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Polarizations of Artin monomial ideals

Gunnar Fløystad, Ine Gabrielsen & Amir Mafi

Abstract We show that any polarization of an Artin monomial ideal defines a triangulated
ball. This settles a conjecture of A. Almousa, H. Lohne and the first author [3].

Geometrically, polarizations of ideals strictly containing (xa1
1 , . . . , xan

n ) define full-
dimensional triangulated balls on the sphere which is the join of boundaries of simplices
of dimensions a1 − 1, · · · , an − 1. We prove that every full-dimensional Cohen-Macaulay
sub-complex of this joined sphere is of this kind, and these balls are constructible.

Such a triangulated ball has a dual cell complex which is a sub-complex of the product of
simplices of dimensions a1 − 1, · · · , an − 1. We prove that this cell complex gives a cellular
minimal free resolution of the Alexander dual ideal of the triangulated ball. When the product
of simplices is a hypercube, using these dual cell complexes we classify in a range of examples
all polarizations of the Artin monomial ideal.

We also show that the squeezed balls of G. Kalai [32] derive from polarizations of Artin
monomial ideals.

1. Introduction
A polarization of an Artin monomial ideal is a squarefree monomial ideal and so
corresponds to a simplicial complex via the Stanley-Reisner (SR) correspondence. We
prove a fundamental theorem on the combinatorial geometry of monomial ideals:

For any polarization of an Artin monomial ideal, the associated simplicial com-
plex has a topological realization which is a ball (save when the Artin mono-
mial ideal is a complete intersection, then the polarization gives a sphere).

This proves a conjecture by A. Almousa, H. Lohne, and the first author [3, Con-
jecture 3.2]. We give further a detailed geometric analysis and understanding of po-
larizations of Artin monomial ideals in k[x1, . . . , xn]. For a finite set V , let RV be the
real vector space with basis the elements of V , and let ∆(V ) be the geometric simplex
in RV with vertices V . For finite sets A1, A2, . . . , An the product polytope

Π(A•) = ∆(A1)×∆(A2)× · · · ×∆(An)
(if each cardinality |Ai| = 2 this is a hypercube), is dual (polar) to the simplicial
polytope which is the join of boundaries

∂∆(A•) = ∂∆(A1) ∗ ∂∆(A2) ∗ · · · ∗ ∂∆(An),
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(this is a hyperoctahedron when each |Ai| = 2). It is known that polarizations of Artin
monomial ideals are precisely the full-dimensional Cohen-Macaulay sub-complexes
of ∂∆(A•). We show that such sub-complexes are balls, by proving that they are
constructible simplicial complexes.

These sub-complexes have dual cell sub-complexes of the product polytope Π(A•),
which have the property we call restriction-acyclic: every restriction to a sub-cell
Π(R•) of Π(A•) (where Ri ⊆ Ai) has vanishing homologies. In many example cases
this enables simple analysis and classification of all polarizations of an Artin monomial
ideal, Section 7.

We proceed to recall the notions of separation and polarization, with an example.
We further give more detailed descriptions of the above.

1.1. Separation and polarization. For a field k and a set V , let k[V ] be the
polynomial ring with the elements of V as variables.

Definition 1.1. Let V ′ p−→ V be a surjection of finite sets with the cardinality of V ′

one more than that of V . Let v1 and v2 be the two distinct elements of V ′ which map
to a single element v in V . Let J be a monomial ideal in the polynomial ring k[V ]
and J ′ a monomial ideal in k[V ′]. Then J ′ is a simple separation of J if:

i. The monomial ideal J is the image of J ′ by the map k[V ′]→ k[V ].
ii. Both the variables xv1 and xv2 occur in some minimal generators of J ′ (usu-

ally in distinct generators, but in same generator is allowed).
iii. The variable difference xv1 − xv2 is a non-zero divisor in the quotient ring

k[V ′]/J ′.
The minimal generators of J and J ′ will then be in bijection. More generally, if

V ′ p−→ V is a surjection of finite sets and J ⊆ k[V ] and J ′ ⊆ k[V ′] are monomial
ideals such that J ′ is obtained by a succession of simple separations of J , J ′ is a
proper separation of J . If further V ′ ⊆ V ′′ is an inclusion, the extension ideal J ′′ =
(J ′) ⊆ k[V ′′] is a separation of the starting ideal J .

Note that J ′′ is obtained from J by a sequence of simple separations where we do
not require ii. to hold.

Definition 1.2. Let J ⊆ k[V ] be a monomial ideal and V ′ → V be a surjection
of finite sets. An ideal J ′ ⊆ k[V ′] is a polarization of J if J ′ is squarefree and a
separation of J . It is a proper polarization if it is a squarefree proper separation of J .

Example 1.3. Consider the monomial ideal j = (x1, x2, x3)2 ⊆ k[x1, x2, x3] (with k a
field). This is Artin as it contains a power of each variable. The ideal has generators:

j : x2
1, x1x2, x

2
2, x1x3, x2x3, x

2
3.

Up to isomorphism this ideal has two polarizations J1 (the standard polarization) and
J2 (the box polarization) with generators:

J1 : x10x11, x10x20, x20x21, x10x30, x20x30, x30x31,

J2 : x10x11, x10x21, x20x21, x10x31, x20x31, x30x31.

These are polarizations because the quotient ring k[x1, x2, x3]/j is obtained from
k[x10, x11, x20, x21, x30, x31]/Ji for i = 1, 2 by dividing out by the regular sequence of
variable differences:

x10 − x11, x20 − x21, x30 − x31.

The corresponding simplicial complexes of the two ideals are given in Figure 1. Topo-
logically both are discs of dimension two, i.e. two-dimensional balls.
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Figure 1. Simplicial complexes of J1 and J2

1.2. Geometric setting. For a set V consider the (abstract) combinatorial simplex
∆(V ) on V . It is the simplicial complex on V consisting of all subsets of V . Its
geometric realization is topologically a ball. Its boundary is the simplicial complex
∂∆(V ) whose maximal faces are all sets V \{v} for v ∈ V . The geometric realization
of this boundary is topologically a sphere S|V |−2 where |V | is the cardinality of V .

Given non-empty disjoint finite sets A1, A2, . . . , An consider the simplicial join

∂∆(A•) = ∂∆(A1) ∗ ∂∆(A2) ∗ · · · ∗ ∂∆(An).

Its topological realization is the topological joins of the topological realizations of the
∂∆(Ai), and so is a sphere of dimension

∑n
i=1 |Ai|−1−n. In particular, if all Ai have

cardinality two, ∂∆(A•) is the boundary of an n-dimensional hyperoctahedron. Let
A be the (disjoint) union of the Ai. We note that the facets of ∂∆(A•) are indexed
by elements

(1) a = (a1, a2, . . . , an) ∈ A1 ×A2 × · · · ×An.

To such an element corresponds the facet A\{a1, . . . , an}.
We relate these geometric objects to Artin monomial ideals. Let k[A] be the poly-

nomial ring with variables from A. Denote by m(Ai) the monomial
∏

a∈Ai
a, and by

αi the cardinality of Ai. In the polynomial ring k[x1, . . . , xn] we have the complete
intersection Artin monomial ideal:

c = (xα1
1 , xα2

2 , . . . , xαn
n ).

It has (up to isomorphism) a unique polarization, the squarefree complete intersection
ideal

C = (m(A1),m(A2), . . . ,m(An)),
which is the Stanley-Reisner ideal of the simplicial sphere ∂∆(A•).

Our main result is:

Theorem 1.4 (See Theorem 4.3). Let j be an Artin monomial ideal in k[x1, . . . , xn]
strictly containing the complete intersection c (but the xαi

i need not be minimal gener-
ators of j). Let A→ {x1, x2, . . . , xn} be a map with fiber Ai over xi of cardinality αi.

Any polarization J ⊆ k[A] of j defines, via the SR-correspondence, a full dimen-
sional simplicial ball on the simplicial sphere ∂∆(A•). Moreover, any proper polariza-
tion of j is, when followed by a suitable extension, isomorphic to such a J .

By [3, Remark 2.5] the polarization J in k[A] is proper precisely when each xαi
i

is a minimal generator for j. Also, if j = c, the polarization is not a ball, but the
sphere ∂∆(A•).
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Figure 2. Triangulated balls defined by J1 and J2

Example 1.5. We continue Example 1.3. In Figure 2 we have the embeddings on the
octahedron of the two hexagon triangulations in Figure 1.

The essential element in proving Theorem 4.3 is to show the following:

Theorem 1.6 (See Theorem 4.4). Any full-dimensional Cohen-Macaulay proper sub-
complex on the simplicial sphere ∂∆(A•) is a constructible triangulated ball.

In fact, such sub-complexes X are precisely those that via the Stanley-Reisner
correspondence come from polarizations of Artin monomial ideals. As noted above
(see (1)), the facets of X are then indexed by a subset T ⊆ A1 × · · · × An. Thus we
may write X = X(T ), and its Stanley-Reisner ideal J = J(T ).

It is noteworthy that by [25] there are such sub-complexes X of ∂∆(A•) which are
not shellable, see Proposition 8.7. But by the above, they are constructible.

1.3. Dual geometric setting. A standard fact (see Subsection 2.4) is that J is
CM iff its Alexander dual I is an ideal with linear resolution. We write I(T ) for the
Alexander dual of J(T ). Considering each Ai as a color class, each a ∈ A1 × · · · ×An

gives a rainbow monomial m(a) =
∏n

i=1 ai. The ideal I(T ) is generated by the m(a)
for a ∈ T . The subset T ⊆ A1×· · ·×An identifies with a subset of the vertices of the
product polytope

Π(A•) = ∆(A1)× · · · ×∆(An).
The vertices of Π(A•) are naturally labelled by rainbow monomials. The subset T in-
duces a saturated cell sub-complex C(T ) of Π(A•) consisting of all sub-cells Π(R•) of
Π(A•) (for non-empty subsets Ri ⊆ Ai) such that the product set R1×· · ·×Rn ⊆ T .
We prove that when I(T ) has a linear resolution, it admits a cellular minimal free
resolution supported by the cell sub-complex C(T ), Theorem 5.5. As consequence,
we get a homological criterion on T , Corollary 5.7, for T to correspond to a polar-
ization of an Artin monomial ideal. The maximal cells of C(T ) correspond bijectively
to the components in the unique irreducible monomial decomposition of the Artin
ideal j. Analysing then the possible sub cell-complexes C(T ) corresponding to this
decomposition, enables in many example cases a full understanding of the possible
polarizations of the Artin monomial ideal j, Section 7.

Example 1.7.
j = (x2, y2, z2, w2) + (xz, xw, yz, yw, zw).

The simplicial complex associated to the square-free part here is given in Figure 3.
The associated cell complex C(T ) will then consist of a square and two edges (in

general a (d − 1)-simplex is turned into a d-hypercube, when each αi = 2). The cell
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Figure 3. Simplicial complex of ideal (xz, xw, yz, yw, zw)

complex must be acyclic. This gives, up to isomorphism, the four possibilities for
C(T ) given in Figure 4.
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Figure 4. Acyclic cell complexes of one square and two line seg-
ments

These correspond to the four, up to isomorphism, possible polarizations of the
Artin ideal j. They can be worked out to be:

J1 = (x0x1, y0y1, z0z1, w0w1) + (x0z0, x0w0, y0z0, y0w0, z0w0)
J2 = (x0x1, y0y1, z0z1, w0w1) + (x0z0, x0w0, y1z0, y0w0, z0w0)
J3 = (x0x1, y0y1, z0z1, w0w1) + (x1z0, x0w0, y1z0, y0w0, z0w0)
J4 = (x0x1, y0y1, z0z1, w0w1) + (x0z0, x0w0, y0z0, y0w0, z1w0)

This is explained in more detail in Example 7.6.
Let us inform on a line of research leading to our results. In [9], T.Bier constructed

simplicial spheres from a simplicial complex X on a set V . Essentially, the idea is that
X and its Alexander dual should glue together to give a simplicial sphere, as in the
topological setting of Alexander duality, [27], see [35, Sec.5.6] for an argument.

In [11] Björner, Pfaffenholz, Sjöstrand and Ziegler generalized this from down-sets
in Boolean posets (that is, simplicial complexes) to down-sets in any poset. In addition
they proved (by a counting argument) that Bier spheres were so numerous that most
of them could not be realized as convex polytopes. Bier spheres were considerably
generalized by D’Alì, Nematbakhsh and the first author in [14]: Given any poset P
let I be a finite down-set in the set of order-preserving maps Hom(P,N). This gives rise
to the so called letterplace ideals L(I;P ), see Subsection 11.3 or [21], which are SR-
ideals of triangulated balls and whose boundaries are simplicial spheres, again with a
simply defined SR-ideal. Our main result here is a further considerable generalization
of letterplace ideals. In particular since even the double specialization to Bier spheres
is so numerous that they do not in general have convex realizations (though recently
shown to be star-shaped [31]), the same holds for the simplicial spheres given here.

The organization of this article is as follows.
Part I, Sections 2-4: Polarizations and triangulated balls. We give background
and prove the main Theorem 4.3.

Section 2 recalls basics on simplicial complexes, Stanley-Reisner rings, Alexander
duals, joins, and constructible monomial ideals. Section 3 gives the geometric setting,
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the join of boundaries ∂∆(A•). The facets of these joins correspond bijectively to
elements (a1, . . . , an) of A1×· · ·×An. This gives a rainbow monomial a1 · · · an. Subsets
T of A1 × · · · ×An then generate a rainbow ideal I(T ). The Alexander dual ideals of
polarizations are rainbow ideals with linear resolution. In Section 4 we give the main
result, Theorem 4.3, that polarizations of Artin monomial ideals give triangulated
balls. The argument is by showing that rainbow ideals with linear resolution are
constructible ideals.
Part II, Sections 5-7: Dual cell complexes. We study the dual cell complex
C(T ), which is a sub-complex of the product polytope Π(A•).

Section 5 defines C(T ). When I(T ) has linear resolution, we show that it admits
a cellular minimal free resolution supported by C(T ). We derive the homological
criterion for T to correspond to a polarization. Such T are called restriction-acyclic.
Section 6 shows that the maximal cells in C(T ) are in bijection with the components
in the unique minimal irreducible decomposition of the Artin monomial ideal j.

How can we find all polarizations of the Artin ideal j? Section 7 addresses this when
j contains the second power x2

i of all variables xi. Such j are in bijection to simplicial
complexes on vertices {1, 2, . . . , n}. The product polytope Π(A•) is then a hypercube.
We show in a range of examples how we may classify the polarizations of such j.
Part III, Sections 8-10: Linkage and complement triangulations. We study
the complement set T c, the complement triangulation of X(T ), and relations to link-
age theory.

Section 8 shows that T corresponds to a polarization iff T c does. The Alexander
duals of I(T ) and I(T c) are then linked Cohen-Macaulay ideals. They define com-
plement triangulated balls X(T ) and X(T c) on the join polytope ∂∆(A•). Section 9
describes the boundaries of these triangulated balls. These are triangulated spheres
whose Stanley-Reisner ideals are then Gorenstein ideals. Section 10 shows how the
linkage descends to linkage of Artin monomial ideals.
Part IV, Sections 11-12: Squeezed spheres and further problems. Section 11
is somewhat independent from the rest. We show that the squeezed balls and spheres
of G. Kalai [32] have Stanley-Reisner ideals which come from letterplace ideals, these
ideals being polarizations of Artin monomial ideals. The last Section 12 sketches
open research directions. In Subsection 12.2 we indicate how most simplicial balls are
not of the type we construct here. However, as we see in examples, they might be
derived from the simplicial balls here by joining variables (as we show in Section 11
for squeezed balls and spheres).

2. Preliminaries
We recall basics on simplicial complexes, the Stanley-Reisner correspondence, and
Alexander duality. For introduction to these, see [28, 39] or [13, Sec.II.5].

2.1. Simplicial complexes and squarefree monomial ideals. Let V be a finite
set. A simplicial complex on V is a family X of subsets of V such that if F ∈ X and
G ⊆ F , then also G ∈ X. The F are called the faces of X and the dimension of F
is the cardinality |F | − 1. Maximal faces are called facets. If all facets have the same
dimension, X is said to be pure. If X is the full power set of V , then X is called the
simplex on V and is denoted ∆(V ). The boundary ∂X of a pure simplicial complex
X is the smallest simplicial complex containing all faces of X which are on only one
facet, and are properly contained in this facet. A simplicial complex X has a natural
topological realization |X| in the space RV , [42].

Let k be a field and k[V ] the polynomial ring with elements of V as variables. If
R ⊆ V denote by m(R) =

∏
v∈R v the associated monomial. Such a monomial is said

Algebraic Combinatorics, Vol. 9 #4 (2026) 998
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to be squarefree, and if an ideal is generated by such monomials, it is also said to be
squarefree.

Given a simplicial complex X we have its associated Stanley-Reisner (SR) ideal
I = IX which is the ideal generated by the monomials m(R) such that R is not in X.
The quotient ring k[V ]/I is the Stanley-Reisner ring of X.

Simplicial complexes form a lattice with join X ∪ Y , the union of the families X
and Y , and meet X ∩Y . The squarefree monomial ideals also form a lattice with join
the sum of ideals, and meet the intersection of ideals.

The Stanley-Reisner correspondence gives a one-to-one correspondence between
the lattice of simplicial complexes on V and the lattice of squarefree monomial ideals
in k[V ], with order relation reversed. Hence the join X ∪ Y corresponds to the meet
of ideals IX ∩ IY , and the meet X ∩ Y corresponds to the sum of ideals IX + IY .

2.2. Alexander duality. The Alexander dual monomial ideal of I(= IX) is the
monomial ideal J = I∨ generated by all monomials m which have a non-trivial com-
mon divisor with every monomial in I. This is an involutive correspondence. The
squarefree monomials in J are the m(F c) where the F are faces of X, and F c = V \F
its complement. In particular the minimal generators of J are the monomials m(F c)
of the complements of facets F of X, see [28, Lemma 1.5.3].

Alexander duality gives a bijection between lattices of ideals with order relation
reversed. Hence the Alexander dual of the join I + L is the meet I∨ ∩ L∨, and the
dual of I ∩ L is I∨ + L∨.

2.3. External join of simplicial complexes. Let X be a simplicial complex
on V , and Y a simplicial complex on a disjoint vertex set W . The (external) join of X
and Y is the simplicial complex X ∗ Y on V ∪W given by:

X ∗ Y = {A ∪B |A ∈ X,B ∈ Y }.

(This is not to be confused with the (internal) join in the lattice of simplicial complexes
on a fixed set V , which is simply the union of X and Y . Henceforth join will always
mean external join.) The SR-ideal of the join X ∗Y is the ideal (IX) +(IY ) generated
by IX and IY in k[V ∪W ].

The topological realization |X ∗ Y | of the join, is obtained by connecting points
in |X| and |Y | by lines. So it is the set |X| × [0, 1] × |Y | modulo identifying pairs
(x, 0, y) and (x, 0, y′) and identifying pairs (x, 1, y) and (x′, 1, y). The join of two
spheres Sn and Sm of dimensions n and m, is the sphere Sn+m+1. If |Y | is two
points (corresponding to the simplicial complex {{v1}, {v2},∅}, which is topologically
the sphere S0), the join X ∗ Y has topological realization the suspension S|X|. The
suspension of Sn is Sn+1.

2.4. Constructible squarefree monomial ideals. A simplicial complex of di-
mension d is constructible if either

• X is a simplex of dimension d, or
• there is a decomposition X = Y ∪ Z where Y and Z are constructible of

dimension d and Y ∩ Z is constructible of dimension d− 1.
The following implications are well known:

vertex decomposable⇒ shellable⇒ constructible⇒ Cohen-Macaulay/any field.

Let I be the Alexander dual ideal of the Stanley-Reisner ideal IX . Translating the
above to conditions on the ideal I we get the following. A squarefree monomial ideal
I is e-constructible (notion introduced in [46]) if:

• I = (m) is generated by a monomial of degree e, or
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• there is a decomposition I = J + K such that J and K are e-constructible,
and J ∩K is (e+ 1)-constructible.

Remark 2.1. If I corresponds to the simplicial complex Y via the SR-correspondence,
one should note that I being constructible does not correspond to Y being con-
structible. Rather I being constructible corresponds to the Alexander dual simplicial
complex Y ∨ being constuctible (where Y ∨ has the Alexander dual ideal I∨ as Stanley-
Reisner ideal).

The Eagon-Reiner theorem, [17], states that a squarefree monomial ideal I has a
linear resolution if and only if the Alexander dual I∨ is a Cohen-Macaulay ideal, see
standard textbooks [28, Thm. 8.1.9], [39, Thm. 5.56]. As a consequence constructible
ideals have linear resolutions. In general for ideals there are implications:

vertex splittable⇒ linear quotients⇒ constructible⇒ linear resolution/any field.

The notion of vertex splittable is introduced in [41], and linear quotients in [29].
The statement of the following lemma is analogous to the idea of constructibility.

We state it as we need it later for an important example in Proposition 8.7.

Lemma 2.2. Let X and Y be Cohen-Macaulay (CM) simplicial complexes of dimension
d on the same vertex set. Suppose the intersection X ∩ Y has dimension < d. Then
the union X ∪ Y is CM iff the intersection X ∩ Y is CM of dimension d− 1.

Proof. A simplicial complex X of dimension d is CM iff the local cohomology groups
Hi

m(k[X]) vanish for i ⩽ d, and is non-vanishing for i = d+1, [28, A.7]. We show that
there is an isomorphism

(2) Hp
m(k[X ∩ Y ]) ∼= Hp+1

m (k[X ∪ Y ]), p ⩽ d− 1,

which will prove the claim, since for e the dimension of X ∩Y , the cohomology group
He+1

m (k[X ∩ Y ]) is non-vanishing.
Consider the exact sequences:

(3) 0→ K1 → k[X ∪ Y ]→ k[X]→ 0, 0→ K2 → k[Y ]→ k[X ∩ Y ]→ 0.

Here
K1 = IX

IX∪Y
= IX

IX ∩ IY

∼=
IX + IY

IY
= IX∩Y

IY
= K2.

Whence taking long exact cohomology sequences of the two short exact sequences (3),
we get (2). □

3. Polarizations and their Alexander duals
In polarizations of Artin ideals j in k[x1, . . . , xn], the variables in the polynomial ring
of the polarization J , come in classes A1, A2, . . . , An. The variables in Ai map to xi

and we call the A1, . . . , An color classes. This polarization J defines a full-dimensional
sub-complex of the polytope whose boundary is a join of simplices.

We show that the Alexander dual of J is a rainbow ideal: It is generated by mono-
mials which have one variable from each color class. These ideals enables us in the
next section to prove our main result.

3.1. Joins of boundaries of simplices. Recall that ∆(V ) is the simplex on the
finite set V . The SR-ideal generated by the single monomial m(V ) =

∏
v∈V v defines

the boundary ∂∆(V ) of ∆(V ), which is topologically a sphere S|V |−2 where |V | is the
cardinality of V .
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Let A1, A2, . . . , An be disjoint finite sets, and A = ⊔n
i=1Ai their union. The com-

plete intersection ideal
C = (m(A1),m(A2), . . . ,m(An)) ⊆ k[A]

is the SR-ideal of the join of the boundaries of simplices
(4) ∂∆(A•) = ∂∆(A1) ∗ ∂∆(A2) ∗ · · · ∗ ∂∆(An),
which topologically is a join of spheres, and so also a sphere. Its dimension is∑n

i=1 |Ai| − 1 − n. If each cardinality |Ai| = 2, then each boundary ∂∆(Ai) is two
points, and we are taking iterated suspensions. This gives a sphere of dimension
n − 1: For n = 2, (the boundary of) the square, for n = 3 (the boundary of) the
octahedron, and in general (the boundary of) the hyperoctahedron.

3.2. Rainbow ideals. Denote A = A1 × A2 × · · · × An. For a = (a1, a2, . . . , an) in
A, denote by [a] the set {a1, a2, . . . , an}. The faces of ∂∆(A•) are all subsets S ⊆ A
such that no Ai ⊆ S. In other words it is all S such that each Ai\S is non-empty.
Equivalently we may find a ∈ A with [a] ∩ S = ∅. The facets of ∂∆(A•) are then
precisely the complement sets [a]c for a ∈ A.

The following is of course true for any triangulated sphere, but the argument is
explicit and informative in our setting.

Lemma 3.1. Any codimension one face of ∂∆(A•) is on exactly two facets.

Proof. A codimension one face of ∂∆(A•) is F = [a]c\{a′} for some a′ ∈ A. So there
is an i such that a′ ∈ Ai, and write a′

i := a′. Let a′ = (a1, . . . , a
′
i, . . . , an). Then F is

precisely on the two facets [a]c and [a′]c. □

For a ∈ A let m(a) be the monomial
∏n

i=1 ai. Thinking of Ai as a color class, we
call such a monomial a rainbow monomial. The Alexander dual ideal B of the complete
intersection C = (m(A1), . . . ,m(An)) is generated by the complements of the facets
of ∂∆(A•), and so it is the monomial ideal generated by all the rainbow monomials.
Letting (Ai) be the “color ideal” generated by the elements of Ai (considered as
variables), then B is the product of these color ideals:

B = (m(a) |a ∈ A) =
n∏

i=1
(Ai).

Definition 3.2. For a subset T ⊆ A, denote by I(T ) the ideal generated by m(a) for
a ∈ T . Such an ideal is called a rainbow ideal. For the complement set T c = A\T , we
usually write L(T ) for I(T c), the complement rainbow ideal.

Remark 3.3. The ideal B = I(A) is the squarefree monomial ideal defining the Cox
irrelevant ideal for the toric variety which is the multiprojective space

P|A1|−1 × · · · × P|An|−1.

In this setting [7] introduces virtual resolutions, i.e. resolutions with homology anni-
hilated by powers of B. Combinatorial aspects of this, in particular Stanley-Reisner
rings that are virtually Cohen-Macaulay, are studied in [8].

Remark 3.4. For T ⊆ A the family of subsets [a] ⊆ A where a ∈ T are precisely the
collection of edges of n-partite n-uniform hypergraphs, also called n-partite n-uniform
clutters, [45]. They are also called multipartite uniform hypergraphs.

In [44] a class of d-partite d-uniform hypergraphs, Ferrer’s hypergraphs are studied.
The associated rainbow ideals are shown to have a linear resolutions, and an explicit
form as a cellular resolution by the “complex of boxes” is given. These ideals are
again a special case of co-letterplace ideals [21], see Subsection 12.1, which also have
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linear resolutions of an explicit form given in [14]. [45] uses the terminology d-partite d-
uniform clutters, and explicitly describes the first linear strand of rainbow ideals I(T ).

Remark 3.5. d-partite d-uniform hypergraphs have been a topic of interest in combi-
natorics and combinatorial geometry. In [23] they look at the associated embedding by
generic points in Rd, relating it to the colored Tverberg’s theorem [35]. Matchings in
such hypergraphs are studied in [16, 6]. Mengerian r-uniform hypergraphs are shown
to be r-partite in [5], but the converse implication does not hold. From a commuta-
tive algebra perspective, [2] relates this to symbolic powers of ideals, and identify the
subclass of tripartite tri-uniform hypergraphs for which I(2) = I2.

3.3. Polarizations. Recall from the introduction, Definitions 1.1 and 1.2 of sepa-
rations and polarizations of monomial ideals.

Let j be an Artin monomial ideal in k[x1, . . . , xn], containing the Artin complete
intersection

c = (xα1
1 , . . . , xαn

n ).
We do not require the powers xαi

i to be minimal generators of the ideal j. Let
A1, . . . , An be disjoint sets with Ai of cardinality αi, and A = ∪iAi. We have a map
of polynomial rings k[A] → k[x1, . . . , xn] induced by the map A → {x1, x2, . . . , xn}
sending elements of Ai to the variable xi. By [3, Remark 2.5] any proper polarization
J ′ of an Artin monomial ideal containing the complete intersection c is, after possibly
extending J ′, isomorphic to a polarization J contained in k[A].

We also recall the following, which is essentially [3, Prop.3.6]. Due to its importance
here, we include the proof for the benefit of the reader.

Proposition 3.6. Let C = (m(A1), . . . ,m(An)) be the complete intersection. Polar-
izations J ⊆ k[A] of Artin monomial ideals containing the complete intersection c are
precisely the Cohen-Macaulay squarefree ideals J ⊆ k[A] of height n containing C.

Such ideals J are in turn precisely the Alexander duals of rainbow monomial ideals
in k[A] with linear resolution.

Proof. i. Assume J ⊆ k[A] is a polarization of an Artin monomial ideal containing c.
Then J contains C, as m(Ai) must be the monomial mapping to xαi

i . Since C is cut
down to an Artin monomial ideal, J is also cut down by the regular sequence (for
k[A]/J) to an Artin monomial ideal. An Artin ideal is Cohen-Macaulay, and so the
same holds for J by [13, Thm. 2.1.3.a].

ii. Conversely assume J is Cohen-Macaulay and squarefree of height n containing C.
The sequence of variable differences cuts C down to an Artin monomial ideal, and so
also cuts J down to an Artin monomial ideal j. Thus starting from k[A]/J , which has
dimension |A|−n, at each step when we divide out by a variable difference, dimension
is cut by one. By [13, Thm. 2.1.2.c] the sequence is regular for k[A]/J and so J is a
polarization of j.

By the Eagon-Reiner theorem, see Subsection 2.4, J is Cohen-Macaulay iff its
Alexander dual I has a linear resolution. Let X be the simplicial complex associated
to J . That J is unmixed of height n is equivalent to the facets of X being facets of
∂∆(A•), and so I = I(T ) for some T ⊆ A. □

Example 3.7. The standard polarization of (x2
1, x1x

2
2, x

3
2) is

(x10x11, x10x20x21, x20x21x22).

(Standard polarization means that each power xr
i is replaced by the product

xi0xi1 · · ·xi,r−1.) It corresponds to the simplicial complex to the left in Figure 5. To
the right it is drawn in blue on ∂∆(A1) ∗ ∂∆(A2) where |A1| = 2 and |A2| = 3. It
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x20 x21

x10

x22

x11
x22

x11

x20 x21

x10

Figure 5. Triangulated ball of Example 3.7

consists of five of the six facets. Only the lower front facet, with vertices x20, x21 and
x10, is not in the simplicial complex.

Example 3.8. The ideal J2 of Example 1.3 is a polarization of (x1, x2, x3)2 containing
the complete intersection (x2

1, x
2
2, x

2
3). We can let

A1 = {x10, x11}, A2 = {x20, x21}, A3 = {x30, x31}.

The Alexander dual ideal of J2 is the rainbow ideal I2 with generators:

x10x20x30, x10x20x31, x10x21x31, x11x21x31.

We may identify each of A1, A2, A3 with {0, 1}, and then the ideal I2 is I(T ) where

T = {000, 001, 011, 111}.

Remark 3.9. The polarizations of powers of graded maximal ideals (x1, . . . , xn)m are
classified by Almousa, Lohne and the first author in [3]. In particular polarizations
of (x1, . . . , xn)2 are in bijections with trees with n edges. These results in [3] are
partially extended to strongly stable ideals generated in a single degree in Hao, Luo
and Saint Rain [26, Prop.4.2, Thm. 6.1]. Note that such strongly stable ideals are not
Artin unless they are a power of the graded maximal ideal. [4] gives resolutions of
polarizations of (x1, . . . , xn)m, connecting the combinatorics of [3] with that of Hook
tableaux.

4. Polarizations define triangulated balls
The previous section shows that polarizations of Artin monomial ideals in k[x1, . . . , xn]
containing the complete intersection c = (xα1

1 , . . . , xαn
n ) correspond, by Alexander

duality, to rainbow ideals in k[A] with linear resolutions, for A a union of color classes
A1, . . . , An and cardinalities |Ai| = αi. Rainbow ideals are I(T ) for a subset T ⊆ A =
A1 × · · · ×An.

We investigate ideals of type

I = b1I1 + b2I2 + · · ·+ bmIm

where the Ij do not involve the b-variables, and the situation when such ideals have
a linear resolution. We apply this to show that rainbow ideals have linear resolutions
if and only if they are constructible. As a consequence we get our main theorem, that
polarizations of Artin monomial ideals define triangulated balls by the Stanley-Reisner
correspondence.
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4.1. The main result. The following is the key result leading to our main statement.

Theorem 4.1. For a subset T ⊆ A1 × · · · × An, the rainbow ideal I(T ) has n-linear
resolution if and only if it is n-constructible.

By Subsection 2.4, if I(T ) is constructible, then I(T ) has a linear resolution. The
challenge is to show the other direction. But let us first give the consequence which is
our main result. First recall the following, stated in the overview article [10, Thm. 11.4]
by A. Björner:

Theorem 4.2. Let X be a pure constructible simplicial complex such that every codi-
mension one face is on one or two facets. Then the topological realization |X|, is a
ball or a sphere (the latter when every codimension one face is on exactly two facets).

Using this, Theorem 4.1 implies Conjecture 3.2 in [3].

Theorem 4.3 (Main Theorem). Let j be an Artin monomial ideal in k[x1, . . . , xn]
strictly containing the complete intersection c (but the xαi

i need not be minimal gen-
erators of j). Let A→ {x1, x2, . . . , xn} have fiber Ai over xi of cardinality αi.

Any polarization J ⊆ k[A] of j defines, via the SR-correspondence, a full dimen-
sional simplicial ball on the simplicial sphere ∂∆(A•). Moreover, any proper polariza-
tion of j is, when followed by a suitable extension, isomorphic to such a J .

Proof. By [3, Remark 2.5], any proper polarization of j will have at most αi variables
mapping to xi. Hence it is, after possible extension, isomorphic to a polarization
J ⊆ k[A]. By Proposition 3.6 such a polarization is of the form J = J(T ), and is
Cohen-Macaulay. Denote the associated simplicial complex by X(T ). The Alexander
dual I(T ) of J(T ) has a linear resolution. By Theorem 4.1, I(T ) is constructible and
so X(T ) is constructible. By Lemma 3.1 every codimension one face of X(T ) is on at
most two facets. Theorem 4.2 above gives that X(T ) is topologically a ball. □

We also get the following.

Theorem 4.4. Any full-dimensional Cohen-Macaulay proper sub-complex on the sim-
plicial sphere ∂∆(A•) is a constructible ball. It is obtained as in Theorem 4.3 above.

Proof. This follows by Proposition 3.6 and Theorem 4.1. □

At first we tried to show that such a sub-complex is shellable, which failed. In fact,
as pointed out by an anonymous referee, such a sub-complex may not be shellable,
see Proposition 8.7.

4.2. Ideals with linear resolutions and constructability. We proceed to
prove Theorem 4.1. First we give a general fact. Let k[B ∪X] be a polynomial ring,
and ZB the free abelian group with basis eb for b ∈ B. We consider the polynomial
ring to be ZB ⊕Z graded, where the variables b ∈ B have degree eb and the variables
in X have degree e = (0, 1).

The following is a crucial fact: If p is a homogeneous polynomial in k[B ∪X] (for
the grading by ZB ⊕ Z), of degree (r, s), then p is a product (

∏
b∈B b

rb) · p′ where p′

is a homogeneous polynomial in k[X] of degree s.
Let M be a ZB ⊕ Z-graded k[B ∪ X]-module. If m ∈ M is homogeneous of de-

gree (r, s), write degB(m) = r. For r ∈ ZB , denote M⩽r be the submodule of M
generated by the homogeneous elements m ∈ M with degB(m) ⩽ r. Note that if
F = ⊕j∈JS(−uj) is a free module, then F⩽r = ⊕degB(uj)⩽rS(−uj).

Lemma 4.5. Let ϕ : N →M be a morphism of ZB ⊕Z-graded k[B ∪X]-modules, with
M a torsion free module. Let r ∈ ZB. If K is the kernel of ϕ, then K⩽r is the kernel
of ϕ⩽r : N⩽r →M⩽r.
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Proof. Clearly K⩽r is contained in the kernel of ϕ⩽r. Suppose n is homogeneous and in
the kernel of ϕ⩽r. We may write n =

∑
pini, with pi,ni homogeneous in respectively

k[B∪X] and N , and with degB(ni) ⩽ r. Let degB(n) = q, and consider the monomial
u =

∏
qb>rb

bqb−rb . Since each degB(ni) ⩽ r, we have each degB(pi) ⩾ deg(u). But
then pi is divisible by u. Thus we may write n = u · n′ with degB(n′) ⩽ r.

Then 0 = ϕ(n) = uϕ(n′) and since M is torsion free, this gives ϕ(n′) = 0, and so
n′ ∈ kerϕ = K. Thus n ∈ K⩽r. □

This gives the following (a generalization of [24, Thm. 2.1]).

Corollary 4.6. Let M be a ZB ⊕ Z-graded torsion free k[B ∪X]-module, and F• a
minimal free resolution of M . Let r ∈ ZB. Then F•,⩽r is a minimal free resolution
of M⩽r.

We say F• is a d-linear resolution, if Fi = ⊕j∈JS(−uij) and for each deg(uij) =
q ⊕ s, its total degee s+

∑
b∈B qb equals d+ i.

Corollary 4.7. If F• is a d-linear resolution of M , then F•,⩽r is a d-linear resolution
of M⩽r.

In the following we let B = {b1, b2, . . . , bm} have cardinality m. We write ZB = Zm

and ei = ebi
for i = 1, . . . ,m, and em+1 = 0⊕ 1.

Proposition 4.8. Let I1, . . . , Im be ideals in k[X]. Consider the product ideals
(bj)(Ij) ⊆ k[B ∪ X], which we simply denote as bjIj. Also for R ⊆ {1, 2, · · · ,m}
denote

IR = ∩j∈RIj ⊆ k[X].
If the ideal

I = b1I1 + b2I2 + · · ·+ bmIm

has (d+ 1)-linear resolution, then each IR has d-linear resolution.

Proof. First we claim: For each R ⊆ {1, 2, . . . ,m} the sub-sum
∑

j∈R bjIj has (d+1)-
linear resolution. Let r =

∑
j∈R ej . Then I⩽r is

∑
j∈R bjIj , and by Corollary 4.7 it

has a linear resolution. As a special case each bjIj has (d + 1)-linear resolution, and
so each Ij has d-linear resolution.

We now use induction on m. If m = 1 the statement holds. Let m = 2. We have
an exact sequence

0→ b1I1 ∩ b2I2 → b1I1 ⊕ b2I2 → b1I1 + b2I2 → 0,
and a long exact Tor-sequence:

· · · →Torp+1(b1I1 + b2I2, k)e → Torp(b1b2(I1 ∩ I2), k)e → Torp(b1I1, k)e ⊕ Torp(b2I2, k)e

→Torp(b1I1 + b2I2, k)e → · · · .

Since I = b1I1 + b2I2 has (d + 1)-linear resolution, the Tor-groups to the left vanish
for e− (p+ 1) ⩾ d+ 2 or equivalently for e− p ⩾ d+ 3. Similarly, to the right above
the Tor-groups vanish for e− p ⩾ d+ 2. Thus

Torp(b1b2(I1 ∩ I2), k)e = 0, e− p ⩾ d+ 3.

As I1 ∩ I2 is generated in degree ⩾ d it must have a d-linear resolution.
Assume now m = 3. From

0→ (b1I1 + b2I2) ∩ b3I3 → (b1I1 + b2I2)⊕ b3I3 → b1I1 + b2I2 + b3I3 → 0,

the same argument gives that (b1I1 + b2I2) ∩ (I3) has (d + 1)-linear resolution. Let
b1i1 + b2i2 be a generator for this ideal in degree d + 1. It is also in (I3), but since
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I3 is generated in degree d and its generators do not involve the variables b1 and b2,
both i1, i2 are in (I3). Therefore

(b1I1 + b2I2) ∩ (I3) = b1I1 ∩ I3 + b2I2 ∩ I3.

By the m = 2 case, both I1 ∩ I3 and I2 ∩ I3 have d-linear resolution, as well as their
intersection I1 ∩ I2 ∩ I3.

For larger m we split as (b1I1 + · · ·+ bm−1Im−1) + bmIm, and proceed in the same
way as above. □

The converse of Proposition 4.8 is not true in general, but for monomial ideals it
is. We now proceed to do this. The key is the following:

Lemma 4.9. Let I and J1, . . . , Jm be monomial ideals. Then

I ∩ (J1 + · · ·+ Jm) = I ∩ J1 + · · ·+ I ∩ Jm.

Proof. It is enough to prove this for m = 2, as the general case easily follows by
induction. Suppose f ∈ I∩(J1 +J2). Then every monomial in f is in I and in J1 +J2.
Then the monomial is in either J1 or J2. Whence f = f1 + f2 where f1 consists of
monomials in I ∩ J1 and f2 of monomials in I ∩ J2. □

Proposition 4.10. Let I1, . . . , Im be monomial ideals in k[X] such that for every
R ⊆ [m], the ideal IR = ∩j∈RIj has d-linear resolution. Then the ideal I =

∑n
j=1 bjIj

in k[B ∪X] has (d+ 1)-linear resolution.

Proof. Again we use induction on m. Write

(5) I = (b1I1 + · · ·+ bm−1Im−1) + bmIm = Km−1 + bmIm.

By induction we may assume Km−1 has (d + 1)-linear resolution. Note also that Im

has d-linear resolution. We have a short exact sequence:

(6) 0→ Km−1 ∩ bmIm
f→ Km−1 ⊕ bmIm → I → 0.

For the first term:

Km−1 ∩ bmIm = (b1I1 + · · ·+ bm−1Im−1) ∩ bmIm

= bm(b1I1 ∩ Im + · · ·+ bm−1Im−1 ∩ Im)

By induction the last ideal above has (d + 2)-linear resolution. So Km−1 ∩ bmIm

has (d + 2)-linear resolution. The mapping cone of f in the exact sequence (6) then
becomes a (d+ 1)-linear resolution of I. □

In fact, almost the same argument as above may be applied for the notion of
constructability.

Proposition 4.11. Let I1, . . . , Im be monomial ideals in k[X]. If for every R ⊆ [m],
IR is d-constructible, then

I = b1I1 + · · ·+ bmIm

is (d+ 1)-constructible.

Proof. We write I = Km−1 + bmIm as in (5). Here bmIm is (d+ 1)-constructible and
by induction on n, Km−1 is also (d+ 1)-constructible. Further their intersection is:

Km−1 ∩ bmIm = (b1I1 + · · ·+ bm−1Im−1) ∩ bmIm

= bm(b1I1 ∩ Im + · · ·+ bm−1Im−1 ∩ Im),

and by induction, this is (d+ 2)-constructible. Thus I is (d+ 1)-constructible. □
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Proof of Theorem 4.1. When we have one color class, n = 1, I is generated by vari-
ables and so is constructible. Let n ⩾ 2, and A1 = {a1, a2, . . . , am}. We may then
write

I = a1I1 + · · ·+ amIm

where the Ij = I(Tj) for various Tj ⊆ A2×· · ·×An. Since I has n-linear resolution, for
every R ⊆ [m], IR = ∩j∈RIj has (n− 1)-linear resolution. As all the Ij are monomial
ideals generated in degree (n− 1), we must have IR = I(TR) where TR = ∩j∈RTj . By
induction on n, each of these are (n − 1)-constructible. Then by Proposition 4.11, I
is n-constructible. □

5. Cell complexes and minimal free resolutions of rainbow
ideals

The subset T ⊆ A1 × · · · × An determines a canonical cell complex C(T ). This cell
complex has a canonical monomial labelling. By classical constructions [39, Section 4]
we obtain a cellular complex C̃•(T ). In our case this is a linear complex. The beautiful
thing is that when I(T ) has linear resolution, the resolution is precisely this cellular
complex, Theorem 5.5.

In particular, this gives an explicit homological criterion on T , Corollary 5.7, for
when J(T ) is a polarization of an Artin monomial ideal.

5.1. The cell complex and free cellular complex associated to T . A
finite set A gives rise to the geometric simplex spanned by the elements of A:

∆(A) =
{∑

a∈A

γa · a | 0 ⩽ γa ⩽ 1,
∑
a∈A

γa = 1
}
⊆ RA.

Given finite non-empty sets A1, A2, . . . , An, we get a polytope:
Π(A•) = ∆(A1)×∆(A2)× · · · ×∆(An) ⊆ ×n

i=1RAi = RA.

Its dual (or polar) polytope is the join
∂∆(A•) = ∂∆(A1) ∗ ∂∆(A2) ∗ · · · ∗ ∂∆(An).

The set of vertices of Π(A•) is the set A1 × · · · ×An.

Notation 5.1. When Ri ⊆ Ai for i = 1, . . . , n are non-empty subsets, we write
R• ⊆∗ A•.

Definition 5.2. The polytope Π(A•) gives rise to a cell complex C(A•), actually a
polyhedral cell complex, whose cells are the Π(R•) with R• ⊆∗ A•. The dimension of
such a cell is

∑
i |Ri| −n. A subset T ⊆ A1×A2× · · ·×An induces a cell subcomplex

C(T ) of C(A•) consisting of all Π(R•) such R1 × R2 × · · · × Rn ⊆ T . We say C(T )
is the saturated cell sub-complex of C(A•) associated to T .

The cell complex C(T ) gives rise to two important algebraic complexes.
The (augmented) chain complex:
(7) C̃•(T ) : C−1(T )← C0(T )← C1(T )← · · · ← Cp(T )← · · · ,
where Cp(T ) is the k-vector space with basis all cells of C(T ) of dimension p (and
C−1(T ) is the one-dimensional vector space with basis the empty cell), and standard
differentials (see (8) below). The homology groups are the reduced homology groups.
Note that H̃−1(C̃•(T )) ̸= 0 iff T is empty.

Let S be the polynomial ring k[A] whose variables are the elements of A = A1 ∪
· · · ∪ An. A vertex a = (a1, a2, . . . , an) of Π(A•) may be labelled by the monomial

Algebraic Combinatorics, Vol. 9 #4 (2026) 1007



Gunnar Fløystad, Ine Gabrielsen & Amir Mafi

m(a) = a1a2 · · · an. The cell Π(R•) is then labelled by the least common multiple of
the monomials on its vertices. This is simply

m(R•) = m(R1)m(R2) · · ·m(Rn), where m(Ri) =
∏

r∈Ri

r,

which is a monomial of degree dim Π(R•) + n.
The (augmented) free cellular complex: For T ⊆ A1 × · · · × An, this induces a
labelling by monomials of the cell sub-complex C(T ). By [39, Section 4] it then gives
a free cellular complex

C̃•(T ) : C−1(T ) d0←− C0(T ) d1←− · · · ← Cp(T )← · · · ,
where Cp(T ) is the free S-modules with generators all cells Π(R•) in C(T ) of dimension
p (and C−1(T ) = S). The image of d0 is I(T ). We may put a total order on each Ai.
Together with the ordered sequence A1, A2, . . . , An, this gives a total order on the
union A = ∪n

1Ai. Then R• ⊆∗ A• inherits a total order on R = ∪n
1Ri. For b ∈ R

denote by pos(b) its position in this total order. For p ⩾ 1 the differential dp is then
given by

(8) Π(R•) 7→
∑

i = 1, . . . , n
b ∈ Ri, |Ri| ⩾ 2

(−1)pos(b)b ·Π(R1, . . . , Ri\{b}, . . . , Rn).

Example 5.3. Let A1 = {a1, b1} and A2 = {a2, b2} and T = A1 × A2. The product
polytope Π(A•) is the square labelled as in Figure 6.

a1a2

a1b2 b1b2

b1a2

Figure 6. The square Π(A•), with monomial labels on vertices

The augmented chain complex is
k ← k4 ← k4 ← k,

which has no homology, it is acyclic. Let S = k[a1, b1, a2, b2]. The rainbow ideal is
I(T ) = (a1a2, a1b2, b1a2, b1b2). The augmented free cellular complex is

S
d← S(−2)4 ← S(−3)4 ← S(−4).

The image of d is I(T ), and in this case, omitting the first term, the complex is a
minimal free resolution of I(T ). In general, if T is the full A1 × · · · × An, the free
cellular complex is always a minimal free resolution of I(T ). Finding out for which T
this free cellular complex is a resolution, Theorem 5.5, is an aspect of the main result
of our article.

The generators of Cp(T ) for p ⩾ 0 have degrees p + n, so C̃⩾0(T ) is a linear free
cellular complex. The free cellular complex C̃•(T ) is NA-graded. A family of subsets
R• ⊆∗ A• gives a restriction T|R = T ∩ (R1 × · · · × Rn). It also gives a squarefree
degree deg(R•) ∈ NA. The free cellular complex C̃•(T )| deg(R•) in this specific degree
identifies as the augmented chain complex C̃•(T|R•) (see (7)).
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Fact 1. Let R• ⊆∗ A•. The homology of the augmented free cellular complex C̃•(T )
in degree deg(R•) ∈ NA is the reduced homology

Hi(C̃•(T ))deg(R•) = Hi(C̃•(T|R•)), i ⩾ −1.

This is standard and rather immediate from the above, see [39, Section 4].

Proposition 5.4. For p ⩾ 0, the homology group Hp(C̃•(T )) can only be nonzero in
degrees ⩾ p+ n+ 2.

Proof. In short, this is a consequence of C(T ) being a saturated cell complex. All
generators of Cp(T ) are in degree p+n. Thus ker dp is generated in degrees ⩾ p+n+1.
Let u be a generator of ker dp of degree p + n + 1. The free cellular complex is NA-
graded, and so we may assume u is homogeneous for this grading. This degree is also
squarefree as it is a minimal generator. Its degree is then deg(R•) for some R• ⊆∗ A•.
Consider the free cellular complex C̃•(R•). We have subcomplexes

C̃•(T|R•) ⊆ C̃•(R•), C̃•(T|R•) ⊆ C̃•(T ).
The latter is an isomorphism in degree deg(R•). Thus if ker dp has a generator u in
degree deg(R•), due to ker dC̃•(T|R)

p ↪→ ker dC̃•(R•)
p we get a generator of the latter

kernel (in degree deg(R•)), of total degree p+ 1 +n. But ker dC̃•(R•)
p = im d

C̃•(R•)
p+1 and

Cp+1(R•) is the free rank one S-module S·Π(R•), with the generator Π(R•) of degree
p+ 1 + n. This maps to a sum involving every face of Π(R•) of dimension p. But due
to the commutativity of the inclusion maps and differentials of C̃•(T|R•) ↪→ C̃•(R•),
the degree p + n part Cp(T|R•) must have each of the generators corresponding to a
face of Π(R•) of dimension p. In particular all vertices of Π(R•) must be in T . Since
C(T ) is saturated, the full cell Π(R•) is in C(T ). Then the generator u of ker dp is
the image of a cell in Cp+1(T ). □

5.2. The criterion on T to correspond to a polarization. We now get a
completely explicit description of the resolution of I(T ), when its resolution is linear.

Theorem 5.5. Let T ⊆ A1 × · · · × An. If I(T ) has linear resolution, the free cel-
lular complex C̃⩾0(T ) is its minimal free resolution. (And C̃⩾0(T ) is a minimal free
resolution precisely in this case.)

Proof. Let F• be a minimal free resolution of I(T ). As I(T ) is NA-graded, the same
holds for F•. Since F• is a resolution, and C•(T ) consists of free modules, there is
a morphism ϕ : C•(T ) → F• lifting the identity map on I(T ). Both F0 and C0(T )
have free bases mapping bijectively to the minimal generators of I(T ), the monomials
m(a) for a ∈ T . So there is an isomorphism F0 ∼= C0(T ).

Assume ϕi is an isomorphism for i ⩽ p. Consider the diagram:

Cp(T )

ϕp

��

Cp+1(T )
dC

p+1

oo

ϕp+1

��
Fp Fp+1.

dF
p+1

oo

Since ϕp is injective, and dC
p+1 is injective on the vector space of generators, which

has degree p+ n+ 1, the right vertical map ϕp+1 is also injective on the vector space
of generators. The map ϕp+1 is then injective since both its domain an codomain are
free with generators in degree p+ 1 + n.

Let Qp+1 be the cokernel of the right vertical map. It is an S-module generated in
degree p+n+ 1. By the long exact cohomology sequence of the short exact sequences
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of complexes

0→ C⩽p+1(T )→ F⩽p+1 → Qp+1[−p− 1]→ 0

(where [−p− 1] denotes that Qp+1 is in homological degree p+ 1) we see that Qp+1
maps surjectively to the homology Hp(C•(T )). So the latter module is generated in
degree p + n + 1. But it has no homology in this degree, by Proposition 5.4. Hence
this homology module vanishes. Then

Hp+1(F⩽p+1)→ Hp+1(Qp+1[−p− 1]) = Qp+1

is surjective, where the left module is in fact the kernel ker dF
p+1. Since this kernel is

generated in degree p + n + 2, this again implies that Qp+1 = 0. Whence ϕp+1 is an
isomorphism. □

Remark 5.6. The above result has a more general framework. K. Yanagawa [51]
shows that when a squarefree monomial ideal I∆ has a linear resolution, it may
be constructed directly from the canonical module ω∆∨ of the (Cohen-Macaulay)
Stanley-Reisner ring of the Alexander dual simplicial complex ∆∨. In fact given a
squarefree module M , there is a linear complex F•(M) with terms given by Fi(M) =
⊕|r|=iM1−r ⊗ S(−r) (where r has entries 0 or 1 and 1 = (1, 1, . . . , 1)). The linear
resolution of I∆ is F•(ωk[∆∨]).

When ∆ is a full-dimensional triangulated ball on a simplicial polytope P (as is
the case here), by [13, Thm. 5.7.2] the canonical module is given as ωk[∆∨] = IΣ/I∆
where Σ is the boundary of ∆, and the latter identifies as I∆c/IP where ∆c is the
complement simplicial complex on P . One works out that F•(I∆c/IP ) identifies as the
dual of a free cellular complex supported on the relative simplicial complex (P,∆c).
Letting P∨ be the dual polytope (in our case this is the product polytope Π(A•)),
the linear resolution identifies again as a subcomplex of the free cellular complex
associated to P∨.

The following is the general homological criterion on a subset T ⊆ A1 × · · · × An

for when I(T ) has a linear resolution.

Corollary 5.7. I(T ) has a linear resolution if and only if all homologies of all re-
strictions vanish:

(9) Hi(C̃•(T|R•)) = 0

for all i ⩾ 0 and R• ⊆∗ A•.

Proof. Use Fact 1. □

Definition 5.8. A subset T ⊆ A1 × · · · × An is acyclic if the vanishing (9) holds
for all i ⩾ 0 and R• ⊆∗ A•. We say the cell complex C(T ) is restriction-acyclic or
r-acyclic.

Remark 5.9. Note that C(T ) may be acyclic (all homologies vanish), but not be
restriction-acyclic. Thus being r-acyclic is not an intrinsic property of C(T ), but de-
pends on how it is embedded in Π(A•), see Remark 7.7. Section 7 has many examples
of r-acyclic cell complexes.

Corollary 5.10. J(T ) is a polarization of some Artin monomial ideal in k[x1, . . . , xn]
containing c = (xα1

1 , . . . , xαn
n ) iff T is acyclic.
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5.3. Inductive construction of sets T . When T is acyclic, the constructability
established in Section 4 suggests T may be built up inductively. Here we detail this.

The subset T ⊆ A1 × · · · × An gives the saturated cell sub-complex X = C(T ) of
Π(A•). Vertices of the latter are a = (a1, a2, . . . , an) where ai ∈ Ai. For a ∈ A1 let:

• Ta = {a ∈ T | a1 = a},
• T−a = {a ∈ T | a1 ̸= a},
• T/a = {a ∈ T | a1 ̸= a and both a and (a, a2, . . . , an) ∈ T},
• T a = Ta ∪ T/a.

Furthermore we have the associated cell sub-complexes of X:
• Xa = C(Ta),
• X−a = C(T−a),
• X/a = C(T/a),
• Xa = C(T a).

Note that X/a consists of the cells in X−a which may be extended to a cell with a
vertex in Ta. Also, Xa consists of the sub-cells of those cells of X which have some
vertex in Ta. Note further that
(10) X = Xa ∪X−a, X/a = Xa ∩X−a.

Lemma 5.11.Xa and Xa are homotopy equivalent.

Proof. There is an inclusion Xa ⊆ Xa. For any set B and a ∈ B, there is a retract of
the simplex ∆(B) on ∆({a}) given by∑

b∈B

αb · b 7→ (
∑
b∈B

αb · b)(1− t) + ta.

By letting B = A1 we get a retract of Π(A•) on ∆({a})×∆(A2)× · · · ×∆(An), and
this restricts to a retract of Xa on Xa. □

The following shows how we can inductively build up acyclic sets T . When R• ⊆∗

A•, for simplicity denote X|Π(R•) by X|R.

Proposition 5.12. Let T ⊆ A1 × · · · ×An and a ∈ A1. A saturated cell sub-complex
X = C(T ) is r-acyclic iff

• Xa, X−a and X/a are r-acyclic,
• For every R• ⊆∗ A•, whenever Xa|R and X−a|R are non-empty, then X/a|R

is non-empty.
In this situation, Xa is also r-acyclic.

Proof. By (10) we have a Mayer-Vietoris sequence (using reduced homology):
H̃i+1(X|R) → H̃i(X/a|R) → H̃i(Xa

|R) ⊕ H̃i(X−a|R) → H̃i(X|R) → H̃i−1(X/a|R) → · · · .

Assume X is r-acyclic. Since Xa and X−a are restrictions, they are r-acyclic. Further-
more, Xa is homotopy equivalent to Xa, and similarly Xa

|R is homotopy equivalent to
Xa|R. Thus

H̃i(Xa
|R), H̃i(X−a|R), H̃i(X|R)

all vanish for i ⩾ 0. Thus X/a |R is r-acyclic. Also, when Xa|R and X−a|R are non-
empty, the sequence above, when i = −1, gives that H̃−1(X/a|R) vanishes, and so
X/a|R is non-empty.

Conversely assume Xa, X−a and X/a are all r-acyclic. The sequence above gives
that all H̃i(X|R) vanish for i ⩾ 0, except possibly in the following case: i = 0 and
X/a|R is empty and X|R is not empty. But in this case at least one of X−a|R or Xa|R
is empty, which implies the vanishing of H̃0(X|R). □
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6. Minimal irreducible decomposition and maximal cells
Given an Artin monomial ideal j. The question we address here is what does T and
C(T ) look like for polarizations J(T ) of j? How can we make various polarizations of
j by working with the geometry of the cell complex C(T )?

We show there is a one-to-one correspondence between the maximal faces of C(T )
and the components of the minimal irreducible decompositions of the Artin monomial
ideal j. This is what guides us to find the possible T ’s which gives polarizations J(T )
of j, see Section 7.

6.1. Maximal cells in C(T ). We first need some essential structural properties of
the maximal cells in C(T ) for an acyclic T ⊆ A1 × · · · ×An.

Lemma 6.1. Let Π(R•) be a maximal cell in C(T ). Suppose R1 has at least two ele-
ments, and that a ∈ R1 is one of them. Let R• be R• but with R1 replaced by R1\{a}.
Then Π(R•) is a maximal cell in C(T/a). In particular, since T/a ⊆ T−a, there is a
maximal cell in C(T−a) containing Π(R•).

Proof. Let Π(R′
•) be a maximal cell in C(T/a) with R′

i ⊇ Ri for i ⩾ 2, and R′
1 ⊇

R1\{a}. By definition of T/a, adding a to R′
1 and keeping the rest of the R′

i unchanged,
gives a new R′′

• and cell Π(R′′
•). This cell must be maximal in C(T ) as Π(R′

•) is
maximal in C(T/a). But then Π(R′′

•) must be Π(R•), and so we must have each
R′

i = Ri. □

Proposition 6.2. Let Π(R•) and Π(S•) be distinct maximal cells in an r-acyclic cell
complex C(T ). Then there are indices i and j such that we have strict inclusions
(11) Ri ⊂ Si, Sj ⊂ Rj .

Proof. Since C(T−a) is r-acyclic when C(T ) is, we may by successive restrictions for
a ∈ Ai\(Ri ∪ Si), assume that Ri ∪ Si = Ai for each i.

We want to show we cannot have the negation of (11). So assume the negation.
Write Ri ̸∼ Si if none of these two is included in the other. We may then assume that
there is 0 ⩽ p ⩽ n such that Ri ⊇ Si for i = 1, . . . , p and Ri ̸∼ Si for i = p+ 1, . . . , n.

Our proof is by induction on n and the size of the Ai. As an induction base we
note two cases: i) If n = 1 they cannot both be maximal. ii) We also cannot have
all |Ri| = 1, since then Π(R•) is a point and would not be connected to the rest,
contradicting that C(T ) is r-acyclic.
Case p ⩾ 1: So R1 ⊇ S1. Assume R1 = S1. Let a ∈ S1. If the cardinalities |R1| = |S1|
is ⩾ 2, we may by Lemma 6.1 get smaller maximal sets in C(T/a). Since T/a is acyclic,
this is against induction. If R1 = S1 is of cardinality 1, we may simply drop the first
factor and reduce n.

So assume R1 is strictly bigger than S1. Let a ∈ R1\S1. We then get a maximal
Π(R′

•) in C(T−a) with R′
i ⊇ Ri for each i ⩾ 2. Also R′

1 ⊇ S1. Again since T−a is
acyclic, we get a contradiction by induction, since we have no strict R′

i ⊂ Si.
Case p = 0: So we have Ri ̸∼ Si for each i. If some Ri ∩ Si is non-empty (then both
|Ri|, |Si| ⩾ 2), we may use Lemma 6.1, and get a contradiction by induction. So we
may assume every Ri ∩ Si is empty.

At least one of the Ri has more than one element, say R1. Let a ∈ R1. By restricting
away from a, we get a maximal Π(R′

•) in C(T−a) with R′
i ⊇ Ri for each i ⩾ 2, and

so none R′
i ⊆ Si for i ⩾ 2. We cannot have R′

1 ⊆ S1, since R1 and S1 had empty
intersection, and |R1| ⩾ 2. By induction we get a contradiction. □

6.2. Regular linear subspaces. Let V be a finite dimensional k-vector space and
ℓ ⊆ V a linear subspace.
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Definition 6.3. For a polynomial ring S = k[V ] let I ⊆ S be an ideal. If ℓ has a
basis which is a regular sequence for S/I, we call ℓ a regular linear space for S/I (or
for I).

Lemma 6.4. Let ℓ be a linear subspace of V and L = (ℓ) ⊆ S the ideal generated by ℓ.
Then ℓ is a regular linear space for S/I iff Tori(S/I, S/L) = 0 for all i > 0.

Proof. This is by [18] Corollary 17.5 and Theorem 17.6. □

Lemma 6.5. Let I, J ⊆ S be ideals. Let ℓ ⊆ V be a regular linear space for the ideals
I, J and I+J . Then ℓ is a regular linear space for I ∩J and in the quotient ring S/L
(where L = (ℓ)) we have:

(12) (I ∩ J) + L

L
=
(
I + L

L

)
∩
(
J + L

L

)
.

Proof. We have a short exact sequence
0→ S/(I ∩ J)→ S/I ⊕ S/J → S/(I + J)→ 0.

By tensoring with S/L, using the long exact Tor-sequence, and Lemma 6.4, we get
that ℓ is a regular linear space for I ∩ J . We also get an exact sequence:

0→ S/L

((I ∩ J) + L)/L →
S/L

(I + L)/L ⊕
S/L

(J + L)/L →
S/L

(I + J + L)/L → 0,

which gives Equation (12). □

The following rather trivial result will also be used.

Lemma 6.6. Let K,Ku, u ∈ U be graded ideals in S = k[V ], and suppose K =
∩u∈UKu. Let a be a new variable. These ideals generate ideals (K), (Ku) in k[V ⊕(a)].

a. We have (K) = ∩u∈U (Ku) in k[V ⊕ (a)].
b. In the quotient ring k[V ] ∼= k[V ⊕ (a)]/(a) we have

(13) (∩u(Ku)) + (a)
(a) = (K) + (a)

(a) =
⋂

u∈U

(
(Ku) + (a)

(a)

)
.

Proof. Note that all ideals above are Z2-graded, with (d, da) denoting the degree of a
homogeneous polynomial where d is the degree of terms in k[V ], and da is the power
of a occurring.

a. It is clear that (K) ⊆ ∩u(Ku). Let p = p0 + ap1 + a2p2 · · · be in the latter
intersection. Due to the Z2-grading each pi is in each (Ku) and so in Ku. Thus each
pi is in K and so p is in (K).

b. Let p ∈ k[V ]. Write p when considered as element in k[V ⊕ ⟨a⟩]/(a). If p is in
the intersection on the right of Equation (13), then for each u ∈ U , p+aqu is in (Ku)
for some qu. Due to Z2-grading, p ∈ Ku for each u, and so p is in K and so p in the
left side of Equation (13). □

6.3. Minimal irreducible decompositions. Let now T ⊆ A1 × · · · × An be an
acyclic subset. It gives the ideal I(T ) with Alexander dual ideal J(T ), a polarization
of an Artin monomial ideal.

Writing Ai = {ai
1, a

i
2, . . .}, for each i the variable differences ai

k − ai
l generate a

linear subspace ℓi. Let ℓ = ℓ1 + ℓ2 + · · ·+ ℓn. It generates an ideal L = (ℓ) ⊆ S, and
k[A1 ∪A2 ∪ · · · ∪An]/L ∼= k[x1, x2, . . . , xn].

Let R• ⊆∗ A•. It gives U = R1 × · · · × Rn. We write I(R•), J(R•) for I(U), J(U).
Then

J(U) = J(R•) = (m(R1), . . . ,m(Rn)).
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Thus

(14) J(U) + L

L
⊆ k[A1 ∪ · · · ∪An]

L

identifies as
(15) (xr1

1 , x
r2
2 , · · · , xrn

n ) ⊆ k[x1, . . . , xn], ri = |Ri|.

Theorem 6.7. Let T ⊆ A1 × · · · × An be an acyclic subset, which is equivalent
to J(T ) being a polarization of an Artin monomial ideal j (by Corollary 5.7 and
Proposition 3.6). Let Π(Rk

•), k = 1, . . . ,m be the maximal cells in C(T ). Denote
jk = (xrk

1
1 , x

rk
2

2 , . . . , x
rk

n
n ), the irreducible monomial ideal where rk

i is the cardinality
of Rk

i .
a.

J(T ) = J(R1
•) ∩ J(R2

•) ∩ · · · ∩ J(Rm
• ).

b. The minimal irreducible decomposition of j is
(16) j = j1 ∩ j2 ∩ · · · ∩ jm.

So the components of the minimal irreducible decomposition of j are in bijection to
the maximal cells of C(T ).

Proof. Part a. We have
I(T ) = I(R1

•) + I(R2
•) + · · ·+ I(Rm

• ).
The Alexander dual is then

J(T ) = J(R1
•) ∩ J(R2

•) ∩ · · · ∩ J(Rm
• ).

Part b. We must show:

(17) j = J(T ) + L

L
= J(R1

•) + L

L
∩ J(R2

•) + L

L
∩ · · · ∩ J(Rm

• ) + L

L

which shows (16). In addition we must show the minimality of the decomposition.
We have

(18) I(T ) = I(T a) + I(T−a), I(T/a) = I(T a) ∩ I(T−a).
The first is clear. To see the second, since I(T a) = I(Ta) + I(T/a), the intersection
(19) I(T a) ∩ I(T−a) = I(Ta) ∩ I(T−a) + I(T/a) ∩ I(T−a).
The last term is I(T/a). As for the middle term, by the last arguments of Propo-
sition 4.8 it has (n + 1)-linear resolution. A monomial generator of this intersec-
tion must have the form aa1a2 · · · an where ai ∈ Ai. Then a1 · · · an ∈ I(T−a) and
aa2 · · · an ∈ I(Ta). So (a1, a2, . . . , an) ∈ T/a. Thus the left side of (19) is I(T/a).

On the Alexander dual side, (18) becomes:
J(T ) = J(T a) ∩ J(T−a), J(T/a) = J(T a) + J(T−a).

If C(T ) has only one maximal cell we are done by Equations (14) and (15). Suppose
now C(T ) has at least two maximal cells. Let a be an element of some Ai, say a ∈ A1
which is on at least one maximal cell but not all. Then J(T a) and J(T−a) are ideals
properly containing J , and both T a, T−a and T/a, are acyclic subsets of A1×· · ·×An,
by Proposition 5.12. Thus by Lemma 6.5

J(T ) + L

L
=
(
J(T a) + L

L

)
∩
(
J(T−a) + L

L

)
.

Both T a and T−a are properly included in T . Furthermore a maximal cell Π(Rj
•) of

C(T ) is either in C(T a) (if a ∈ Rj
1) or in C(T−a) (if a ̸∈ Rj

1). Let Ma denote the
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index set of j in the former, and M−a the j in the latter. Then by induction and
Lemma 6.6:

J(T ) + L

L
= ∩j∈Ma

(
J(Rj

•) + L

L

)⋂
∩j∈M−a

(
J(Rj

•) + L

L

)
.

This show Equation (17).
To show minimality, suppose there was some p ∈ [m] such that

(20) ∩i∈[m]\{p}ji ⊆ jp.

Let Mon(n) be the monomials in the polynomial ring k[x1, . . . , xn], and if K ⊆
k[x1, . . . , xn] is a monomial ideal, write Mon(n) = N(K) ⊔ Mon(K) as a disjoint
decomposition, where Mon(K) are the monomials in K and N(K) are the normal
monomials, those not in K. Expression (20) corresponds to

∪i∈[m]\{p}N(ji) ⊇ N(jp).

But writing jp = (xrp
1

1 , . . . , x
rp

n
n ), the maximal element (for the division order in

Mon(n)) of N(jp) is the monomial xrp
1 −1

1 x
rp

2 −1
2 · · ·xrp

n−1
n . If this is in N(ji), then each

ri
k ⩾ rp

k, k = 1, . . . , n. But this contradicts Proposition 6.2. Thus we cannot have the
situation of (20). □

For S ⊆ A = A1 ∪ · · · ∪An, write Si = S ∩Ai. We say S covers T ⊆ A1 × · · · ×An

if for every maximal cell Π(R•) in C(T ), there is some i such that Ri ⊆ Si. Note in
particular that each Ai ⊆ A covers T .

Corollary 6.8. The polarization J(T ) is generated by the monomials m(S•) =∏n
i=1 m(Si) such that S covers T .

Proof. It is clear that S covers T iff m(S•) ∈ J(R•) for each maximal cell Π(R•)
of C(T ). □

For an irreducible Artin monomial ideal j = (xr1
1 , x

r2
2 , . . . , x

rn
n ) define its power size

to be

psize (j) =
n∑

i=1
(ri − 1).

(It is the number of variable powers xsi
i in the quotient ring k[x1, . . . , xn]/j.) The

following will also be useful.

Lemma 6.9. For any maximal cells Π(Ri
•) and Π(Rj

•) in C(T ), the intersection
Π(Ri

•) ∩Π(Rj
•) has dimension ⩽ psize (ji + jj).

Proof. Let Pk = Ri
k ∩ R

j
k. Then the intersection Π(Ri

•) ∩ Π(Rj
•) = Π(P•). Thus

I(Ri
•) ∩ I(Rj

•) ⊇ I(P•). Taking Alexander duals this gives

J(Ri
•) + J(Rj

•) ⊆ J(P•).

Then for the associated irreducible Artin ideals in S/L we have:

ji + jj ⊆ j′, j′ = J(P•) + L

L
.

Whence
psize (ji + jj) ⩾ psize (j′) = dim Π(P•). □
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6.4. Standard polarization. Fix a total order on each Ai. So Ai = {ai
1 < ai

2 <
· · · < ai

αi
}. For each 0 ⩽ ri ⩽ αi define mri(Ai) =

∏ri

j=1 a
i
j . Each r = (r1, r2, . . . , rn) ∈

Nn gives a monomial m(r) = xr1
1 · · ·xrn

n . The standard polarization of the monomial
m(r) is

mr(A•) =
n∏

i=1
mri(Ai).

If j = (xr1
, . . . , xrN ), its standard polarization is

J = (mr1
(A•), . . . ,mrN

(A•)).
Example 6.10. Consider j = (x3

1x2, x
4
2x

2
3, x1x

3
3). Rename A := A1, B := A2 and

C := A3, and write bi instead of a2
i for the elements of B, and similarly for C. The

standard polarization of j is then:
Jst = (a1a2a3b1, b1b2b3b4c1c2, a1c1c2c3).

It is well-known that the standard polarization of any monomial ideal is a polar-
ization, [28, Prop.1.6.2]
Proposition 6.11. Let j be an Artin monomial ideal, with j = ∩m

k=1jk its minimal
irreducible decomposition, where jk = (xrk

1
1 , x

rk
2

2 , . . . , x
rk

n
n ). Then the standard polariza-

tion of j is
Jst = ∩m

k=1J
st
k .

where Jst
k = (mrk

1 (A1), . . . ,mrk
n(An)).

Proof. That Jst ⊆ Jst
k is immediate to see. Let then m be a monomial in the intersec-

tion. Each Jst
k has a generator mrk

ik (Aik
) which divides m. Then m is divisible by the

least common multiple of these monomials. This least common multiple is mr(A•)
for a suitable r. Furthermore xr is the least common multiple of the xrik

ik
. So this is

in the intersection ∩m
k=1jk, and so xr is in j. Write xr = xr′

xp where xp is a minimal
generator for j. Then mp(A•) ∈ Jst, and mr(A•) is a multiple of mp(A•) and so m is
in Jst. □

Corollary 6.12. Let Ist be the Alexander dual of the standard polarization Jst, so
Ist = I(T st) for a subset T st ⊆ A1 × · · · × An. The maximal cells of C(T st) are the
Π(Rk

•) where
Rk

• = {(a1
i1
, . . . , an

in
) | 1 ⩽ ij ⩽ rk

j for j = 1, . . . , n}.
So this cell is

∆(Rk
1)× · · · ×∆(Rk

m)
where Rk

i is the initial segment of Ai with rk
i terms. (Note that (a1

1, a
2
1, . . . , a

n
1 ) is a

common vertex of all such cells.)
Remark 6.13. As polarizations preserve all graded Betti numbers, by Theorem 5.5
every cell complex C(T ) has the same f -vector as the cell complex C(T st) from the
standard polarization. This is useful in the examples of Section 7.

7. Simplicial complexes and hypercubes
We look at the case when Π(A•) is a hypercube. The Artin monomial ideal then
contains all squares of the variables. The nice feature is that such ideals are equivalent
to give a square free monomial ideal and so a simplicial complex. In a number of
examples, for various simplicial complexes, we describe the possible associated r-
acycliccell complexes C(T ). This enables the description of all possible polarizations,
up to isomorphism.
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7.1. Hypercubes and ideals containing the squares of variables. A subset
S ⊆ V , gives rise to a geometric simplex in RV :

∆(S) =
{∑

s∈S

δs · s | 0 ⩽ δs ⩽ 1,
∑

s

δs = 1
}
.

It also gives rise to a (hyper)cube in RV .

□(S) =
{∑

s∈S

γs · s | 0 ⩽ γs ⩽ 1
}
.

From a combinatorial simplicial complex X on a set V , we get a geometric realiza-
tion ∆(X) ⊆ RV consisting of all ∆(S) for S ∈ X. We also get a cubical cell complex
□(X) consisting of all □(S) for S ∈ X. (Note that □(X) is contractible, as each □(S)
contains the origin.)

Remark 7.1. The graph which is the one-skeleton of □(X) is called the simplex
graph in the literature. The book [47] considers graphs which may be embedded on
hypercubes.

Consider now those Artin monomial ideals j which contain the squares of all vari-
ables. We may then write

j = m□ + j∆, m□ = (x2
1, x

2
2, . . . , x

2
n),

where j∆ is a squarefree monomial ideal corresponding to a simplicial complex X.
Each Ai = {ai, bi} has then cardinality two. The hypercube
(21) ∆(A1)×∆(A2)× · · · ×∆(An).
may be identified with [0, 1]n. For S ⊆ [n], a vertex eS =

∑
i∈S ei of [0, 1]n corresponds

to (u1, . . . , un) in (21) with ui = bi if i ∈ S and ui = ai otherwise. The hypercube (21)
has a natural monomial labelling, where a vertex may be labelled with the monomial
u1u2 · · ·un, see Figure 7.

a1b2a3

a1b2b3 b1b2b3

b1b2a3

a1a2a3

a1a2b3
b1a2b3

b1a2a3

Figure 7. The cube with monomial labelling of vertices

In the following, for a subset S of [n] write x(S) for the ideal (xi)i∈S and x2(S) =
(x2

i )i∈S . It is well known that the minimal primary decomposition of IX is
(22) IX =

⋂
facetF of X

x(F c),

see [28, Lemma 1.5.4] or [39, Theorem 1.7].

Proposition 7.2. The minimal irreducible decomposition of j = m□ + j∆ is
j =

⋂
facetF ofX

(x(F c) + x2(F )).
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In particular in any polarization of j, the maximal cells of C(T ) are in bijection
with the facets F of X. The dimension of a maximal cell is the cardinality |F |, one
more than the dimension of the face F . Each maximal cell is a sub-hypercube of the
hypercube (21).

Proof. It is clear that we have

j = m□ + j∆ ⊆
⋂

facet F of X

(x(F c) + x2(F )).

It is clear that any monomial containing the square of a variable is contained in the
left side. If m is a squarefree monomial contained in the right side, it is also clear
by (22), that m is in the left side. Whence we have equality above. □

Proposition 7.3. Let Jst = J(T st) be the standard polarization of j, where j∆ cor-
responds to a simplicial complex X. The cell complex C(T st) is the canonical cubical
complex □(X). With its natural monomial labelling, it gives a free cellular resolution
of the Alexander dual rainbow ideal Ist of Jst.

Proof. This follows by Theorem 5.5 and Corollary 6.12. □

7.2. Examples. In the following X will be the simplicial complex whose Stanley-
Reisner ideal is j∆. In our examples the dimension of X will be ⩽ 1. In a polarization
with associated cell complex C(T ), a vertex of X corresponds to an edge of C(T )
and an edge of X gives a square in C(T ). This correspondence is one-to-one between
facets of X and maximal cells of C(T ) (but not in general between faces and cells).

Furthermore, if two squares in C(T ) have an edge in common, the corresponding
edges in X have a corresponding vertex in common, by Lemma 6.9. But conversely,
if two edges in X have a vertex in common, the corresponding squares in C(T ) may
or may not have an edge in common, in fact the squares may even be disjoint (see
Example 7.10). The essential thing concerning C(T ) is that it is r-acyclic.

Instead of writing the variables as x1, x2, . . ., we write x, y, . . .. We write Ax =
{xa, xb} for the variables mapping to x, and similarly Ay and so on.

Example 7.4. Let j = (x2, y2) ⊆ k[x, y]. It has a unique polarization J with Alexander
dual I:

J = (xaxb, yayb) ⊆ S = k[xa, xb, ya, yb], I = (xaya, xayb, xbya, xbyb).

The associated T is the whole Ax × Ay. So C(T ) is the square with vertices labelled
by monomials as in the left in Figure 8.

a
a

a
b

a
b

b
b

y

x

y

xxaya

xayb xbyb

xbya

Figure 8. The cube with monomial labelling

We write it somewhat more stylistic as in the right of Figure 8. The free cellular
resolution of I becomes:

I ← S(−2)4 ← S(−3)4 ← S(−4).
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Example 7.5.
j = (x2, y2, z2) + (xy, xz, yz).

This is the same Artin monomial ideal we considered in Example 1.3 in the Intro-
duction. The simplicial complex associated to j∆ is three isolated points, labelled
respectively x, y and z. In a polarization J(T ), by Theorem 6.7 the cell complex C(T )
will have three line segments, labelled respectivey x, y and z. The cell complex is
r-acyclic and so must be a tree. This gives, up to isomorphism, the two possibilities
given in Figure 9.

b ba ba a

x y z

a
a

b

b

ab

x

z

y

Figure 9. The C(T ) are trees with labellings

These are embedded on the cube as in Figure 10. Using Corollary 6.8, the corre-

bbb

aaa

bbb

aaa

Figure 10. The C(T )-trees with their embedding on cubes

sponding polarizations are then

J1 = (xaxb, yayb, zazb) + (xaya, xaza, yaza)
J2 = (xaxb, yayb, zazb) + (xayb, xazb, yazb)

More simply, using Corollary 6.8 to obtain the polarization J2, amounts to observe
for the tree to the right in Figure 9: On the path from edge x to edge y the label
on the vertex of x is a, and the vertex on y is b. Similarly for the paths form x to z
and the path from y to z. See also how to obtain the ideal J3 below from the tree in
Figure 11.

The ideals J1 and J2 are the ideals given in Example 1.3 in the Introduction. In
Figure 9 for the edges labelled x we are free to label its two vertices with a and b as
we like, and similarly for the y, z edges. We could have labelled the line graph with a
and b as in Figure 11, which would have given the embedding on the cube as shown
there.

This gives a polarization isomorphic to J2:

J3 = (xaxb, yayb, zazb) + (xbyb, xbza, yaza)

In general for the powers (x1, . . . , xn)2, its polarizations are classified, up to isomor-
phism, by trees with n edges, [3, Section 7]. A comprehensive study of ideals obtained
from such polarizations is done in [22], see also the present Subsection 12.2.
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bbb

aaa

a bb aa b

x y z

Figure 11. Alternative labelling of a and b, with corresponding em-
bedding on cube

Example 7.6.
j = (x2, y2, z2, w2) + (xz, xw, yz, yw, zw).

The simplicial complex X associated to j∆ is given in Figure 12.

y

x

w

z

Figure 12. Simplicial complex: A line segment and two isolated
points

In a polarization J(T ), by Theorem 6.7 the cell complex C(T ) will then have one
square, corresponding to the line segment labelled xy, and two line segments corre-
sponding to the points labelled z and w. The cell complex C(T ) must also be r-acyclic.
This gives, up to isomorphism, the four possibilities for C(T ) given in Figure 13. We

y

x

y

x

w

z
y

x

y

x z

w

y

x

y

xz

w

y

x

y

x

z

w

Figure 13. Restriction-acyclic C(T ) with one square and two line
segments

thus get, up to isomorphism, four polarizations of j. Using Theorem 6.7 and Corol-
lary 6.8 they are seen to be:

J1 = (xaxb, yayb, zazb, wawb) + (xaza, xawa, yaza, yawa, zawa)
J2 = (xaxb, yayb, zazb, wawb) + (xaza, xawa, ybza, yawa, zawa)
J3 = (xaxb, yayb, zazb, wawb) + (xbza, xawa, ybza, yawa, zawa)
J4 = (xaxb, yayb, zazb, wawb) + (xaza, xawa, yaza, yawa, zbwa)

(Again for each variable, the labels a and b may be switched (or not) and we will
get isomorphic polarizations, which are embedded distinctly on the four-dimensional
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hypercube.) The standard polarization J1 corresponds to the first cell complex in
Figure 13. Taking the Alexander duals of the above, we get rainbow ideals:

I1 = (xayazawa, xbyazawa, xaybzawa, xbybzawa, xayazbwa, xayazawb)
I2 = (xayazawa, xbyazawa, xaybzawa, xbybzawa, xaybzbwa, xayazawb)
I3 = (xayazawa, xbyazawa, xaybzawa, xbybzawa, xbybzbwa, xayazawb)
I4 = (xayazawa, xbyazawa, xaybzawa, xbybzawa, xayazbwa, xayazbwb)

The minimal free resolution for each of these is the free cellular complex given by
C(T ). It has in each case the form

S(−4)6 ← S(−5)6 ← S(−6).

The triangulated balls defined by the ideals Ji each have six facets which are
complements of the variable sets in each of the generators of the rainbow ideals

F1 : {xb, yb, zb, wb}
{xa, yb, zb, wb}

,
{xb, ya, zb, wb}
{xa, ya, zb, wb}

,
{xb, yb, za, wb}
{xb, yb, zb, wa}

F2 : {xb, yb, zb, wb}
{xa, yb, zb, wb}

,
{xb, ya, zb, wb}
{xa, ya, zb, wb}

,
{xb, ya, za, wb}
{xb, yb, zb, wa}

F3 : {xb, yb, zb, wb}
{xa, yb, zb, wb}

,
{xb, ya, zb, wb}
{xa, ya, zb, wb}

,
{xa, ya, za, wb}
{xb, yb, zb, wa}

F4 : {xb, yb, zb, wb}
{xa, yb, zb, wb}

,
{xb, ya, zb, wb}
{xa, ya, zb, wb}

,
{xb, yb, za, wb}
{xb, yb, za, wa}

Remark 7.7. The third cell complex in Figure 13 can be embedded on the 3-
dimensional cube. The w-label is changed to z. Note however that for this embedding
the cell complex is not r-acyclic, as restricting to one of the horizontal levels, the cell
complex becomes two separate points.

Example 7.8.

j = (x2, y2, z2, w2, t2, u2) + (xz, xw, yz, yw, xt, xu, yt, yu, zt, zu, wt, wu).

The simplicial complex X associated to j∆ is given in Figure 14. In a polarization

y

x

w

z

u

t

Figure 14. Three line segments

J(T ), the cell complex C(T ) will then have three squares, corresponding to the lines
labelled xy, zw and tu. The cell complex C(T ) must also be r-acyclic. By Corollary 6.9,
each pair of squares can intersect in at most a point. This gives, up to isomorphism,
the three possibilities for C(T ) given in Figure 15. We thus get, up to isomorphism,
three polarizations of j. Using Theorem 6.7 and Corollary 6.8 they are seen to be
(write M□ = (xaxb, yayb, zazb, wawb, tatb, uaub))

J1 = M□ + (xazb, xawb, yazb, yawb, xatb, xaua, yatb, yaua, zatb, zaua, wbtb, wbua)
J2 = M□ + (xazb, xawb, yazb, yawb, xatb, xaub, yatb, yaub, zatb, zaub, watb, waub)
J3 = M□ + (xaza, xawa, yaza, yawa, xata, xaua, yata, yaua, zata, zaua, wata, waua)
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w

z

w

z

x

y

x

y u

t

u

t
w

z

w

z

x

y

x

y

t

u

t

u

w

z

w
zx

y

x
y

u

t
u

t

Figure 15. Restriction-acyclic C(T ) of three squares without edge
intersections

Example 7.9.
j = (x2, y2, z2, w2) + (xz, xw, yw, zw).

The simplicial complex X associated to j∆ is given in Figure 16.

y

z

w

x

Figure 16. Two line segments and an isolated point

In a polarization J(T ), the cell complex C(T ) will then have two squares, corre-
sponding to the lines labelled xy and yz, and one line segment, labelled w. The cell
complex C(T ) must be r-acyclic. This gives, up to isomorphism, the two possibilities
for C(T ) given in Figure 17. We thus get, up to isomorphism, two polarizations of j.

y

x

y

x z

z

y

w

y

x

y

x z

z

y

w

Figure 17. Restriction-acyclic C(T ) with two adjacent squares and
one line segment

Using Theorem 6.7 and Corollary 6.8 they are seen to be:
J1 = (xaxb, yayb, zazb, wawb) + (xaza, xawa, yawa, zawa)
J2 = (xaxb, yayb, zazb, wawb) + (xaza, xawa, yawa, zbwa)

Example 7.10.
j = (x2, y2, z2, w2) + (yz, yw, zw).

The simplicial complex X associated to j∆ is given in Figure 18. In a polarization

Algebraic Combinatorics, Vol. 9 #4 (2026) 1022



Polarizations of Artin monomial ideals

x
z

w

y

Figure 18. The star with three edges

J(T ), the cell complex C(T ) will then have three squares, corresponding to the lines
labelled xy, xz and xw. The cell complex C(T ) must be r-acyclic. This gives, up to
isomorphism, the two possibilities for C(T ) given in Figure 19. We thus get, up to

x

y

x

y

z

z
x

w

w

x

x

y

x

y z

z

x

w

w

x

Figure 19. Restriction-ayclic C(T ) with three adjacent squares

isomorphism, two polarizations of j. They are seen to be:

J1 = (xaxb, yayb, zazb, wawb) + (yaza, yawa, zawa)
J2 = (xaxb, yayb, zazb, wawb) + (yazb, yawb, zawb)

Example 7.11.
j = (x2, y2, z2, w2, t2) + (xz, yw, zt, wx, ty).

The simplicial complex X associated to j∆ is given in Figure 20. In a polarization

w z

y

x

t

Figure 20. The five-cycle

J(T ), the cell complex C(T ) will then have five squares. Up to isomorphism there
is only one possible C(T ) given in Figure 21. The corresponding polarization is the
standard polarization:

J = (xaxb, yayb, zazb, wawb, tatb) + (xaza, yawa, zata, waxa, taya).
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t

x

z

y

x

t

w

y

z

w

x

y

w

z

t

Figure 21. Restriction-acyclic C(T ) with five squares in a cycle

In general, if j∆ corresponds to the simplicial complex which is a cycle graph, then
j has only the standard polarization. This is a consequence of the following, which is
an analog of [22, Corollary 2.3].

Proposition 7.12. Suppose j = m□ + j∆, where the simplicial complex X correspond-
ing to j∆ is flag, i.e. all generators of j∆ are quadratic. Then j has non-standard
polarizations if and only if there is a vertex v on the simplicial complex such that
removing v and all its neighbours, the induced simplicial complex on the remaining
vertices is disconnected.

Proof. Let the ring be k[V ]. So the vertices of the simplicial complex is V . Let v ∈ V
be a vertex. Let W ⊆ V \{v} be the vertices which are not neighbours of v. Then
the generators of j∆ are the vw where w ∈ W (as v varies). We have a non-standard
polarization involving v iff there is a disjoint union A ⊔ B = W with non-empty
parts such that replacing the generators vw with vaw for w ∈ A and vbw for w ∈ B,
gives an ideal j′ which is a separation of j. Pick then wa ∈ A and wb ∈ B. Then
(va − vb)wawb is zero in the quotient ring S′/j′. As (va − vb) is a non-zero divisor,
this gives that wawb ∈ j′, and so wawb ∈ j. But as wa ∈ A and wb ∈ B were chosen
arbitrarily, this means that there is no edge between the vertices of A and of B. Thus
we have a separation of j iff such a situation occurs. This separation may then further
be standard polarized. The result will be a non-standard polarizaton, as a variable
has been separated in the mixed term generators of j. □

8. Liaison for squarefree monomial ideals
Liaison is a standard and well-developed technique in algebraic geometry, [36, 30, 48].
Here we apply it to squarefree monomial ideals where it takes a simple form. Our
objective is to show that if T ⊆ A1 × · · · ×An is acyclic, then the complement subset
T c is also acyclic. Our argument for this is entirely algebraic. One could envision a
more topological argument using Alexander duality, but it is a challenge to construct a
suitable retract onto C(T ) or C(T c). In general it would be interesting to understand
more about how the homology of the free cellular complexes C̃•(T ) and C̃•(T c) are
related.

8.1. Liaison. We now consider linkage of squarefree monomial ideals with respect to
the complete intersection ideal

(23) C = (m(A1),m(A2), . . . ,m(An)).

Two ideals J and K containing C are linked if their heights (codimensions) are all
equal (so is n), and K = (C : J) and J = (C : K).
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For simplicial complexes, we have the following concrete, simple, and general result.
We thank an anonymous referee for the below statement.

Proposition 8.1. Let X,Y be simplicial sub-complexes of a simplicial complex Z.
Then the ideal IY = (IZ : IX) if and only if Y is the simplicial complex generated
by Z\X.

In particular, under this assumption, for F a facet of Z:
i. If F is not in X, it is a facet of Y ,
ii. If F is in X, it is not a facet of Y ,
iii. The set of facets of Y are contained in the set of facets of Z.

Proof. Let Y ′ be the simplicial complex generated by Z\X, and IY = (IZ : IX). We
show firstly Y ⊆ Y ′ and secondly Y ′ ⊆ Y . If F is a face of Y , the monomialm(F ) ̸∈ IY .
Then there is m(R) ∈ IX (equivalently R ̸∈ X), such that m(F ) ·m(R) ̸∈ IZ . This
monomial has m(F ∪ R) as a factor so F ∪ R is in Z and not in X. The upshot is
that Y ⊆ Y ′.

Conversely let G be a facet of Y ′. Then m(G) ∈ IX and m(G) ̸∈ IZ . If m(G) ∈ IY ,
then m(G) · m(G) ∈ IZ . But since IZ is squarefree, we have m(G) ∈ IZ , against
assumption. So m(G) ̸∈ IY , giving G ∈ Y . Hence Y ′ ⊆ Y .

The three consequences are immediate. □

Corollary 8.2. We have IY = (IZ : IX) and IX = (IZ : IY ) iff we have a disjoint
union of facets

facets(Z) = facets(X) ⊔ facets(Y ).

In our specific situation we have:

Proposition 8.3. Let J and K be squarefree monomial ideals containing the complete
intersection C of (23), and let X and Y be the corresponding simplicial complexes
via the SR-correspondence (which are subcomplexes of ∂∆(A•)). Then J and K are
linked by C iff the facets of ∂∆(A•) is the disjoint union of the facets of X and Y .

The following is Claim 1 in Lemma 3.6 in [45].

Corollary 8.4. Let T ⊆ A1 × · · · × An and let J be the Alexander dual I(T )∨. Let
K be a squarefree monomial ideal containing C. Then J and K are linked by C iff K
is the Alexander dual I(T c)∨.

Proof. If J and K are linked by C, the facets of ∂∆(A•) is the disjoint union of the
facets of X and Y . The facets of X are then [a]c for a ∈ T , and so the facets of Y
must then be the [a]c for a ∈ T c. Hence K is the Alexander dual of I(T c).

Conversely if K is the Alexander dual of I(T c), the facets of Y and X are the [a]c
for respectively a ∈ T c and a ∈ T . So ∂∆(A•) is the disjoint union of these facets,
and so J and K are linked. □

We have a diagram:

I(T )
OO

complement rainbow ideals
��

oo Alexander dual // J(T )
OO

linked
��

I(T c) ooAlexander dual // K(T )

Corollary 8.5. If the rainbow monomial ideal I(T ) has a linear resolution, the com-
plement rainbow ideal I(T c) also has a linear resolution. Hence T is acyclic iff the
complement T c is acyclic.
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Proof. Let J be the Alexander dual of I(T ). It is Cohen-Macaulay since I(T ) has a
linear resolution. The linked ideal K of J is also Cohen-Macaulay by [18, Thm. 21.23].
The Alexander dual of K is I(T c) and so this ideal also has linear resolution. □

Corollary 8.6. If X is a full-dimensional triangulated ball on ∂∆(A•), its full-
dimensional complement Y = X(T c) on ∂∆(A•) is also a triangulated ball.

As stated after Theorem 4.4, a full-dimensional CM subcomplex of ∂∆(A•) may not
be shellable. H.T. Hall [25] gives a full-dimensional subcomplex Y of a 12-dimensional
hyperoctahedron H which is shellable, but for no facet F outside of Y is Y ∪ F
shellable, where F is the simplicial complex generated by F . (One says H is not
extendably shellable.) The consequence of this fact is the following.

Proposition 8.7. The complement sub-complex X of Y , generated by H\Y , is a full-
dimensional CM subcomplex of H which is not shellable. (But by Theorem 4.4, X is
constructible.)

Proof. By Proposition 8.3, X and Y are linked. Since Y is CM, X is also CM by [18,
Thm. 21.23].

If F1, . . . , Fm is a shelling of X, the simplicial complex generated by X\Fm is
shellable by F1, . . . , Fm−1 and so is CM. Its complement in turn is Y ∪ Fm, which is
the linked complex and so would also be CM. By Lemma 2.2, Y ∩ Fm would be CM
of dimension one less than Fm, and so a pure codimension one subcomplex of Fm.
This would imply shellability of Y ∪ Fm, contradicting the result of [25]. □

9. The boundary
For an acyclic T ⊆ A1×· · ·×An, we have the partition into two acyclic sets T ⊔T c =
A1×· · ·×An. Let X(T ) and X(T c) be the corresponding simplicial balls, whose union
X(T )∪X(T c) is ∂∆(A•). Recall that J is the SR-ideal of X(T ) and K is the SR-ideal
of X(T c) (formerly mostly denoted Y ). We also denote L(T ) = I(T c).

Proposition 9.1. For acyclic T , the boundaries of X(T ) and X(T c) are the same:

∂X(T ) = ∂X(T c) = X(T ) ∩X(T c).

So this is a simplicial sphere with defining ideal J +K, which is a Gorenstein ideal.
The Alexander dual of J +K is I(T ) ∩ L(T ), an ideal generated in degree n+ 1.

Proof. Every codimension one face in ∂∆(A•) is on two facets. The boundary of X(T )
consists of those codimension one faces on only one facet of X(T ). But then the other
facet in ∂∆(A•) containing this codimension one face must be in X(T c). Conversely,
let F be a face in X(T )∩X(T c). Then there are facets [a]c in X(T ) and [b]c in X(T c)
containing F . If a and b have r distinct coordinates, consider a path from a to b of
length r changing one coordinate at a time. Then every ai on this path will have
F ⊆ [ai]c. At some stage ai ∈ T and ai+1 ∈ T c. Their intersection is a codimension
one face i) on the boundaries of X(T c) and X(T ), and ii) containing F . This shows
the statement about the boundaries.

That J + K is the defining ideal is clear since this is the ideal of X(T ) ∩X(T c).
Since X(T ) and X(T c) are simplicial balls, their boundaries are simplicial spheres
(which have dimension one less that X(T ) and X(T c)). Thus its defining ideal is
Gorenstein [13, Corollary 5.6.5].

The complements of the facets of X(T )∩X(T c), give the generators of I(T )∩L(T )
and they must then have degree n+ 1 (one more than the generators of I(T )). □
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Remark 9.2. For ideals J and K linked by a complete intersection C, the sum J +K
may not be a Gorenstein ideal. But this holds if J ∩K = C [48, Thm. 2.8]. This is
the situation here, since the Alexander dual of J ∩ K is I(T ) + L(T ), which is the
ideal B generated by all rainbow monomials. Since C is the Alexander dual of B this
follows.

Remark 9.3. In general for Z a d-dimensional simplicial sphere, and X a d-
dimensional Cohen-Macaulay sub-complex, the complement simplicial complex Y
generated by Z\X is also Cohen-Macaulay, and their boundaries ∂X = ∂Y = X ∩Y .
The latter may be shown using that Cohen-Macaulay simplicial complexes are gallery
connected (strongly connected), [28, Prop. 9.1.12].

Remark 9.4. A concrete, effective description of the SR-ideal of the boundary is given
in [14, Thm. 5.2] for simplicial spheres defined by letterplace ideals.

10. Artin monomial ideals from a box
Subsection 3.3 considered polarizations J of Artin monomial ideals j ⊆ k[x1, . . . , xn]
containing the complete intersection
(24) c = (xα1

1 , . . . , xαn
n )

Section 8 considered linkage of two squarefree monomial ideals J and K in k[A] with
respect to the complete intersection

C = (m(A1),m(A2), . . . ,m(An)).
We show this corresponds to linkage downstairs of Artin monomial ideals.

For an integer m ⩾ 0 let [m]0 denote the chain {0 < 1 < · · · < m}. For i = 1, . . . , n
let Ai be a set with αi ⩾ 1 elements.

Recall that an up-set U in a poset P is a set such that x ∈ U and x ⩽ y implies
y ∈ U . Similarly we have the notion of down-set. Consider an up-set U in the product
poset

α = [α1 − 1]0 × [α2 − 1]0 × · · · × [αn − 1]0,
We get a monomial ideal i(U) = (xb |b ∈ U). This is an (α1 − 1, . . . , αn − 1)-
determined Artin monomial ideal (a notion introduced in [38], see also [39, Def. 5.20]).
Let i ⊆ k[x1, . . . , xn] be the Artin monomial ideal c + i(U).

Let D be the complement of U in α, so D is a down-set in α. Let αop be the
opposite poset of α. There is an isomorphism of posets αop ∼= α sending:

iop = (iop
1 , iop

2 , . . . , iop
n ) 7→ (α1 − 1− i1, α2 − 1− i2, . . . , αn − 1− in) =: i.

This sends the the up-set Dop in αop to an up-set D in α. Let k ⊆ k[x1, . . . , xn] be
the Artin ideal c + i(D), the dual of i with respect to c.

Remark 10.1. The ideal i(D) is the Alexander dual of i(U) with respect to (α1 −
1, α2−1, . . . , αn−1), see [39, Def. 5.20] or [37]. The definition in [39] is different from
the one above (and more general in scope), but Lemma 10.3 below and [39, Cor. 5.25]
show they coincide in our case.

Example 10.2. Let n = 3 and α1, α2, α3 = 2, so α = {0, 1}3. Let the up-set of α be:
U : 111, 101, 011.

It gives an Artin monomial ideal:
i = i(U) + c = (x2

1, x1x3, x2x3, x
2
2, x

2
3).

The corresponding down-set is:
D : 000, 100, 010, 001, 110,
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and so
D : 111, 011, 101, 110, 001.

The dual Artin monomial of i with respect to (x2
1, x

2
2, x

2
3) is:

k = i(D) + c = (x2
1, x1x2, x

2
2, x3).

Lemma 10.3. The ideals i and k are linked with respect to the complete intersection c.

Proof. Note that (b1, . . . , bn) ∈ α is in D iff (α1− 1− b1, . . . , αn− 1− bn) is in D, i.e.
is not in U . That is, for every (a1, . . . , an) in U there is some j with αj − 1− bj < aj ,
or equivalently aj + bj ⩾ αj .

Now let us show that k = c+i(D) equals (c : i) = (c : i(U)). That xb1
1 · · ·xbn

n ∈ i(D) is
by the above equivalent to for every xa1

1 · · ·xan
n in i(U) there is some j with aj+bj ⩾ αj .

But this is equivalent to xb1
1 · · ·xbn

n · i(U) being in c. □

Proposition 10.4. Let J be a polarization of j. Let K be the link of J by C, and k
the link of j by c, so k is the dual of j. Then K is a polarization of k.

Proof. Set Al = {al
1, . . . , a

l
αl
} for every l = 1, . . . , n. We divide the quotient

rings k[A]/J, k[A]/K and k[A]/C by all the variable differences al
j − al

j−1 for
j = 2, . . . , αl and l = 1, . . . , n. We get quotient rings k[x1, . . . , xn]/j, k[x1, . . . , xn]/k′

and k[x1, . . . , xn]/c, where j, k′ and c are Artin. By [30, Proposition 2.8] when we cut
down by a regular sequence for k[A]/C the ideals we get are still linked, and it is a
regular sequence also for k[A]/J and k[A]/K. Thus k′ is linked to j by c, so so k′ = k
and K is a polarization of this. □

To sum up we have a diagram:

I(T )
<<

complement rainbow ideals

||

oo Alexander dual // J(T )
;;

lin
ked

{{
polarization
��

L(T ) oo Alexander dual // K(T )

polarization
��

j.;;

lin
ked{{

k

The left-right arrows are correspondences, and the vertical arrows are maps of ideals.
But note that the process of polarization goes from the lower ideal to the upper ideal.

11. Squeezed balls and spheres
This section is somewhat independent of the rest of the article. We show that the
squeezed balls constructed by G. Kalai [32] (their boundaries are squeezed spheres),
have Stanley-Reisner ideals which are regular quotients by variable differences of a
special class of letterplace ideals. Letterplace ideals are polarizations of Artin mono-
mial ideals by Theorem 5.12 and Corollary 2.4 in [21].

In all, this shows that the two classical ways of constructing large numbers of
triangulated balls and spheres, those of Bier balls and spheres [11], [14, Cor.5.3] and
squeezed balls and spheres [32], both are part of the setting we give here. They are
actually at the opposite ends, as Bier balls arise from letterplace ideals of discrete
posets (antichains) [14, Cor.5.3.], while squeezed balls arise from letterplace ideals of
totally ordered posets (chains), see Subsection 11.3.
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11.1. Squeezed balls. Given an integer e ⩾ 1. Consider sequences of natural num-
bers i : 1 ⩽ i1 < i2 < · · · < ie such that each difference ip − ip−1 ⩾ 2. Let Fe be
the set of such sequences. There is a partial order on Fe by i ⩽ j if each ip ⩽ jp. Let
Fe(m) be such sequences with ie < m.

Each such sequence induces a subset of natural numbers of cardinality 2e:

î : i1, i1 + 1, i2, i2 + 1, . . . , ie, ie + 1.

Let I be a finite down-set (order ideal) in Fe for its partial order. Kalai shows [32,
Sec.4] that the simplicial complex B(I) with facets î for i ∈ I, is a simplicial ball,
termed a squeezed ball, with boundary a squeezed sphere. By a counting argument,
there are so many of these that most of these balls and spheres do not have convex
realization.

11.2. Poset homomorphisms. Let P and Q be posets. We consider order-preserving
maps ϕ : P → Q, and denote by Hom(P,Q) the set of such. This becomes itself a
poset (this is an internal Hom), by ϕ ⪯ ψ if ϕ(p) ⩽ ψ(p) for every p ∈ P . There are
order-preserving maps:

P ×Hom(P,Q)→ P ×Q inducing Hom(P,Q) G−→ Hom(P, P ×Q),

and for ϕ : P → Q the image of the map G(ϕ) is the graph Γ(ϕ) ⊆ P ×Q.
Denote by [n] the chain {1 < 2 < · · · < n}, and [n]0 the chain [n] ∪ {0}. Note that

[n]0 ∼= Hom([n], {0 < 1}). We have a composition:

[n]×Hom([n], [e]0)→ [n]× [e]0
α−→ [n+ 2e](25)

(i, j) 7→ i+ 2j

giving
Φ : Hom([n], [e]0)→ Hom([n], [n+ 2e]).

We also have a composition:

[e]×Hom([e], [n]0)→ [e]× [n]0
β−→ [n+ 2e− 1]

(j, i) 7→ (2j − 1) + i

giving
Ψ : Hom([e], [n]0)→ Hom([e], [n+ 2e− 1]).

Note that the domains of Φ and Ψ identify:

Hom([n], [e]0) =Hom([n],Hom([e], {0 < 1})) ∼= Hom([n]× [e], {0 < 1})
∼=Hom([e],Hom([n], {0 < 1})) = Hom([e], [n]0).

This is just mapping a partition to its dual partition. Given ϕ : [n]→ [e]0, it may be
characterized by a sequence

0 = a0 ⩽ a1 ⩽ · · · ⩽ ae ⩽ ae+1 = n,

such that on the interval [ap + 1, ap+1], the value of ϕ is p. These a’s give the dual
map ϕ′ : [e]→ [n]0.

Lemma 11.1.
a. The image of Ψ is Fe(n+2e) and this gives an isomorphism of posets between

Hom([e], [n]0) and Fe(n+ 2e).
b. Let i = im Ψ(ϕ′). Then î = (im Φ(ϕ))c.
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Proof. a. Let ϕ ∈ Hom([n], [e]0) and ϕ′ ∈ Hom([e], [n]0) correspond, and let ap =
ϕ′(p). The image of the map Ψ(ϕ′) is i where ip = ap + 2p− 1 for p = 1, . . . , e. This
gives a bijection between Hom([e], [n]0) and Fe(n+2e), and it is clear that the partial
orders correspond.

b. The gaps in the image of Φ(ϕ) in [n+ 2e] are as follows: If

ap−1 < ap = · · · = aq < aq+1,

there is a gap ranging from (ap + 2(p− 1)) + 1 to (aq + 1 + 2q)− 1. This gap has even
size 2q − 2p+ 2. The values for i are

ip = ap + 2p− 1, ip+1 = ap+1 + 2(p+ 1)− 1 = ap + 2p+ 1,
. . . iq = aq + 2q − 1 = ap + 2q − 1,

with each step in this range of size two. This shows the last claim. □

11.3. Letterplace ideals. For a finite set R let k[xR] be the polynomial ring with
variables xr, r ∈ R. If S ⊆ R let xS be the monomial

∏
s∈S xs.

Let P be a finite poset, and I a down-set in (the internal Hom) Hom(P, [m]). Each
ϕ ∈ I gives a graph Γ(ϕ) ⊆ P × [m]. The associated co-letterplace ideal L(P, [m]; I)
is the ideal in k[xP ×[m]] generated by monomials xΓϕ for ϕ ∈ I. The associated
letterplace ideal L(I;P, [m]) is the Alexander dual of L(P, [m]; I). The letterplace
ideal is a polarization of an Artin monomial ideal by Corollary 2.4 and Theorem 5.12
in [21]. Its associated triangulated ball is described in [14].

Now consider a down-set I ⊆ Hom([n], [e]0). It gives a co-letterplace ideal
L([n], [e]0; I) and a letterplace ideal L(I; [n], [e]0). The co-letterplace ideal is a rainbow
ideal with n color classes each of size e+1. The map α : [n]×[e]0 → [n+2e] from (25) is
given by (i, j) 7→ i+2j. It gives a map of polynomial rings α̃ : k[x[n]×[e]0 ]→ k[x[n+2e]].
We may think of this as collapsing each fiber of α into a single variable. If a fiber
has t elements, we are dividing by t − 1 variable differences, and we run through all
fibers. The variable differences are of type xi,j+1 − xi+2,j , so xi,j+1 and xi+2,j are in
different color classes. Let Lα(I; [n], [e]0) be the image ideal of L(I; [n], [e]0) by α̃, an
ideal in the polynomial ring k[x[n+2e]].

Theorem 11.2. Let the poset ideal I ⊆ Hom([n], [e]0) correspond to the poset ideal
I ⊆ Fe(n+ 2e) by the isomorphism Ψ. The Stanley-Reisner ideal of the squeezed ball
B(I) is the ideal Lα(I; [n], [e]0).

Proof. Each fiber of α is seen to be a bistrict chain in [n] × [e]op
0 . That is, if (p, u)

and (q, v) are in the same fiber of α, either p > q and u < v, or p < q and u > v. By
Theorem 7.3 in [21], the images by α̃

Lα(I; [n], [e]0) of L(I; [n], [e]0), Lα([n], [e]0; I) of L([n], [e]0; I)

are still square-free and they are Alexander dual ideals.
The facets of the simplicial complex with Stanley-Reisner ideal Lα(I; [n], [e]0) are

the complement in [n+ 2e] of the indices of the minimal generators of Lα([n], [e]0; I).
These index sets are im Φ(ϕ) for ϕ ∈ I and by Lemma 11.1 part b their complements
give the facets of the squeezed ball B(I). □

12. Further problems
We sketch three open research areas.
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(3,0,0)

(0,3,0) (0,0,3)

Figure 22. Vertices correspond to generators of (x1, x2, x3)3

12.1. Acyclic subsets T ⊆ A. Section 7 illustrates well how one may make acyclic
subsets on a hypercube. When the cardinalities of the Ai become ⩾ 3, things get more
complicated.

Problem 1. Give machines for constructing acyclic sets T ⊆ A.

One such machine is the following.
Co-letterplace ideals. This is from [21], which is again inspired by [19]. Recall from
Subsection 11.3 that for a poset P an order-preserving map ϕ : P → [n] gives a graph

Γϕ = {(p, ϕ(p)) | p ∈ P} ⊆ P × [n].
The graph may be considered as an element of [n]P = ×p∈P [n], the cartesian product
of [n]’s, one factor for each p ∈ P . For I a down-set in Hom(P, [n]), let

T = {Γϕ |ϕ ∈ I} ⊆ [n]P .
The ideal I(T ) is the co-letterplace ideal from [21], and has linear resolution, in fact it
has linear quotients. In [14] the simplicial balls X(T ) are studied. Their boundaries,
simplicial spheres, have a particularly nice and compact description, [14, Sec.5]. The
classical cases are:

• Bier balls and spheres [9, 11]: P is an antichain and n = 2, and in [43] for
any n.

• Squeezed balls and spheres [32]: P is a chain. Or rather they are derived from
this case, see Section 11.

D. Lu and Z. Wang, [34], extend this. They replace the down-set I of Hom(P, [n])
with larger classes of subsets of Hom(P, [n]).

Polarizations of powers of maximal graded ideals (x1, . . . , xn)m are characterized
in [3]. When n = 3, there is a nice visual procedure for this:
Planar triangulations n = 3. The generators of (x1, x2, x3)m corresponds to the
set ∆3(m) consisting of all triples (a1, a2, a3) ∈ N3

0 with a1 + a2 + a3 = m. Figure 22
displays in the case m = 3 these ten triples as vertices. The figure has three “down-
triangles”. Polarizations of (x1, x2, x3)m are in bijection with removals of either zero
or one edge from each down-triangle.

12.2. Regular quotients of rainbow ideals. If the simplicial ball X(T ) is a
one-dimensional ball, then ∂∆(A•) must be one-dimensional. This occurs only for
n = 2 and |A1| = |A2| = 2, when ∂∆(A•) is a square (perimeter), or n = 1 and
|A1| = 3, when it is a triangle (perimeter). Hence the only one-dimensional balls
X(T ) are:

In particular the line graphs with ⩾ 5 vertices:
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are not triangulated balls we can obtain by our constructions here.
Concerning two-dimensional X(T ), only triangulations of m-gons where m ⩽ 6

are obtained this way. From this perspective our setting seems somewhat limited.
However this is not the case: By [22] every line graph or triangulation of a polygon
may be obtained from X(T )’s by joining variables: Divide k[A]/J(T ) by a regular
sequence of variable differences.

In our article here, the regular sequences we divide out by to get the Artin monomial
ideals, consists of variable differences ai

j − ai′

j′ where i = i′ (the terms are in same
color class Ai). However we may also divide out by variable differences where i ̸= i′.
Starting form k[A]/J we then get a ring k[A′]/J ′, coming from a surjection A→ A′.
This is how we obtain any line graph and any triangulation of a polygon in [22]. We
thus have the processes:

J(T )
joining variables

""
J ′.

j

separating variables

FF

Each of the arrows above preserves the graded Betti numbers. Hence every J ′ has the
same graded Betti numbers as j. In Section 11 we obtained in this way the squeezed
balls and spheres of G. Kalai [32].

Problem 2. Given a subset T ⊆ A. Which sets of variable differences {ai
j − ai′

j′} are
such that:

i. they are a regular sequence for k[A]/J , where J = J(T ) is the Alexander dual
of the rainbow ideal I(T )?

ii. in addition the resulting ideal J ′ is square free?
iii. in addition the ideal J ′ defines a simplicial ball?
[22] achieves a full understanding of this for acyclic T constructed from trees

(see Example 7.5). Consequences in [20] are relations between partitions of vertices
and facets of classes of simplicial complexes. General as the results of [20, 22] may
seem, they consider only a tiny fraction of Artin monomial ideals: the second powers
(x1, . . . , xn)2. In [40] they do the above for standard polarizations Ist of any monomial
ideal I. They look at J ′ whose standard polarization J ′st is isomorphic to Ist. They
describe how to give such J ′, and they give a poset structure on the family of J ′s.

12.3. Triangulations and convex polytopes. There are many combinatorial
constructions of simplicial or simple polytopes. (The dual of a simple polytope is a
simplicial polytope.) For instance the nestohedra of [1, 49] are simple polytopes.

Our results here construct simplicial balls whose boundaries are simplicial spheres.
These make a much wider class as most of these simplicial spheres do not have convex
realizations [11]. Furthermore there is an additional aspect: our constructions also
triangulate the interior of the sphere.

Problem 3. Which simplicial balls X(T ) have boundaries ∂X(T ) corresponding to
the polytopes or duals of polytopes mentioned above [1, 49], or to other simple or
simplicial polytopes?

Two classes of such are Bier spheres of threshold simplicial complexes and of sim-
plicial complexes of “short sets” [31].
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An X(T ) can only be a triangulated polygon of size n for n ⩽ 6. Triangulated
polygons of sizes n ⩾ 7 are not of this type. (However their ideals may be separated to
give SR-ideals of X(T )’s, [22].) For generalized permutahedra [49], one may also only
construct n-gons for n ⩽ 6, but not for n ⩾ 7. Does this indicate some connection?

There is a vast literature on triangulations of polyhedral complexes, see [15, 33].
In particular we mention regular triangulations [12, 50].
Problem 4. For classes of triangulations described in the literature, which can be
described as X(T )’s or regular quotients of these?
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