(G) to Dx for every such x.
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Proof. The existence of an element x € Inn(7)* satisfying conditions (P1)—(P3) fol-
lows from [29, Lemma 5.5], and its proof shows that (P4) and (P5) also hold. As noted
in the proof of [29, Proposition 5.8], {D, Dx} can be extended to a base for G of size
£+ 1. The result therefore follows from Theorem 3.1, which yields b(G) = ¢+ 1. O

PROPOSITION 3.23. Suppose that P € {Ay, Sk}, and that |T|*"1 < k < |T|¢ — 3 for
some £ > 2. Then X(QG) is not G-arc-transitive, and hence reg(G) > 2.

Proof. Let x € Inn(T)* be as in Lemma 3.22, so that D and Dx are adjacent in X(G).
First assume that k # |T|° — 3. Additionally, let ¢1,t5 € T be the elements described
in (P4), and define y € Inn(T)* by setting

Py =Px, PY, =Py, and PY = PF for t € T~ {t1,ts}.

By applying Lemma 3.22 once again, D and Dy are adjacent in 3(G). Suppose that
Dx and Dy lie in a common Gp-orbit. Then letting S be as in (P2), Lemma 3.19
shows that there exist g € T and o € Aut(T") such that gS® = S. Since Hol(T', S) =1
by (P2), we obtain g = @ = 1. Lemma 3.19 now implies that |P}| = |P}| for allt € T.
However, this contradicts (P4), which yields |PX | # |PX| = | P} |.

To complete the proof, we assume that k = |T|*=3. Write T*~! = {by, ..., bjpje-1}
and by = (ayh,...,ar-1,) for each h € {1,...,|T|*"'}, with byppe-1 := (1,...,1).
In addition, define a; := (¢4, ,,-..,¢,) € Inn(T)* for i € {1,...,¢— 1} by setting
t;; = a;n where j is the h-th smallest integer in P for the appropriate r € T,
noting that this is possible by (P5). Then it follows from (P5) (as observed in the
proof of [29, Proposition 5.8]) that the set {D, Dx,Day,...,a;_1} is a base for G
of size b(G) = ¢ + 1. In particular, D and Da,; are adjacent in 3(G). Since |P¥| €
{|T|=1,|T|* =t — 1} for all t € T by (P5), and since byge-1 := (1,...,1), we obtain
|P2i| = |T|*"* — 3. Hence by Lemma 3.19, (D, Dx) and (D, Da;) are arcs of X(G)
lying in distinct G-orbits, and the proof is complete. O

LEMMA 3.24. Suppose that P € {Ag, Si}, that k € {|T|* — 2,|T|* — 1,|T|*} for some
¢ > 2, and that G does not contain Sy. Then ¥(G) is not G-arc-transitive, and hence
reg(G) > 2.

Proof. First note by [7, Theorem 1.2] that T has a conjugacy class C such that for
any z,y € T ~ {1}, there exists z € C with (z,2z) = (y,z) = T. Let x1,y1 € T and
x2,y2 € C be such that: |z1],|y1]| and |z2| are distinct; xo and yo are distinct; and
(x1,22) = {y1,y2) = T. To do so, we can first choose an appropriate x; and y;, then
find x5 € C such that (z1,22) = {y1,22) = T, and finally replace y; with y¢ for
some ¢t € T such that y, := 2 # z5. Note that the setwise stabilisers of {x1,z2} and
{y1, 92} in Aut(T') are trivial, and that {z1,22}* # {y1,y2} for any o € Aut(T).

Assume now that k = |T|* —m, with m € {0, 1,2}. Define x € Inn(T)* by setting
X = [T1 41, [PX| = [TV = 1, [P = [T/ — m, and [PF] = [T|! for
t € T~ {l,21,25}. We similarly define y € Inn(T)*, with y; and y» in place of x;
and xo, respectively. Then as noted in the proof of [29, Lemma 5.10], D is adjacent
in ¥(G) to both Dx and Dy.

Suppose that Dx and Dy lie in a common G-orbit. Since

{t:[PX| =T + 1} = {1} = {t: [P¥| = |T)" " + 1},

the element g € T described in Lemma 3.19 is the identity. Thus if m = 1, then that
lemma yields the existence of some a € Aut(T") such that

{wna} = {t: [PX| =TI =13 = {t:[PY| =TI = 1} = {y1, 92},
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which is incompatible with our assumption. If instead m € {0,2}, then we similarly
observe that z§ = y; for some « € Aut(T'), another contradiction. Therefore, X(G) is
not G-arc-transitive. O

PROPOSITION 3.25. Suppose that P € {Ag, Sk}, and that k € {|T|* —2,|T|* — 1, |T|*}
for some £ > 1. Then X(G) is not G-arc-transitive, and hence reg(G) > 2.

Proof. We first note that if b(G) = ¢ + 2, then Proposition 3.5 shows that ¥(G) is
complete, and therefore not G-arc-transitive (since G is not 2-transitive). In particular,
by Theorem 3.1, this holds if & = |T|, or if S;, < G and k # |T|* — 2. If instead
ke {|T|-2,|T|-1} and Sy € G, then Theorem 3.1 yields b(G) = 2, and so the desired
result follows from Theorem 3.18. Additionally, one can simply apply Lemma 3.24 to
the groups with £ > 2 and S; £ G.

To complete the proof, we shall assume that k = [T —2, b(G) # £+2 and Si < G,
so that G = T*.(O x Sy) for some O < Out(7T). Suppose first that £ = 2, so that
b(G) # 4. Then it follows from Theorem 3.1 that b(G) = 3, and that O # Out(T) if
T € {45, Ag}. Let (x1,22) be a pair of elements of T as described in Lemma 3.20,
and define x1,x5 € Inn(T)* by setting [Py = |PXi| = |T| — 1 and |P;*| = |T| for
t € T~ {1,z;}. Then as noted in the proof of [29, Proposition 5.13], D and Dx; are
adjacent in ¥(G). It follows readily from Lemma 3.19 that (D, Dx;) and (D, Dx3) lie
in distinct G-orbits.

Finally, suppose that £ > 3. Let « € T, and (similarly to above) let x € Inn(T)
be such that [P¥| = |PX| = |T|*~' — 1 and |P¥| = |T|*~! for t € T ~ {1,2}. Then as
observed in the proof of [29, Proposition 5.14], D and Dx are adjacent in X(G). Now
apply Lemma 3.19, noting that « was chosen arbitrarily. O

k

We are now in a position to prove Theorem 1.7.

Proof of Theorem 1.7. First note by Theorem 3.18 that if b(G) = 2, then reg(G) =1
if and only if GG is one of the two special cases arising in the statement of Theorem 1.7.
Thus, in view of Theorem 3.1, we may assume that P € {Ag, Si}, and either k = 2
or k > |T| — 2. The result follows from Proposition 3.21 in the first case, and from
Propositions 3.23 and 3.25 in the second case. O

4. ALMOST SIMPLE GROUPS

In this section, we investigate Conjecture 1.2 in the context of almost simple primitive
groups, as well as the question of which of these groups are semi-Frobenius or have
G-arc-transitive generalised Saxl graphs. Our focus is on groups with sporadic socle,
groups with socle La(q), and groups with soluble point stabilisers. In particular, we
prove Theorems 1.3, 1.6 and 1.9. Along the way, we complete the calculation of base
sizes for all primitive groups with socle La(q).

4.1. ALMOST SIMPLE SPORADIC GROUPS.
PROPOSITION 4.1. Let G be a primitive almost simple group with sporadic socle Gg
and point stabiliser H, such that b(G) > 3.

(i) If b(GQ) = 5, then G is semi-Frobenius.

(i) If Go ¢ {Coy,Js,Fiyy,B,M}, then G is semi-Frobenius if and only if
(G, H,b(G)) does not appear in Table 1.

Proof. The almost simple primitive groups with sporadic socle of each base size
at least 3 are classified in [14, 42]. In particular, if b(G) > 5 and Gy € A =
{Coy,J4, Fig,,B,M}, then Gy € {Coy,Fis,}, and H is a maximal subgroup of G
of least index. Since G is transitive, it is semi-Frobenius if and only if, for a fixed
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TABLE 1. Primitive almost simple sporadic groups that are not semi-
Frobenius. When G = M;5.2, exactly one of the two groups H =
L5(11).2, up to conjugacy, satisfies H NGy < Gy.

max
G H b(G) G H b(@)

Mlg Lz(ll) 3 002 HSZQ 3

(2% x 2176). Ag 3

Mi2.2 LQ(ll).Q 3 U4(3):D8 3
L2(11).2 3

FiQQ 2102M22 3

Moo 24: 55 3 26:Sp4(2) 3

2%:1.3(2) 3 (2 x 2'78):(U4(2):2) 3

M22.2 2°:S5 3 Fie.2 27:Spy(2) 3

2%:13(2) x 2 3 (2 x 2'78:U4(2):2):2 3

U4(3).2.2 X 55 3

Moas As 3 2578 (S5 x Sp) 3
24:(3x A5):2 3

HN Arz 3

Mas  Ma2.2 4 2.H8S.2 3
Mi2.2 3

20:3.56 3  HN.2 Sip 3

L3(4): 53 3 4.HS.2 3

Jo 3.46.2 3 He 22.13(4).53 3
214 A5 3

He.2 22.13(4).D12 3
J2.2  3.46.2.2 3

214 A5.2 3 Suz  G2(4) 4

2274:(3 x S3).2 3 3.U4(3):2 3

Us(2) 3

McL  3*: Mg 3 2176 U4 (2) 3

3°. M1 3
McL.2  3*:(Myg x 2) 3

Suz.2 G2(4).2 4

HS L3(4):2 3 3.U4(3).2.2 3

Ss 3 Us(2):2 3

2176 U4(2).2 3

HS.2  2°.5 3 3°.(M11 x 2) 3
42.(2xL3(2) 3

Fiss  PQi(3).55 4

Cos U4(3).2.2 3 22.U(2).2 3

M23 3 Sp8(2) 3

21 My 3

w € Q and each point o # w in a set of orbit representatives of G, the set {w,a}
extends to a base for G of size b(G). For all groups G satisfying Gy ¢ A or b(G) = 5,
except for one special case mentioned at the end of the proof, we use MAGMA to
directly check this condition on orbit representatives.

We now detail how we construct the group G in Macma. If Go € {Ly, Th},
then we construct a (relatively) low-dimensional matrix group G isomorphic to G
using MAGMA’s database of ATLAS groups, and a subgroup H isomorphic to H
using generators from [48]. Using the method described in [28], we then obtain G
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as the permutation group induced by the action of G on the orbit U G, where U
is a low-dimensional H-submodule of the module corresponding to G (this con-
struction requires a significant amount of RAM, e.g. 171 GB when G = Th and
H = 2°.15(2)). If instead Gy ¢ {Ly, Th}, then we construct a permutation group
G isomorphic to G using the database of ATLAS groups (or if G = HN.2, using the
AutomorphismGroupSimpleGroup function), and then construct G itself via the coset
action of G on a subgroup H isomorphic to H.

The one special case mentioned above is where we have G = Fip3 and H =
31482146 3142 96, with b(G) = 3. Here, the index of H in G is too large for the per-
mutation group G to be constructed directly. Therefore, with G and H permutation
groups as above, we search through the elements of G for a full set of representatives
of the double cosets in the set ﬁ\é/ﬁ, with the aid of the DoubleCosetCanonical
function. For each representative x ¢ H , we verify that there exists an element y € G
such that AN H® N HY = 1. This implies the above condition on orbit representatives
of G, i.e. G is semi-Frobenius. O

REMARK 4.2. Using computational methods from the proof of Proposition 4.1, we
can show that G is semi-Frobenius if Gy = Co; and b(G) = 4 (so that H = 3.Suz:2),
and that G is not semi-Frobenius if Gy € {Coy,J4}, b(G) = 3, and || < 2 x 108.
Determining which of the remaining primitive groups with Go € {Coy, J4, Fij,, B, M}
are semi-Frobenius will likely require alternative approaches, due to the extremely
large degrees of these groups.

In [11, Section 6], Burness and Giudici show that many almost simple sporadic
groups G with b(G) = 2 satisfy Conjecture 1.2. We now generalise their results (and
Proposition 4.1) in the case b(G) > 3, as follows.

THEOREM 4.3. Let G be a primitive almost simple group with sporadic socle, such that
b(G) = 3. Then G satisfies Conjecture 1.2.

Proof. We first observe that any two vertices in £(G) have a common neighbour if
and only if, for a fixed w € €2, each point o # w in a set of orbit representatives of G,
is adjacent to a neighbour of w. In particular, this is the case if the valency val(G) of
Y(G) satisfies val(G)/|2] > 1/2.

Now, by Proposition 4.1, it suffices to consider the case where either G and H
appear in Table 1, or soc(G) € {Coy, J4, Fiy,, B, M} and b(G) € {3,4}. The relevant
groups with these five socles, and their base sizes, are given in [14, 42].

If G and H appear in Table 1, or if G = Co; and H is isomorphic to 2'*: My or Cos,
then we construct the permutation group G in MAGMA via the method described in
Proposition 4.1, and verify the above condition on orbit representatives. In particular,
we observe that among these groups, val(G)/|Q2] < 1/2 if and only if G = M;2.2,
H = 1,5(11).2, and H N Gy is maximal in Gg. Even in this case, computations show
that any two vertices in ¥(G) have a common neighbour.

Next, suppose that G = Figy and H = (2 x 2.Fisz):2, so that b(G) = 3. We
construct a permutation group G ibomorphic to G in MAGMA using the database
of ATLAS groups, and a subgroup H isomorphic to H using generators from [50].
Computatlons show that there exist elements r, s € G~ H such that HNH"NH® =1
and |HrH|/|G| > 1/2. Thus w € Q is adjacent in $(G) to each point in a Gy-orbit
of size a := |HrH|/|H|, and so val(G)/|Q| > a/|Q| = |HrH|/|G| > 1/2.
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In all remaining cases, let R(G) be a set of representatives for the G-conjugacy
classes of elements of H of prime order. Recall from Section 2.2 that if

|xG ﬁH‘b(G)
|xG|b(G)—1

QG HG) = >

z€R(G)

< 1/2,

then any two vertices in X(G) have a common neighbour. In each case, we verify that
Q(G,b(G)) < 1/2 using the GAP Character Table Library [6]. Note that if G = B and
H = (22 x F4(2)):2, then the fusion of H-conjugacy classes in G is not stored in GAP.
However, all possibilities for this fusion, as returned via the PossibleClassFusions

function, yield the same value for Q(G, b(G)). O

4.2. GROUPS WITH SOCLE La(g). In this subsection, we provide a complete classifi-
cation of groups G with soc(G) = La(q) that are semi-Frobenius, and a near-complete
classification of such groups for which ¥(G) is G-arc-transitive.

We shall begin by determining the base size of a certain primitive action of G.
To do so, we require the following technical lemma. In what follows, for an element
t € F,, we write (t) to denote the smallest subfield of I, containing ¢.

LEMMA 4.4. Let q be a prime power not equal to 3, and let s be a primitive element
of Fy.
(i) If q is even, then there exists t € F; such that (t) = Fy, and the polynomial
z? + 2+t is irreducible over F,,.
(ii) If q is odd, then there exists t € F) such that (t*/s) = Fq, and t* + s is a
(non-zero) square in Fy; and
(iii) If ¢ =3 (mod 4), then there exists t € F) such that (t*) = Fq, and t* + 1 is
a (non-zero) square in .

Proof. We shall write ¢ = pf, with p prime. Suppose first that ¢ is even, and let r be
a divisor of f. For a € Far, the polynomial 2% + z + a is reducible over F, if and only
if there exists b € F, such that b* + b = a, so that the polynomial has distinct roots
b and b + 1. Hence there are precisely 2"~ ! elements a € Fy» such that 22 + = + a is
irreducible over For. Additionally, z2+x 40 is reducible over Fg, as is each polynomial
reducible over Far. Therefore, the number of elements a € F; that lie in a proper
subfield of F,, with 2% + x + a irreducible over F,, is at most

d o ort<o/Th

1<r<f
rlf

Therefore, among the 2/~ elements ¢ € [ such that 22 + x +t is irreducible, there
exists at least one such that (t) = F,, and hence ¢ satisfies (i).

Now, if ¢ is odd, then since s is not a square in F,, exactly one of 1 + s and
s(1+ s) = 52 + s is a square (these are both nonzero as ¢ > 3). Thus some ¢ € {1, s}
satisfies (ii). If, in addition, ¢ = 3 (mod 4), then it follows from [1, Theorem 3.1] and
a simple counting argument that the number of squares in the set {¢* +1|c e Fx}
is (¢ — 3)/4, which is nonzero since ¢ > 3. Notice that f is odd, and so (m?) = (m)
for all m € F,. Therefore, the number of squares in Fy that lie in a proper subfield
of F, = F,s is at most

Yo -12<@ T -1/2< @ -3)/4=(¢-3)/4
1<r<f
rlf
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Thus there exists ¢ € F,* such that t* + 1 is a square, and such that (t*) = (t) =
F,. Note finally that —1 has no square root in Fy since ¢ = 3 (mod 4), and so ¢
satisfies (iii). O

PROPOSITION 4.5. Let G be an almost simple primitive group with socle Gy = La(q)
and point stabiliser H of type GLa(qo), with ¢ = g3 for some qo > 3. If G = PXLy(9),
then b(G) = 4, and otherwise b(G) = 3.

Proof. Tt is straightforward to use MAGMA to calculate b(G) in the case ¢o = 3.
Assume therefore that ¢g > 4. By [21, p. 354], G has no regular suborbits in its
action on the right cosets of H N Gy. Therefore, b(G) > b(Gy) > 3. Additionally, the
maximality of H implies that G < PXLy(q). To complete the proof, we will assume
that G = PXLy(q) and show that b(G) = 3. We shall write ¢ = p/, with p prime.

It will be convenient to identify the action of G on the right cosets of H with
an equivalent action on certain 1-dimensional subspaces of Fgo, corresponding to the
isomorphism Gy = Q5 (qo) = PQy (qo) (see [32, Proposition 2.9.1]). To define this
action, let s be a primitive element of Iy , and let @) be a non-degenerate quadratic
form of minus type on V := Fgo, with polar form . By [5, Propositions 1.5.39 &
1.5.42] and [32, Proposition 2.5.12], there exists a basis {eq, ea, €3, €4} for V such that
the matrix of @) (defined so that the (i, j) entry is equal to B(e;, e;) if i < 7, to Q(e;)
if i = j, and to 0 otherwise) is

0001
0110
Mq = 00¢0]|”
0000
if ¢ is even and
s/2 0 0 O
o120 0
Mo:=19 1/2 0 |’
0 0 0 1/2

if ¢ is odd, where ( is an arbitrary element of F; such that the polynomial 224+ x+¢
is irreducible over Fy . By Lemma 4.4, we may assume that () = F, . The Gram
matrix Mg of 3 is equal to Mg + Mg

Next, define o : V' — V by

4 4
) 2 2
o: g a;e; — azCes + E a;eq,
i=1 i=1
if ¢ is even, and
4 4
o E a;e; — a’fs(p_l)mel + E ale;,
i—1 i=2
if ¢ is odd. Hence for each positive integer k, the map o* is defined by
4 k—1 4
k 2k 27 ok
o’ g ae; — az g (“ ey + g a; e,
i=1 §=0 i=1
if ¢ is even, and
4 k 4 k
.
ok E aie; — ab s D/ 2e) 4 E al e,
i=1 i=2

if ¢ is odd. Additionally, |o| = f, and o is induced by an automorphism of the simple
derived subgroup € (o) of the isometry group GOy (¢go) of @ (see [10, pp. 58-59]).
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Slightly abusing notation and denoting this automorphism by o, we may identify G
with (Q} (qo),0)/(—1I), where I is the 4 x 4 identity matrix (cf. [5, Tables 8.1 & 8.17]).
Note that L := (Q; (q0),0) = (0)GO} (go), and that (o) N GOy (go) is generated by
o//2. Let Y be a one-dimensional subspace of V and y € Y ~ {0}. We write Y € A
if Q(y) is a non-zero square in F,,, and Y € A if Q(y) is a non-square. The action of
G on the right cosets of H is equivalent to its action on A, and also to its action on
A if ¢ is odd.

Suppose now that ¢ is even, and let u := eg, v := e; + e5 and w := e3. Then
Q(u) = Q(v) =1 and Q(w) = ¢, and so (u), (v}, (w) € A. By [5, Lemma 1.5.21], a
matrix A € GL4(qo) lies in GO (qo) if and only the diagonal entries of AMgAT are
equal to the corresponding diagonal entries of Mg, and AMgAT = Mpg. Therefore,
the pointwise stabiliser X of {(u), (v)} in L consists of all elements of the form

1000

] 0100
abl0]’
a’?a0l

where a € T, b€ {0,1} and k € {0,..., f/2 — 1}. We also observe that an element

of X fixes (w) if and only if @ = 0 and 3-%"3 ¢? = b. Since b = b?, this implies that

k-1 E—1 ? k-1 k )
2= = @)=
Jj=0 Jj=0 Jj=0 Jj=1

and hence ¢ = CQk. Since (¢) = Fy, by our assumption above, it follows that k£ = 0,
and so b = 0. Thus {(u), (v), (w)} is a base for G, and hence b(G) = 3.

Next, suppose that ¢ is odd, let § € {1, 3} such that gg = (mod 4), and let 71 := s
and 73 := 1. By Lemma 4.4, there exists ¢ € F; such that 2 +7;5 is a (non-zero) square
in Fy, and (t? [ys) = Fy,- Define u := eg, v := e5 +tes and w := ex + zeq + €45, where
2= 5(00=2+9)/4 Then Q(v) = (£*45)/2, and Q(w) = (1+22+v4_5)/2 = 1/2 = Q(u).
Thus (u), (v), (w) € T for some T' € {A, A}. In this case, a matrix A € GL4(qo) lies in
GOy (qo) if and only if AMgAT = Mjg. Using the fact that (t?/v;) = F,,, we deduce
that the pointwise stabiliser of {(u), (v)} in L lies in GO} (go), and consists of all
matrices of the form

a0 0 O

Oa 0 O

00 b1 C1 ’
00ec; —eby

ifd=1, or

b2 00 Co
0 a0 0

0 Oa 0 |’

—ecos™1 00 eby

if § = 3, where a,e € {£1} and b? + ¢? = b3 + c3s~! = 1. It is now straightforward to
show that the pointwise stabiliser of {(u), (v}, (w)} in L consists of scalar matrices.
Therefore, b(G) = 3. O

By combining Proposition 4.5 with results from the literature, we are able to de-

termine the exact base size of every primitive group with socle La(q). Here we exclude
the groups with socle Lo(4), as La(4) = Lo (5).
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THEOREM 4.6. Let G be a primitive group with socle Gy = La(q), ¢ = 5 and point
stabiliser H. Then b(G) > 2 if and only if one of the following holds.
(i) H is of type Py, in which case b(G) € {3,4}. Furthermore, b(G) = 3 if and
only if either G < PGL2a(q), or |G : Go| =2 and G £ PXLa(q).
(ii) H is of type GL1(q) 1 S2 and PGL2(q) < G, in which case b(G) = 3.
(iii) H is of type GL1(¢?) and PGL2(q) < G, in which case b(G) = 3.
(iv) H is of type GLa(qo) with ¢ = q2 > 9, in which case b(G) € {3,4}. Further-
more, b(G) = 4 if and only if G = PXLy(9).
(V) (Q7 H) € {(57 A4)7 (77 54)7 (117 A5)7 (19, A5)} and b(G) = 3, (qv H) €
{(5,54),(9,A5)} and b(G) =4, or (¢, H) = (9, S5) and b(G) = 5.
Proof. If H is soluble, then [9, Theorem 2] gives the precise base size of G. This
includes the cases where H is of type Py, GL1(q) ! S2, GL;(¢?) or 217”.92*(2). For
the groups with H of type As, or of type GLa(qo) with ¢ = ¢ for some odd prime
k, we deduce the base size from [8, Tables 1 & 3]. Suppose finally that H is of type
GL2(qo) with g3 = ¢, noting that if gy = 2, then H is considered as a group of type
GL1(q) 1 S2. Here, we obtain b(G) from Proposition 4.5. O

We are now able to classify the almost simple primitive groups with socle La(q)
that are semi-Frobenius. This establishes Theorem 1.6 stated in Section 1.

THEOREM 4.7. Let G < Sym(Q) be an almost simple primitive group with socle Gy =
La(q) and point stabiliser H. Then G is semi-Frobenius if and only if one of the
following holds:

(i) H is of type Py;
(ii) H s of type GL1(q)1S2 and PGLa(q) < G;
(iii) H is of type GL1(q?) and PGL2(q) < G;
(iv) H is of type GLa(qo) with ¢ = g3 > 9, and either qo = 3 or |G : Go| is odd; or
(V) (qa H) € {(57 A4)a (57 54)7 (77 54)’ (97 A5)a (97 SS)v (11a A5), (197 A5)}
Equivalently, G is not semi-Frobenius if and only if either b(G) = 2, or H is of type
GLa(q'/?) with ¢ > 16 and |G : Go| even.

Proof. First note that if b(G) = 2, then G is not Frobenius, and therefore not semi-
Frobenius. Thus, we shall assume that b(G) > 2, and we shall use Theorem 4.6
without further reference to determine b(G). We divide the proof into several cases,
corresponding to the possible types of H. Throughout, we write ¢ = p/, with p prime.

Case 1. H is of type P;.
Since G is 2-transitive, X(G) is complete.
Case 2. H is of type GL1(q) 1 Sa.

Here, b(G) > 2 if and only if PGLy(¢) < G, in which case b(G) = 3. Assume
therefore that PGL2(¢) < G. We may identify Q with the set of distinct pairs of
1-dimensional subspaces of IF%, and as shown in the proof of [9, Lemma 4.7], {a, 8,7}
is a base for GG, where

a:={{e1), (e2)}, B:={{e1),(e1 +e2)}, and v :={{e1), (e1 + pe2)},
with {e1, ea} an arbitrary basis for IF?I and p a generator of F . Thus {«, 3} is an edge
in %(G). Moreover, for each A € F, we see that a and {(e1), (e1 + Ae2)} are adjacent
in X(@G) by replacing es by Aes. By symmetry, « is also adjacent to {(es), (e1+Aea)}. It
remains to prove that, for all distinct A1, A2 € F, there exists a base for G containing
both « and § := {{e1 + A1e2), (e1 + A2ea)}.
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We claim that there exists v € {u, "'} such that \MA; " # v’ =1 for all j €
{1,..., f}. Otherwise, since A\; # Aq, there would exist j, k € {1,..., f — 1} such that
pP’ =1 = ()P 1 e, pP’ P72 = 1. Since p? + pF — 2 < 2¢ — 2, this would imply
that p/ + p*¥ — 2 = ¢ — 1. However, 1 # 2 (mod p), and so our claim follows. Now, let
0 := {{e1), (e1 + A1vea)}. We will show that {«, 0,4} is a base for G.

The pointwise stabiliser of {«, 0} in I'La(gq) consists of all elements of the form
gja = oddiag((A\1v)?’ 1, x), where 1 < j < f, z € FY, and o is the field automor-
phism such that (cie; +coe2)? = cfel +c’2’62 for all ¢1, ¢y € Fy. Additionally, g; . maps
U:=(e1+ M\ea) to (e1 + Al(u_l)(pj_l)@). Suppose now that g, , also stabilises 6. If

gj,= swaps the two subspaces in d, then it follows that Al)\gl =P’ -1

, contradicting
the definition of v. Hence g;, fixes U, and so (v~ 1)?'~! = 1, yielding j = f and

gjz € Z(GL2(q)). Therefore, {e, 0,4} is a base for G.
Case 3. H is of type GL1(q?).

In this case, b(G) > 2 if and only if PGL2(¢) < G, in which case b(G) = 3. MAGMA
computations show that G is semi-Frobenius when ¢ = 4, so we shall assume that
g > 4. As in the proof of [9, Lemma 4.8], we identify G, with the unitary group
R :=Us(q), and © with the set of orthogonal pairs of non-degenerate 1-dimensional
subspaces of the natural module for R over IF;2. More explicitly, fixing an orthonormal
basis o := {u, v} for this module and defining « := {(u), (v)}, it follows that

Q= {a} U {rc: C € F%,CH £ —1},

where 7¢ := {{u+(v), (u—("9v)}. Fix a generator u of F 5, and let ¢ € F, with {7+ #
—1. We shall prove by contradiction that if —u=(¢=1 € X := {¢2, ¢~ (@1}, then
—(p=1)~@=1 ¢ X. First suppose that —u~@~1 = —(p=1)=(@=Y, Then 1 = p2(@=1),
contradicting the fact that |u| = ¢ —1 > 2(¢ — 1). Without loss of generality, we may
therefore assume that ¢2 = —p~ (@Y, Since —1 = M(q2—1)/(2,q—1) and 91 #£ —1, we
deduce that ¢ =1 (mod 4) and ¢ = +u@~D*/4 Tt follows that ¢(~(=1 = ;—(a=1%/4,
If —(p=1)~(=D lies in X, then it is equal to —¢~@1) and so 1 = pa—1+@=1%/4,
Hence ¢ — 1+ (¢ —1)3/4 = k(q? — 1) for some positive integer k, and solving this cubic
equation shows that k2 + 2k — 1 is an integer. However, k? +2k —1 = (k+1)2 — 2
is not a square, a contradiction. We have therefore proved our claim.

Now, choose v € {u, '} such that —v~(@=1) ¢ X. We shall show that {a,7,,7¢}
is a base for G. The group I'Us(q), generated by GUs(g) and field automorphisms,
satisfies G < Aut(Uz(q)) = T'Uz(q)/Z(GUz(q)). Following the proof of [9, Lemma 4.8],
we see that (since ¢ > 4) the pointwise stabiliser of {«, 7, } in I'Uz(q) is generated by
Z(GUsy(q)) along with

0 —p—(¢—1)
M= ( L, ) |

Note that M? € Z(GUx(q)). Hence it suffices to prove that M does not fix 7. It is
easy to see that if M fixes each of the two subspaces in 7¢, then —v~@=D = ¢2 and if
M swaps these subspaces, then —v~(@=1) = —¢=(@=1) However, —v~(4=Y ¢ X, and
so neither of these cases occurs. Therefore, M does not fix 7, and so {e, 7, 7¢} is a
base for G. It follows immediately that G is semi-Frobenius.

Case 4. H is a subfield subgroup of type GLa(qo), where ¢ = qf for some prime k > 2.

If £ > 3 then b(G) = 2, so we only need to consider the case where k = 2, and
the maximality of H implies that G < PXLy(q). This case requires a more refined
treatment. Note that if go = 2, then H is considered as a group of type GL1(q) 1 Ss,
and if ¢y = 3, then we obtain the result via MAGMA calculations. We shall therefore
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assume that go > 4, so that b(G) = 3, and separately consider two subcases, depending
on the parity of |G : Gy|.

Subcase 4(a). 0:= |G : G| is odd.
Let o € Q be such that H = G,. We first note that, up to conjugacy in Hy :=
H N Gy, the point stabilisers of Hy are as follows (see [21, p. 354]):

H,, Cg/z, Coot+1 ((go — 2)/2 copies), Cqo—1 (go/2 copies)

if ¢ is even, and
Hy, Dj(gote)s CZ{/Q, Coot+1 ((go —4 —€)/4 copies), Cyy—1 ((qo — 2+ €)/4 copies)

if ¢ is odd, where ¢ = +1 satisfies gy = ¢ (mod 4). Now, for each § € {1,—1}, let
Zs be the subgroup of FX of order gy + 0. As discussed in [21, p. 354], the fusion
of Gy-suborbits of length go(go — 6) (i.e. with point stabiliser Cyy45) under a field
automorphism of Gy corresponds to the fusion under the corresponding field auto-
morphism of Fy of the sets {x,27'}, for elements © € F)/Zs of order at least 3. It
follows that the point stabilisers of H = G, are isomorphic to the following groups,
for certain divisors i, and ¢_ of o:

H, CI/?.0, Cyyy1.it, Cyy—1.i—, and (if ¢ is odd and go = & (mod 4)) Da(gq42)-0.

We now prove that Cy,+1 and Cy,—; always appear as point stabilisers. It suffices
to show that the primitive element p of I, satisfies |Zspt?)| = o, where o is the
automorphism of F, of odd order o. Let ¢; be such that ¢f = ¢ and hence plo) =
{pi" | 0 < m < o— 1}. Now |Zsu!?!| = o if and only if pd 0 ¢ Zs for all
0 < ¢ <m < o—1. Suppose for a contradiction that ,uq{”_qf € Zs for such £ and m.
Then (4" ~4)(@0+9) = 1, and so (¢—1) | (¢ —qf)(q0+0). Hence (q0—0) | ¢f(¢]" "~ 1),
which implies (go — ) | (¢~ — 1). It follows easily that either (go — &) = (¢7" ¢ —1)
or (go —9) | (q{n_eqo_1 — ). However, since o is odd and q{r‘_lqo_1 < qo, neither case
can occur, a contradiction.

Next, let 8 € Q ~\ {a}, and choose v € Q2 so that (up to isomorphism) the ordered
pair (Hg, H,) is one of (C‘,];/z.o7 Cyot1), (Da(gy+e)-0, Cgo—e) and (Cyyt1.3, Cgy1), with
i a divisor of 0. Since H, < Gy, we observe that Hg N H, = (Hg N Go) N H,. In
particular, if Hg = 05/2.0, then Hg N H, = 1, and so {«, (3,7} is a base for G.
Thus {a, 8} is an edge in X(G). In the remaining two cases, either Hg N Hy = 1 and
{a, B} is again an edge, or Hz N Hy, = (g), where g is the unique involution of H,.
As Hg is a core-free subgroup of H, there exists h € H such that g ¢ H g, and hence

g & Hgn N H,, which yields Hgn N H, = 1. This shows that {mﬁ,vh_l} is a base for
G, and thus 3(G) is complete.

Subcase 4(b). |G : Gy| is even.

To show that (@) is not complete, it suffices to consider the case where G is
generated by Gy and an involutory field automorphism. Similarly to the proof of
Proposition 4.5, we identify G with the orthogonal group PGO} (qo), where GO} (go)
is the isometry group of a non-degenerate quadratic form @ of minus typeon V' := Fg »
As above, the action of G on the right cosets of H is equivalent to its action on the
set A of one-dimensional subspaces Y of V such that there exists y € Y with Q(y) a
non-zero square in F,,. We shall therefore complete the proof by identifying a pair of
elements of A that does not extend to a base for G of size b(G) = 3.
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Assume first that g is even, and let p be the polar form of Q. As in the proof of

Proposition 4.5, there exists a basis {ej,...,es} for V so that the matrix of Q is
0001
0110
Mo:=1¢¢ col’
0000

for an arbitrary ¢ € F;¢ such that the polynomial 22 + z + ( is irreducible over Fy,.
Since qg > 4, there are at least two choices for ¢, and so we will assume without loss
of generality that ¢ # 1.

Now, let v1 := e; + Ceq + ez + (eq, v2 := eg, v3 := €1 and vy := eg, so that
{v1,v2,v3,v4} is a basis for V. Then Q(ve) = 1, and

Q(v1) = ¢pler, ea) + (P Q(e2) + Cplea, e3) + Qles) = C+ ¢+ ¢+ =C(1+¢) #0.
Hence (v1) and (vy) are distinct subspaces in A. Additionally, let uw € V' \ (v1, v2), so
that u = E?Zl a;v; with a; € Fg, such that as and a4 are not both 0. Finally, let
m = (a? + as(az + ag) and

(ag Cagay 0 (ai
0 m 0 0
A:=m!
as(as + ayg) Ca? m Cagoy

Yoz +ag)? az(az +aq) 0 (a3

Note that if az = 0, then m = a3 # 0, and otherwise m = (a2)((auaz ')?+asaz* +),
which is again non-zero by the definition of (. It is straightforward to check that
det(A) = 1, that the diagonal entries of AMgAT are equal to the corresponding
diagonal entries of Mg, and that the Gram matrix M, = Mg + Mg of the polar form
p satisfies AM,A”T = M,. Hence A € GO (o). We also observe that A is a non-scalar
matrix that fixes u and each vector in (v, vs). Since each subspace in A is spanned
either by such a vector u or by a vector in (v1,v2), the subset {(v1), (v2)} of A does
not extend to a base for G of size 3.

Next, suppose that go is odd. We deduce from [32, p. 45] that there exists a basis
{e1,...,eq} for V so that the matrix of Q is

010 0

000 O
Mo =100-1-|"

00 0 —s

where r ;= w +w?® and s := w®*! for an arbitrary element w of F, \ F,,. Note that
r and s do indeed lie in Fy,, as they are each equal to their go-th power.

We now proceed similarly to above. Since go > 3, there exists y € Fy ~ {£1}. Let
v1 1= €1 + eg, Vg := €1 + yZeq, v3 := e3 and vy 1= ey, so that {vy,vq,v3,v4} is a basis
for V. As Q(v1) = 1 and Q(v3) = y* are both non-zero squares in F,, it follows that
(v1) and (vg) are distinct subspaces in A. Additionally, each u € V'~ (v1,v2) satisfies
u = Z?zl a;v; for some a; € Fy such that oz and ay are not both 0. For such a
vector u, let t := (a3 + ayw)(as + auw?) and

t0 0 0
Y 0 0
’ 00 a3—sa? (203+rag)ay
00 (ras + 2saq)az  —ai + saji

Note that ¢t € Fy, as t9° = ¢, and that ¢ # 0 since a3 and ay lie in Fy,, while
w and w? do not. As above, A is a non-scalar matrix in GOy (¢gp) (this time with
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determinant —1) that fixes u and each vector in (v, v9). We conclude that {{v1), (v2)}
does not extend to a base for G of size 3, as required.

Case 5. H is of type 2172.05 (2) or type As.

Here, b(G) > 2 if and only if (¢, H) is one of the cases listed in (v). In each of these
special cases, one can easily check that (@) is complete with the aid of Macma. O

If soc(G) = La(gq) and b(G) = 2, then Conjecture 1.2 is verified in [12, Theo-
rem 4.22], extending the earlier result [15, Theorem 1.3]. By Theorem 4.7, in order to
show that this still holds when b(G) > 2, it remains to prove that the conjecture is
satified when the point stabiliser of G is of type GLy(g/?), with ¢ > 16 and |G : G|
even. We leave this as an open problem.

Finally, we classify the groups G with socle Ly(¢) such that X(G) is G-arc-transitive,
excluding the aforementioned difficult case. The following result is stated as Theo-
rem 1.9 in Section 1.

THEOREM 4.8. Let G be a primitive group with socle Gy = La(q) and point stabiliser
H, and if H is of type GLa(q'/?) with q > 16, then assume that |G : Gy| is odd. Then
Y(G) is G-arc-transitive if and only if one of the following holds:

(i) H is of type Py;

(ii) G is 2-transitive and (G, H) = (L2(11), As), (PTL2(8), D15.3), (La(7),S4),

(S6,55), (A, As), (S5,S54) or (As, Ay).

(iii) b(G) =2, G = PGLy(q), H has type GL1(q)1S2, and 5 # q > 4; or

(iv) b(G) =2 and (G, H) = (12(29), A5), (PGL2(11), S4), (Mg, 5:4) or (As, S3).
In particular, reg(G) = 1 if and only if G is one of the groups in parts (iii) and (iv), or
H is of type Py and G is sharply 3-transitive, or (G, H) € {(Ss,S5), (A6, As), (S5,54)}.

Proof. First assume that b(G) > 2. By Theorem 1.6 (as G does not satisfy Theo-
rem 1.6(ii)), G is semi-Frobenius. Hence, in this setting, £(G) is G-arc-transitive if
and only if G is 2-transitive. It follows from Theorem 4.6 that either H is of type Py,
or (G, H) is one of the following pairs:

(L2(11)aA5)7 (PFL2(8)7D18-3)7 (L2(7)a54)’ (‘96755)’ (AG,A5)7 (55’54)7 (A5’A4)'

Also note that if G is 2-transitive, then reg(G) = 1 if and only if G is sharply b(G)-
transitive.

To complete the proof, we consider the case where b(G) = 2, so that 3(G) is G-
arc-transitive if and only if reg(G) = 1. Here either H is soluble, or H has type As
or GLa(qg) with ¢ for some prime k > 3. For the former case, the result can be
deduced from [12, Theorem 1.6], and the relevant groups with reg(G) = 1 are listed
in the statement. Notice that if Q(G,2) < 1/2 and 2|H|?> < |G|, then reg(G) > 2
and thus X(G) is not G-arc-transitive. The bound 2|H|? < |G| always holds if H
is of type GL2(qo), and as discussed in the proof of [12, Theorem 4.22] we see that
Q(G,2) < 1/2. For the case where H has type As, we can check using MAGMA that
reg(G) > 2 if ¢ < 197, unless ¢ = 29 and reg(G) = 1. If instead ¢ > 197, then the
proof of [12, Theorem 4.22] shows that Q(G,2) < 1/2, and since 2|H|? < |G| in this
case, we obtain reg(G) > 2. O

4.3. ALMOST SIMPLE GROUPS WITH SOLUBLE POINT STABILISERS. The following the-
orem extends [12, Theorem 1.1].

THEOREM 4.9. Let G be an almost simple primitive group with soluble point stabilisers.
Then G satisfies Conjecture 1.2.
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Proof. The precise base size b(G) is computed in [9, Theorem 2]. In particular, we
have b(G) < 5 in every case. If b(G) = 2 then the result follows from [12, Theo-
rem 1.1]. Thus, to complete the proof, we may assume that 3 < b(G) < 5. Hence
by [9, Theorem 2], G appears among the infinite families and special cases listed in [9,
Tables 4-7].

Note that if soc(G) € {La(q), Us(q), ?Ba(q),?G2(q)} and the point stabiliser is of
type Py, then G is 2-transitive and so %(G) is complete by Lemma 2.1. Upper bounds
for Q(G,b(G)) in the remaining infinite families can be found in [9] and the proof
of [13, Lemma 3.7]. In almost all cases, we deduce that Q(G,b(G)) < 1/2, and it
follows (see the end of §2) that any two vertices in X(G) have a common neighbour,
i.e. G satisfies Conjecture 1.2. Any remaining group in these infinite families that may
satisfy Q(G,b(G)) > 1/2 satisfies one of the following (here Gy = soc(G) and H is a
point stabiliser):

(a) Go = Ls(q), H is of type Pi 2, and either 3 < ¢ < 16, 19 < ¢ < 27, or
q € {32,47,64};

(b) Go =Sp4(q), HNGo = [¢*]:C_,, and q € {4,8,32}; or

(¢) Go = La(q), H is of type GL1(¢?), and 11 < ¢ < 16.

Combining probabilistic and computational methods (similar to those mentioned in
the proofs of Proposition 4.1 and Theorem 4.3), one can check that in each case in (a)—
(c), and each special case appearing in [9, Tables 4-7], G satisfies Conjecture 1.2. [

5. AFFINE GROUPS

We now turn our attention to primitive groups of affine type. Let V' be an n-
dimensional vector space over F,;. A primitive affine type group can be written as
G = VH < AGL,(q), with Q = V, where the point stabiliser H acts irreducibly
on V.

Thus far, few authors have considered the Saxl graphs of these affine type groups.
Lee and Popiel [35] proved one of the first results on these graphs, namely that
Conjecture 1.2 holds for most primitive affine groups G of base size two such that H
is an almost quasisimple group with soc(H/Z(H)) a sporadic simple group. One of
the tools used in their analysis was an equivalence between that conjecture and an
arithmetic property of the underlying vector space. We begin this section by proving
that an analogous equivalence holds for generalised Saxl graphs.

LEMMA 5.1. Let G = VH be a primitive group of affine type with point stabiliser H,
such that b(G) = 2. Then X(QG) satisfies Conjecture 1.2 if and only if every vector in
V' can be written as the sum of two vectors lying in bases for H of size b(H).

Proof. The proof proceeds similarly to that of [35, Lemma 2.3]. First note that b(G) =
b(H) + 1, and moreover, every base of minimal size for G gives rise to a base of
minimal size for H and vice versa, by removing or adding 0, respectively. Suppose
that G satisfies Conjecture 1.2, and let v € V. Then v € V and 0 € V share a common
neighbour, say v1, in X(G). Therefore, {0,v1} and {v1,v} are subsets of bases for G
of size b(G). Since the image of a base under G is also a base, the image {0,v — v1}
of {v1,v} under the translation —v; must also be a subset of a base of minimal size.
Since H is the stabiliser of 0 in G, both v; and v — vy lie in bases for H of size b(H),
and we can write v = v1 + (v — v1).

Conversely, suppose that each vector v € V' can be written as the sum of two vectors
in bases for H of size b(H), say v = v1+v2. Since G is transitive, it suffices to show that
v and 0 share a common neighbour in 3(G). The definitions of v; and vy imply that
{0,v1} and {0, vy} are subsets of bases for G of size b(G). Applying the translation vy
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to the latter subset, we see that the same is true for {vy, vy +v2} = {v1, v}. Therefore,
v and 0 share the common neighbour v, and the result follows. O

Our next result describes the valency of ¥(G).

PRrROPOSITION 5.2. Let G = VH be a primitive group of affine type, and let
{O1,...,0k} be the set of orbits of H on V that meet a base for G of size
b(G) containing 0. Then
k
val(G) = Z |O;].

=1

Proof. This follows directly from the fact that the image of a base is also a base. O

In the remainder of this section, we relate the investigation of X(G) to other well-
studied properties of groups, and use these to verify Conjecture 1.2 in several cases.
The conjecture remains open for affine groups in general.

Recall from Lemma 2.4 that ¥(G) is a union of orbital graphs. In some cases,
we can make inferences about properties of (@) from information about the orbital
diameter of G. For instance, recall from Lemma 2.5 that if b(G) > 3 and G has
orbital diameter two, then X(G) satisfies Conjecture 1.2. Similarly, if a group has
orbital diameter 1, which occurs if and only if G is 2-homogeneous, then % (G) is
complete. Of course, the converses of these statements do not hold in general.

Now, suppose that G is such that H is almost quasisimple. Such groups G with
orbital diameter two were considered in [45]. As shown in [44, Lemma 2.4.4], a natural
upper bound on the orbital diameter of G is rank(G) — 1, where rank(G) is the
permutation rank of G, i.e. the number of orbitals of G (note also that rank(G) — 1
is the number of distinct orbital graphs of G). Hence, each rank three primitive
permutation group has orbital diameter two, and so Conjecture 1.2 holds. Such groups
were classified in [37]. Since in this case there are just two orbital graphs, either the
generalised Saxl graph is complete, or it is a single orbital graph (and therefore G-
arc-transitive with diameter two). We now provide an example of a group for which
the latter occurs.

PROPOSITION 5.3. There exists a rank three primitive group G of affine type such that
Y(G) is a single orbital graph.

Proof. Let G = VH be the primitive affine type group such that H = 3.4 and
V = F}. We can show using MAGMA that b(G) = 3, and that %(G) is not complete.
By [37], G is a rank three group, and so it has two orbital graphs. Thus if ¥(G) were
a union of both, then it would be complete. The result follows. O

Note that there are also examples of rank three affine type groups G such that X(G)
is complete, for example when H = SLy(5) = 2.A5 and V = F%, so that b(G) = 3.
Further examples of primitive affine type groups that have orbital diameter two, and
hence satisfy Conjecture 1.2, are listed in [45, Theorem 1.5 & Example 4.2] and [44,
Remark 6.3.2]. We list some of them with rank at least four in Table 2.

6. PRIMITIVE WREATH PRODUCTS

Let L < Sym(T") be a primitive group, and let P < Sy be a transitive group on [k].
Then G := L P has a faithful primitive action on the Cartesian product  := I'*,
More precisely, we have

(,yl’ e ”yk)(Zh.“’Zk)U = (’yfii_ll g 7722(:;1)
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TABLE 2. Examples of primitive affine groups G = VH with
diam(X(G)) = 2. Here, r := rank(G) — 1, and V is defined over

F,.
H dim(V) | r extra conditions
G2(q) T q 4 q odd
Aut(G2(3)) 14 2 5
() 16 ¢ 4
3.A7 3 5 11

for any v; € I', z; € L and o € P. The group G is called a primitive wreath product
of L by P. As a special case, G is a product type primitive group if k£ > 2 and L is
either almost simple or of diagonal type.

Let reg(L, m) be the number of regular L-orbits on I'™ in its coordinatewise action,
and let I := {my,...,m,} be a partition of [k] into m parts. Then II is called a
distinguishing partition if its stabiliser ﬂ;’;l G(x,) is trivial, noting that any refinement
of a distinguishing partition is also distinguishing. Thus, it is natural to consider the
minimal number m such that there exists a distinguishing partition of [£] into m
parts. We call this the distinguishing number of P, and denote it D(P). This value is
closely related to b(G), as follows.

THEOREM 6.1. [3, Theorem 2.13] Let G = L P be a primitive wreath product. Then
b(@G) is the smallest integer m such that reg(L,m) > D(P).

We now describe the bases for G = L P of size b := b(G). Let A := {a; ;} be a
k x b array, where o ; € I'. Define a partition II of [k] such that ¢ and j are in the
same part if and only if (cy1,...,a:p) and (1,..., ;) are in the same L-orbit.
Note that a column (v, ...,y ;) of A lies in © =T*. Let A be the set of columns
of A, so that A C Q.

LEMMA 6.2. The set A is a base for G if and only if each {c; 1,..., b} s a base for
L and 11 is a distinguishing partition for P into D(P) parts.

Proof. Here we extend the argument in the proof of [13, Lemma 4.1]. First assume
that each {a;1,...,;3} is a base for L and II is a distinguishing partition for P.
Suppose that € G(a), so that z = zo for some z = (21,...,2;) € L* and o € P.
If i = j, then (Oli717. .. ,Oli7b)zi = (Oéj,l, .. .,Oéj,b), which implies that o fixes the
partition II. Thus, o = 1 as Il is a distinguishing partition. Now z; € ﬂfn:l Gay =1
since {a; 1,...,p} is a base for L. Therefore, z = 1, and so A is a base for G.

To complete the proof, we assume that A is a base for G. Suppose for a contradic-
tion that {a; 1,..., a4} is not a base for L, for some i € [k]. Then there exists a non-
identity element = € L fixing {a; 1, ..., a;,} pointwise. Now, let z := (21,...,2x) € L,
where z; := z and z; := 1 for j # 4. It is then easy to show that 1 # z € G(a), a
contradiction. Thus {; 1,...,®;p} is a base for L.

Finally, we prove that II is a distinguishing partition for P. Recall that II is defined
in terms of the L-orbits on I'’, so without loss of generality, we may assume that
O m = O, for any m € [k] if 4 and j are in the same part of II, noting that the
columns of A still form a base for G with this assumption. In particular, we have

(@i, i) = (aj1,...,a;) if and only if 7 and j are in the same part of II.

Thus, if o € P fixes the partition II, then it also fixes every column of A. Since the
set A of columns of A is a base for G, we obtain o = 1, as required. O
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Let Pp,([k]) be the set of ordered partitions of [k] into m parts, where some parts
are allowed to be empty. Then P has a natural action on P,, ([k]). Note that a partition
IT € Pn(]k]) is a distinguishing partition if and only if it lies in a regular P-orbit.
Recall also that reg(G) denotes the number of regular orbits of G in its componentwise
action on Q@)

LEMMA 6.3. Let G = L P be a primitive wreath product. Then reg(G) = 1 if and only
if reg(L,b(G)) = D(P) and P has a unique regular orbit on Ppp([k]).

Proof. Let b= b(G) and let Ay and Ay be two k X b arrays of elements of I'. For each
i € {1,2}, write II; for the associated partition of [k] with respect to L-orbits of rows
of A;, and write A; for the set of columns of A;. By Lemma 6.2, A; is a base for G if
and only if II; is a distinguishing partition and each row of A; is a base for L.

First assume that reg(G) = 1. Note that if IT; and II are in distinct P-orbits, then
A and Aj are in distinct G-orbits. It follows by Lemma 6.2 that reg(L, b(G)) = D(P)
and P has a unique regular orbit on Pppy([k]).

The other direction is clear by applying Lemma 6.2. g

Next, let us extend [13, Theorem 6] by determining primitive wreath products
G = L P with reg(G) = 1, where P < S} is primitive, noting that [13, Theorem 6]
only treats the case where b(G) = 2.

THEOREM 6.4. Let G = L1 P be a primitive wreath product, where P < Sy, is primitive.
Then reg(G) = 1 if and only if reg(L,b(G)) = D(P) and one of the following holds:
(i) P= Sk and D(P) =k;
(i) P= A5, k=6 and D(P) = 3;
(iif) P =PI'Ly(8), k=9 and D(P) =3; or
(iv) P=AGL3(2), k=8 and D(P) = 4.

Proof. Note that [13, Proposition 4.19] classifies the primitive groups P < Sj with a
unique regular orbit on Pppy([k]). More specifically, P is such a group if and only if
P = Sk or

(P, k,D(P)) € {(45,6,3), (PT'Lx(8),9, 3), (AGL3(2), 8,4)}.
Therefore, the theorem follows from Lemma 6.3. O

To conclude this section, we give an application of Lemma 6.2 to the study of Con-
jecture 1.2 for general primitive groups. Let G < Sym(2) be transitive. We introduce
the following terminology in order to generalise the notion of regular suborbits (that
is, regular orbits of G,, for a € §2) to the case b(G) > 3.

DEFINITION 6.5. Let a € Q. An orbit A # {a} of G, on Q is called almost-regular if
ANB# I for some base B for G of size b(G) with a € B.

In other words, § lies in an almost-regular G,-orbit if {a, 8} can be extended to a
base for G of size b(G), i.e. if {«, 5} is an edge in X(G). Thus, the set of neighbours of &
in 3(@G) is equal to the union of almost-regular G,-orbits. For example, for a primitive
affine group G = V H, the H-orbits Oy, ..., O from Proposition 5.2 are precisely the
almost-regular H-orbits. Note that any permutation group G with b(G) > 2 has an
almost-regular suborbit, and if b(G) = 2, then a suborbit is regular if and only if it
is almost-regular. The set N(«) of neighbours of « in 3(G) is exactly the union of
almost-regular G,-orbits. In particular, if 5(G) = 2, then N(«) is the union of regular
G ,-orbits, and it is conjectured by Burness and Huang [13, Conjecture 8] that if G is
primitive, then for any 8 € 0, the neighbourhood N (3) meets every regular G,-orbit.
In the same paper, they show that this conjecture is equivalent to the base-two version
of Conjecture 1.2. Here, we give a similar extension as follows.
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CONJECTURE 6.6. Let G < Sym() be a finite primitive permutation group with
b(G) = 2. Then for any «, 8 € Q, the 3(G)-neighbourhood N (B) meets every almost-
reqular G -orbit.

THEOREM 6.7. Conjecture 6.6 is equivalent to Conjecture 1.2.

Proof. Clearly, Conjecture 6.6 implies Conjecture 1.2. Let L < Sym(T") be a counter-
example for Conjecture 6.6. That is, suppose there exist vertices a, f € X(L) such
that N(8) N A = & for some almost-regular L,-orbit A. Set r := reg(L), and let
G = LS, act on Q = I'" with its product action. Then G is primitive, and by
Theorem 6.1, we have b(G) = b(L). It suffices to show that the two vertices (o, ..., a)
and (8,...,/) in X(G) have no common neighbour.

Let b := b(G), and suppose that the set

{(OZ7 o 70[), (a1,27 ceey a'r‘,2)7 (al,?n ceey a'r‘,3) ey (al,bv e 7ar,b)}

is a base for G. Then by Lemma 6.2, each {a, a; 2,0, 3,...,;p} is a base for L, and
for any i # j, the b-tuples (o, a;2,053,...,0;5) and (o, 2, 53,...,a;p) are in
distinct L-orbits. Since r = reg(L), there are at most r almost-regular L,-orbits, so
each set {a1,...,a,;} meets every almost-regular L,-orbit. In particular, for each
2 < i < b, there exists j € [r] such that ;; € A, and so our assumption implies that
a;; ¢ N(B). By applying Lemma 6.2 once again, we see that, for each 4, the point

(a1, .., 0p;) € Qis not in any almost-regular orbit of G4, .. 3). Therefore, the two
vertices (o, ...,a) and (f,..., ) in X(G) have no common neighbour. This completes
the proof. O

7. ANOTHER GENERALISATION: THE IRREDUNDANT BASE GRAPH

In this final section, we briefly explore an alternative interesting generalisation of the
Saxl graph. Recall that an ordered subset (aq, ..., ax) of Q is an irredundant base for
G if

G>Go >Gara, > >Goq,an s > Gayg,ap, = 1.
In particular, any irredundant base is an ordered base for G, and any ordered minimal
base for G is an irredundant base.

Now, let I(G) be the maximal size of an irredundant base. It is clear that b(G) <
I(G). For an integer k > 2, we define IX;(G) to be the graph with vertex set €2, such
that two distinct vertices adjacent if and only if they lie in a common irredundant
base for G of size k. By a result of Cameron, published as [18, Theorem 1.1], I¥(G) is
non-empty if and only if b(G) < k < I(G). Note also that I3, (G) is not necessarily a
subgraph of I¥, (L) if L < G. The following observations are immediate consequences
of the definition of X (G).

LEMMA 7.1. Let G be a permutation group and k an integer at least two.
(i) If G is transitive, then IXy(G) is G-vertez-transitive.
(ii) If G is primitive and I3,(G) is non-empty, then IXL(G) is connected.
(ili) I3y(c)(G) = E(G).

It is natural to drop the restriction on the size of the irredundant bases under
consideration, as follows. For a group G with b(G) > 2, let

1(6)
I2G) = U IZkG).
k=b(G)

Clearly, ¥(G) is a subgraph of IX(G). It is also easy to see that I3(G) is G-vertex-
transitive if G is transitive, and connected if G is primitive.
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We now determine precisely when the graph I3(G) is complete, and show that for
all finite G, this graph satisfies an analogue of Conjecture 1.2, i.e. any two vertices
have a common neighbour.

LEMMA 7.2. Let G < Sym(Q) be finite. Then two distinct elements «a, 5 € Q are
adjacent in I3(Q) if and only if G, # Gp. Hence IX(G) is complete if and only if
there are no pairs a, f €  such that G4 = Gg.

Proof. Let o, B € Q). First assume that G, = Gg, and suppose for a contradiction that
some irredundant base for G contains both « and 8. Then without loss of generality,
this irredundant base is of the form (z1, ..., z;, &, X411, ..., Tk, 8, Tht1, - - -, Ty ). Hence
by the definition of an irredundant base,

G$1a<-~7$l»0¢7$l+17~--7$k > Gﬂ?l1-4-7$l70¢7ll+1;~-7wk75'

However, G4, ... z1.a,z141,....0n < Ga = Gg, and so in fact

G11,~-»7$L,0471?l+1,»--,1k - G111-~-7Il,aaml+1,~»-7$k,ﬁ’

a contradiction. If instead G # Gpg, then since G is faithful, there exists an irredun-
dant base containing « and . The result follows. O

COROLLARY 7.3. If G is primitive, then I5(G) is complete.

Proof. 1t is easy to see that the sets of elements of €2 with common point stabilisers
form a system of imprimitivity. Therefore, if G is primitive, then no two points «, 8 €
Q satisfy G = G 3. The result now follows from Lemma 7.2. O

COROLLARY 7.4. Let G < Sym(Q) be finite. Then I3(G) is either complete or a
complete multipartite graph. In particular, any two vertices of I%(G) have a common
neighbour.

Proof. We may assume that I3(G) is not complete. We observe from Lemma 7.2 that
IY(G) is a complete multipartite graph, whose parts are the sets of elements of
with common point stabilisers. It follows immediately that any two vertices of I3(G)
have a common neighbour. O
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