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A Littlewood-type identity for Robbins
polynomials

Ilse Fischer & Hans Hongesberg

ABSTRACT We provide a generalization of the Littlewood identity, both sides of which are related
to alternating sign matrices. The classical Littlewood identity establishes a nice product formula
for the sum of all Schur polynomials. Compared to the classical identity, Schur polynomials are
replaced by so-called modified Robbins polynomials. These polynomials are a generalization of
Schur polynomials and enumerate down-arrowed monotone triangles, and thus also alternating
sign matrices. As an additional factor on the other side of the identity, we have a Pfaffian
formula which we interpret in terms of the partition function of six-vertex model configurations
corresponding to diagonally symmetric alternating sign matrices.

1. INTRODUCTION

The classical Littlewood identity(l) [31] states that the sum of Schur polynomials
sa(x1,...,x,) over all integer partitions A admits a surprisingly nice factorization:

n

(1) st(xh..wxn):]‘[l_lm 11 ﬁ
\ 7 1]

i=1 1<i<j<n

The Littlewood identity is besides the Cauchy identity one of the most influential
identities in the theory of symmetric functions. Over the years, several generalizations
and variants of the Littlewood identity have been found. It has various applications
in representation theory as well as combinatorics, for instance, in the theory of plane
partitions and alternating sign matrices (ASMs) (see, among others, [9, 5, 6]). The
first connection of such identities to ASMs was established by Warnaar in [41], where a
partition function of six-vertex model configurations corresponding to ASMs appears
on the right-hand side of a Cauchy-type identity of Hall-Littlewood polynomials.

In this paper, we present a Littlewood-type identity for modified Robbins poly-
nomials Rj,(z1,...,%n;u, v, w), which are three-parameter generalizations of Schur
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(l)In fact, there are three different sums of Schur polynomials known as Littlewood identities.
The most prominent one is the identity shown here. The other two identities provide factorizations
for the sum of Schur polynomials over all partitions with even parts and over all partitions whose
conjugates have even parts, respectively.
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polynomials occurring as the generating function of down-arrowed monotone triangles
(DAMTS); see Sections 2 and 3 for detailed definitions. These objects have recently
been introduced by Schreier-Aigner and the first author as a generalization of ASMs.
In particular, we establish the following theorem, which we will prove in Section 4.

THEOREM 1.1. Let n be a positive integer. Then

*
(2) E R(khm’kn)(xl,...,xn;Ll,w)
0<k 1< <ky
n
:H 1 H Ti +xj +wr;x;
11— Tj — T
i=1 v 1gi<j<n J v

o 1, i =0,
X . . e
Xeven(n)<i<j<n (1'_7—171,)(1"1‘(1"1‘71))5”11_7) Z 2 la

(itzjtwziz;)(l-ziz;)’
where Pf denotes the Pfaffian of an upper triangular array and Xeven(n) equals 1 if n
is even and 0 otherwise.

By straightforward algebraic manipulation of (2), we obtain another Littlewood-
type identity for modified Robbins polynomials where we sum over weakly decreasing
indices instead of strictly increasing indices.

COROLLARY 1.2. Let n be a positive integer. Then
Z Rz(kl,...,kn)(‘rlv"'7xn;1717w)

k1z--2kn20

n

1 T+ T +w 1, i =0,
= H 11—z H T — x; Pt <{ (@j—w)((A+rw)tziz;) . >1.

_ Cicic
i=1 L 1<i<i<n Xeven (n)SI<j<n (zitzj+w)(l—ziz;)

While DAMTs are defined for strictly increasing k, there also exists a signed combi-
natorial interpretation underlying Corollary 1.2, which we briefly mention in Section 3.
Notably, Theorem 1.1 and Corollary 1.2 exhibit combinatorial reciprocity as

Z Rz‘kl,...,k,‘n)(mlﬂ"'7x7l;1717w)

k12 2kn20

n
= (71)"1_[55;1 Z R’("kh_”)kn)(xfl,...,z;l;l,l,w).
i=1 0<k1 <+ <ky

Combinatorial reciprocity phenomena for monotone triangles have been studied
before, see for instance [19].

We also provide a combinatorial interpretation of the right-hand side of (2) in terms
of the partition function Zpgagm for six-vertex model configurations corresponding to
diagonally symmetric alternating sign matrices (DSASMs); see Section 5 for further
details.

THEOREM 1.3. Let n be a positive integer. Then

Z Rz‘klw’kn)(xl,...,xn;l,l,w)

0k < <kn

Tl 1
= —Z .
S S 1— 2z, psasM (@1, - -+ Tn)

i=1 1<i<j<n

The main purpose of Theorems 1.1 and 1.3 is twofold: on the one hand, to establish
a Littlewood-type identity for modified Robbins polynomials by presenting a closed
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expression for 20<k1<__4<kn RZ‘kl _____ kn)(xl, ...y Tp; 1,1, w), and on the other hand, to
provide a combinatorial interpretation of this expression in terms of certain six-vertex
model configurations. Although we currently lack such an interpretation for the left-
hand side of the generalized Littlewood identity (2), both theorems reveal a deep
connection to alternating sign matrices (ASMs), which are n x n matrices with entries
—1, 0 and 1 such that the nonzero entries along each row and column alternate in sign
and sum to one. Since the introduction of ASMs in the early 1980s by Robbins and
Rumsey [38], the problem of enumerating ASMs was challenging combinatorialists
for over a decade. It was finally resolved by Zeilberger [43], and a few other proofs
have followed since then [30, 13]. The enumeration of symmetry classes of ASMs,
initiated by Richard Stanley [36, 37], has been an elusive problem ever since. There
are eight different symmetry classes of ASMs that are induced by the symmetry group
of the square. Among them, the enumeration of diagonally symmetric alternating sign
matrices, that is, ASMs that stay invariant under matrix transposition, stands out. It
is the first symmetry class for which no product formula is known or conjectured but
for which an enumerative formula of a different kind has been established. This has
recently been achieved in [4, Corollary 4] by providing the following Pfaffian formula
for the number of DSASMs of order n:

3) Pt ((ulvﬂ( (v —u)(2+ wv) ) 7

Xodd(n)<i<j<n—1 1— uv)(l — U — ’U)

where, analogous to before, xoqq(n) equals 1 if n is odd and 0 otherwise; furthermore,
(u'v?) f(u,v) denotes the coefficient of u*v7 in the expansion of f(u,v).

Our third main theorem provides another connection between the unbounded sum
of modified Robbins polynomials and ASMs. We show that the coefficient of the
highest term in Zpgasm(21,...,2,) yields a weighted enumeration of DSASMs; see
Section 6 for further details.

THEOREM 1.4. The coefficient of x?_l <o ain Zpsasm (21, - - ., @y is given by the
generating function

s it
V()

In particular, the coefficient is

w(®) Pf <<uiw‘>

(v—u)(1+uv+ w)
Xodd(n)<i<j<n—1

(1 —w)(w—u—v)

which coincides with the enumeration formula (3) for DSASMs of order n if w = 1.

We discuss aspects of the relevance of the result. To date, we know three other
classes of combinatorial objects that are equinumerous with ASMs: descending plane
partitions (DPPs), totally symmetric self-complementary plane partitions (TSSCPPs)
and alternating sign triangles (ASTs). See [1, 32, 33, 2, 3] for parts of the relevant
literature. However, no bijection between these classes of objects has been found so
far. The lack of bijective proofs has become one of the main driving forces for research
in this area. See [8, 18] for some concise overviews over the history of the ASM theorem
and the missing bijections.

The classical Littlewood identity admits a bijective proof by exploiting the symme-
try of the celebrated Robinson—Schensted—-Knuth correspondence (RSK). A bijective
proof of Littlewood-type identities related to ASMs might lead to bijections between
the four different classes of combinatorial objects mentioned above. This is all the
more promising since Littlewood-type identities have played a key role in relating
alternating sign matrix objects (ASMs and ASTs) with plane partition objects (DPPs
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and TSSCPPs) in a computational manner, see for instance [15, 14, 23, 24]. A bounded
version [17] was used in a similar vein in [21].

However, the significance of our main results goes beyond presenting a concrete idea
of how bijections between ASMs and plane partitions could be constructed: a bounded
version of Theorem 1.1 would be a key ingredient in solving the long-standing Gog-
Magog Conjecture [29], [28, Conjecture 5], which has remained unsolved for nearly
three decades. On a different note, since the classical Littlewood identity is related to
the character theory of classical groups, the generalization also raises the question of
whether it has a representation-theoretic meaning.

OUTLINE OF THE PAPER. In Section 2, we introduce the modified Robbins polynomi-
als R}, (z1,...,%n;u,v,w) and explain the correlation to other symmetric functions.
We present DAMTs as a combinatorial model for R} (z1,...,%s;u,v, w) in Section 3
and provide two different proofs of Theorem 1.1 in Section 4, where we also derive
Corollary 1.2. In Section 5, we introduce a six-vertex model for DSASMs and estab-
lish the Pfaffian formula for the corresponding partition function Zpgasm (1, - - -, Zn),
proving Theorem 1.3. Then, in Section 6, we show that the highest term in the poly-
nomial expansion of Zpgasm (1, - . ., Ty) is given by a generating function of DSASMs
(Theorem 1.4). The computational proof of Theorem 1.4 equates two generating func-
tions of DSASMSs; we pose it as an open problem (Problem 6.3) to prove this equality
bijectively. In Section 7, we explain how to recover the classical Littlewood identity
from the Littlewood identity for modified Robbins polynomials and present a related
open problem. We conclude the paper with Section 8, in which we propose a gen-
eralization of Theorem 1.1 for fully inhomogeneous spin Hall-Littlewood symmetric
rational functions and discuss several of its implications.

2. MODIFIED ROBBINS POLYNOMIALS

To begin with, let us fix some notation. For any positive integer n, we denote by &,,

the symmetric group of order n. We define the antisymmetrizer ASym,, . to be

ASym, . F(x1,...,2,) = Z sgn(o)F(xo(1y, - - s To(n))-
ceS,
The antisymmetrizer is needed to define the modified Robbins polynomials, which are
one of the central objects of this paper.

DEFINITION 2.1. Let k = (k1, ..., k,) be a sequence of integers. We define the modified
Robbins polynomials R (x1,...,%n;u,v,w) to be

n

k,

ASym, . [ (uziz; +v+wz) [z
1<i<j<n i=1

[I (z;—)

1<i<j<n

We can recover the Schur polynomials from the modified Robbins polynomials in
several ways. We state two of them in the following proposition; in this proposition,
we set sx(z1,...,2,) = 0if A is not weakly decreasing. Both assertions are a direct
consequence of the bialternant formula for Schur polynomials, which states—in an
uncommon formulation using the antisymmetrizer—that

n .
ASym,, . {H wfi*”}
S(k,,“...7k1)(x17 S ,ﬂin) = H =1
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PROPOSITION 2.2. Let (k1,...,kn) be a strictly increasing sequence of integers. Then
it holds that

(i) Rzkkl,...,krn)(xl’ ey 3 0,0,1)

= s(kn—n—&-l,kn,l—n+3,...,k2+n—3,k1+n—1) (xla cee axn)
n
n—1,
= 8(kp—2(n—1)kn_1—2(n—2),....ka—2,k1) (T15 -+, Tp) Hl’l ;
1=1

(11) Rz(k;h,,,,k;”)(mh sy Ty 1a 17 0)

= Sk —nt Lky 1=t 2enba—Lk) (T1, o) [ (14 mazy).
1<i<jsn

The K-theoretic analogues of Schur polynomials are known as Grothendieck polyno-
mials. Modified Robbins polynomials generalize symmetric Grothendieck polynomials
Ga(z1,...,2,; ) as can be seen from their bialternant formula [25]:

det (a:j‘j+n7j(1 + ﬁxi)j_l)

1<i,j<n
[T (zi—x))
1<i<jgsn

Gr(z1,...,xn;B) =

Symmetric Grothendieck polynomials G (1, ..., Z,; 8) are stable Grothendieck poly-
nomials indexed by Grassmannian permutations.

PROPOSITION 2.3. Let (k1,...,k,) be a strictly increasing sequence of integers. Then
R;(.’El, ceey L 07 ]-7 ﬂ) = G(kn—n—i-l,kn_l—n+2,...,k2—1,k’1)(xla sy Ty B)

Theorem 1.1 establishes a closed formula for the sum of all modified Robbins poly-
nomials R?kl,...,kn)(xl’ .oy @p; 1,1, w). There are several other identities in the litera-
ture reminiscent of (2). In [6], Betea, Wheeler and Zinn-Justin proved a Littlewood-
type identity for Hall-Littlewood polynomials which had earlier been conjectured
in [5]. Later, this identity was generalized by introducing an additional parameter [42].
Gavrilova [22] established another generalization for fully inhomogeneous spin Hall-
Littlewood symmetric rational functions:

The fully inhomogeneous spin Hall-Littlewood symmetric rational functions F (u1,

.., uy,) were introduced in [7] and admit the following antisymmetrizer formula

n Ai—1
1— Ejui—sj
Asymuhn-,un H (ul - quj) Hl <1—S>\i€q)\iui HO 112J5]21>‘|
j=

1<i<j<n i=
9
II (ui—uy)
1<i<j<n
depending on weakly decreasing sequences A = (A1, ..., A,) of nonnegative integers,

a parameter g and inhomogeneities £, and s, for nonnegative integers .
For w = v, the modified Robbins polynomials are—up to an unimportant factor—
a special case of the fully inhomogeneous spin Hall-Littlewood symmetric rational

12, .
1/2 1qf/’§+£" for all 1 < ¢ < n,

functions: if we set £, = 1 and s, = ¢~ /%, and map u; —

we transform Fj(uq,...,u,) into

n
~)CDGC 2T (@2 + 2 Ri(ers. . 2as 1,1,¢2 + ¢72)
i=1
where k is the reverse sequence of .
In all cases, however, these generalized Littlewood identities for Hall-Littlewood
polynomials and their generalizations are not of the classical type as they either sum
over all partitions with even parts or over all partitions whose conjugates have even
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parts. Although, in the Schur case, the classical Littlewood identity follows from these
variants via a Pieri rule, this does not appear to be true for the more general inhomo-
geneous spin Hall-Littlewood symmetric rational functions, due to the nature of the
Pieri rules available for the latter. However, we conjecture in Section 8 a generalization
of the Littlewood-type identity established in this paper for fully inhomogeneous spin
Hall-Littlewood symmetric rational functions. This generalization would imply a new
Littlewood identity for Hall-Littlewood polynomials of the classical type, see (30). On
the other hand, the Cauchy-type identity accompanying our Littlewood-type identity
follows from the Cauchy identity provided in [34] by the specialization given above.

3. DOWN-ARROWED MONOTONE TRIANGLES

In this section, we introduce down-arrowed monotone triangles (DAMTs), which are a
combinatorial model for modified Robbins polynomials. They are defined as decorated
Gelfand—Tsetlin patterns.

A Gelfand—Tsetlin pattern with n rows is a triangular array of integers

1,1
a1 a2,2

Gn—1,1 n—1n—1
an,1 an,2 e An,n—1 An,n

with weakly increasing entries along ,*-diagonals and \-diagonals. Gelfand—
Tsetlin patterns with n rows are in bijection with semistandard Young tableaux with
entries less than or equal to n [40, Section 7.10] as follows: There are a; 1 1s in the
first row of the Young tableau. Then, for each i € {2,...,n}, the entries equal to i

form the skew shape (aim N ,ai)l)/(ai_u_l, N ,ai_Ll).
The Schur polynomials s(y, ... x,.)(T1,...,2,) are combinatorially defined as the
generating functions of semistandard Young tableaux of shape (A1,...,\;,) with en-

tries less than or equal to n with respect to the weight []}, 2;#%*. By assigning the
weight

i—1

. Qg 5 — E . Qai;—1,5
j=1 " j=1 ’
1=1

to each Gelfand—Tsetlin pattern, we see that the previous bijection is weight-

preserving and that sy, . x,.)(21,...,7,) is also the generating function of Gelfand-
Tsetlin patterns with n rows and bottom row (A, ..., A1), adding leading zeroes if
necessary.

ExAMPLE 3.1. We present the following Gelfand—Tsetlin pattern with four rows and

weight #323r323 and its corresponding semistandard Young tableau:

1(1(2]3

[N}
w
ot
’»kal\:)»—l
w

1 2 ) )

Monotone triangles are Gelfand—Tsetlin patterns with strictly increasing rows. It
is well known that monotone triangles with bottom row (1,2,...,n) are in bijection
with ASMs of order n [32].

Algebraic Combinatorics, Vol. 9 #3 (2026) 670
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ExAMPLE 3.2. The following matrix on the left is an ASM of order 4. It corresponds
to the monotone triangle on the right.

We illustrate the bijection with the matrix in the middle: To each entry of an ASM
of order n, we add the entries in the same column above. This results in rows of Os
and 1s, where the ¢th row comprises exactly ¢ 1s for all 1 < ¢ < n. Recording the
positions of these 1s for every row finally yields a monotone triangle.

0100 0100 2
0001 0101 2 4
1-110| 7 {1011
0100 1111 1 3 4
1 2 3 4

In order to obtain a combinatorial interpretation of the modified Robbins poly-
nomials, we introduce down-arrowed monotone triangles (DAMTs). To this end, we
distinguish entries that are not in the bottom row in relation to their neighbouring
entries in the row below: An entry that is equal to its ,/-neighbour is called left-
leaning; conversely, an entry that is equal to its \-neighbour is called right-leaning.
An entry that is neither left-leaning nor right-leaning is called special.

DEFINITION 3.3. A down-arrowed monotone triangle is a monotone triangle where
each entry not in the bottom row is equipped with one of the decorations ./, | or \
according to the following rules:

o Fuvery left-leaning entry is decorated with /.
o FEvery right-leaning entry is decorated with “\.

An entry equipped with | is called central. The following weight is assigned to a
DAMT:

(4) St ﬁ CEZ;Zl “w*Z;: ai—1,j+#N\ in row (i — 1) —#, in row (i — 1).
3

i=1

EXAMPLE 3.4. We provide an example of a DAMT with weight u3vw?z3z3z323:

)
pY
1 3 5
Ve pY 1
1 2 4 7

— N

It has been shown in [20, Theorem 3.1] that the generating function of all DAMTs
with a prescribed bottom row is given by modified Robbins polynomials.

THEOREM 3.5. Let k = (k1,...,kn) be a strictly increasing sequence of integers. The
generating function of DAMTs with bottom row k with respect to the weight (4) is
given by the modified Robbins polynomial Ry, (x1, ..., Tn;u,v,w).

We may also define a weight function on monotone triangles in order to obtain

the same generating function Rj(1,...,1;u,v,w) (and thereby avoid the necessity of
decorations), see [20]. In this case, the weight is not monomial anymore; however,
it reduces to 1 when setting u = v =1, w = —-1and z;y = --- = z, = 1. Conse-

quently, Ry (1,...,1;1,1,—1) yields the number of (undecorated) monotone triangles
with bottom row k.

More precisely, let M be a monotone triangle with n rows. We denote the number
of left-leaning and right-leaning entries in row ¢ by [;(M) and r;(M), respectively.
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Analogously, we denote the number of special entries in row ¢ by s;(M). The number
of all left-leaning and right-leaning entries is denoted by (M) and (M), respectively.
We define the following weight on any monotone triangle M:

i—1

(5) (M) () ﬁ x_zj':l ai,j—zjzl ai—1,j+ri—1(M)—=l;—1(M) 1)51_1(M) .
i=1

(w + ux; +vx;

We obtain DAMTs from monotone triangles by decorating the entries that are not
in the bottom row. While the decorations for left-leaning and right-leaning entries
are forced, we have three different choices for every special entry. This observation
explains that we obtain the weight (4) by expanding (5) into monomials. Since (5)
equals obviously 1 by settingz; =--- =z, =1, u =v = 1 and w = —1, it follows that
R;(1,...,1;1,1,-1) yields the number of monotone triangles with bottom row k.

In [20], Schreier-Aigner and the first author also considered arrowed monotone
triangles and extended arrowed monotone triangles; these are further variants of dec-
orated Gelfand—Tsetlin patterns.

An arrowed monotone triangle is a monotone triangle where each entry is decorated
with one of the decorations N\, * or ™' according to the following rules

e If an entry coincides with its N -neighbour, then it is decorated with .
e If an entry coincides with its *-neighbour, then it is decorated with .

An extended arrowed monotone triangle is a triangular array of integers that are not
necessarily weakly increasing along rows and where the entries are decorated with X,
Y B¢ or @. We omit the rules for the decorations here, see [20] for further details
as well as further generalizations. Arrowed monotone triangles are a proper subset
of extended arrowed monotone triangles: we recover the notion of arrowed monotone
triangles by restricting extended arrowed monotone triangles to strictly increasing
bottom rows and omitting @ as decoration.

The generating function of (extended) arrowed monotone triangles is given by the
ordinary Robbins polynomials Rg(x1,. .., xn;t, u,v,w). Modified Robbins polynomials
and (nonmodified) Robbins polynomials fulfill the following relation:

Ri(x1,... ,xn;t,u,v,w)
[T, (t+uxi + = +w>

Robbins polynomials generalize Hall-Littlewood polynomials P. In fact, let A be an
integer partition and denote the multiplicity of an entry ¢ by m;(\), then

n 1
Py(z1,...,%n;q) = (—1)(2) H ﬁRx(zl, ., Zn;—¢,0,0,1),
>0 q59)m..(\)

R;::(:I’.lwnaxn;uvvuw) =

t=0

where
k—1

(a: g = [ (1 - ag")
i=0
denotes the standard g-Pochhammer symbol.

The feature of Robbins polynomials is that they admit a combinatorial interpreta-
tion for arbitrary integer sequences k through extended arrowed monotone triangles.
However, this combinatorial interpretation involves signs in contrast to arrowed mono-
tone triangles.

4. PROOF OF THEOREM 1.1

Littlewood-type identities are often proved by what is occasionally referred to as the
Izergin—Korepin technique: identifying a set of properties that uniquely determines
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one side of the equation and subsequently showing that the other side satisfies these
properties as well.

We prove Theorem 1.1 in a different and elementary way: The antisymmetrizer
in the definition of modified Robbins polynomials enables us to establish a recursion
relation for these polynomials. We then show directly that the right-hand side of (2)
fulfills the same recursion as the left hand side. In addition, a sketch of a second proof
using the Izergin—Korepin technique is provided as well. At the end of this section,
we show how to derive Corollary 1.2.

The Littlewood-type identity for modified Robbins polynomials involves the notion
of Pfaffians which we recall in the following before proving Theorem 1.1:

For every triangular array A = (a;j)1<i<j<2n, the Pfaffian Pf(A) is defined as

Z sgn(ig . .- injn)aihh © Qi s
{(i17j1)7'~~a(in7jn)}

where we sum over all perfect matchings {(i1,71),..., (¢n,Jn)} of {1,...,2n} such
that i1 < -+ <, and i < jp forall 1 <k < n.

Every triangular array A = (a;,j)1<i<j<2n is the upper triangular part of a uniquely
determined 2n x 2n skew-symmetric matrix M, which we call the skew-symmetric
completion of A. A matrix M = (m; j)i<i j<on IS skew-symmetric if m; ; = —m;;
for all 1 < 4,7 < 2n; in particular, all diagonal entries are 0. It is well known that
Pf(A)? = det(M). On that account, we will repeatedly change perspectives when
dealing with Pfaffians as we will consider either the triangular array or the skew-
symmetric matrix that underlies the Pfaffian.

We recall the main methods for manipulating Pfaffians used in the present paper:

e Regarding elementary row or column operations on the underlying matrix, we
perform corresponding row and column operations at the same time. Thus,
the resulting matrix remains skew-symmetric. In particular, simultaneously
swapping corresponding rows and columns multiplies the Pfaffian by —1.

e Expanding the Pfaffian along the last column yields

2n—1
SN _1\k+1 .
1@5]2%(‘11,1) = kz:l (1) ag,2n 1@%‘%% (aiz)-
= i,j

e For all ¢y, ..., cop, it holds that

2n

6 pf CiCiQ j :Hc- Pt a;.i).
(6) 1<7L<j<2n( i€05) L Z1<z‘<j<2n( i-9)
ie
Thus, for a given 4, setting ¢; = ¢ and all other ¢q,...,¢i—1,Ci41,.-.,Con

equal to 1 corresponds to multiplying the ¢th row and the ith column of the
underlying matrix by c.

In preparation for the proof of Theorem 1.1, we show the following lemma which
will be used for certain row and column operations:

LEMMA 4.1. The following identities hold:

(i) For each positive integer n, it holds

1+ I 1—a; H” 1
Z + x; T;Tp + (-1 _ 1L
=\ T el BT =1 Tk

P#j
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(ii) For each positive integer n and i satisfying 1 <i < n, it holds

(_1)ni (@ —x)(A+ A+ w)zz;) 1+a; 11 L —zjzp
(x; + zj + wziz;)(1 — zz;) Tj oo, T T
p#j

1—x; 14+ wz; + i 1
e Al L | P

1 Zpen T; + Tp + WT;Tp
pFi

Jj=1

Proof. Let us first prove (i). After some straightforward manipulation, the expression
in (i) becomes the following polynomial identity:

n

(7) Z (_1)j(1+xj) H zp(l — xjap) H (zq — @p)

j=1 1<p<n 1<p<q<n
P#] P,q#]
n
= (—1 + (=" H xp> H (g — xp).
p=1 1<p<gsn
Both sides are multivariate polynomials in x1,...,x, with highest degree at most n

in each variable. It is not difficult to see that both sides vanish if we set x, = x; for
any s # t. Furthermore, if x5 = 0, both sides evaluate to

I = 1l

1<p<n 1<p<g<n
pFs p,qF#s

resulting in n coinciding evaluations for each variable. Thus, both sides are equal up to
n—1

a multiplicative factor independent of 1, . . ., ;. Since the coefficient of 2]z, "7 - - - x4,
that is, the leading coefficient in the lexicographic order for x, > --- > x;, equals
(—=1)™ on both sides, we have shown (7).
Regarding (ii), we transform the identity into
n
Z 1+(1+w)$1%)(1+%)( | — i)
Jj=1
X H Tp H —xjzp) (@ + Tp + wrizy) H (xg — zp)
1<p<n 1<p<n 1<p<g<n
p#j PFi,j P,q7#]
+ (1 — =) H zp(1 + wx; + z2p) H (xg — xp)
1<psn 1<p<g<n
pFi
n
= ( H ) H (x; + xp + waizy) H (Tg — xp),
k=1 1<p<n 1<p<q<n
pHi
both sides of which are multivariate polynomials in x1, ..., z,; the highest degree of

T is at most n + 1 if s # ¢ and 2n — 1 otherwise.
A straightforward computation shows that both sides vanish if we set x5 = x; for
any s # t. Setting x5 = 0 yields

(—1)*'af H Tp(Ti + Tp + WTiTp) H (zq — p)

1<psn 1<p<g<n
PF#i,s P,q#s
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on both sides if s # i; otherwise, we obtain

R A | RO

1<p<n 1<p<q<n
pFi p,qF#i
Next, we consider the evaluation for r, = —7 fd}w if s # i. The right-hand side
i

of (8) clearly vanishes. The left-hand side, however, becomes

(-1)® zi(zi — 1)(2 4+ wr) (1 — 2 + wr;) (1 + 25 + wz;)

(14 wax; )”+1
X H Tp H (14 wx; + zizp) (z; + Tp + wWiTy) H (g — xp)
1<p<n 1<p<n 1<p<q<n
p#s pFi,s P,q#s

(=1°
(1+ wxi)n+1mz(”2
X H (@i + zp + waizp) H 2p(1 + wa; + z2p) H (g — xp).

1<psn 1<psn 1<p<gsn
pF#s pFi,s P,qF#s

- D1 —z; + wx;)(1 + x; + wa;)

After omitting common factors, we are left with (2 +wx;)x; — (z; + x; +wa?), which
equals zero.

Next, let x; = 1+wT for any s # 4. It is again obvious that the right-hand side
of (8) vanishes. We obtain for the left-hand side

(_1)s+i—[s<i]
(14 wzxy)2n—1
x H Tp(1 — 2sxp)(Tp — T5) (%5 + Tp + WTsTp) H (zq — zp)

22(1 — 26) (1 + 25) (2 + wa,) (1 + x4 + wxy)

1<psn 1Sp<g<n
p#i,s p,q#i,s
(-1
+ ———— (1 + x5 + wzy) H zp(1 — zszp)(xs + Tp + WTsTp)
(1 + me)Q'ﬂ ! 1<p<n
pFi
X H (gjq - xp)a
1<p<g<n
P,qF#i

where [-] denotes the Iverson bracket: For any proposition P, [P] evaluates to 1 if P is
true and to 0 if P is false. It is again not difficult to see that the previous expression
is zero.

In total, we have now n + 1 matching evaluations for z, for any s # i and 2n — 1
evaluations for z;. As a consequence, we know that the difference between the left-
hand side and the right-hand side of (8) is the product of

(9) pr H (zq — 2p) H (zi + ap +wxixp)2

1<p<gsn 1<psn
pFi

and a rational expression in w. In fact, we want to show that this factor equals zero. To

this end, we consider the specializations (z1,...,2,) = (21, =, T3, ..., Tp_1, ——)
Il x3’ Tn—1

. . o 1 1 . .

if n is even and (x1,...,2,) = (xl,x—l,xg,g Ty Q,x— —1) if n is odd for

which (9) does not vanish. Given these speciahzatlonb, we will show that the left-
hand side of (8) coincides with the right-hand side, which completes the proof of (8).
First, we consider the left-hand side of (8). Due to the factor H1<p<n (1—zjxp),

p#i,
we see that the first sum vanishes unless j =i+ 1 if 7 is odd and j =i — 1if 7 is even.
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Let us assume the latter. Thus, it suffices to only keep the (i — 1)th summand in the
first sum. After some manipulation, the left-hand side of (8) reduces to

zi(14+ (1 +w)zi—1z:) (1 4+ xi—1) (@i — 2i-1)
X H Tp(1 = zim1@p) (@ + xp + wriTp) (T — T4) H (zq — 2p)

1<psn 1<p<q<n
pFi—1,i p,qFi—1,i

+ xi_l(l — 1‘1)(1 + wx; + mi_lmi)(xi — xi—l)
X H rp(1 +wzi + 7)) (Tp — i) (Tp — Ti1) H (zg — @p)-

1<psn 1Sp<gsn
pFi—1,i p,gFi—1,1

The right-hand side of (8), however, can be recasted as

(i1 + @i +wzi—12;) (X — 1)

X (1 + (=" H xk> H (i +xp+wrxy)(zp— ) (Tp — 1) H (xg—xp).
k=1

1spsn 1<p<gsn
pFi—1,i p,qFi—1,1

After cancelling out common factors in the two previous expressions, it remains to
show that

xi(14+ (14 w)z;—12;) (1 + xi—1) H p(1l — zi_q2p) (s + xp + WTiTp)

1<p<n
pEi—1,4
+zio1(1 — )1+ wz; + zi—q12;) H Tp(1 + wx; + zizp)(Tp — Tiz1)
1<p<n
pEi—1,i

equals

(Tic1 + @ + wxi12;) <1 + (=" H zk> H (x; + xp + wzizy) () — Ti—1)
k=1

1<psn
pFi—1,i

for the specializations under consideration. For this purpose, let k # i be even and
consider the products
o vy (1 —mi1wp_1)(@ + g1 +wwizp_1) - (1l — 2 108) (2 + ) + wEiT),
o w1 (1 +wz; +xiwp—1)(Th—1 — 1) - k(1 + wry + 2i28) (T8 — T4-1),
o (z;+ap—1 +wrirp_1)(Tp—1 — Ti—1) - (i + Tp +wTiT) (TR — Ti1),
all of which evaluate to
1
R — (h—1 —2i1)(I =2 12p1) (W + 21 + Tp—1)(1 + wrp—1 + 2125 1)
k—1%i
when setting x; — ﬁ and xj — @c%l In addition, in the case of n being odd, one
can easily check that all of the following expressions
o (1 —aiqmy) (2 + 0 + wximy),
o 2, (1+wz; + xizy)(xn — iz1),
o (x; + xy +waixy)(x, — xi—1)
are equal to (1 + z;—1)(1 — z; + wx;) if setting x,, = —1.
Moreover, we see that
xl(l + (1 + w)xl_lxz)(l + xi—l) + Ii_l(l — $7,)(1 + wx; + Ii_lfﬂi)

and

(Tic1 + @ +wri—124) (1 + (-1 H xk)
k=1
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both specialize to

(1 +wzi—1 +27_4).
Ti—1

This finally concludes the proof of (8) for even i. An analogous argument holds in the
case of ¢ being odd. O

We are now ready to proceed with the main proof of Theorem 1.1.

First proof of Theorem 1.1. We prove the statement by induction on n, showing that
both sides of (2) satisfy the same recurrence relation.
To start with, recall that Ry (z1,...,zn;1,1,w) is given by

ki
ASym,, .. [H1<i<j§n(xi‘rj +1+ww;) [T, 2 ]

H1§i<j§n(xj — ;)

Through geometric series evaluation, it follows that

F(zy,...,x,) = Z Rzkk17___7kn)(1:1,...,xn;l,l,w)
0<k1 < <kn
equals
10) ASym, .. {H1<i<j<n(37i33j + 14wz [T o' (1 - [T—z) "
ngiq‘gn(%‘ — ;)
since

n n
ki _ i—1 ki
> I==11=7" > II=
0Kk < - <ky i=1 i=1 0<k; < <Lky i=1

n

g Y (@ew) P @)k

=1 0<ki<<kn
i1 k k En _ i

:sz' E (x1...2n)™ E (g ..xp) - g Ty, —1_[11—1[7n:Zj

i=1 k1=0 ko=0 kn=0 i=1 Jj=iJ

Thus, we obtain the recurrence relation

(11)
n -1 n
;T + 14+ wrk)x; -
F({]j17...,a:‘n): (1_sz> Z H (Z kx‘_xk k) ZF(.]Z1,...,$k,...,$TL)
i=1 v

k=1 1<i<n
itk

with initial condition
1
1-— X1 ’

F(x) =

where z1,...,Z%, ..., %, denotes the omission of zj in x1,..., T,.
If n = 1, then both sides of (2) clearly evaluate to 1/(1 — x1). Now consider the
induction step from n — 1 to n. We make a case distinction regarding the parity of n.
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Let us first assume that n is even. Using the induction hypothesis and the recur-
sion (11), it follows that the right-hand side of (2) equals

L mxk—&—ka—i—l)mz
(1_1,1:[1%) Z H (x; —xp)(1 — ;)

k=1 15ign

X

I vt @ twrwy L ( (zj — ) + (1 + w)ziz;) )
iCien Tj— T 1<i;]j§};ﬂ+1 ($1 +z; + wxixj)(l - xi:z:j) S ’
i,i2k n+1

which we rewrite as

n -1 n
T + 2 +wrx; kil H L+ wry + 2324
( 11;[1 xl) H T — X Z< ) Ty + T + WTET;

1<i<j<n k=1 1§;§n
" H Pt (7 —2:) (A + (1 + w)ziz;)

(2o L mi simsen (@ + 2 + wria) (1 — ;) -1

ik Tnt1=

Interpreting the sum as an expansion along the last column yields

n -1

T + 5 + wxx;

1) [ BEmERnE

. = Tj — Ty
i=1 1<i<j<n

zp _w;  (wj—wi) 1+ (4w)ziz;)

T—x; 1-a, (:1:4,+:1;7+'u,':1:,:1:7)(1—:1;,:1;7)>1<i<jgn (lr, ) I 1fwzitaiz,
% Pf =2 )icign| | 1ok, Titeptwzi,
1<ign

1<i<j<n+2

| 0

We extract []
as follows:

1 T (6) and split it up into two summands

( (;1:]—:t,)(l+(14)r(11*)m4,m‘7)> - .
(zitzjtwziz;)(1—zx L 1—x WTi+TiTp
’ ’ ’ ISi<jsn (1)l<i<n T; : H Tit+TptwriTy
1<i<n

1<psn
p#i

1<i<jsn+2

1
‘ I

N ﬁ 1 o ( (zj —z) (1 + (1 + w)ziz)) ) .
S Ti 1<i<i<n (i + zj + wziz;) (1 — zy25)

This implies that the proof of the even case is complete if we show that

( (zj—zi) A+(1+w)ziz,) )
(zitzjtwzz;)(l—ziz;) 1<i<j<n

Titrjtwr;x —zx e | 1—x ltwzitz;z)
o - it 1 i <i<j<n|( 1)1@:@1, ( T (1gI;I<L ;,;1+;,;1,+w::;1::;p))
( ) .. pFi 1<i<n

1<i<j<n+2
no1
| i

_ pt (((fﬂj —2)(1+ (1 + w)zz;) ) 7

1<i<j<n l‘i+$j +’LUI’1IJ)(1 7Iil’j)

where we incorporated a negative sign into the Pfaffian on the left-hand side by
multiplying the (n + 1)th row and (n + 1)th column by —1 using (6).

We perform the following elementary row and column operations on the matrix
underlying the Pfaffian in the left-hand side of (12): For every j € {1,...,n}, we add
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the jth column times

14z H 1—-z;x,
x] 1<p<n x] - ij
P#j
to the last column; we then proceed analogously for the rows. Due to Lemma 4.1, this

results in the left-hand side of (12) being equal to

( (zj—zi) A+(1+w)ziz,) )
(zitajtwziz;)(1—zix;) 1<i<j<n (_1>1<i<" (1 +HZ:1 i)

1<i<n

1<i<j<n+2

‘ 1

We further manipulate the underlying matrix as follows: We multiply the (n+ 1)th
column by 1+ ]}, L and add it to the (n+ 2)th column; then we proceed similarly
with the last two rows. Thus, we obtain

( (zj—zi) A+(1+w)ziz;) )
(zi+xj+wriz;)(l—zix;) 1<i<j<n

1<i<j<n+2

Evaluating this Pfaffian along the last column, finally yields the right-hand side
of (12).

On the other hand, let us assume that n is odd. Similar as before, applying the
recursion (11) to the induction hypothesis and some manipulations imply the right-
hand side of (2) being equal to

-1
n n
(01n) I eS| I et
_ ; e Uy Ty _ Bl el ik
P 1<ici<n Tj— T — 1<;§n T+ x; + wrre;

(((afj —z)(1 + (1 + w)zizy) ) .

x; + xj +wriz;) (1 — zx5)

T
X Il — Pt
1 —x; 1<i<isn
1<ign vk

itk

We multiply the factor []i<i<» 1% into the Pfaffian using (6) and then interpret the
ik i

sum as an expansion along the last column, which yields

" -1
(T) I e

1<i<j<n
( oz M) Ltwot
x Pf et bt Uonw) hicicisnl | T 5 e ran :
1<i<j<n+1 ‘ N 1 ' 1<ign

Next, we extract again the product [];"; {£-- from the Pfaffian using (6) and recast

it by enlarging the dimension of the underlying array as

( (=) (1 (L w)a;)

(zitajtwziz;)(1—z;x, )) i 1—z; IHwzitwiz, )
T ki<i<n|(VDigical| | m Il e (0)1<isn
1<ig<n

1<psn
pFi

1<i<j<n+3

0 -1
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we then split up the Pfaffian into the following sum:

(M .
(zitz;tweiz;)(1-zix;) o 1—x; WL +TiTp .
it T 1/ 1Ki<jsn (1)1§i<n — i 1_I< P —, (0)1§1Sn
pn
: 1<i<n

<

Pt 0 1
1<i<j<n+3 -

n (=) L+ (I +w)aiz;)

+ H ! Pf ((11”]*””])(1*“1‘]))1<z‘<_y‘<n

1 T; 1<i<j<n+1 ‘

(1)1§i§n

After putting all together and some minor manipulations, it remains to show that

(13)
( (zj—zi) (A+(1+w)ziz;) ) ) .

zitzjtwrir;)(l-—z;x c . —x; WT;+T; T,

(zitzjtwzz;)(l—ziz;) 1<i<j<n (1)1<i<" = 1<1:[gn 7:1,'+:1;’,+,,‘,1,'1?,’ (0)l<i<n
p#i 1<i<n
1<i<j<n+3 0 1
no1
[Tz ¢
( (zj—2) 1+ +w)zz;) )

= _Pf Eoberwna 0 Jicici<n| (D) g

1<i<j<n+1 |

To this end, we perform similar elementary row and column operations as in the
even case on the matrix underlying the Pfaffian in the left-hand side of the previous
equation. We multiply the ¢th column by

_1+xi H 1—zz,

€Z; 1<p<n T; — Tp
pFi
and add it to the penultimate column for every ¢ € {1,...,n}; proceed analogously for

the rows. We then obtain for the left-hand side of (13) the following due to Lemma 4.1:

( (@ —2:) 1+ (It w)ziz;) )
(zitz;twaiz;)(1—zia;) 1<i<j<n (1>1<z<n (_1 + szl i) (0)1<'i<”
<ig < <ig

1<i<n

(14)

1<i<j<n+3 1+ [Tiey & 1

7 1
[Tz =5

We continue with further row and column operations regarding (14): we add 1 —
[Ti—, 5~ times the (n 4 1)th column and —(1+[]j_, 7-) times the (n+ 3)th column
to the (n + 2)th column; similarly for the rows. Finally, we subtract the (n + 1) row
and column from the (n 4 2)th row and column, respectively. We eventually obtain
( (zj—xi)(1+(Q4+w)zix;)

m)lgiqg" MWicicn 0)1¢; (0)1gign+1
Pf 1<is<n+1 <isn+

1<i<j<n+3

!

Expanded along the last column, this expression finally coincides with the right-hand
side of (13). O

As previously mentioned, we now provide a sketch of the proof using the Izergin—
Korepin technique.

Algebraic Combinatorics, Vol. 9 #3 (2026) 680



A Littlewood-type identity for Robbins polynomials

Sketch of the second proof of Theorem 1.1. Let F(z1,...,z,) denote a multivariate
function in x1,...,x,. Then consider the following four properties:

(i) The expression F(xy,...,2,) is symmetric in x1, ..., Z,.
(iii) The normalized function

is a rational function in x,, whose numerator is of degree of at most n and
whose denominator is of degree at most 1.

(iv) We have the following n + 1 evaluations of F\(z1,...,z,) for n > 1:
° ﬁ(ml,...,xn)’ :ﬁ(:ch...,mn,l);
. F(xl,...,zn = Z;ll(l+xk+ka)ﬁ(a:1,...,zn_1);

)
e forall1 <i<n—1,

F(xy,...,x,) .
Tp=2;
w + 2 ~ ~
=— H (1 4+ wzxy + zx;)(xp + @ + wrgx)) F(x1, .. Tiy e ooy Tpe1).
xi 1<k<n—1
ki
These properties uniquely determine the function F'(x1,...,x,). It is straightfor-

ward to check that the right-hand side of (2) fulfils these properties, which is left to
the reader.

Hence, it remains to show that the left-hand side of (2) fulfils the same properties.
For this purpose, let F(x1,...,x,) denote the left-hand side of (2) for the rest of the
proof.

Ad (i): We readily obtain (i) by recalling that F(zq,...,x,) equals (10) and
that every antisymmetric function in x1,...,x, can be written as the product of
[Ticicjcn(j — ;) and a symmetric function in @1,..., zy.

Ad (ii): The initial condition immediately follows from the definition of F.

Ad (iii): As a consequence of (10), we can write F(zy,...,z,) as

(15) (1 - ﬁx>

n
x4+ 1+ wa) (1 — zm)7; ~ _
Xy (1—uxy) H (i wa)( xzxk)xlF(xl,...,Jck,...,:ljn).
: T; — Tk
k=1 1<i<n
itk
We show that (1 — ]/, x;) [licicjcn(zi — 2)F(x1,...,z,) is an antisymmetric
polynomial in z1,...,z, and, thus, divisible by H1<i<j<n(xj — x;). To this end, let
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1<p<g<n Wesee that (1-[[;L, 2:) [[cicjcn(z) — 2:)F(xq,...,3,) is equal to

Y DR -

1<k<n
k#p,q

X H (xj — ;) H (xikarlerxk)(lfxizk)xiﬁ(xl,...,@,...,xn)
1<i<j<n 1<i<n
i,k itk

+H(=1D)PTH( — 1)
X H (xj — ;) H (zixy + 14 wzy) (1 — zxp)ai F (21, ... T, .., )

1<i<j<n 1<i<n
ES iF#p

+H(=DTTH (L - )

X H (xj — ;) H (izg + 1+ wzg)(1 —xzg)r, F(21, ..., Tq,. ., Tn).
1<i<ji<n 1<ign
0,3 i#a
Interchanging x, and z, in the previous expression reverses the sign, that is, we
eventually obtain —(1—T[;_; i) [1)«,«j<,(2j —2:) F(21,. .., 2,). This holds because

of the symmetry of F and since

as well as

[T (-2 =0t I (@ -

1<i<j<n 1Si<jsn
i,j#p TqrTp ©,j#4q

It follows that

is a polynomial in zy,...,z,. In particular, it is a polynomial in x, of degree at
most n + 1 as a consequence of (15).

Ad (iv): The evaluation for z,, = 0 directly follows from (15). The case x, =1
is dealt with by induction on the number of variables as follows. The base case im-
mediately follows from the definition of F' and (ii). Next, setting x, = 1 in (15)
yields

n—1 T n—
(1—1—[9@) Zl—xk (g + 14 wzy)
i=1 k=1

a4 1 1 - zizn)z; [ ~ _
X H @iy + 1+ war)(l = 2iww)s (F(fvl, TRy ) ) )
1<i<n—1 Ti — Tk Tn=1

i#k
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By assuming the induction hypothesis, the previous expression is equal to

(1 - 1:[ xl> 2(1 —xp)(zr + 1 4+ wzxy)

k=1
" H (zizk + 1 4+ wag) (1 — z28)x;
1<i<n—1 Ti = Tk
iZk

X H (1—|—xl—l—wxl)ﬁ(xl,...,@,...,xn,l),
1<i<n—1
12k

which further simplifies to

T G+ +wa) <1hx> 3 (1— )

1<I<n—1 i=1 k=1
;i + 1+ wrr)(l —x;x01)x; ~ _—
X H (i N iTk) CF(X1, ey Thy ooy Tie1)
1<i<n—1 Ty — Tk
itk

= H (1—|—xl+wxl)ﬁ(w1,...,xn_1)
1<i<n—1

as desired.
For the remaining n — 1 evaluations, we use again induction on the number of vari-

ables. The base case is readily checked as before. Furthermore, it suffices to consider
Ty = x,_bil because of the symmetry of F. Given that case, we obtain

n—2 _1n—2
1 n— n— n—
(1_1—[%) Z(l—$k)( +wzg + TpTn—1)(Tk + Tp_1 + WTETp_1)
i=1

Ty
=1 n—1
(vizk + 1 4+ wag)(1 — xzp)x; (= -
X H : F(xy, .., Ty, Tp) s
1<i<n—2 Ti— Tk Tn==T, 4
iZk

which follows from

(@n—12k + 1+ wzp) (L= @ azp)wn 1 (@lyee + 1+ wa) (1 —apliap)e,
1

Tp—1 — Tk Ty — Tg
(@n—12k + 1+ wag)(Tp_1 + T + WTp_12k)
Tn—1

By assuming the induction hypothesis, we proceed with

-1
(1 - nffx) nf(l — )L 0T+ T 1) (@ F Ty F W)
=1

Tpn—
1 n—1

H (zizk + 14+ wag) (1 — z28)x;

X
1<i<n—2 Ti — Tk
itk
w+ 2 ~ —
X ——s H (14 wx; + zzn_1)(T1 + X1 + W Tp—1)F (X1, ., TRy ooy Tn2),
x
n—1 —2
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which finally equals

w + 2
pro H (1 +wz; + xxn—1) (2] + Tyt + WTTH—1)
n—2 1I<n—2

n—2 —1,_9
X (1 -1I xi> di—a) ] (wiwy + 1+ wary) (1 — zizy)w;
i=1

X

k=1 1<i<n—2 Ti = Tk
iZk
X ﬁ(.’lﬁl,...,@,...7$n,2)
w+ 2 ~
= H (1 +wz; + zpxp_1) (2 + Tpo1 + WTTp—1)F (21, ..., Tp_2).

n—1 1I<n—2

O

As a consequence of Theorem 1.1, Corollary 1.2 follows by straightforward algebraic
manipulation, as shown next.

Proof of Corollary 1.2. By definition,

Z Rz‘khm’kn)(xl,...,xn;l,l,w)

k1z--2kn20

ki
ASym, . {H1<i<j<n($i$j 14 wzi) g s sk, 50 | J g
H1<i<j<n(xj — ;)

Using the geometric series expansion, this is further equal to

Asymzl,--.,xn [H1<z‘<j<n(xixj + 1+ wa;) H?=1 (1—1_[% zj >}

j=1""7

H1§i<j§n(mj — ;)

1 IR
ASym, . .. |:H1<i<j<n(xi 1%’ 1+ wT; Y | (1_11[7“1

= (-1

1 1
H1gi<j<n($i -y )

The transformation x; — x,1_; for all 7 yields

1 _ H7_l:i z !
ASym, . .. |:H1<i<j<n(‘ri 195]' Y1+ w; 1) H?:l (11‘3[;—1

j=i"J

(_1>n —1 —1
H1gz‘<jgn(l‘j —z;)

which equals

n
(—1)"1_[33;1 Z R?kh._”kn)(xl_l,...,x;l;l,l,w).

i=1 0<k1 < <kn

Now Theorem 1.1 implies the result. O

5. SIX-VERTEX MODEL CONFIGURATIONS

In this section, we shall see that the right-hand side of (2) in Theorem 1.1 can be
interpreted in terms of six-vertex model configurations of DSASMs.

We can recover a DSASM from its upper triangular part due to the diagonal
symmetry. Therefore, we shall define six-vertex model configurations on triangular
grids that are in bijective correspondence with DSASMs. Let 7, be the following
triangular grid with n top vertices of degree 1, n right boundary vertices of degree 1,
n left boundary vertices of degree 2 and (%) bulk vertices of degree 4:
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n + 1 columns

tn + 1 rows

Recall that a directed graph is a graph where each edge is equipped with an ori-
entation. The indegree of a vertex is the number of edges leading towards that vertex
and the outdegree is the number of edges leading away from it.

DEFINITION 5.1. A six-vertex model configuration on T, is an orientation of the edges
of T, such that

e top vertices have indegree 1;
e right boundary vertices have outdegree 1;
e bulk vertices have both indegree and outdegree equal to 2.

The name six-vertex model stems from the fact that there are six possibilities for
different orientations of bulk vertices since a bulk vertex is incident to four edges,
two of which are leading in and two are leading out, amounting to a total of (3) =6
possibilities.

We denote the set of all six-vertex model configurations on 7, by 6V<y(n).
Six-vertex model configurations on 7, are in simple bijective correspondence with
DSASMs of order n [4]; it follows from the well-known bijection between ASMs
and six-vertex model configurations with so-called domain-wall boundary conditions
when restricted to DSASMs.

ExAMPLE 5.2. This example shows a DSASM of order 5 and the corresponding six-
vertex model configuration. How local configurations around left boundary vertices
and bulk vertices correspond to the entries of the matrix can be seen in Table 1. See
Table 3 at the end of the Section 6 for further examples.

% q 3 ° q
00100 I G0 B o S I S B
A 4
010 00 AL: :AL:AL:‘
10-1101| +— vy 4 4
00100 ) < 4
00 001 Y 4
4 do
< <
-~
1+

We associate a weight to a given six-vertex model configuration by assigning a
weight to each vertex; the weight of the six-vertex model configuration is then the
product of the weights of all vertices. We first assign matrix coordinates to the vertices
in 7,: a vertex in the (¢ + 1)th row from top and in the jth column from left is said
to be located at position (7, j). The weights of the vertices can then be determined as
follows with the help of Table 1, where 7(z) = v—1 — wz — 22

e Top vertices and right boundary vertices have weight 1.
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e Bulk vertices at position (i,7) with local configuration ¢ have weight
W(e; x;, xj).
e Left boundary vertices at (4, 4) with local configuration ¢ have weight W (¢; ;).
The sum of these weights over all six-vertex model configurations in 6V<y(n) is called
the partition function of DSASMs of order n, denoted by Zpsasm(21,...,Tn)-

bulk weights left boundary weights matrix entries

TABLE 1. Vertex weights in the six-vertex model.(?)

It can be seen that the weight of each six-vertex model configuration on 7, is
indeed a polynomial in w and x1,...,Ty.

PROPOSITION 5.3. The weight of a siz-vertex model configuration on T, with respect
to Table 1 is polynomial in x1,...,x, and w.

Proof. First, we point out that all local configurations in Table 1 except ‘L;_ and

t_ are balanced in the sense that for each vertex the indegree coincides with the
outdegree. Since for every directed graph the sum of all indegrees equals the sum of

all outdegrees, there are as many ‘L;_ as t_ in any six-vertex model configuration,
considering also the equal numbers of top and right boundary vertices in 7,. Hence,
the factor v/w + 2 appears with an even exponent in the weight. Consequently, the
weight is a polynomial in w.

Next, we dissect 7;, into n|__-shaped paths from (i,n+1) to (0,7) forall 1 < ¢ < n.
The corresponding entries of the DSASM along these paths sum to 1, which follows
from the diagonal symmetry and the fact that the sums of entries along rows and
columns equal 1 in any ASM. Hence, there is an odd number of local configurations
corresponding to an entry of 1 or —1 along each path. If the left boundary vertex of

a given path is ‘L_ or t;_, then there is an even number of bulk vertices "‘i“' and

*i’* in the same column above and in the same row to the right. However, if the left

(2)Note that the bulk weights given in Table 1 are, up to a common factor that depend on
the spectral parameters z and y, a reparametrization of the Boltzmann weights given by the stan-
dard R-matrix associated to the quantum group U, (;[2) of the affine Lie algebra ;[2. Under this
parametrization, w plays the role of the quantum group parameter. This fact will become apparent
in the proof of Theorem 5.4.
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boundary vertex is ‘L—, there is an even number of bulk vertices and in
the column above and an odd number in the row to the right. Conversely, if the left

boundary vertex is t_, there is an odd number of these bulk vertices in the column
above and an even number in the row to the right. The factor 7(x) !, contributed by

each of these left boundary vertices ‘L;_ and t_, is cancelled by one of the vertices in
the part of the path with the odd number of bulk vertices corresponding to 1 or —1.
It is straightforward to see that, in total, every factor 7(x) appears with a positive
even integer, resulting in a polynomial weight in x1,...,x,. O

The following theorem establishes a closed expression for the partition function of
DSASMs in our setting.

THEOREM 5.4. The partition function Zpsasm (1, - - ., %n) of DSASMs of order n with
respect to the weights given in Table 1 is

(16) H (1 —zjzj)(x; + xj + wziz;)

Ti — Ty
1<i<j<n J ¢

. 1, i=0,
X I P
xeven(m<i<jen \ | St imeida) s,

zit+ajtwa;x;)(l—z;x;)’

Proof. We consider the substitution w = ¢* +¢=* as well as ; = —¢?(1 + ¢?u?)(¢® +

u?)~! for all 1 < i < n, under which 7(z;) maps to p(u;) = ;};‘fiﬁg The vertex
weights in Table 1 thus become '
W( 'i' ;ui,uj) =W 'i' ;UuUJ) = p(ui)p(uy),
2 4,22
(1 — ¢"ujuj)
W(»—i—k’ ;) ,):WA-?«; ;) ,):—J ) D,
Ui, Uy Uis Uj uiu; (1 — o) p(ui)p(u;)

W(*i*;“““j) =W %““y) Wﬂ(ui)p(w),
W(t—,uz) = W(t_,uz) = M

- ui(1—q*)’
all other vertex weights remain unchanged.
Using the following notation, namely

T=a1, o(z)=xz—7 and o(z):= U(f)/U(q4)7

and setting o = —q(1 — ¢*), B = —a, v =6 = q as well as ¢(u) = a~Lo(qu)™!, we see
that

LG~ 2
w1 g )
2(,2,2 4
q (uiuj -q*) 9
ujug (1 —g%) = olqw) and
q(1 + ¢*u?) _ 2 2
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It follows from [4, Theorem 11] that the partition function with respect to these
weights is given by

(1 — ¢*ufui)(¢* — uiuj)

IT  owiouy)

7_ .2
1<i<j<n uiuj(l - qg)(uz - ug)
1, =0,
X Pf g% (u3—u?) (14+g*+¢* (1+g*) (u? +ud) + (14¢* JuZu?)
Xeven(n) Si<j<n =@ =@ =g ua?) =izl
which coincides with (16) under our substitution. O

Theorem 1.3 is now an immediate consequence of Theorem 1.1 and Theorem 5.4.

Note that the factors p(u;)p(u;) of the bulk weights are not necessary for com-
puting the partition function Zpgasm(x1,...,x,). However, by incorporating these
additional factors, we are able to reveal the striking analogy between the identity
given in Theorem 1.3 and the classical Littlewood identity (1).

6. THE COEFFICIENT OF THE HIGHEST TERM IN THE POLYNOMIAL

EXPANSION OF Zpgasm (%1, ..., %)
We have argued in Section 5 that the partition function Zpgasm(zi1,...,2n) is a
symmetric polynomial in z1,...,z,. Since Zpgasm(z1,...,T,) is given by

H (1 — zjzj) (2 + 25 + wrix;)

1<i<j<n Lj— i
bt ({1 i =0,
X o (@;—2;) (1+(1+w)z;z;) .
Xeven(n)<7'<]<n (xi]'f‘ﬁj+wwi$j)(1—$i;j)7 7 2 17
the total degree of Zpgasm(21,...,2y) is n(n — 1). In this section, we compute the
coefficient of the leading term 7! - ..z~ 1,

To this end, we need the following two lemmas on the manipulation of Pfaffians.

LEMMA 6.1. For an even positive integer n and power series f(x,y), h(x) and k(x)
such that f(x,y) is antisymmetric in x and y, it holds that

Pf ((u'v? ) k(w)k(v) f(h(u)u, h(v)v))

0<i<j<n—1

—k(0)"h(0))  Pf ((ue?)f(u,v)).

0<i<j<n—1
Proof. This lemma directly follows from [4, Theorem 14] if we set m = 2n. U

LEMMA 6.2. For an odd positive integer n and an antisymmetric power series f(x,y)
in x and y, it holds that

(17) 1<i<Pj)£n—1 (') (1 £ u)’ fu,v))
<<uivj>f(uav) — (1 + u)f((),v) — (1 + v)f(u,())) )

0<i<j<n—2 uv

Proof. Let f(u,v) =32, ;50 fiju'v? be an antisymmetric power series in u and v. It
follows that

<uivj>(1 + u)‘si’lf(u7 v) =

fig £ foy 1=1<4,
figs 1#i<y.

Next, we consider
flu,v) £uf(0,0) £vf(u,0),
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which is antisymmetric in  and y as well. We see that it has the same distribution of
coefficients as (14 u)%1 f(u,v). Thus, we know that the left-hand side of (17) equals

(18) Pt ((uivj> (f(u,v) £uf(0,v) £ vf(u, 0))) .

1<i<j<n—1

We want to shift the indices from 1 < i< j<n—1to0<i<j<n—2 Let
g(u,v) be a power series in v and v. Then

g(u,v) — g(u,0) — g(0,v) + g(0,0)

is also a power series satisfying

<ui—1vj—1>g(uvv) — g(u,O) — g(oav) + 9(070)

= (u'v?)g(u,v).

If we set g(u,v) to be f(u,v) +uf(0,v) £vf(u,0), we finally conclude that (18) is
equal to the right-hand side of (17). O

We are now ready to compute the coefficient of the highest term in the polynomial
expansion of Zpsasm (1, ..., Tn).

Proof of Theorem 1.4. In order to compute the highest term in Zpgasm (21, ..., Tn),
we have to consider the vertex weights given in Table 2, where i denotes the imaginary
unit.

bulk weights left boundary weights matrix entries

TABLE 2. Vertex weights for the highest term in the polynomial
expansion of Zpgasm (1, .., Ty).

To see this, we extract the terms with the largest contribution to the coefficient of
;1:71"_1 ---2"~! from the weights in Table 1 and additionally multiply every bulk weight
with —1. Thus, we obtain the coefficient x?fl c-a"bin Zpgasm(@1, ..., ) by the
following expression:

(19) (-1 > (fw)#*tk#%(71)#t—(,i\/m)#t—+#tg
6Vq(n)
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The previous generating function can be computed by the following expression when
setting p=w?,r=1, s = 71\/1w?’ and s_ = i\/ulm in [4, Theorem 20]:

i(1- u))x"dd(")éi’1 v—u

Xodd (n)<i<j<n—1 w~+ 2 1—wv

« (u;_+12(1+u)(1+v)+ 1 Elu;(zfz(i)_v)z )>

This conclusion relies on the fact that there are as many "‘i’* as “i“' in any six-

vertex model configuration (see [4, Section 5.1]). In addition, we extract —ivw +2
from any left boundary vertex, resulting in the weights —* . 1 and 1 for

Ve A 1¢r+2’
‘L‘_, t;_, ‘L;_ and L_, respectively.
On the other hand, [4, Theorem 20] also implies that

o g bt

20) (-1 (—ivaw 2" Pt (Ww‘)(

22) w(®) pr <<uivj>(1 L ueaamg VU

Xodd (n)<i<j<n—1 1—wuw

><<(1—u)(1—v)+ w(l —w)(1 = o) >)

(w—u)(w—v) —uv

by setting p = wQ, r= i, and s; =s_ = 1.

The goal of the remaining part of this proof is to show that (20) and (22) coincide.
To this end, we use Lemma 6.1.

Let us first consider the case of n being even. Then (20) equals

Pf
0<i<j<n—1

(o) (v —uw)(1+u)(1+v)((1—u)(1—v)(1+w)+uw?)
(w+2)(1 —uv)(1 —u—v+ (1 —w?)uv) ’
By invoking Lemma 6.1 twice for f(z,y) = _l (wl(z(;)(f)(i er((l;rwlgj)g;“ )| first with
k(z) = 1\757 and h(z) = 1 and second with k(z) = 1 and h(z) = —L—, we deduce
that

n

(1)) (—ivw+2)"
i =u) (I +u)(1+v)(1—u)(1-v)(1+w) +uvw
X O<i<1?£n—1 (<UU ) (w4+2)(1 —uw)(l—u—v+ (1 —w?)uv) )

= (-1 P (<uim><—(U—U)((1—U)(1—v)(1+w +uvw>

0<i<j<n—1 (I-—w)(l—u—v+ (1 —-w?)uw)

_ i gy (v =u)(1 +uv+w)
= u )0<i<1?£n—1 ((u v >(1 —uv)(w —u—v))

Moreover, (22) equals

n i w=—u) (1 —uw)(1 =) +uv+w)
ul )0<i<€£n—1 ((u v') (1 —uv)(w —u—v) ) ’
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which also equals

(23) w(®) I)fn]<<uivj>

0<i<j<

(v—u)(14 uv +w)
(1 —w)(w —u—v))
by applying Lemma 6.1 with f(z,y) = %7 k(z) =1—x and h(xz) = 1.
Notice that by setting w = 1 in (23), we obtain the expression for the number of
DSASM of even order n provided in (3).
On the other hand, let n be odd. Then (20) equals

24) (DG (V2" PE ()1 —u)d

1<i<j<n—1

y (w—u)(14+u)(1+0)(1—u)(l—0v)(1+w)+ uvw2)>
C+w)(1—w)(1l—u—v+ (1—w?)uw) ’
whereas (22) equals

(25) w(®) Pf ((uivj>(1+u)5i,1 (v—u)(1—-u)(1 v)(1+uv+w)) '

1<i<j<n—1 (1—wv)(w—u—w)

We will show that both of these expressions are equal to

(26) w() Pt ((uiuj> (v—u)(d +uv+ U’))

1<i<j<n—1 (1 —w)(w—u—wv)

by applying Lemma 6.1 to (24) and (25). To this end, we need to remove the prefactors
(14u)%:* and shift the indices of the Pfaffian, which is all accomplished by Lemma 6.2.
We apply Lemma 6.2 to (24) and obtain

n

(1)) (—ivw+2)"?

x Pf ((u’vj)(

0<i<j<n—2

(v —uw)(1 4+ u)(1+ v)p1(w;u,v) >
24+w) (1l —w)(l—u—v+ (1 —w)uw) )’
where p1 (w;u,v) = (1 —u)(1 —v)(1 +w) + w? + w?(1 + w)(1 — uv). We then apply

twice Lemma 6.1. As in the even case, we first consider k(x) = 7&757% and h(z) =1,

which results in

-0 pr (w’vﬂ')( —(v = wpi (i, v) )

0<i<j<n—2 1—w)(l—u—v+(1—w?)uv)

The second application with k(z) = 1 and h(z) = —— finally yields

n ot i gy (v —w)pa(w;u,v)
ey @) () )

1—wv)(w—u—v)
—u("2")

where po(w;u,v) =1+ uv + w — 2uw — 2vw + 2w? — uw? — vw? + w3.
On the other hand, by applying Lemma 6.2 to (25), we obtain

L) pe <<uivj>( (v —u)(1 —u)(1 — v)pa(w;u,v) >

0<i<j<n—2 w—u)(w—v)(1 —uw)(w—u—"v)

2

Applying Lemma 6.1 with k(z) = llu__z and h(z) =1 to the previous expression then

yields the following which coincides with (27):

O B (L

———0<i<j<n—2 1—wv)(w—u—v)

(n—l
=w\ 2

This proves the equality of the generating functions (24) and (25).
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Finally, we want to prove that (25) coincides with (26). Therefore, let f(u,v) =
Zi’ >0 fi,ju'v’ again be an antisymmetric power series in v and v. Consider the two
triangular arrays

((uivj)f(u, U))1<i<j<n—1 and ((uivj>(1 + u)‘s"vl(l —u)(1-— v)f(u,v))1<i<j<n_l )

Let A and B, respectively, denote their skew-symmetric completions, which are, by
definition, (n — 1) x (n — 1) skew-symmetric matrices. We claim that A is obtained
from B by sequentially performing the following elementary row and column oper-
ations on B for ¢ = 1,...,n — 2: add the ith row to the (i + 1)th row and the ith
column to the (i + 1)th column. Note that this observation would prove the equality

of (25) and (26) by taking f(u,v) = %

To show this observation, let M be the skew-symmetric completion of the tri-
angular array (m; ;)i<i<j<n—1. It is straightforward to see that the aforementioned
elementary row and column operations on M result in the skew-symmetric completion

of (Zk 121 i+1 M >1<Z<]<n %
Furthermore, let Fj ; = (ufv7)(1 + )% (1 — u)(1 — v) f(u,v). We see that

o i = fii-1, 1=1i<y,
0,j — . .
fig— ficij— fij—1+ fim15-1, 1#i<].
Thus, we need to show that
i J
(Eya) o
k=li=i+1 1<i<n—1

The proof will be accomplished by induction on ¢. For the base case, we obtain by
telescoping

ZFU—Z fig— fii—1) = fij.
1—2

Note that f;; = 0 for all ¢ due to the antisymmetry of f.
For the induction step, assume ¢ > 1. First, we observe that

J
Z Fiio=fij— fic1j+ fic1

l=i+1

and

i—1
E Fri= fi—1,-
=1

Then, by using the induction hypothesis, we argue that

Zi: Z]: FkJ*ZZFliF Z le*ZFlm

k=11l=i+1 k=1 l=1 l=i+1
= fi—l,j + fi,j = fim1,j + ficri = fimri = i)
which concludes the proof. O

The proof of Theorem 1.4 equates the two generating functions (19) and (21). This
raises the question of finding a bijective proof. We propose the following problem; see
Table 3 for an illustration of the problem for n = 3.
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PROBLEM 6.3. Find a bijection between DSASMs of order n to prove the following
identity:

(- > (—1)#L+#Lw#++#$(w+2)#ﬂ—: 3 w#*‘fﬂ#*{f
V) 6Vsy(m)

Note that the left-hand side of the previous equation follows from the generating
function (19) if we multiply the weight of every left boundary vertex in Table 2 by

—1 and bear in mind that there are as many ‘L;_ as t_ in any six-vertex model
configuration as we have seen in Section 5.

100
001
010

100
DSASM 010
001

; -

6V ]
—

-

(71)#*++#*+w#*$k+#*$*

x(w+ 2)#fk

’U,'# i 11}3 'IUZ ’11}2 1 w

TABLE 3. An illustration of Problem 6.3 for n = 3. We list all five
DSASMs of order 3, their corresponding six-vertex model configu-
rations and the weights related to the two generating functions in
consideration (note the colour coding). In both cases, the sum of
weights is 1+ w + 2w? + w3.

+'+'+'
-~

) )

> 14

-~

) )

14 14

-~

) ).

-1 w+ 2 w+2 w?(w +2) —(w+2)

7. HOW TO RECOVER THE CLASSICAL LITTLEWOOD IDENTITY

In this section, we show how to recover the classical Littlewood identity (1) from our

generalization in Theorem 1.1. We multiply both sides of (2) by w™(2) and let w — oo
afterwards. For the left-hand side, consider DAMTs with weight function (4). Setting

u = v = 1 and multiplying by w (%) changes the weight to

23:1 ai,jfz;i;i ai—1,;+#\ in row (i — 1) —#,/ in row (¢ — 1)
i .

n
w N [
=1

Letting w — oo implies that only DAMTs with central entries above the bottom row
remain. Consequently, the resulting DAMTs have strict increase along ,-diagonals
and along \-diagonals. These DAMTs are in bijective correspondence with Gelfand—
Tsetlin patterns, which can be seen as follows: For all 1 < i < n, we first subtract ¢ —1
from the ith \-diagonal and then ¢ — 1 from the ith ,/-diagonal; all diagonals are
numbered from left to right. Since Gelfand—Tsetlin patterns are enumerated by Schur
polynomials, the left-hand side of (2) reduces to [[/_, 27" ' 3", sa(w1,...,2,). (Note
that these considerations now establish a combinatorial proof of Proposition 2.2 (i)
that is based on the combinatorial model for modified Robbins polynomials provided

in Theorem 3.5.)
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EXAMPLE 7.1. We provide an example of the bijection between DAMTs with only
central entries and Gelfand—Tsetlin patterns:

5 2
1
4 7 2 3
i 1 —
2 6 9 1 3 4
4 + +
1 5 8 10 1 3 4 4

For the right-hand side of (2), consider the six-vertex model configurations. Mul-

tiplying with w™(5) results in dividing the weight of every bulk vertex by w. Taking

the limit w — oo then excludes the local configurations and , since the

respective weights tend to zero. The only six-vertex model configuration that avoids
these two local configurations is the one that corresponds to the DSASM with 1s
along the antidiagonal and Os everywhere else, the weight of which is [[}_; 27"~ '. An
alternative way to obtain the limit of the right-hand side is to use the corresponding
identity in (2) together with the following version of Schur’s Pfaffian identity® [39]:

pf POl P § Tl
Xeven(n)<i<j<n = 1 =>1 1—z;x;

1—xzx;° 1<i<j<n

After dividing both sides by [[_, 2" ', we eventually obtain (1).

Another way to recover the classical Littlewood identity is by setting w = 0, in
which case Proposition 2.2 (ii) implies that the left-hand side of (2) reduces to

Z S(kn—n-l-l,kn,l—n+2,4..,]€1)(xla o ,fEn) H (1 + zixj)

0<ky <<y 1<i<j<n
= Z sa(zi, ... ) H (14 zixj).
A 1<i<j<n
On the other hand, the right-hand side of (2) becomes

n

1 1+ 2,
[ 1 1+ @iz

: S 1 -y
=1 1<i<js<n

due to the following transformation of Schur’s Pfaffian identity®):

1, i=0, (z; —x)(1 4+ zy24)
Pf o . = d : ety
Xeoven (1) <4< <n ({Wmm]) i>1 > H (i +25)(1 — @izy)

(zitz;)(1—wiz;)’ 1<i<j<n

Dividing both sides by [ [, <;;<, (1 +iz;) yields the classical Littlewood identity (1).
The question is whether there are also combinatorial means to establish both sides.
As for the left-hand side,

R?kl,_,,’kn)(xlv"~v$n;1,170) = s(kn—n-i-l,kn,l—n+2,...,k1)(xlv"'7xn) H (1+$zx])
1<i<j<n

(3)This identity follows from the classical Schur’s Pfaffian identity Pfigicj<2n (%) —
it

H1<i<j<2n ZZT_;J’ after applying the transformation x; — itzz for all 1 < 4 < 2n. For the odd case,

we additionally set x2,, = 1 and rearrange appropriately.

(4)In this case, we apply the transformation z; — z;il for all 1 < i < 2n to the classical Schur’s

i

Pfaffian identity.
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follows using Theorem 3.5 and urban renewal as indicated in [16]. Regarding the
right-hand side, we need to show

(28) ZpsasM(T1; - - Tn)l g = H (1+ ziz;).

1<i<j<n

We modify the weights in Table 1 as follows: first we multiply the left boundary
weights with —7(z), which results in total in an extra factor (—1)" [, 7(x;) of the
partition function. By using the fact that, along |_—shaped paths, there is one more
occurrence of 1 than of —1, and by further multiplying by [];_, 7(z;), we can ensure
that the weights of the local configurations corresponding to the matrix entries —1
are equal to 1. Finally, we can suppress the minus signs in the left boundary weights

for L and t«— as there is the same number of such local configurations, see the proof
of Proposition 5.3. After setting w = 0, we obtain the weights provided in Table 4.

bulk weights left boundary weights matrix entries
W("‘#’"ﬂcy) = (1+2)(1+y?) W(L;x) =1+ a2 1
W (~fin) -1 w(teia) =1 =
W (i) <oty w (i) - v 0
w (ki) —a by w(teis) = vao 0
W(“i’";x,y)zl—xy 0
W(‘%*;x,y)zl—xy 0

TABLE 4. Modified vertex weights in the six-vertex model for w = 0.

The following is based on the relation between the 2-enumeration of ASMs and
the tilings of the Aztec diamond, see [11, 12] and [10, Remark 4.3]: Building on the
considerations presented in [3, Section 5.7], the partition function Zpsasm (@1, ..., Tn)
with respect to the weights in Table 4 is the weighted enumeration of the matchings
of the edge-weighted graph sketched in Figure 1, where all vertices are covered except
for possibly some on the left boundary.

We pose it as an open problem to provide a combinatorial proof that this weighted
enumeration is [, ;< ¢, (1 + z;z;), where the additional factor [T, (1 + 2?) ap-
pears compared to (28) due to the modification of weights. A natural question is
whether urban renewal can be applied here as in the case of the Aztec diamond, see
for instance [35].

8. A CONJECTURAL GENERALIZATION OF THEOREM 1.1 FOR FULLY
INHOMOGENEOUS SPIN HALL-LITTLEWOOD POLYNOMIALS

In this section, we present a conjectural Littlewood identity for fully inhomogeneous
spin Hall-Littlewood polynomials that generalizes Theorem 1.1, along with possible
consequences including a new Littlewood identity for Hall-Littlewood polynomials.
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FIGURE 1. The partition function Zpgasm(z1, ..., Z,) with respect
to the weights in Table 4 is given by the generating function of per-
fect matchings of the grid graph in (a) (here for n = 5), where the
red vertices on the left boundary may remain uncovered. The corre-
sponding edge weights are provided in (b).

It is planned to study the identity for fully inhomogeneous spin Hall-Littlewood
polynomials in a forthcoming paper.
Recall that, for a partition A, m,(A) denotes the number of parts equal to r.

CONJECTURE 8.1. Let n be a positive integer and p a non-negative integer. Setting
& =1 forall j in Fx(uq,...,uy,), we conjecture

Sr; A
(29) Z HW()F)\(U]_,...,U”)

A=A >)\n20r>0 ()
B ) ERAS y g )
o 1 —wy U; — Uj
i=1 J

K3

1<i<jgn
tlf )
X ) ) /2, a0 ) (172
i (wi—u)((A+@)(1—q " uiuy)+(uitu;)(@ " —q) -
Xeven (n)Si<jsn : (1+q1/2)(1—u,3u;)(1—quiu;) ;o=
where s; = s for all j > p and u; = fj‘;; for all i, and both sides are considered as

POWET Series in T1,T,...,Tn.

The conjecture has been checked for n = 1 and arbitrary p, for n =2 if p = 0,1,
and forn =3,4 if p=0.
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Next, we demonstrate that the case s; = —q 12

Indeed, it holds

is equivalent to Theorem 1.1.

(@ %4"%) . 0
) (42 q') Fx(us,... un)
Mo 2 A0 20730 P me(0)

= ()72 H(ql/2 — ;)

X Z RFAn,..A,)\l)(:Ch"'71’“;17177(]1/27q71/2)
0 AR <Ap—1<...< A1 o ugtq V2
‘Ll_1+q_1/2u71
_ﬁ1+q1/2 H 1 —quju;
Ll -y Uj — Uy
i=1 1<i<jsn
X . 12, 0, ) (g2
s (wi—u;)(I+@)(1—g " usu)+(uitu;) (¢’ ~—q) -
Xoven(m)SE<gsn T () (g ) » 121

where we have used Theorem 1.1 for the last equality. A similar calculation shows
that the case s; = —q*? of (29) is equivalent to Corollary 1.2.

A consequence of Conjecture 8.1 would be a certain Littlewood identity for Hall-
Littlewood polynomials Py(x1,...,2y;q), which we recall are defined as

ASymml,...,zn[ [I (zi—qz)) 11??]

1 1<i<j<n i
(1-9q"
1;[0 (@ D, (1) II (zi—xj)
rz 1<i<j<n
and hence
1
PA(;vl,...mn;q):H Fx(x1,...,2p)

(@ D (n
r=0 mr(X) €i=1,5,=0

Conjecture 8.1 would thus imply the following Littlewood identity for Hall-Littlewood
polynomials

(30) Z H(iql/Z;ql/Q)’Wr(k)P)\(xlv'"axn;Q)

AZA22..Z2An 20720
n
_H1+q1/2 H ].—q(Elitj
B 11—z ; — T
i=1 J

X
Yagi<gsn

1, i=0,
X Pt (@i ) ()1 —gPaw) H@te) @) ;s

ven (n)<i<j<n t>1
Xe en( )\ A (1+q1/2)(171i1j)(17(111'1]') 9 = 1,

where we have used
(¢ Om _ 1/2. 1/2
@ g ), ~ 4T
Note that the left-hand side of (30) is very similar to the left-hand side of the fol-
lowing Littlewood identity for Hall-Littlewood polynomials by Kawanaka [27, (1.21)],
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which was essentially proved in [26]:
(31) > 114" 4" m, 0 Pr@1, .. 203 q)

AZA22. .2 A 21121
H 1+ qY H 1—qz;x;
N 1—xzs
Li 1<i<j<n v

These identities differ in that the former identity sums over partitions allowing parts
equal to zero, whereas Kawanka’s sums over partitions with strictly positive parts.

Now, we present an even more general conjectural identity that involves an ad-
ditional parameter 7, compare with Gavrilova’s identity [22, (1)]; it also includes
Kawanaka’s identity as a special case.

CONJECTURE 8.2. Let n be a positive integer and p a non-negative integer. Setting

& =1 forallj in Fx(ui,...,u,), we conjecture

(=744 oy,
Z of )(—7 180;q1/2)m0(>\)

M A 3A, 20 (% Dmo(n)
(=53¢, ) mo 1+ g2 1 — quiu;
X — "2 Fa(ur, .Uy = 1 quty
Tl;[l @) ) };[1 1—u Kg@ wi — u
1+(y—1) ((1(1/27://;)1(80)(17%)-) i—0
X Pf 1+q 1—squj) ’ )
ny<i<j<n \ | @imu) (4 (=g uiu)+(uituy) (@2 g+ (=D f(wing)
Xeven (n)<i<j< (a7 (1 —wsy)(1—quiug) , i=1,
where

(a2 =" s0)(1 — uv)
(1+¢2)(1 — spu)(1 — spv

+(1+7)(g =7 s0) (1 ¢2uv) — (1 +7)g (g2 + 7 o)+ v))

Flu,) = (14 )07 s0) 1+ )

as well as s; = s for all j > p and u; = 7131’8?_ for all i, and both sides are considered
;
as power series in Ti,To, ..., Tn.

This conjecture has also been checked for n = 1, for n = 2 if p = 0,1, and for
n=3,4if p=0.

If we first set sy = 0 and then v = 0, the right-hand side of the identity in
Conjecture 8.2 simplifies to

ﬁ 1+ q1/2ui H 1-— qu;u;
i1 LT e T WY
Further setting s, = 0 for all r leads to Kawanaka’s identity (31).

Finally, we present the following related Littlewood identity for fully inhomoge-
neous spin Hall-Littlewood polynomials, which we were unable to find in the liter-
ature. It was discovered in collaborative work with Moritz Gangl and its proof will
appear in the above mentioned forthcoming paper related to Conjecture 8.2.

THEOREM 8.3. Let n be a positive integer and p a non-negative integer. Setting £; =1
for all j in Fx(ug,... ,un), we have
n

Z H —Sr; q mT(A) FA(Ula"”u”): 1_1 . H m’

u
A SAa>. A0 30 130 (@ @, ) i=1 T 1<i<j<n
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s+x;
1+4sx;

where s; = s for all j 2 p and u; = for all i, and both sides are considered as

power Series i T1,xo,...,Tn.

It is a generalization of (1.4) in [17], which is obtained by setting s, = —¢~*and
u; = —F9% and identifying w = —q — 1 — ¢~ ! in [17, (1.4)].

q—T;
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