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Shuffle Tableaux, Littlewood—Richardson
Coeflicients, and Schur Log-Concavity

Chau Nguyen, Son Nguyen & Dora Woodruff

ABSTRACT We give a new formula for the Littlewood—Richardson coefficients in terms of peelable
tableaux compatible with shuffle tableaux, in the same fashion as Remmel-Whitney rule. This
gives an efficient way to compute generalized Littlewood—Richardson coefficients for Temperley—
Lieb immanants of Jacobi—Trudi matrices. We will also show that our rule behaves well with
Bender—Knuth involutions, recovering the symmetry of Littlewood—Richardson coefficients. As
an application, we use our rule to prove a special case of a Schur log-concavity conjecture by
Lam—Postnikov—Pylyavskyy.

1. INTRODUCTION

The Littlewood—Richardson coefficients ¢y, are some of the most important structure
constants in algebraic combinatorics. In combinatorics, they are the structure con-
stants for the product of Schur functions sys, =", c5 ,Sv- In representation theory,

cX ,, is the multiplicity of the irreducible representation V,, of S, in Indg:“ XS\ Vi®

Vi, as well as the multiplicity of the Schur module E in E* ® E*. In Schubert cal-
culus, they are the Schubert structure constants for the product of Schubert classes
corresponding to Grassmannian permutations [X,] - [X,] =", X [X.].

Since the Littlewood—Richardson rule was introduced [25], several variants of the
rule have been formulated, including Knutson—Tao honeycombs [20], Zelevinsky pic-
tures [39], Berenstein—Zelevinsky triangles [5] and their more general rule for any Lie
algebra g [7]. A somewhat similar rule to Zelevinsky pictures is Remmel-Whitney
rule [34], which can be formulated in terms of counting Reiner—Shimozono peelable
tableauz [33] as follows. Let D be the skew diagram of shape Axp = (A; 4+ 1, ..., A+
p1s fi1s - - - )/ (p¥). Visually, D is obtained by putting the Young diagram of A to
the top right of that of u. For 1 < i < £(v) — 1, let a; be the number of columns
with squares on both row 7 and ¢ + 1. A semistandard Young tableau (SSYT) T is a
D-peelable tableau if for all 1 < i < ¢(v) — 1, there are at least a; disjoint pairs of
i-square and (7 + 1)-square such that the i-square is Northeast of the (i + 1)-square.
Then, ¢ , is the number of D-peelable tableaux of shape v. Here, we label the rows
from top to bottom and the columns from left to right. By an i-square we mean a
square containing ¢ in the SSYT.

In this paper, we give a new formula for Littlewood—Richardson coefficients in
terms of peelable tableaux. The key difference is that our rule uses the shuffie diagram
of X\ and p instead of the skew diagram A x p. In fact, our formula can be used to
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compute the Schur expansion of any product of two skew-Schur functions. Since shuffle
tableaux are used to give a generalized Littlewood—Richardson rule for Temperley—
Lieb immanants of Jacobi—Trudi matrices, our rule gives a more efficient way to
compute these coefficients. Furthermore, as we will see in Section 1.4, our new rule can
be used to prove a special case of Lam—Postnikov-Pylyavskyy’s Schur log-concavity
conjecture.

1.1. SHUFFLE DIAGRAM, PEELABLE TABLEAUX, AND LITTLEWOOD-RICHARDSON
COEFFICIENTS.

DEFINITION 1.1 (D-peelable tableaux). Given two skew shape \/p and v/p, we con-
struct the shuffle diagram D of shape (M) ® (v/p) by interlacing the squares of A/
and v/p (see Definition 2.1 and Exzample 1.3). Let a; be the number of columns with
squares on both row i and i4+2. A SSYT T is a D-peelable tableau if for all i, there are
at least a; disjoint pairs of one i-square and one (i + 2)-square such that the i-square
is Northeast of the (i 4+ 2)-square. We call such pair a NE matching of i and i + 2.

THEOREM 1.2. Let D be the shuffle diagram of shape (\/p) ® (v/p). For any k, the
Littlewood—Richardson coefficient ci/my/p counts the number of D-peelable tableaux
of shape k.

EXAMPLE 1.3.Let A/p = (3,2)/(1,0) and (v/p) = (3,3)/(1,0). Then the shuffle
diagram of shape (A/p) ® (v/p) is the right diagram in Figure 1.

L] [
| Ll

I []
[

FIGURE 1. The Young diagram of (3,2)/(1,0) (left) and (3,3)/(1,0)
(center) and their shuffle diagram (right)

Thus, for a SSYT T to be D-peelable, we need one compatible pair of 1 and 3, and
two compatible pairs of 2 and 4. Let x = (4, 3,2), Figure 2 shows all three possible
D-peelable tableaux of shape k. Thus, ci/“’u/p =3.

1{1]2]2] 1{1]2]3] 1f1]2]4]
3 4 33
4 4

FIGURE 2. D-peelable tableaux

1.2. TEMPERLEY—LIEB IMMANANTS. In his groundbreaking 1990 paper [26] Lusztig
has introduced canonical bases of quantum groups. They inspired several major de-
velopments in mathematics, such as Kashiwara crystal bases [18, 19] and Fomin—
Zelevinsky cluster algebras [16, 6]. In type A, explicit formulas for dual canonical
bases were given by Du [13, 14] and by Rhoades—Skandera [36, 38|, where the coef-
ficients are given as evaluations of Kazhdan—Lusztig polynomials. Lusztig observed
that they have a deep and surprising relation to total positivity and extended the
notion of total positivity to any algebraic group and associated flag varieties [27, 28].

Another deep positivity property of dual canonical bases in type A is Schur positiv-
ity. Any determinant of a (generalized) Jacobi—Trudi matrix is a skew Schur function
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and hence is Schur positive. Determinants are elements of the dual canonical bases,
and it turns out that all of their elements evaluate to Schur positive results on general-
ized Jacobi-Trudi matrices. This was proved by Rhoades—Skandera in [36, Proposition
3], relying on Haiman’s result [17, Theorem 1.5], which in turn relies on the (proofs of)
Kazhdan-Lusztig conjecture by Beilinson-Bernstein [1] and Brylinski-Kashiwara [9].
However, no direct combinatorial proof was known, and in particular, there is no gen-
eral interpretation for the coefficients of Schur functions appearing in the evaluation,
i.e. the generalized Littlewood—Richardson coefficients.

Fortunately, for a subset of dual canonical bases, called Temperley—Lieb immanants,
introduced by Rhoades and Skandera in [35], Nguyen—Pylyavskyy [30] gave a com-
binatorial interpretation in terms of Yamanouchi shuffle tableaux (see Section 2.4).
These Temperley—Lieb immanants have been used by Lam—Postnikov—Pylyavskyy [23]
to prove several deep Schur-positivity conjectures.

However, the interpretation given in [30] involves checking whether a given shuffle
tableaux is Yamanouchi by testing that no lowering crystal operator can be applied.
This makes generating Yamanouchi shuffle tableaux relatively inefficient. Using Theo-
rem 1.2, Corollary 2.23 provides a computationally more efficient method to compute
the generalized Littlewood—Richardson rule since generating peelable tableaux is gen-
erally faster.

1.3. BENDER-KNUTH INVOLUTIONS AND SYMMETRY OF LITTLEWOOD—-RICHARDSON
COEFFICIENTS. The Littlewood—Richardson coefficients have an obvious symmetry
SJpw/p = C/pryu- Thus, one may ask for a shape-preserving bijection between
(M) & (v/p)-peelable tableaux and (v/p) ® (A\/p)-peelable tableaux. Figuratively,
one can obtain the shape (v/p) ® (A\/p) from the shape (A/p) ® (v/p) by shifting the
even-indexed rows up 2 units. In terms of the content, if (a1, as, a3, ay, . . .) is the con-
tent of any (\/u) ® (v/p)-peelable tableau, then (as, vy, g, s, . ..) is the content of
any (v/p)®(A/u)-peelable tableau. Thus, if one wants to find a (shape-preserving) bi-
jection between (A/u) ® (v/p)-peelable tableaux and (v/p) ® (A/u)-peelable tableaux,
one would look for a bijection that swaps the content oy and as, ag and ay4, and so
on. The most natural operations that swap adjacent contents are the Bender-Knuth
involutions (see Definition 3.1). Surprisingly, this is the correct answer. Assume for
simplicity that ¢(\) = £(v) (if £(A\) > ¢(u), we can append 0’s at the end of u to get
£(N\) = £(v)), we have the following theorem.

THEOREM 1.4. Let T be a (A p) ® (v/p)-peelable tableau, and let £ = ¢(X). Let
T'=BK;0BKsz0---0 BKyy—1(T),
then TV is a (v/p) ® (\/p)-peelable tableau. Note that T and T’ have the same shape.

ExaMPLE 1.5. Applying BK; o BK3 to the peelable tableaux in Figure 2, we get the
tableaux in Figure 3. Every tableaux in Figure 3 has at least two compatible pairs of 1
and 3 and one compatible pair of 2 and 4. Hence, they are all (v/p) ® (\/p)-peelable,
for A, u, v, p defined in Example 1.3.

1{1]2]2] 1{1]2]4] 1{1]2]3]
3]3]3 3 3]4
4 4

FiGURE 3. Image under BK; o BK3 of the peelable tableaux in Fig-
ure 2
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1.4. SCHUR LOG-CONCAVITY. Recall that the dominant weights of sl,, can be viewed
as partitions A with A, = 0. Let V), be the highest weight sl,,-module corresponding
to A. A natural question is when a tensor product V) ® V), is contained in V,, ® V.
Since the multiplicity of V,; in V) ® V), is exactly cf o this question can be phrased
as when one has ¢§ < cj , for all k. Combinatorially, this is equivalent to when the
difference s,s, — sx5, is Schur positive. Several conjectures and results of this form
can be found in [8, 15, 24, 31].

In [23], Lam—Postnikov—Pylyavskyy proved several Schur positivity results, and
they conjectured a sufficient condition for this question. Let «;; = e; —e; be the roots
of the type A root system. An alcoved polytope is the intersection of some half-spaces
bounded by the hyperplanes {7 | (a;j,7) = m}. See [21, 22| for a study of alcoved
polytopes. Given two weights A, u, the parallelepiped Py, is the minimal alcoved
polytope containing A and p. We have the following conjecture.

CONJECTURE 1.6 ([32, Conjecture 15.1]). If A\ + p = v+ p and v,p € Py, then
5,8, — SAS, is Schur positive.

A weaker version of Conjecture 1.6 was proved in [12], where they showed that the
Schur support of sys, is contained in that of s,s,. Here, we resolved a special case
of this conjecture by constructing an injection from A ® p-peelable tableaux to v & p-
peelable tableaux (Definition 4.3). Our injection is relatively simple since it amounts
to locally changing 2¢ — 1 to 2¢ for some ¢. This illustrates the potential of our new
rule in proving this conjecture.

THEOREM 1.7. Suppose A\ = (a*,1"7%710), and v = X\ — (e + €me1 + ... + €x),
for some 1 < m < k, and \, u,v, p satisfy the conditions of Conjecture 1.6. Then,
S8, — 58, 1s Schur positive.

EXAMPLE 1.8.Let A = (7,7,7,7,1,1,1,0), p = (9,6,6,5,4,3,3,0), v = XA — (e2 +
es +eq) = (7,6,6,6,1,1,1,0), and p = (9,7,7,6,4,3,3,0). Then A, p, v, p satisfy the
conditions of Theorem 1.7, so 5,5, — sxs, is Schur positive. Visually, v is obtained
from A by cutting out a vertical strip from row 2 to 4 (see Figure 4).

FIGURE 4. A (left) and v (right)

2. LITTLEWOOD—RICHARDSON COEFFICIENTS

2.1. SHUFFLE TABLEAUX AND CRYSTAL OPERATORS. First, we review the relevant
background on shuffle tableaux and their crystal operators, as introduced in [30].

DEFINITION 2.1. Given two skew shapes A/ and v/p, the shuffle diagram D of shape
(M) ® (v/p) is constructed as follows.

o If A/ has a square in position (i,7), then add into D a square in position
(20 — 1,25 —1).

Algebraic Combinatorics, Vol. 9 #4 (2026) 1122
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o If v/p has a square in position (i,7), then add into D a square in position
(2i,25).

A shuffle tableau of shape (A\/u) ® (v/p) is a filling of the shuffle diagram of shape
(M) ® (v/p) such that the entries are weakly increasing along the rows and strictly
increasing along the columns. The weight of a shuffle tableau T, denoted w(T), is
[Lis1 @7, where ¢; is the number of i-entries in T

In addition, we say square (r1,c1) s right of square (ro,ca) if r9 > r1 or 19 =11
and co < cy. In particular, this means that in the reading order from left to right,
bottom to top, square (r1,c1) is right of square (ra,c2). Then, we also say (ra,cq) is

left of (r1,c¢1).

Observe that the squares in the same row or column of D are exactly those on the
same row or column of the Young diagram of either \/u or v/p. Thus, one can think
of a shuffle tableau of shape (A\/p) ® (v/p) as interlacing two SSYTs or shape \/u and
v/p (see Figure 5). In particular, we have

Z W(T) = 8x/u50/p-

T of shape
M w@w/p)

olig
12] 1]3 1
[2]4 [1]3]4 [2] [4
1 3

FIGURE 5. SSYTs of shape A/u (left) and v/p (center) and their
corresponding shuffle tableau (right)

DEFINITION 2.2. Given a shuffle tableau T, an (i,i + 1)-overlap is a pair of squares
(s,t) on the same column such that s contains an i and t contains an i+ 1. We define
the i-reading word w;(T') as follows.

(1) Consider only the squares containing i and i+ 1.

(2) Remove all (i,7 4 1)-overlap pairs.

(3) Iteratively read the remaining squares from bottom to top, left to right.

ExAMPLE 2.3. In the following tableau T,

11TTW

EINE
there are five (1, 2)-overlap pairs (in red), and one (2, 3)-overlap pair (in blue). Thus,
we have

w(T)=2|21]]2]|12
by reading all non-red 1s and 2s, and
we(T)=22[22[2223]333]2
by reading all non-blue 2s and 3s.

Now we are ready to define the crystal operators on shuffle tableaux.

Algebraic Combinatorics, Vol. 9 #4 (2026) 1123
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DEFINITION 2.4 (Crystal operators). The crystal operators E; and F; act on w;(T) in
the following (standard) way.
o View each i as a closing parenthesis “)” and each i + 1 as an opening paren-
thesis “(”.
e Match the parentheses in the usual way.
e [E; changes the leftmost unmatched i + 1 to i (if exists), and F; changes the
rightmost unmatched i to i+ 1 (if exists).
We induce this action of the crystal operators to the action on shuffle tableaux as
follows:
e the shape of the shuffle tableaux is preserved;
e The content changes in the way uniquely determined by w;(E;(T)) =

EXAMPLE 2.5. Continuing Example 2.3, we can view wi(7T') as the following paren-

thesization.
2 2

2 1
( ( )
Hence, E; changes the first 2 to 1, so E1(T") is the following tableau

0 1] 1] [ [2]

2
(

] [2
in which the changed square is colored red.

The connected components of the graph on shuffle tableaux formed by the above
crystal operators are called Temperley—Lieb crystals. In fact, they are type A Kashi-
wara crystals.

THEOREM 2.6 ([30, Theorem 5.1]). Temperley—Lieb crystals are type A Kashiwara
crystals.

Thus, counting Yamanouchi tableaux of Temperley—Lieb crystals gives the
Littlewood—Richardson coeflicients.

COROLLARY 2.7. The Littlewood—Richardson coefficient Ci/u v/p COUNts shuffle

tableauz of shape (A1) ® (v/p) and content k on which no lowering operator E; can
be applied. These tableauz are called Yamanouchi shuffie tableauz.

EXAMPLE 2.8. Recall Example 1.3 with A/ = (3,2)/(1,0), (v/p) = (3,3)/(1,0), and
k = 3. We saw that c§ Juw)p = 3. The three Yamanouchi shuffle tableaux of shape
(M) ® (v/p) and content k are shown in Figure 6.

oo oo oo

[2] [2 [1] [ [2] [2
23 23 1| |3

FIGURE 6. Yamanouchi shuffle tableaux
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REMARK 2.9. Shuffle tableaux were originally introduced to study Temperley—Lieb
immanants, hence the name Temperley—Lieb crystal. In [30], there are additional
constraints on the shapes A/u and v/p so that the crystal operators behave nicely
with the Temperley—Lieb type (see Section 2.4). These constraints are unnecessary
for this section.

2.2. COMPATIBLE TABLEAUX.

DEFINITION 2.10 (D-compatible tableaux). Let D be the diagram of (A/p) ® (v/p).
We label the squares of D 1,2,... |\ u|+ |v/p| from right to left, top to bottom. We
will refer to the square labeled i as square i. A SYT T (of any shape) is D-compatible
if the following two conditions hold:
(1) If square i + 1 is directly left of square i in D, then i+ 1 is weakly North and
strictly Fast of i in T.
(2) If square i is directly above square j in D, then i is strictly North and weakly
East of j inT.

EXAMPLE 2.11. Let D be the same diagram as in Example 2.8. The labeling of D from
right to left, bottom to top is shown in Figure 7. The two SYTs on the left of Figure
8 are D-compatible. The SYT on the right is not because 2 is not weakly North of 1,
and 2 is not weakly East of 5.

] [1]
i
[6] [5
NBE
FIGURE
7. Labeling
of D
1[2]3]4] 1]2 6 | 13409
5 3|5 5|6
7 7138 8

FIGURE 8. D-compatible tableaux
(left  and center) and non-D-
compatible tableau (right)

Now, we will construct a bijection ¢ between D-compatible tableaux and Ya-
manouchi shuffle tableaux on D. Furthermore, for any D-compatible tableau T, we
would like the shape of T to be the same as the content of ¢(T').

DEFINITION 2.12 (Construction of ¢). Given a D-compatible tableau T, o(T') is con-
structed as follows: if i is in row r of T, then in ©(T'), put r in square i. The inverse
of ¢ is also straightforward: given a Yamanouchi shuffle tableau S, let I be the set of

squares in S that contains r, then I is the set of numbers (in increasing order) in row
rin p=1(9)

For example, the readers may check that ¢ sends the two D-compatible tableaux
to the left of Figure 8 to the two Yamanouchi shuffle tableaux to the left of Figure 6.

PROPOSITION 2.13. ¢ is a bijection between D-compatible tableaur and Yamanouchs
shuffle tableaux on D such that for any D-compatible tableau T, the shape of T is the
same as the content of o(T).
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Proof sketch. We will check the following: for any D-compatible tableau 7" and any
Yamanouchi shuffle tableau S:

(1) »(T) is a valid shuffle tableau (Lemma 2.14),

(2) ¢(T) is a Yamanouchi shuffle tableau (Lemma 2.15),

(3) ¢~ 1(9) is a valid SYT (Lemma 2.16),

(4) ¢~1(9) is D-compatible (Lemma 2.17). O

NN

LEMMA 2.14. For any D-compatible tableau T, o(T) is a valid shuffle tableau.

Proof. This follows immediately from the compatibility conditions: the rows of ¢(T')
are weakly increasing thanks to condition (1) in Definition 2.10; the columns of ¢(T)
are strictly increasing thanks to condition (2). O

LEMMA 2.15. For any D-compatible tableau T, o(T) is a Yamanouchi shuffle tableau.

Proof. Suppose for contradiction that square ¢ containing r in ¢(7') can be lowered
by E,_1. This means that » > 2, so in T, there is a j directly above i. Recall that
we say square (rq1,cy) is right of square (r9,cq), and square (rs, cs) is left of square
(r1,¢1), if r9 > ry or r9 = r1 and co < ¢;1. Because T is a SYT, in T, the number of
entries smaller than j on row r — 1 equals that of entries smaller than ¢ on row 7.

In ¢(T), this means that the number of entries r — 1 right of square j equals that
of entries r right of 7. Note that j contains an additional » — 1 right of . On the other
hand, F,_; lowers square %, so the number of non-(r — 1,7)-overlapped r — 1’s right
of square i is less than or equal to that of non-(r — 1, r)-overlapped 7’s.

If none of j or the (r — 1)-squares right of j is (r — 1, r)-overlapped with ¢ or some
r-square left of 7, then we still have the number of non-(r — 1,r)-overlapped r — 1’s
right of or equal to j is more than that of non-(r — 1, 7)-overlapped r right of 7. This
contradicts the previous paragraph.

Thus, either j or some (r — 1)-square right of j has to be (r — 1, r)-overlapped with
either i or some r-square left of i. Since E,._; lowers square 4, ¢ cannot be (r — 1,7)-
overlapped. Thus, this (r — 1,7)-overlap pair has to be (s,t) where s is j or right of
j, and t is left of 7.

This means that in 7T, ¢ is strictly East of i, but s is weakly West of j and 4, which
contradicts condition (2) in Definition 2.10. O

LEMMA 2.16. For any Yamanouchi shuffle tableau S, »=1(S) is a valid SYT.

Proof. Row strictness follows from the construction. We now check column strictness.
Suppose for contradiction that in ¢~*(S), square (r,c) (row r, column c) has entry
i and square (r + 1, ¢) has entry j where ¢ > j. Then, square j in S contains r + 1.
Furthermore, since the rows are sorted in increasing order, there are c—1 more squares
containing 7 + 1 right of j. Since ¢ > j, there are at most ¢ — 1 squares containing r
right of j. Thus, there are at least as many squares containing r 4+ 1 than r right of j
in S. Hence, we can apply E, on S, so S is not Yamanouchi, contradiction. O

LEMMA 2.17. For any Yamanouchi shuffle tableau S, p=1(S) is D-compatible.

Proof. Condition (1) in Definition 2.10 follows from S is row increasing and ¢~1(.9)
is a valid SYT. We now check condition (2).

Suppose for contradiction that there are squares 7 and j in S such that j is directly
below i, but in ¢~1(S), j is not strictly South or weakly West of i. Note that by
column strictness of S, j is still strictly South of 7, so j has to be strictly East of 7.
Let (s,t) be the coordinate of i, then (s + 2,¢) is the coordinate of j. Let r be the
number in j, and 7 — k be the number in .

Algebraic Combinatorics, Vol. 9 #4 (2026) 1126
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First, we claim that k < 2. If k > 2, in ¢=1(9), there is j > hy > hy > i such
that hy and ho are directly above j, and hs is strictly Southeast of 4. Then, in S, the
squares j, hi, ho, and i appears from left to right. However, j contains r on row s+ 2,
and ¢ contains r — k on row s, but hy and hs contains r — 1 and r — 2 respectively, so
they are both on row s + 1. This is impossible since h; is left of hs.

For the case k = 2, we make an extra assumption: among all possible pairs of
squares 7, j containing r—2 and r violating condition (2), choose the pair with ¢ largest
possible. Let h be the number directly above j in »~1(S). By the same argument
above, in S, square h contains r — 1 and is on row s + 1. Since h is also strictly Fast
of i, there are more (r — 1)-squares right of h than (r — 2)-squares right of i. Note
that none of the (r — 2)-squares right of i can be (r — 2,r — 1)-overlapped with an
(r—1)-square left of h. This is because such (r — 2)-square has to be on row s, but 7 is
not (r —2,r — 1)-overlapped, so any (r — 2)-square left of ¢ on the same row cannot be
so either. This means that the number of non-(r — 2, r — 1)-overlapped (r — 2)-squares
right of 7 is less than that of non-(r — 2,7 — 1)-overlapped (r — 1)-squares right of h.
Thus, for S to be Yamanouchi, the has to be non-(r — 2,r — 1)-overlapped (r — 2)-
squares right of h but left of 4. Let ¢’ be such square, then ¢ > ¢ and 4’ is also on
row s. Moreover, the square directly above 4/, call it j/, is on row s + 2, and j' > j.
Then, 7" and j’ is another pair violating condition (2). This contradicts the choice of
1, j being such pair with ¢ largest possible.

Finally, for the case k = 1, we also make an (opposite) extra assumption: among
all possible pairs of squares i, j containing » — 1 and r violating condition (2), choose
the pair with i smallest possible. Let h be the number directly below i in p=1(S5),
then h contains r and is on row s+ 1. By the choice of ¢, h is not (r — 1, r)-overlapped,
and neither is any r-square right of j on row s 4 2. Since h is directly above ¢ in
@ 1(S), in S, there are as many (r — 1)-squares right of i as r-squares right of h.
Any (r — 1)-square right of 7 on row s cannot be (r — 1,r)-overlapped by the choice
of i. Hence, there are as many non-(r — 1, 7)-overlapped (r — 1)-squares right of i as
non-(r — 1, r)-overlapped r-squares right of h. On the other hand, any (r — 1)-square
left of ¢ but right of h, including 4, is on row s and is (r — 1,r)-overlapped. Thus,
to the right of h, there are as many non-(r — 1,r)-overlapped (r — 1)-squares as 7-
squares. However, h is itself non-(r — 1, r)-overlapped, so S is not Yamanouchi. This
contradiction completes the proof. O

2.3. PEELABLE TABLEAUX. Finally, to obtain Theorem 1.2, we make the connection
between D-compatible tableaux and D-peelable tableaux. The connection is simple:
a D-peelable tableau is an inverse standardization of a D-compatible tableau.

DEFINITION 2.18. Given a SSYT T, the standardization of T is obtained by first
replacing all 1’s from left to right by 1,...,7v1, then replacing all (original) 2’s by
Y1+ 1,...,71 + e, etc..

Given (M), (v/p), and a SYT T. The inverse standardization of T with respect

to (A\/pu) ® (v/p) is obtained by first replacing 1,...,A\1 — p1 by 1, then replacing
AM—p1+1,00 00 —pr v —p1 by 2, then replacing My —pr +v1—p1+1,..., 0 —
w1+ vy —p1+ Ao — e by 3, ete..
LEMMA 2.19. If T is a D-compatible tableau, where D is the shuffle diagram of shape
(M u)®(v/p), then the inverse standardization of T with respect to (A ) ® (v/p) is a
D-peelable tableau. Conversely, if T is a D-peelable tableau, then the standardization
of T is a D-compatible tableau.

The proof of this lemma is straightforward and is left to the readers. As a conse-
quence, we can construct a bijection 1) between D-peelable tableaux and Yamanouchi
shuffle tableaux in the same fashion as Definition 2.12.
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DEFINITION 2.20. Given a D-peelable tableau T, ¥(T) is constructed as follows: if
there are k i’s in row r of T, then in ¥(T), put k r’s in row i. Sort all the rows in
increasing order. The inverse of i is defined similarly.

For example, the readers may check that 1 sends the D-peelable tableaux in Figure
2 to the Yamanouchi shuffle tableaux in Figure 6.

2.4. TEMPERLEY—LIEB IMMANANTS. Now, we make a slight detour to give a better
description of the Littlewood—Richardson rule for Temperley—Lieb immanants. First,
we review the rule from [30]. For the background on Hecke algebra and Temperley—
Lieb algebra, we refer the readers to [30, Section 2.2] as well as [17, 35]. A fact we
would like to note is that the basis elements of the Temperley—Lieb algebra can be
indexed by noncrossing matchings of 2n points.

Given partitions g = (p1,...,p4n) and v = (vq,...,v,), the generalized Jacobi-
Trudi matriz A, , is the finite matrix whose 4, j entry is h,,,,. By convention, we
have hg = 1 and h,,, = 0 for all m < 0.

Given p and v, we can define two skew shapes ugr/vr and pp/vp where

pr = (o1 +i—k)¥,

VR = (Vgi_l + 7 — k)f:lv

. n+1 k
pup = | po; +1 — 5 )
i=1
v = | Vo +1— .
2 i=1

For a shuffle tableau of shape (ur/vr)® (15/vE), we obtain the Temperley—Lieb type
as follows: for each pair
H

if ¢ < j, then draw two lines

if 4 > j, then draw two lines
—J
7 —

By convention, the squares North and West of the tableau have value —oo, and those
South and East of the tableau have value co. Finally, we put L; at the end of the ith
row and R; at the beginning of the ith row.

EXAMPLE 2.21.Let u = (9,9,7,6,4,2) and v = (7,4,2,1,0,0), then ur/vgp =
(7,6,4)/(5,1,0) and pp/vg = (7,5,2)/(2,0,0). A shuffle tableaux of shape
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(tr/vR) ® (up/vE) can be seen below, together with the lines drawn.

Ri—1— —3— I
Ry, 2— 2— 2 — 4771‘1 L‘2
R 1— —1 o1 s T g
Ry ! | 2 — 4—  4— —4— L,
PR T N S B S
R‘G ‘—3——47L6

This means that the Temperley—Lieb type is
Ly Ry
D0
Lj C R3

Ly :> Ry
Ls C Rs
L(i Iili

The Littlewood-Richardson rule for Temperley-Lieb immanants of A4, , is as fol-
lows.

THEOREM 2.22 ([30, Theorem 6.2]). For any partitions u,v, any Temperley—Lieb type
7, and any partition A, the coefficient of the Schur function sy in Imme(Aﬂyl,) is the

number of Yamanouchi shuffle tableauz of shape (ur/vr)® (up/ve), Temperley—Lieb
type T, and content \.

In particular, the notion of Yamanouchi shuffle tableaux in [30] requires checking
that no crystal operator E; can be applied. This makes generating Yamanouchi shuffle
tableaux and computing Littlewood-Richardson coefficients time-consuming. With
Theorem 1.2, we now have a more efficient method.

COROLLARY 2.23. For any partitions u,v, any Temperley—Lieb type T, and any par-
tition A, the coefficient of the Schur function sy in Imm;FL(AN,,,) is the number of
(ur/vr) ® (up/vE)-peelable tableaux T of shape A such that ¥(T) has Temperley—
Lieb type T.

REMARK 2.24. Our new method is more efficient by a factor of O(N), where N =
|er/vr| + |pB/vB], since instead of checking the crystal operators conditions, which
run in O(n), we only need to check some local conditions, which run in O(1).

3. BENDER—KNUTH INVOLUTIONS AND SYMMETRY

Bender-Knuth (BK) involutions were originally defined on column-strict tableaux by
Bender and Knuth [2] and further studied by several authors, e.g. [37, 3, 4, 11, 10, 29].

DEFINITION 3.1. The Bender—Knuth involution BK; for 1 < i < n—1 is an involution
of the set of SSYT of shape A\ that sends a SSYT T to the SSYT obtained from the
following procedure:
(1) Let S be the skew tableau obtained by taking only the squares of T with entry
equal i and i+ 1;
(2) Fach row of S contains
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(a) a entries i that are directly above an i+ 1,
(b) b entries i that are alone in their columns,
(¢) ¢ entries i + 1 that are alone in their columns, and
(d) d entries i + 1 that are directly below an i
for some a,b,c,d > 0;

(3) Construct a skew tableau S’ by swapping b and ¢ in each row of S;

(4) Define BK;(T) to be the tableau obtained by replacing S with S" in T.
Ifa=(ai,...,q;,Qiq1,...,0p) s the content of T, then o = (1, ..., Qip1, Q4 . . ., Q)
is the content of BK;(T).

ExaMPLE 3.2. Consider the action of BKy on

1111222|2|3\.

T —
212(13|3|3
314145
The skew tableau S containing only entries 2 and 3 in T is
5= 21212]2[38]
2[2]3[3]3]3
3
The new skew tableau S’ is
o _ 2[3]3
2]2]2]3
3
and hence
BK(T) = Ll1]1]2]2]2]3]3]
2121333
4

Observe that if T is a (A/u) ® (v/p)-peelable tableau, then T' has content (A; —
M1, V1 — P1, )\2 — U2,V — P2, .. ) Thus, BKl OBK3 [ BKgg_l(T) has content (Vl —
P1, A1 — f1, V2 — P2, A2 — la,...), SO one may hope that this image is (v/p) ® (\/u)-
peelable. This is indeed true.

THEOREM 1.4. Let T be a (A p) ® (v/p)-peelable tableau, and let £ = £(N\). Let
T' =BK;0BKjzo0---0BKg 1(T),
then T' is a (v/p) ® (A\/p)-peelable tableau. Note that T and T' have the same shape.

Proof. For a column c and a SSYT T', we denote by T,._, the SSYT formed by columns
¢,c+1,...of T. Suppose T" is not (v/p) ® (A/p)-peelable. This means that there is
a k such that the number of NE matchings of k and &+ 2 in T” is less than required.

Case 1: k = 2i — 1. Let a = p; — pit1, then there is a column ¢ such that in 7)_,,
there are at least a + 1 more 2¢ + 1 than 2¢ — 1. Choose the smallest such ¢, then
column ¢ contains only 2i+ 1 and not 2i — 1 (otherwise there is a smaller ¢). Let (r, ¢)
be the coordinate of this (2i + 1)-square, and let (r,¢’) (¢’ < ¢) be the coordinate of
the leftmost (2 + 1)-square on row r. Then column ¢’ also only contains 2i + 1 and
not 2¢ — 1. Then, the number of 2¢ + 2 and 2¢ in T,_, is the same as that of 2i 4+ 1 and
2i —1in T}, ,, respectively. Thus, in T._, there are also at least a + 1 more 2i + 2

than 27, contradicting that T is (A/p) ® (v/p)-peelable.
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Case 2: k = 2i. Again, let a = p; — p1;41, then there is a column ¢ such that in T)._, ,
there are at least a + 1 more 2i + 2 than 2i. Choose the smallest such ¢, then column
¢ contains only 2i + 2 and not 2i. Let (r,¢) be the coordinate of this (2 4+ 2)-square,
and let (r,¢") (¢ < ¢) be the coordinate of the leftmost (2i + 1)-square on row r. Note
that (r — 1, ¢) does not contain 27, so (r —1,¢) can contain at most 2 — 1. If (r—1,¢/)
does not contain 2i — 1, then the argument follows similarly to Case 1. If (r — 1,¢/)
contains 2¢ — 1, then the number of 2¢ — 1 in T,.,_, is at most the same as that of 27
in T/, _,, so we get the same contradiction. O

The BK involutions are clearly shape-preserving, so Theorem 1.4 gives a shape-
preserving bijection between (\/u) & (v/p)-peelable tableaux and (v/p) & (A\/p)-
peelable tableaux.

COROLLARY 3.3. For any A\, u, v, p, k, we have ci/u vip = Cg/p.x/u'

4. SCHUR LOG-CONCAVITY

We have a characterization of the weights v in Py ,: for all 1 <¢,5 < n, v; —v; is
weakly between A\; — A; and p; — p;. This characterization gives the following lemma.

LEMMA 4.1. Suppose A = (a®,1"*=10), and v = X\ — (e + €my1 + ...+ ex), for
some 1 <m <k, and A\, u, v, p satisfy the condition of Conjecture 1.6. Then,

(1) a:)\m>um>ﬂm+1>"'>ﬂk;
(i) pm—1 > fim,
(iil) o — pe—1 = -+ 2 pe — pe—1 < a— 1.

The next lemma is straightforward from the definition.

LEMMA 4.2. Let T be a A\ ® p-peelable tableau, where X\ = (a*,1"=%=1.0), then the
leftmost a columns of T all contain 1,3,...,2k — 1.

We say a (2i — 1)-square of a SSYT T is changeable if it can be increased to 2i.
This means that it is the rightmost (2¢ — 1)-square on its row and the square directly
below it does not contain 2:. Similarly, a 2i-square is changeable if it can be decreased
to 2¢ — 1. We are ready to state our injection.

DEFINITION 4.3 (Injection 6). Let T be a A ® u-peelable tableau, 0(T) is obtained from
the following procedure.

(1) Locate the leftmost changeable (2m—1)-square, call this square s,, and change
this 2m — 1 to 2m.

(2) Locate the leftmost changeable (2m + 1)-square that is weakly East of sy, call
this square s;m+1 and change this 2m+1 to 2m+2, repeat for 2m+3,...,2k—1.

(3) If the result of Step 2 is a v ® p-peelable tableau, stop. Else, this means that
there is no NE matching of 2k — 1 and 2k + 1. Let si11 be the (unique)
(2k + 1)-square. Locate the rightmost changeable (2k + 2)-square and call this
square tx41. Increase sg+1 to 2k + 2 and decrease tyy1 to 2k + 1.

(4) If the result of Step 3 is a v ® p-peelable tableau, stop. Else, repeat the process
with 2k+3 and 2k+4, 2k+5 and 2k+6, etc. until the result is a v® p-peelable
tableau. Call the involved squares Sii2,tk+2, Sk+3,tk+2,.... The step have to
stop eventually since £(\) < oo.

EXAMPLE 4.4.Let A = (7,7,7,7,1,1,1,0), p = (9,6,6,5,4,3,3,0), v = XA — (e2 +
es+eq) =(7,6,6,6,1,1,1,0), and p = (9,7,7,6,4,3,3,0) as in Example 1.8. In the
following A\ ® p-peelable tableau, the leftmost changeable 3 is colored yellow. The
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leftmost changeable 5 weakly East of the yellow 3 is colored yellow, and so is the next
changeable 7:

212 2|2|2\_

(ool >N IS I V)

| Ot W~
| Ot W+~

N| OO W N~
0| || O W | N~
O || O =] W| =

||| T W[

10|10{11 (12
12113|14
14

—_
[\

—_
W~

Thus, Step 1 and 2 changes the tableau to

2[2]2],

| Ot W |~
o[ W|
[o ol =N IN'"NN I )

O[T | | =[N
O[T | =W

NN | T W N

10|10|11|12
13114

—_
[\
—_
[\

H
e~
—
W

This tableau is v ® p-peelable, so we stop.

EXAMPLE 4.5. With the same partitions as Example 4.4, we pick the following A\ ® u-
peelable tableau:

2[2]2]

O[O | W[+~
O3 O] W[+~

N[ OO W N
| || O W N
| || W N

10(10(11
1011211213
101214
14114

w|~N|lo|uo| | w|o| =
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After Step 1 and 2, we have

2[2]2]

Ol || = W| —
O[N] D =W~
O[O | | Ot W| —

N| O | O W N
|| W N
O[S =N =

10(1011
10112|1213
101214
14114

0| N| | T =W

This is, however, not v ® p-peelable, so we proceed to Step 3, which swaps 9 and the
rightmost changeable 10 West of it:

2[2]2]

wo|~|o|le|w|~

N[O O | W N
||| O W N -
w| | oo e —
O |0 | O =] W|

10|11

w||o|o| | w| |-

1011211213
101214
14114

This is still not v ® p-peelable, so we repeat Step 4, swapping 11 and 12, then 13 and
14:

tffe]1]1]1]1 22|2|2\'
212122333 4
31334445
414]5]5|5]6]6
505(6[6|7|7]8
6l6[7]7]8]8]10

717188 ]9]10[12

8 [10]11]12

1012.]

1414\

This is finally v ® p-peelable.

THEOREM 4.6. Given A, u, v, p satisfying the conditions of Conjecture 1.6. The map
0 in Definition 4.3 is well-defined and is an injection from A ® p-peelable tableauz to
v ® p-peelable tableauzx. In particular, this implies Theorem 1.7.

Proof sketch. We will check the following:
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(1) we can always find the required squares S, Sm+1, - - -, Sk in Step (1) and (2)
(Lemma 4.10),

(2) after Step (1) and (2), every i+2 is NE matched with some 4, for 1 < i < 2k—2
(Lemma 4.11),

(3) if Step (3) and (4) are needed, we can always find the required squares
tet1, tkt2, - - . (Lemma 4.12),

(4) after Step (3) and (4), the result is v ® p-peelable (Lemma 4.13),

(5) 0 is an injection (Lemma 4.14). O

The main strategy of proving the first point is as follows. Suppose at some point we
cannot find the required s,,;, then we want to show that this implies p,,, > A;,, which
contradicts Lemma 4.1. To do that, we will find the path of 8, denoted p, consisting of
squares pi, po, ... such that the entries in these squares are weakly increasing, range
from 2m to 2k, and these squares occupy consecutive columns, starting from column
1, one square for each column. If at some point we cannot find s,,;, the path will have
length A,,, which will imply p,, = A, from the NE matching condition of peelable
tableaux.

DEFINITION 4.7 (The path of 8). We construct the path p of 6 as follows. First, scan
from left to right through every (2m — 1)-square from column 1 to s, if exists, else
to column a (recall that N\, = a), if any (2m — 1)-square has a 2m-square directly
above, add that 2m-square to p. Then, for 1 < i < k —m, if we fail to find spyi—1,
stop. Else, let (rm4i—1,Cm+ti—1) be the coordinate of Spmyi—1. Scan from left to right
through every (2(m + i) — 1)-square from row rpmyi—1 + 1 to spmaq if exists, else to
column a, if any (2(m + i) — 1)-square has a 2(m + i)-square directly above, add that
2(m + i)-square to p.

ExaMPLE 4.8. Recall the peelable tableaux in Example 4.4 and 4.5. Their paths of 6
are shown below in pink (with the irrelevant rows excluded).

3[3[3[4[5]5]5]6]6 313334456
5 4l4(5(5]5]5(6]
6810 51516(6|7]|7[7

616|7]|7]8]8]9

LEMMA 4.9. The squares pi,pa,... in the path p of 6 satisfy: (a) their entries are
weakly increasing, range from 2m to 2k, and (b) they are in consecutive columns,
starting from column 1, one square for each column.

Proof. (a) follows from the construction, we only need to prove (b). First, the 2m-
squares in p are in consecutive columns, starting from column 1, because there is a
(2m — 1)-square in each of the first a columns. Here is an example with m = 3

JEIEIE

6

Recursively, suppose we have found s,,4,-1 at coordinate (74,4i—1, Cm+i—1) and p has
a square in each of the first h columns. Then, we start scanning the (2(m + i) — 1)-
squares precisely from the square at coordinate (r,,,1;,—1 + 1,k + 1), and since there
is also a (2(m + i) — 1)-square in each of the first a columns, we add the 2m-squares
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in consecutive columns starting from h + 1. Here is an example with m +i =15

999@

9 [ 9 [10[10
1010
10]10]10 . O

LEMMA 4.10. In the process of computing 0, we can always find the required squares
Sms Smt1y - -+, Sk @0 Step (1) and (2).

Proof. If at some point we cannot find s,,;, the path of 6 forms a sequence of A,
increasing entries, each strictly East of the previous. Hence, by the NE matching
condition of peelable tableaux, p,, is at least A, contradicting Lemma 4.1. ]

LEMMA 4.11. After Step (1) and (2), every i + 2 is NE matched with some i, for
1<i<2k—-2.

Proof. The case for odd i is straightforward because of Lemma 4.2 and the choice of
changeable squares weakly from West to East.

Let T’ be the tableau after Step (1) and (2). If the NE matching condition is not
satisfied for some 2i and 2i + 2. This means that there is a column h such that there
are more 2¢+2 in T} _, than 2i, choose the largest such h. Let (1, ¢;) (resp. (ri,, ¢iy1))
be the coordinate of s; (resp. s;4+1). Note that for j < ¢; and j > ¢;41, the difference
of 2i-entries and (2i + 2)-entries in 77_, is the same as in Tj_,. Hence, ¢; < h < ¢iy1,
and column h has a (2i + 2)-square. However, by the choice of s;;1, every column
between ¢; and h (inclusive) also has a (2¢ 4+ 2)-square, so in T, _,, there has to be
more 2¢ + 2 than 2i, contradicting that T is peelable. O

LEMMA 4.12. Let T' be the tableau after Step (2), if T' is not v ® p-peelable, then we
can find the required tgi1,tk42,- .. squares in Step (3) and (4).

Proof. Since there is only one (2k + 1)-square, namely si41, for 7' to be not v ® p-
peelable, we need si11 to be in column a = \g, and the changeable (2k — 1)-square s,
is also in this column. This means that the path of 6 has a square in each of the first
a — 1 columns. This means that there are at least a — 1 2m-squares. Combining with
Lemma 4.1 (i), we must have p,,, = a — 1, and so by (iii), ug+1 is at least 1. Thus, we
can always find 1.

In addition, if there is a 2k-square in column some ¢ > a, then we can add this
square to the path and get a path of length a. This leads to the same contradiction
as in Lemma 4.10. Hence, any 2k is West of column a, and so is any (2k 4 2)-square.
This means that siy; is actually East of ¢ 1.

Finally, suppose we have increased some sy, and decreased some tj;, yet the
tableau is still not v ® p-peelable. Suppose also that we have spy; is East of t54;.
We still have t5;4+1 exists for the same reason as tx41. We now show that sgi;41 is
also East of t4441. Let (rry4, cryq) be the coordinate of ¢y, and let (144, ¢, ;) be
the leftmost 2(k + i)-square in the same row as tj;. By the choice of t;4; being the
rightmost changeable 2(k + 7)-square, there is no 2(k + 7)-square East of column ¢ _ ;.
Hence, tj41 is weakly West of column ¢}, +i- On the other hand, for the tableau to be
not v ® p-peelable sx4;41 has to be strictly East of ¢;;. Then, sx4;41, it also has to
be strictly East of (141, ¢),;), and thus is East of tj411. O

LEMMA 4.13. Let T" be the tableau after Step (4), then T' is v ® p-peelable.

Proof. The NE matching condition for 2k, 2k + 2,2k + 4, . .. is straightforward since
the new “even” squares are at sg, Sg+1,. .., which are each NE of the next.
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For 2k + 1,2k + 3, ..., we observe also that 11, k42,... are also each NE of the
next. If ¢4, is not NE of ¢34;41 for some 4, then above t;; must be a (2(k +4) + 1)-
square, but then we would not need to proceed to tgyit1- O

LEMMA 4.14. The map 6 is an injection.

Proof. Every step in 6 is invertible. Suppose TV = 6(T'), then one can recover T
uniquely from 7" as follows.

(1) For m < i < k, in the first a columns, there is a unique column ¢; that does
not contain 2¢ — 1. This column contains a 2i-square. We change this square
to 2¢ — 1.

(2) If the result of Step 1 is not A® p-peelable, ¢541 is the unique (2k +1)-square,
and sy is the rightmost (2k+2)-square. Decrease si11 to 2k+1 and increase
tk+1 to 2k + 2.

(3) If the result of Step 2 is a A® p-peelable tableau, stop. Else, repeat the process
with 2k+3 and 2k+4, 2k+5 and 2k+6, etc. until the result is a A® pu-peelable
tableau. O
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