ALGEBRAIC
COMBINATORICS

Ada Mead Stelzer

Sums of Schubert structure constants with bounded Coxeter length
Volume 9, issue 4 (2026), p. 893-900.
https://doi.org/10.5802/alco.497

© The author(s), 2026.
This article is licensed under the

CREATIVE COMMONS ATTRIBUTION (CC-BY) 4.0 LICENSE.
http://creativecommons.org/licenses /by /4.0/

and is a member of the Centre Mersenne for Open Scientific Publishing

Algebraic Combinatorics is published by The Combinatorics Consortium 4
www.tccpublishing.org Wwww.centre-mersenne.org ‘. >

e-ISSN: 2589-5486
MERSENNE


https://doi.org/10.5802/alco.497
http://creativecommons.org/licenses/by/4.0/
https://www.tccpublishing.org/
www.tccpublishing.org
www.centre-mersenne.org
http://www.centre-mersenne.org/

Algebraic Combinatorics
Volume 9, issue 4 (2026), p.893-900
https://doi.org/10.5802/alco.497

Sums of Schubert structure constants with
bounded Coxeter length

Ada Mead Stelzer

ABSTRACT Pak—Robichaux recently introduced a signed puzzle rule for Schubert structure con-
stants, which they use to show that sums 7 (n) of these constants with a bounded number
of inversions are polynomial. We give a different, conceptual proof that v, (n) is (eventually)
polynomial, which computes its lead term and extends to all classical Lie types.

1. INTRODUCTION

Let {Gn}tn>1 € {{SLn+1},{SO2n+1}, {20}, {SO21}}n>1 be one of the families of
complex classical Lie groups, each with maximal Borel subgroup B, opposite Borel
subgroup B_, and maximal torus T'= B N B_. Each generalized flag variety G, /B
has a cell decomposition into Schubert cells, which are the B_-orbits of elements of
the Weyl group W,, .= N(T)/T. The Schubert varieties X,, for w € W,, are the Zariski
closures of these cells; the codimension of X, is given by the Cozeter length £(w). Via
Poincaré duality, the Schubert varieties yield cohomology classes o, € H*(G,/B).
These Schubert classes in fact form a Z-linear basis for H*(G,,/B). Thus there exist

integers, the Schubert structure constants cy ,,, such that

Oy ~— Oy = Z quf,vaw'
weW,
The Schubert structure constants are known to be nonnegative for geometric reasons,
and it is a major open problem to give a positive combinatorial rule for them.
For a fixed choice of classical type, consider the sum of Schubert structure constants

Wwn)= Y i,

u,v,weW,
L(w)=k

Recently, Pak-Robichaux introduced a signed puzzle rule [4, Theorem 1.1] for ¢,
in the case where G,, = SL, 1 is the special linear group and W,, = S,,41 is the

symmetric group. They give the following result as an application:

THEOREM 1.1 ([4, Theorem 1.2]). If {G,,} = {SLn+1}, then yx(n) is polynomial in n
foralln > 1.
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In [4, Section 8.3], the authors state that it would be interesting to find a more
conceptual argument for Theorem 1.1, especially one which explicitly determines the
degree (or more) of v;(n). We give such an argument, which holds in all classical Lie
types:

THEOREM 1.2. Let {Gpn} € {{SLn+1},{SO2n+1},{Sp2n},{SO2.}}. For sufficiently
large n, yi(n) is a polynomial in n with lead term

(2n)*
K

See Theorem 3.6 for a precise quantification of “sufficiently large” in each classical
type. Our argument uses the equivariant restriction formula of Andersen—Jantzen—
Soergel [1] and Billey [2], and specifically the known stability properties of Schubert
structure constants it implies. The main idea is that as n grows, the sum defining
Yk (n) involves many distinct elements w € W, for which the sum >y, €7, is the
same. Formalizing this equivalence relation on W, allows one to rewrite the formula
for vi(n) using only Weyl group elements in Wag. This reformulation makes the
polynomiality of ~;(n) obvious, and the Cy » contributing to the lead term of this

polynomial are the easiest Schubert structure constants to compute.

LT (yr(n)) =

2. BACKGROUND ON EQUIVARIANT RESTRICTIONS

We give a brief overview of the results in Lie theory and equivariant cohomology
used in our proof of Theorem 1.2, following the exposition and notation of [6]. See [6]
for further reading and references. The four families of classical complex Lie groups,
SLyt1, SOs2n41, Spon, and SO, are characterized by certain (multi)graphs, the
Dynkin diagrams of types A, B,, C,, and D,, respectively. Each node in a Dynkin
diagram corresponds to a simple reflection generating the associated Weyl group.
Different types of edges represent commutation relations between these generators,
with non-adjacent nodes corresponding to commuting pairs of generators. Examples
of the classical Dynkin diagrams for n = 5 are below.

As Bs Cs

For our purposes, we only need to know that Dynkin diagrams encode the gener-
ators and relations of Weyl groups. In particular, call a map ¢: A — A’ of Dynkin
diagrams an embedding if it realizes A as an induced subgraph of A’. Then ¢ induces
an embedding W — W’ of the corresponding Weyl groups. For example, the fact that
B, C),, and D,, contain embedded copies of A, _1 indicates that the associated Weyl
groups contain symmetric groups as subgroups.

Now, let G,,/B be a generalized flag variety with Weyl group W,, and simple roots
{aq,...,a,}, defined by the action of the maximal torus T" on the Borel subgroup B.
The left action of T on G,,/B stabilizes each Schubert variety X, (w € W,,). Thus
each X, gives rise to an equivariant Schubert class &, in the T-equivariant cohomology
HZ(G,,/B). The equivariant Schubert classes form a basis for H5.(G,,/B) as a H}(pt)-
module, where we identify HZ(pt) with the polynomial ring Z[ay, ..., ay]. Thus we
obtain equivariant Schubert structure constants Cy/,, € Zlay, . .., ap], defined by the
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equation
§u— & = Z C;U,vgw
weWn,
Each C}/, is a homogeneous polynomial of degree £(w) — £(u) — £(v). Setting a; = 0
for all 4 recovers ordinary cohomology; in particular, C}, = ¢}/, whenever ((w) =

£(u)+£(v) (i.e. whenever ¢, # 0). The advantage in working with H7.(G.,/B) comes
from GKM theory [3]: the set (G,,/B)T of T-fixed points of G,,/B is indexed by W,,
(hence finite), and it turns out that the map
(1) Hp(Gn/B) — Hy((Gn/B)") = D Zow,. ]

weWy
on cohomology induced by the inclusion (G, /B)T — G, /B is also an injection.
Thus the product structure on H%(G,,/B) is given by pointwise products of lists of
polynomials.

DEFINITION 2.1. The image of &, under the embedding (1) is denoted (§y(w)wew, -
The polynomial &y, € Zlay, . .., ay] is called the equivariant restriction of &, at w.

Andersen-Jantzen-Soergel [1] gave a formula for &,|,, involving the combinatorics of
W, and its associated root system, which was independently discovered by Billey [2].
Let s, denote the simple reflection through the hyperplane orthogonal to «;. Let
I = sp,...sp,,, be a reduced word for w € W,. For each subword J C I and
i€ [l(w)], let

58 ﬁl ¢ J.
THEOREM 2.2 (Equivariant restriction, [1, 2]). For v, w, I, J, and 7, as above, the
equivariant restriction of &, at w is the polynomial
£(w)

§v|w = Z H’VJ,i -le Z[al,...,an},

JCI i=1

{&sm B; € J,
Vi =

where the sum is over subwords J C I that are reduced words for v.

EXAMPLE 2.3. Let w = 3241 € S; and choose the reduced word I = s1s95351 for w.
Let v = 2143, which has reduced words s;s3 and s3s;. Using the type-A formula

—Qy Z:]7
Sq;r 0y = o +a; |i—jl=1,

we compute §,|,, using Theorem 2.2:

Eulw = Q18182038351 - 1 + 518203830181 - 1 = 1818203 + 81520301 = (1 +a2) (a1 +az +as).

The restriction formula gives a slick, type-independent method for proving facts
about Schubert structure constants without identifying explicit representatives for
the cohomology classes. We record some well-known consequences for use in the proof
of Theorem 1.2.

LEMMA 2.4 ([6, pg. 2]). The equivariant restriction &, = 0 unless v < w in Bruhat
order. The equivariant structure constant C}ﬁv =0 unless u,v < w in Bruhat order.
PROPOSITION 2.5 ([6, Theorem 2.1]). If t: A — A’ is an embedding of Dynkin dia-
grams, then C*  and CLL((Z)))L@) agree up to labelling of the variables. In particular,

u,v

wo _ t(w)
Cuw = CL(u),L(U)'
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PROPOSITION 2.6. If w = w’ x w” factors over a parabolic subgroup W' x W' < W,
then Gy, = 0 unless u = u' x u” and v =" x v" also factor. In this case,
O:ZU == ;T/,U/C;ﬁ/w// .

Proof. The first sentence is immediate from Lemma 2.4 and the fact that Bruhat order
respects factorizations. Now, if I is a reduced word for w, then using the commutation
relations for Weyl groups we may choose I to be of the form I'I”, where I’ is a reduced
word for w’ and I” is a reduced word for w”. We claim first that for v = v/ x v" < w,
we have

§v|w = §U’|w’ ’ gv”|w”-
Note that by our choice of I = I'I", each J appearing in the formula for &,,, must be
of the form J'J”, where J' is a reduced word for v and J” is a reduced word for v”.

Moreover, the simple reflections sg, associated to 3y € I’ fix all the roots g € J”,
since these roots are orthogonal in the root system for W’ x W”. Our claim follows:

()
gv\w = Z H V- 1
JCI'T" =1
£w’) £(w")
= Z H Yari -1 Z H Y- | = & ot -
J'CI" i'=1 JCI” =1

Now, let z denote the longest element in W’ x W”. Then by definition
gu\z&ﬂr = Z Cquu,vfwht

weW

By Lemma 2.4, the only nonzero terms in the sum come from those elements w such
that v, v < w < z, and all such w factor as w’ x w” € W’ x W”. But we also have

§u|x§v\m = gu’\x’gu”|z”§v’|x’§v”|x”
w/ w// w/ w//
= E Cu’,v’gw’|.'c’Cu”,v”£w”|x” = E Cu’,v’cu”,u”gw\x'

w' eW' w"ew?” w=w’xXw’

The proposition follows by the uniqueness of equivariant Schubert structure constants.
O

3. PROOF OF THEOREM 1.2

Throughout this section, we will fix W := {W,},>1 to be the sequence of Weyl
groups associated to one of the classical families of complex Lie groups. The associated
Dynkin diagrams will be denoted A,,.

DEFINITION 3.1. Let I be a reduced word for w € W,,. The Dynkin support of w is
the Dynkin diagram A(w) isomorphic to the subgraph of W, induced by the vertices
corresponding to those s, appearing in I.

DEFINITION 3.2. We call two elements w € W,, and w' € W,, equivalent and write

~

w ~w' if some isomorphism A(w) = A(w') of Dynkin supports sends w to w'.(!)

(D After the first version of this paper appeared on arXiv, we learned that our equivalence re-
lation is identical to the Cartan equivalence previously defined by Richmond-Sloftra to solve the
isomorphism property for Schubert varieties in complete flag varieties [5, Theorem 1.3]. We thank
Edward Richmond for pointing out this connection to us.
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Since all reduced words for w involve the same set of simple reflections, A(w)
depends only on w and not on the choice of I. Coxeter length and Dynkin support
are invariant up to isomorphism under ~, so we may refer to ¢([w]) or A([w]) for an
equivalence class [w]. Since A(w) is (isomorphic to) an induced subgraph of A,,, we
see that A(w) has at most one component of type B, C, or D (when A, is also of this
type) and all other components are of type A. Writing w = [[%_, w; as an element
of the Weyl group associated to A(w), for 1 < j < n let a,(j) denote the number of
permutations of the type-A; components of A(w) that preserve w.

LEMMA 3.3. If w € W,, has Cozeter length k, then there exists an element w' € Woy,
such that w ~ w'.

Proof. Since w has length k, a reduced word I for w uses at most k distinct simple
reflections. Thus A(w) has at most k vertices, and any such diagram embeds as an
induced subgraph of any classical Dynkin diagram with 2k vertices. O

LEMMA 3.4. Let A be a Dynkin diagram with k' vertices and ¢ components, all of
type A. Then for all k > k' — 1, the number of embeddings A — Ay, is

(k+1-K) o ,
ey el V(USSR
1=0

a polynomial in k with lead term k°.

Proof. An embedding ¢: A < Ay is equivalent to an ordering of the ¢ (labelled)
factors of A and the (k — k') (unlabelled) vertices of A; ~\ ¢(A) in which no two
components of A appear consecutively (see Figure 1). Such orderings are equinu-
merous with orderings of ¢ labelled objects and (k + 1 — k' — ¢) unlabelled objects
(with no adjacency restrictions), which are enumerated by the formula in the lemma
statement. 0

FIGURE 1. An embedding of A = A; x A; X Ay into A7.

PROPOSITION 3.5. For w € W,,, for some m, let Ny, (n) denote the number of elements
v € W, such that w ~ v. Let n’ denote the number of vertices in A(w), and p the
number of type-A components in A(w). Then for

n' —1 in type A,

nxz<n in types B and C,

n' +1 in type D,

Ny (n) is a polynomial with lead term
nP

M a()
Proof. Let N! (n) denote the number of induced subgraphs of A,, isomorphic to A(w).
Then

LT(Ny(n)) =

Ny, (n)
H;'nzl aw(j)’
so it suffices to show that N/ (n) is a polynomial with lead term n? for sufficiently
large n. In type A, this follows immediately by Lemma 3.4.

Ny(n) =
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In types B, C, and D, the analysis is similar. If A(w) contains a component that is
not of type A (say with r vertices), then this component is unique and has a unique
embedding into each W,,. The remaining components of A(w) are then embedded
into a copy of A,_,_1. Applying Lemma 3.4 with k =n—r—1, ¥ =n’ —r, and
¢ = p shows that these embeddings are enumerated by a polynomial with lead term
n? for n > n'.

The enumeration of embeddings is slightly more complicated when all components
of A(w) are of type A. Consider first the Dynkin diagrams of type B,, or C,,, which
each contain one copy of A,_1. By Lemma 3.4 (with k =n—1, k¥ =n/, ¢ = p),
embeddings of A(w) into this embedded type-A subdiagram are enumerated by a
polynomial with lead term n? for n > n’. There are no further embeddings A(w) <
A, unless A(w) contains a component isomorphic to A;. In this case, additional
embeddings are obtained by mapping a type-A; component of A(w) to the final
vertex of A,, then embedding the rest of A(w) into a copy of A,_s — A,. By
Lemma 3.4 (with k =n—2 k' =n' — 1, ¢ = p — 1), such “exceptional” embeddings
are enumerated by a polynomial of degree p — 1 for n > n’. Thus in types B and C,
N! (n) is a polynomial with lead term n? for all n > n’ as desired.

Consider now the case where A,, = D,,. The Dynkin diagram D,, contains two
embedded copies of A, _1, which intersect in a copy of A, _s. By inclusion-exclusion
and three applications of Lemma 3.4 (twice with k =n — 1, ¥’ = n’, ¢ = p and once
with k =n—2, k' =n', ¢c =p), for n > n’ + 1 the number of embeddings of A(w)
into one of these type-A subdiagrams is given by

(n—n')! (n—1-n)!

2. _
(n—n"—p)! (n—1-n"—p)l’

which is a polynomial with lead term n?. Moreover, all embeddings A(w) — D,
are embeddings into these type-A subdiagrams unless A(w) contains at least two Ay
components or at least one Az component (see Figure 2 for an example). As in the
previous case, Lemma 3.4 (with (k,k',¢) = (n—3,n'—2,p—2) and (n—4,n'—=3,p—1)
respectively) shows that for n > n’ these “exceptional” embeddings are enumerated
by polynomials of degree strictly less than p. Thus the lead term of N/ (n) is n? in
all cases, completing the proof. O

FIGURE 2. An “exceptional” embedding of A = A; x Ay x Az into Dsg.

THEOREM 3.6. Fiiz k and a choice of classical Lie type. Then y,(n) is the finite sum

wny= Y Y i | Nuln).

[w] u,v<w
weWay,L(w)=k

In particular, vi(n) is a polynomial for
k—1 in type A,
n=qk in types B and C,
k+1 in type D.
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Proof. Recall that by definition,

u,v,weWy,
L(w)=k
By Lemma 2.4, we may restrict the sum to u,v < w. By Proposition 2.5, if w ~ w’
in W, then 37, <, ¢ty = D0 vicu cf,/’v,. Thus to compute vx(n) we may group
together structure constants indexed by elements in the same equivalence class [w],
and the size of each set [w] W, is precisely N,,(n) by definition. Finally, Lemma 3.3
shows that each equivalence class [v] for v € W,, with ¢(v) = k is represented by an
element w € Wa. The polynomiality of v, (n) now follows from the polynomiality of
Ny (n) established in Proposition 3.5. O

REMARK 3.7. We note that v, (n) may be a polynomial for smaller values of n than
those guaranteed by Theorem 3.6. Indeed, Pak—Robichaux [4, Theorem 1.2] showed
that in type A, vx(n) is a polynomial for all n > 1. It would be interesting to see
whether or not vx(n) is polynomial for all n > 1 in the other classical types. As our
main purpose in this article is to describe the lead term of ~v;(n), we do not pursue
the point further.

Theorem 3.6 separates the part of v, (n) dependent on n from the part that requires
computation of Schubert structure constants. With this result, we can now prove
Theorem 1.2 after computing only the simplest ¢y .

LeEMMA 3.8. If w € W,, has Dynkin support A(w) = A¥ == Ay U---U Ay, then
—_———

k factors
w  _ ok
E Cpp =27,
u,veWy,
_ s . 51 __ 51 _ S1
Proof. In the case where k = 1, we compute directly: Corid = Cidys, = 1 and ¢, =0

otherwise, so the sum is 2 as claimed. For general k, if A(w) = A%, then w factors as
$1 X -+- x s1. Thus by Proposition 2.5 and Proposition 2.6 we have

k

w S1 _ ok
g Cop = E Cilw | =27 g

u,vEWy, u,VES2

Proof of Theorem 1.2. By Theorem 3.6,

LTeum) =3 | 32 e, | Nun),

[w] u, o<W

where the sum is over equivalence classes [w] of length k maximizing the degree of
Ny (n). By Proposition 3.5, the degree of N,,(n) is the number of components in A(w).
Among w € Wy, of length k, the number of components of A(w) is maximized when
A(w) = A% i.e. when w is a product of & mutually orthogonal simple reflections. By
Lemma 3.8 and Proposition 3.5 it follows that

(2n)*

LT (ye(n)) = 2°LT(Nu(n)) = ==,

completing the proof. O
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