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organizations: the operad of

cooperative games

Dylan Laplace Mermoud & Victor Roca i Lucio

Abstract The main goal of this paper is to settle a conceptual framework for cooperative game
theory in which the notion of composition/aggregation of games is the defining structure. This
is done via the mathematical theory of algebraic operads: we start by endowing the collection of
all cooperative games with any number of players with an operad structure, and we show that it
generalises all the previous notions of sums, products and compositions of games considered by
Owen, Shapley, von Neumann and Morgenstern, and many others. Furthermore, we explicitly
compute this operad in terms of generators and relations, showing that the Möbius transform
map induces a canonical isomorphism between the operad of cooperative games and the operad
that encodes commutative triassociative algebras. In other words, we prove that any cooperative
game is a linear combination of iterated compositions of the 2-player bargaining game and the
2-player dictator games. We show that many interesting classes of games (simple, balanced,
capacities a.k.a fuzzy measures and convex functions, totally monotone, etc) are stable under
compositions, and thus form suboperads. In the convex case, this gives by the submodularity
theorem a new operad structure on the family of all generalized permutahedra. Finally, we focus
on how solution concepts in cooperative game theory behave under composition: we study the
core of a composite and describe it in terms of the core of its components, and we give explicit
formulas for the Shapley value and the Banzhaf index of a compound game.

Introduction
Cooperative game theory. Social organizations amount to groups of individuals
deciding to cooperate amongst themselves; it is nevertheless clear that, in practice,
cooperation does not appear amongst every possible group of individuals. A simple
model of this complex human behaviour is the notion of a cooperative game. Mathe-
matically, a cooperative game on a set of n-players is the data of a function v from
the set of subsets of {1, · · · , n} to the real numbers R such that v(∅) = 0. One should
interpret this definition as follows: v is the function that assigns to every possible
coalition the payoff that the players in it would get if they form it. For example, a
simple majority election can be modeled by a simple game where winning coalitions
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are sent to 1 and losing coalition to 0. The theory of cooperative game seeks to un-
derstand how, given these payoffs, the players of the game are going to interact, and
in particular, whether there are optimal coalitions for them to form.

This subject has a rich history dating back to Emile Borel and to John von Neu-
mann, see [9, 69, 32]. After a major breakthrough by von Neumann and Morgenstern
in [70], the subject grew considerably in the 60’s, particularly under the influence of
John Forbes Nash and Lloyd Stowell Shapley. Cooperative games predate strategic
games, which were later introduced by Nash in the 50’s as modeling competitive be-
haviours. Further, understanding and developing the theory of cooperative games is
even mentioned as one of the main open problems in mathematics in [44], alongside
other well-known conjectures.

One of the main difficulties in the theory of cooperative games is that, a priori, they
carry very little structure. The coalition function assigns to any possible coalition a
value, but these values are not related to each other. So the only way to fully describe
a n-player game is to write down a list of 2n−1 values in R. Therefore, as the number
of players increases, the complexity increases very quickly.

One way to decrease the complexity of a cooperative game is to view it as a
composition of different, simpler games and analyze them individually. For example,
many types of elections systems are compositions of simpler voting games. Take,
for instance, the formation of a government in a parliamentary system where each
representative is elected on a specific constituency, as it is the case in France or in the
United Kingdom. Each of these constituencies are a simple majority voting game, and
all these voting games are aggregated into a quotient game, which is the coalitional
game played in the chamber of representatives. In fact, most social situations modeled
by cooperative games are composite in nature, since the behavior of a player is very
often determined by the strength relations in a subgame. A good example of this is
the European Council, which is a voting game made of 27 players, and where the
behavior of each of the players is decided by the subgame of their respective national
elections, which determine the political orientation of the choices made by the players.
In turn, as we just discussed, the elections that determine the behavior of the player
like France are themselves composite games. This shows that one has to consider not
only compositions but iterated compositions of games in order to analyze some social
situation.

As early as the publication of Theory of Games and Economic Behavior, von Neu-
mann and Morgenstern [70] devoted a whole chapter (Chapter IX) to the question of
game decomposition, thus the study of decomposition of games is as old as the study
of coalitional games themselves. However, in op. cit., they only treat the case where
the larger game into which the subgames are inserted, called the quotient game in
the literature, is additive. Additive games are the simplest class of games, where the
value of a coalition is determined by the sum of the values of each of the players.

A (non-additive) composition of games was first mentioned by Shapley during a
lecture at Princeton during the academic year of 1953/1954 [56] for simple games,
which are games where the values associated to coalitions are either 0 or 1. He later
devoted several papers to the study of the properties of this composition of simple
games, see [54, 57, 58, 59], which also considered in [6]. This composition was inde-
pendently considered and also generalized to normalized non-negative games by Owen
in [45]. In [58], Shapley raised the following question, called the aggregation problem
and formulated as follows:

An important question in the application of game theory to econom-
ics and the social sciences is the extent to which it is permissible to
treat firms, committees, political parties, labor unions, etc., as though
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they were individual players. Behind every game model played by such
aggregates, there lies another, more detailed model: a compound game
of which the original is the quotient. Given any solution concept, it is
legitimate to ask how well it stands up under aggregation — or disag-
gregation. To what extent are the theoretical predictions sensitive to the
particular level of refinement adopted in the model?

Although there have been multiple works (see for instance [46, 40, 41, 42]) on the
compositions of games, there has been no systematic algebraic treatment of them.
The first goal of this paper is to lay down an algebraic framework for the composition
of cooperative games that encompasses all previous notions of compositions and that
allows us to treat systematically any type of aggregation problem. This will be done
via the theory of (algebraic) operads.

Operad theory. Operads are algebraic objects whose main function is to encode
the different types of algebraic structures that appear in mathematics. They first ap-
peared in algebraic topology in the 60’s in order to encode the natural structure of
iterated loop spaces, see the work of Boardman–Vogt [7] and of May [38]. In these
first examples, operads were defined as collections of topological spaces with an extra
structure. However, it was in the beginning of the 90’s that several authors realized
that one could define operads in different settings, such as sets or vector spaces, and
that the theory of these operads was crucial in understanding many types of alge-
braic structures. In particular, the theory of algebraic operads, which are operads in
vector spaces (or more generally, in chain complexes of vector spaces) became increas-
ingly important in homotopical algebra. Since then, this theory has been successfully
applied to various areas of mathematics such as algebraic geometry, representation
theory, symplectic geometry, mathematical physics or combinatorics. We refer to [34]
for some examples of applications of operads, to [36] for a textbook on operads in
different contexts and to [35] for a standard reference on algebraic operads. See also
[68] for a recent account of some applications of the theory of operads.

Let us give the unfamiliar reader an idea of what an algebraic operad is and of
what it usually does. The basis data is that of a family of vector spaces {P(n)}n⩾0
for all n ⩾ 0, and the structure is given by that of a family of partial composition
bilinear maps

◦i : P(n) × P(m) −→ P(n+m− 1)
for all i ∈ [n]. One should interpret elements in µ in P(n) as “abstract operations”
with n-inputs and one output: these abstract operations are best represented as rooted
trees with n-leaves and one root. Interpreted in this way, the partial composition maps
{◦i}i∈[n] then correspond to inserting the operation ν in P(m) in the i-th input of
the operation µ in P(n) and can be represented as inserting the root of the rooted
tree with m leaves into the i-th leaf of the rooted tree with n leaves. It is clear
that the resulting tree has (n + m − 1) leaves, which explains way these operations
land in P(n + m − 1). These partial composition maps are subject to some axioms,
which amount to saying that “the order in which we compose operations does not
matter”. They usually incorporate an action of the symmetric groups in order to
encode the eventual symmetries of the operations. We refer to Definition 1.23 for the
full definition.

Using this abstract definition, one can encode different algebraic structures. For
every operad, there is a natural notion of algebra over this operad. And, for every
algebraic structure (where operations have many inputs and one output), there is
a corresponding operad which encodes it. For instance, an associative algebra is a
vector space A together with a bilinear binary product µA : A × A −→ A such that
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µA(µA(a, b), c) = µA(a, µA(b, c)) for all a, b, c ∈ A. This operation with 2-inputs
and one output can be represented as a binary tree, and the associativity relation
amounts to the equality µA ◦1 µA = µA ◦2 µA. There is an operad, denoted by Ass,
which is freely generated by such a binary operation which satisfies the associativity
relation and algebras over this operad are associative algebras in the classical sense.
Other structures like Lie algebras, commutative algebras, Poisson algebras and so on
have their corresponding algebraic operad which encodes them in the same way. See
Examples 1.30, 1.32 or [35, Chapter 13] for more details on this example and for other
examples.

The operad of all cooperative games. The main new idea of this paper is to
use the theory of algebraic operads in order to encode the compositional aspect of
cooperative game theory. We define an algebraic operad structure on the collection
of all cooperative games in any number of players, which is given by replacing in
(an appropriate way) the i-th player in a game by the subgame that determines its
behaviour. Thus, players and subgames become interchangeable in this framework via
this operad structure.

More concretely, let G(n) be the set of all possible n-players game, which is natu-
rally an R-vector space. For any n-player game ΓA = (A,α) with value function α and
any m-player ΓB = (B, β) game with the value function β, we define the (n+m− 1)-
player game ΓA ◦i ΓB on the player set A ⋄i B = (A \ {i}) ∪ B (we replace the i-th
player in A by the player in B) whose value function, for any S ⊆ A ⋄i B, is given by:

α ◦i β(S) := β(B)α(SA) + ∂iα(SA)β(SB) ,
where SA = S ∩ A,SB = S ∩ B and ∂iα(SA) = α(SA ∪ {i}) − α(SA). Let us explain
this formula from a game theoretic point of view. First, the contribution of the players
in B which where previously composing the i-th player of α should be proportional
to what the i-th player could provide: this is reflected by the term ∂iα(SA), which
is the derivative at the player i and reflects the marginal contribution of this player
to the coalition SA. This term is multiplied by the value of the coalition SB which
is given by the players in B. This term is added to the value of the coalition α(SA)
which no longer contains the player i. Finally, the term β(B) acts as a normalization:
what matters in a cooperative game is not the absolute value of each coalition, but
the relative strength of the coalitions with respect to each other.

Theorem A (Theorem 2.6). The partial composition maps {◦i}i endow the collection
of all cooperative games G with an operad structure.

Associated to any operad structure defined in terms of partial composition maps,
there are total composition maps, which are obtained by iterating the partial com-
positions on all the inputs. These total compositions give, for any k-player game
Γ0 = (K,µk) and any k-tuple of games Γj = (Mj , µij

) for j ∈ K, a composite game
Γ0[Γ1, · · · ,Γk] on the player set given by the union of the player sets ∪k

j=1Mj . We
show that these total composition maps recover the composition of simple games de-
fined by Shapley in [59] and the composition of normalized games defined by Owen in
[45]. So our partial composition maps generalize all the previously considered notions
of compositions in cooperative game theory.

Now that we know what kind of algebraic structure the composition of cooperative
games is, it is natural to ask whether the operad of cooperative games admits a
presentation in terms of generators and relations —like, for instance, the operad that
encodes associative algebras or the operad that encodes Lie algebras does. We build,
using the Möbius transform (which encodes the Harsanyi dividends of a game), an
explicit isomorphism of operads between the operad of all cooperative games and
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the operad ComT riass, which encodes a particular type of algebraic structure called
commutative triassociative algebras, and which was first defined by Vallette in [67].

Theorem B (Theorem 3.5). The Möbius transform defines a canonical isomorphism
of operads

G ∼= ComT riass ,
where G denotes the operad of cooperative games.

As a direct consequence, we obtain an explicit presentation of the operad of all
cooperative games by generators and relations. Concretely, we show that any coop-
erative game with n-players can be obtained as a sum of iterated compositions of
the 2-player dictator games and the 2-player bargaining game (in a non-unique way).
Let us also mention that this isomorphism restricts to an isomorphism of suboperad
between the suboperad of additive games and the permutative operad of Example
1.32.

Distinguished suboperads and applications. In practice, the definition of a
cooperative game is too large for it to be well behaved, and one often considers coop-
erative games which satisfy additional conditions. We show that many well studied
classes of cooperative games are stable under the partial composition operations and
therefore define suboperads of the operad of all cooperative games. Let us mention
that, in general, these classes are not linear subspaces, so these suboperads are given
by sets together with an operad structure (where the compositions are not linear,
only set functions) instead of vector subspaces with an operad structure (which is
bilinear).

Theorem C (Theorems 4.9,4.11,4.15,4.20,4.27,4.33 and 4.38). The following classes
of cooperative games are stable under the partial composition operations and thus form
suboperads of the operad of cooperative games.

(1) Normalized games and simple monotone games.
(2) Non-negative monotone games (capacities).
(3) Non-negative convex games (and more generally, k-monotone games for all

k ⩾ 2).
(4) Non-negative submodular games (and more generally, k-alternating games for

k ⩾ 2).
(5) Belief functions and plausibility measures.
(6) Non-negative and monotone balanced games.

This is where cooperative game theory intersects with many different areas of
mathematics. Indeed, functions from the power set of a finite set to R appear under
different names in many areas. They are also known as non-additive discrete mea-
sures, also called fuzzy measures or capacities when non-negative and monotone, and
frequently appear in decision theory [11, 66, 24]. They are a generalization of classical
measures and their integration theories (such as the Choquet or the Sugeno integrals)
generalize the classical Lebesgue integral. See also [23] for a textbook account of this.
Thus, our operad structure can also be understood as an operad structure on all fuzzy
measures.

Simple monotone games represent combinatorial objects known as clutters, see [5],
and form a suboperad of our operad. Totally monotone games are also known as
belief functions, and appear in evidence theory, also known as Dempster-Shafer the-
ory [16, 53, 30], which is a general framework for reasoning with uncertainty, and
which generalizes the theory of Bayesian probabilities. Plausibility measures are an-
other name for ∞-alternating games which also appear in Dempster–Shafer theory, see
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[53, 26]. Balanced games are precisely those with a non-empty core by the Bondareva–
Shapley theorem [8, 60].

Let us point out that, in general, a suboperad is in particular an operad, so we get
an operad structure on each of these sets of games. Moreover, we suspect that in many
cases, these operad have extra structure and define operads in affine spaces, cones and
other, more structured objects. This should be the subject of future research.

Generalized permutahedra and (poly)matroids. Coming back to Theorem C,
non-negative convex games (cooperative games whose payoff function is non-negative
and convex) are perhaps the most interesting subset of games from the point of view of
algebraic combinatorics and discrete geometry. They are in bijection with generalized
permutahedra in the sense of Postnikov in [50] and this bijection is realized, on the
one side, by a canonical polytope that can be associated to any cooperative game
called the core, which is also one of the main solution concepts in cooperative game
theory (see below). Points in the core represent distributions of the total value of the
game that benefit all players. Convex games are uniquely characterized by their core,
which is always a generalized permutahedra.

Corollary. The collection of all generalized permutahedra admits an operad struc-
ture.

This essentially follows from the bijection between generalized permutahedra and
non-negative convex functions, see for instance [1, Section 12], together with Theorem
C. So far, the formula for the partial compositions is determined at the level of the
associated function by the formula above, but we intend to also determine it on the
geometrical side. A first step toward this direction is Theorem 5.7, which gives a partial
description. However, the full answer lies beyond the scope of the present paper and
will be the subject of future, forthcoming work, see [31]. Finally, let us mention that
yet another name for non-negative convex functions is that of a polymatroid, since
they can be defined entirely by their rank functions, see [17, Definition 1.1]. Therefore
our operad structure induces an operad structure on all polymatroids, which are
generalizations of the matroids introduced by Whitney in [71].

Aggregation of solutions of cooperative games. In social sciences, one is
limited by the restricted accuracy of the measure instruments and the lack of control
over the conditions under which the observations are made. This implies that the
theoretical tools we apply to these observations should be robust enough to perform
well under (dis)aggregation in order to meaningfully describe social interactions. We
investigate, for some of the most popular solution concepts in cooperative game theory,
the extend to which they behave well under the partial composition operations that
we have defined.

It should be noted that expecting a strict compatibility with the partial composition
is often too strong. Indeed, most concepts of solutions in cooperative game theory try
to describe the relative strengths of the individuals and the coalitions they form,
as well as how the eventual gains of a coalition will be shared among its members
depending on their individual strengths. These strengths might vary to some extent in
the composite game: when we replace the i-th player of A by a set of players B, some
players in B might gain bargaining strength by joining individually a coalition with
other players in A, something which was not possible before. So it seems reasonable
that while solutions of each of the games induce solutions of the composite game, not
every solution of the composite game can be described like this, as in the composite
game new non-trivial interactions between the two set of players can appear. However,
game theory and especially its cooperative aspects, focuses on power balance, and
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comparison between wealth, or strength. Hence, it is natural to expect and work with
order-preserving structures, especially orders defined with respect to inclusions of sets.

We start our study the solutions of compound games by studying their preimpu-
tations and imputations. Let Γ = (N, v) be a game. Its affine hyperplane of preimpu-
tations X(Γ) is given by vectors in RN (the vector space generated by all the players
of the game) which share the total value v(N) of the grand coalition of the game.
Within this affine hyperplane lies the simplex of imputations I(Γ), which is given by
all the ways to share this value which are individually rational (meaning that a player
wins more than what he would alone). A key ingredient of our study of compound
solutions is the partial tensor product ⊗i bilinear map

(− ⊗i −) : RA ⊗ RB −→ RA⋄iB

which, in fact, corresponds to the composition of additive games in the cooperative
game operad. We start by showing that this map restricts to preimputations and
imputations, meaning that the partial tensor product of two (pre)imputations of the
components of a game gives an imputation of their composite. Moreover, we given
conditions under which is map is injective and surjective.

Let us denote by C(Γ) the core of a game, which is the polytope of all the ways
to share the total value of the game v(N), where each coalition does better than
it would do alone. Cores are straightforward generalization of deformed permutahe-
dra, and, beyond their combinatorial interest as a natural and interesting class of
polytopes, they carry fundamental property about the modeled social situation: their
non-emptiness certifies the possibility of cooperation among the players under con-
sideration. As Shubik [65] stated, “a game that has a core has less potential for social
conflict than one without a core”. Indeed, even when the total value of the game is
large, if there exists no payment satisfying every coalition, it is very unlikely and irra-
tional to assume that cooperation arises without any external intervention. Because
of its intuitive definition, most of the concept solutions in cooperative game theory
are compared to the core in their analysis.

Notice that this polytope can be empty unless the game is balanced. We show that
the core is compatible with the operad structure in the following way.

Theorem D (Theorems 5.7 and 5.10). Let ΓA = (A,α) and ΓB = (B, β) be two
non-negative games, and consider i ∈ A. The partial tensor product restricts to a well
defined map

(− ⊗i −) : C(ΓA) × C(ΓB) −→ C(ΓA ◦i ΓB)
between the cores of the components and the core of the composite. Furthermore:

(1) suppose that α({i}) and β(B) are positive, then this map is injective;
(2) suppose that α({i}) = 0 and β({l}) = 0 for all l ∈ B, as well as β(B) > 0.

Then any element z ∈ C(ΓA ◦i ΓB) decomposes as x⊗i y with x ∈ C(ΓA) and
y ∈ I(ΓB).

From the second point of the above theorem we can deduce that if C(ΓA) is empty,
so is C(ΓA◦iΓB). This fits well with the game theoretic point of view, since composing
games heuristically corresponds to adding details to the social context: one cannot
expect to create a solution by such an operation in a context where there is none.

Finally, we turn our attention to well known solution concepts such as the Shapley
value and the Banzhaf index. The Shapley value, introduced in [55], is a solution
concept for fairly distributing the total gains or costs of a game among its players by
weighting their respective contributions. It can be characterized as the unique vector
associated to a game that satisfies efficiency, symmetry and linearity axioms among
others. We give an explicit formula for the Shapley value of a composite game in
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Proposition 5.15 using its description in terms of the Möbius transform given in [25].
We then consider Banzhaf index, introduced by [49], which is a power index which
measures the power of a voter in a voting game where voting rights are not distributed
equally. It was used by Banzhaf to study the voting power of voters in different states
in the U.S.A with respect to the Electoral College system in [4]. He showed that a
voter in New York has 3,312 times more voting power than a voter in the district of
Columbia, and that in general the Electoral College system favors bigger states. We
show that the Banzhaf index is particularly well behaved with respect to the operad
structure: its value on a compound game is the partial tensor product of the Banzhaf
index of the quotient game and the Shapley value of the component game.

Theorem E (Theorem 5.17). Let ΓA = (A,α) and ΓB = (B, β) be two games, and
let i ∈ A. The Banzhaf index of the composite game is given by

ψ (ΓA ◦i ΓB) = ψ(ΓA) ⊗i ϕ(ΓB)
2|B|−1 ,

where these are two equal vectors in R|A|+|B|−1.

To conclude, let us mention other solution concepts present in the literature. One
of the first solution concepts, introduced in [70], was the theory of stable sets with
respect to the domination relation. Unfortunately, stable sets are not compatible with
the partial tensor product in general, and the precise extent to which domination is
preserved by these operations remains a mystery. There is also the nucleolus, intro-
duced in [52], which is an allocation of the value of the grand coalition v(N) which
maximizes the smallest excess of coalitions, and which is a vector that always lies in
the core (when it is non-empty). Its compatibility with Shapley’s and Owen’s com-
positions was studied by Megiddo in [40, 41], where he shows it is compatible with
the composition of simple games but gives counterexamples with respect to Owen’s
composition. There are also the kernel, introduced in [14] and the bargaining set,
introduced in [3], which are specific subsets of the imputations simplex given by al-
locations of the total value v(N) which are stable under certain power relations of
the game. Although we suspect that they are in general compatible with the operadic
composition of cooperative games, this is beyond the scope of the present paper and
deserves future research.

1. Recollections on cooperative game theory and on algebraic
operads

In this section, we review basic definitions and examples of both cooperative game
theory and algebraic operad theory.

1.1. Recollections on cooperative game theory. In this subsection, we recall
the definition of a cooperative game as well as some of the related definitions and
properties that will be useful for us the following sections. Finally, we recall the
definition of the core of a game, which is one of the most popular solution concepts
in this theory.

1.1.1. First definitions. We first recall the original definition of a cooperative or coali-
tional game introduced by von Neumann and Morgenstern in [70].

Definition 1.1 (Coalitional game). A coalitional n-player game Γ amounts to the
data of a pair (N, v), where N = {1, . . . , n} is called the grand coalition, composed of
players, and v is a real-valued function, called the coalition function, defined over all
the subsets of N .
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Notation 1.2. Unless stated otherwise, we will from now on refer to coalitional games
simply as games or as cooperative games. By the data of Γ, we will always mean a
pair (N, v).

Remark 1.3. Many of the statements and results in this paper work for games where
the coalition function takes values in an ordered ring, such as the integers Z or the
rationals Q. We will not emphasize this aspect in this work, and we will consider the
coalition function to take values in the real numbers R for simplicity.

Remark 1.4. A game can also be thought as a non-additive measure on the set
N = {1, . . . , n}. See the theory of Choquet and Sugeno integrals [23] for non-additive
measures (also known as fuzzy measure), which generalize the Lebesgue measure.

Remark 1.5. We consider games defined on an ordered set {a1, · · · , an} of players;
we may use different labels on the sets of players in order to distinguish them.

Definition 1.6 (Grounded coalition game). A game Γ = (N, v) is grounded if it
satisfies v(∅) = 0.

It is very common in the literature to focus on grounded coalition games, as it is
not obvious at first sight how to interpret the value of v(∅). From now on, we will
assume all the games we consider are grounded unless stated otherwise.

Remark 1.7. Non-necessarily grounded games have nevertheless been considered, for
example by Shapley [54]. Some constructions, including Theorem 2.6, do generalize
to this setting but we will leave this type of games outside the scope of the paper.

We recall the definitions of a few classes of games which are of particular interest
in the theory of cooperative games. For a more exhaustive recollection, we refer for
instance to the textbook account of Grabisch in [23].

Definition 1.8 (Normalized game). A game Γ = (N, v) is normalized if v(N) = 1.

When studying a coalitional game, the focus is on the relative power of coalitions,
which can be measured in multiple ways. That is why it is customary to set the value
of the grand coalition to be 1.

Definition 1.9 (Non-negative game). A game Γ = (N, v) is non-negative if v(S) ⩾ 0
for all S ⊆ N .

Definition 1.10 (Monotone game). A game Γ = (N, v) is monotone if v(S) ⩽ v(T )
whenever S ⊆ T .

Remark 1.11. Notice that a grounded monotone game Γ = (N, v) is in particular
non-negative, since we have that 0 = v(∅) ⩽ v(S) for any coalition S in N .

1.1.2. Duality, derivatives and the Möbius transform.

Definition 1.12 (Dual of a game). Let Γ = (N, v) be a game. Its dual game Γ∗ =
(N, v∗) is the game determined by the coalition function v∗, which is given, for all
coalition S, by

v∗(S) := v(N) − v(N \ S) .

Remark 1.13. As already noticed by Fujishige and Murofushi [18], an excellent in-
terpretation of the concept of duality has been formulated by Funaki [19], who wrote
the following. Usually, the value assigned to a coalition in a cooperative game is in-
terpreted as the maximum that this coalition can obtain in the game given the worst
possible context for them. It is the value it can guarantee to itself no matter what.
This can be considered the pessimistic interpretation of the value of a game.
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According to Funaki, the dual game represents the optimistic version of the game:
its value at a coalition is what it can get in the best possible situation for them. Given
a social context described as a coalition function v, the observed value of a coalition
S is expected to lie between v(S) and v∗(S).

Another important concept is the derivative of a game at a given player. It can be
interpreted as the complete description of the contribution of player i in the game: for
each coalition, the derivative provides quantitative information about the marginal
contribution of the new player.

Definition 1.14 (Derivative of a game). Let Γ = (N, v) be a n-player game and let
i ∈ N be a player. The derivative of Γ at the player i is defined, for all S ⊆ N , as

∂iv(S) := v(S ∪ {i}) − v(S \ {i}) .

Alternatively, the derivative of a game at i ∈ N can be seen as a game ∂iΓ =
(N \ {i}, ∂iv) with ∂iv(S) = v(S ∪ {i}) − v(S) for all S ⊆ N \ {i}.

It is possible to define the derivative of a game with respect to a coalition T ∈ P(N)
by induction. For all S ∈ P(N) and for all i ∈ T , we set

∂T v(S) := ∂T \{i} (∂iv(S)) .
This derivative can be computed directly: for all S ∈ P(N) and T ∈ N \ S, it is
given by

∂T v(S) =
∑

K⊆T

(−1)|T \K|v(S ∪K).

Closely related is the Möbius transform. In general, any function defined on a poset
admits a Möbius inverse, computed in terms of the Möbius functions of the poset. In
our particular case, we are considering the poset of all subsets of N , whose Möbius
function on an interval [T, S] is given by (−1)|S\T |. See [51] for more details.

Definition 1.15 (Möbius transform). Let v : P(N) −→ R be a function from the poset
of subsets of N = {1, · · · , n} to the real numbers. Its Möbius transform µv : P(N) −→
R is the function whose value at S ⊆ N is given by

µv(S) :=
∑
T ⊆S

(−1)|S\T |v(T ) .

This procedure defines an involution on functions, as one can recover the original
coalition function v from its Möbius inverse µv, through the Zeta transform, given by

ζµv

(S) = v(S) =
∑
T ⊆S

µv(T ) .

Looking at this equation gives some intuition about these transforms. Because the
value of a coalition is given by the sum of the values of its subcoalitions of its Möbius
inverse, the latter can be consider as a map associating with any coalition an additional
amount, possibly negative, that it is providing to the larger coalition it is a part of.

One can understand the Möbius transform procedure as a change of basis. A canon-
ical basis of the vector space of functions v : P(N) −→ R is given by the Dirac games
{δS}S⊆N [55]. For any S ⊆ N , the value of δS is 1 on S and zero elsewhere. This basis
is sent, under the Möbius transform, to the basis given by unanimity games {uS}S⊆N .
For any S ⊆ N , the value of uS on a subset T is 1 if it contains S and zero otherwise.

Lemma 1.16 ([23, Theorem 2.16, Lemma 2.34], [18, Definition 3]). Let Γ = (N, v) be
a game and let i ∈ N be a player.

(1) The duality involution and the derivative are compatible in the following sense:
∂iv

∗(S) = ∂iv(N \ S).
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(2) The duality involution and the Möbius transform are compatible in the fol-
lowing sense:

µv∗
(S) = (−1)|S|+1

∑
T ⊇S

µv(T ) =
∑

T ∩S ̸=∅
µv(T ).

1.1.3. The core of a game. Let us recall one of the most popular solution concepts in
cooperative game theory. See Section 5 for more solution concepts.

Let us consider a game Γ = (N, v). We can consider the vector space generated
by the players of the game RN , where each element of the canonical basis is a player
in N .

Let x = (x1, · · · , xn) be a vector in RN , where N = {1, · · · , n}. For any S ⊆ N ,
we set

x(S) :=
∑
i∈S

xi .

Two particular subsets of RN are of particular interest from the point of view of
cooperative games:

• a payment vector x ∈ RN is a preimputation if x(N) = v(N), i.e. if the
whole value v(N) is allocated among the players. The set of preimputations
is denoted by X(Γ).

• a payment vector x ∈ X(Γ) is an imputation if xi ⩾ v({i}) for all i ∈ N , i.e.
if each player gets at least its own value. The set of imputations is denoted
by I(Γ).

We define the core of the game Γ = (N, v) as the set of (pre)imputations x where
for any coalition S, the payment x(S) is greater than their worth v(S). In other terms,
it is the polytope C(Γ) given by

C(Γ) = {x ∈ X(Γ) | x(S) ⩾ v(S), ∀S ∈ P(N)}.

This polytope might be empty. However, when it is not empty, elements in it corre-
spond to ways of distributing the total wealth of the game v(N) in such a way that
any proper coalition is better off than if it stayed alone. In this sense, they correspond
to solutions of the game, that is, to all the ways in which all the players in N can co-
operate, form the grand coalition and distribute the total value of the game amongst
themselves. The nonemptiness of the core is a vital property of the game, and it is
commonly admitted that a game with an empty core represents a social situation in
which cooperation will not naturally emerge. Moreover, many of the other solution
concepts are compared to the core when they are defined or studied, whether they
include or are included in it, such as the market equilibria in the Arrow-Debreu model
of an economy [15], model for which they were awarded the Nobel prize in Economics,
the Shapley value for convex games [61], the nucleolus [52], or the bargaining set [3].
For a more detailed account on the core of cooperative games, see [22, 23].

1.2. Recollections on algebraic operads. In this subsection, we recall the def-
inition of an algebraic operad, that is, of an operad defined in terms of vector spaces
together with linear composition maps. Roughly speaking, algebraic operads are al-
gebraic structures which, on one hand, generalize associative algebras, and on the
other, encode other types of algebraic structures. A standard textbook account of
this theory can be found in [35].

1.2.1. Representations of finite groups. Let us fix G a finite group, we recall the
definition of a linear representation of the group G.
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Definition 1.17 (G-module). A G-module, also called a representation of the group
G, amounts to the data of a pair (V, ρ), where V is a vector space and

ρ : G −→ GL(V ) ,

is a group morphism, where GL(V ) is the automorphism group of V .

Morphisms of G-modules are given by equivariant linear maps. Let (V, ρV ) and
(W,ρW ) be two G-modules, a linear map f : V −→ W is equivariant if, for all g in G,

f ◦ ρV (g) = ρW (g) ◦ f .

Notation 1.18. Given a G-module (V, ρ), we will from now on omit the structural
map ρ, denoting ρ(g)(v) simply by g ⋆ v (the image of a vector v in V by the action
of G).

Example 1.19.
(1) Let V be any vector space and let g ⋆ v = v for any v ∈ V and any g ∈ G.

Then V is a vector space endowed with the trivial G-module structure. In
particular, when V = R, it is called the trivial representation of G.

(2) Consider the vector space R[G] defined as

R[G] :=
⊕

g∈G

Reg ,

that is, the vector space whose basis is indexed by elements in G, and consider
the G-action on it given by g⋆eh = egh. This vector space with this G-module
structure is called the regular representation of G.

(3) Consider G to be the symmetric group of permutations of n elements Sn

and let V be Rn with its canonical basis. The action σ ⋆ (x1, · · · , xn) =
(xσ(1), · · · , xσ(n)) endows Rn with an Sn-module structure, called the standard
representation of Sn.

1.2.2. S-modules. We are going to consider families of Sn-modules, for n ⩾ 0, where
Sn are the symmetric group of permutations of n elements.

Definition 1.20 (S-module). An S-module M amounts to the data of a collection
{M(n)}n⩾0, where M(n) is an Sn-module for all n ⩾ 0.

A morphism of S-modules f : M −→ N is the data of a family of Sn-equivariant
maps f(n) : M(n) −→ N(n) for all n ⩾ 0.

Remark 1.21 (Pictorial description). The elements in M(n) are called arity n opera-
tions, and can be depicted as rooted trees with n inputs or leaves and one output or
root, where the leaves have labels ranging from 1 to n. The action of Sn on an element
mn in M(n) can be depicted as the action that permutes the labels of the leaves

mn

1 · · · n

�→
mn

σ(1) σ(n)· · ·

of the rooted tree mn. This action encodes the symmetries of the operation mn. Be-
ware that they might be invariant under this action. For example, an arity 2 operation
m2 might satisfy (21) ⋆ m2 = m2; in that case it encodes a symmetric operation, like
a commutative product.
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1.2.3. Operads defined in terms of partial compositions. A partial operad is the data
of an extra structure on an S-module. Following the description of elements in arity n
as rooted trees with n inputs and one output, the partial compositions give operations
that allow us to insert the root of any given tree into one of the inputs of another tree.

Notation 1.22. When dealing with several sets at the same time, we will often use
the notation [k] for the set {1, · · · , k} with k elements.

Definition 1.23 (Unital partial operad). A unital partial operad P amounts to the
data of a triple (P, {◦i}, η), where P is an S-module endowed with partial composition
maps:

◦i : P(n) × P(m) −→ P(n+m− 1) ,

for all 1 ⩽ i ⩽ n, and with a unit map η : R −→ P(1). The partial composition maps
have to be bilinear and have to satisfy the following two axioms, for any λ ∈ P(p), µ ∈
P(q) and ν ∈ P(r), where p, q, r ⩾ 0.

(1) The sequential axiom

(λ ◦i µ) ◦i+j−1 ν = λ ◦i (µ ◦j ν)

for any i ∈ [p] and any j ∈ [q].
(2) The parallel axiom

(λ ◦i µ) ◦k+q−1 ν = (λ ◦k ν) ◦i µ

for any 1 ⩽ i < k ⩽ p.

Furthermore, the partial composition maps are compatible with the action of the sym-
metric groups. For any λ ∈ P(p), µ ∈ P(q):

(1) we have that

λ ◦i (σ ⋆ µ) = σ′ ⋆ (λ ◦i µ) ,

where σ is in Sq, and where σ′ is the unique permutation in Sp+q−1 which
acts as σ on Ji, i+ q − 1K and as the identity elsewhere.

(2) We have that

(τ ⋆ λ) ◦τ(i) µ = τ ′ ⋆ (λ ◦i µ) ,

where τ is in Sp, and where τ ′ is the unique permutation in Sp+q−1 which
acts as τ on [p + q − 1] \ Ji + 1, i + q − 1K and which sends Ji, i + q − 1K to
Jτ(i), τ(i) + q − 1K.

Finally, the unit map η specifies an element η(1) in P(1) which acts as a unit with
respect to the partial composition maps: for any µ in P (n), µ◦iη(1) = µ and η(1)◦1µ =
µ, for all n ⩾ 0 and 1 ⩽ i ⩽ n.

A morphisms of operads f : P −→ Q amounts to the data of a morphism of S-
modules f which commutes with the partial composition maps and the units.

Remark 1.24 (Pictorial description). Remember that one can depict an operation in
P(n) and P(m) as, respectively, a rooted trees with n inputs and a rooted tree with
m inputs. Given µ1 in P(n) and µ2 in P(m), the partial composite µ1 ◦i µ2 can be
depicted as the rooted tree with (n+m− 1) inputs obtained by inserting the tree µ2
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in the i-th leaf of the tree µ1

1 · · · n 1
· · · m

◦i

1 · · · i n+m− 1· · ·

i · · · i+m− 1

=
µ1 µ2

µ1

µ2

We invite the unfamiliar reader to represent, as an exercise, the axioms and the
compatibilities with respect to the actions of the symmetric groups in terms of rooted
trees, as they are easier to conceptualize.

Notation 1.25. One can define operads in different contexts (or symmetric monoidal
categories), such as sets, polytopes, topological spaces, affine spaces and many more.
For example, a set operad is a collection of sets {P(n)} together with partial compo-
sition set maps {◦i} which satisfy the same axioms as in Definition 1.23. If {P(n)}
is now a family of polytopes, then the maps {◦i} are required to satisfy an extra
compatibility condition with respect to this polytope structure, see for instance [37,
Definition 7]. And finally, if {P(n)} is a family of vector spaces, then the maps {◦i}
are required to be bilinear and this corresponds precisely to Definition 1.23. In order
to distinguish operads in vector spaces from other types of operads, we will sometimes
use the terms linear operad or algebraic operad to refer to them.

1.2.4. Total composition of an operad. Operads can also be defined in terms of total
composition maps, as it was done in [38]. These are families of maps

γ(i1, · · · , ik) : P(k) ⊗ P(i1) ⊗ · · · ⊗ P(ik) −→ P(n) ,
for any k ⩾ 0 and any k-tuple (i1, · · · , ik) such that i1 + · · · ik = n, which satisfy
explicit equivariance and the associativity conditions, as stated in [35, Proposition
5.3.1] for example. Notice that in the definition of these total composition maps we
consider the tensor product of these vector spaces in order to encode the multilinearity
conditions that they satisfy.

Remark 1.26 (Pictorial description). An element in P(k)⊗P(i1)⊗· · ·⊗P(ik) can be
depicted by a finite sum of two-levelled rooted trees, where the bottom tree as k-inputs
and the top trees have ij-inputs each. We can depict an operation µk in P(k) at the
bottom and operations µij

in P(ij) at the top, for 1 ⩽ j ⩽ k, as follows:

1

· · ·

µk

k

µi1
µik

1 i1 1 ik· · · · · ·

where i1 + · · · + ik = n. Then, the image of the total composition map γ(i1, · · · , ik)
is precisely given by inserting every operation at the top into its corresponding leaf
at the bottom.
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Proposition 1.27 ([35, Proposition 5.3.4]). The data of an operad defined in terms
of total composition maps is equivalent to the data of a unital partial operad.

Sketch of proof. Let (P, {◦i}, η) be a unital partial operad, one defines the maps
γ(i1, · · · , ik) : P(k) ⊗ P(i1) ⊗ · · · ⊗ P(ik) −→ P(n) ,

given by iterating k times the partial composition maps (− ◦1 (− ◦2 (· · · (◦k−)))))
lands on P(k + i1 + · · · + ik − k). Conversely, given the maps γ(i1, · · · , ik), we can
construct partial composition maps by plugging the unit almost everywhere µ ◦i ν :=
γ(µ; id, · · · , ν, · · · , id), except at the ith place. It can be checked that, under this
correspondence, both sets of axioms can be identified. □

Remark 1.28. Yet another equivalent definition of an operad is as a monoid in the
monoidal category of S-modules, where the monoidal product ◦ called the composition
product is defined as

M ◦ L(n) :=
⊕
k⩾0

M(k) ⊗Sk

( ⊕
i1+···+ik=n

IndSn

Si1 ×···×Sik
(L(i1) ⊗ · · · ⊗ L(ik))

)
.

for any two S-modules M,L. We refer to [35, Chapter 5] for more details.

1.2.5. Free operads, generators and relations. Let us first briefly explain what we
mean by generators, relations and presentations. Recall that the free group on a
set X = {x1, · · · , xn}, denoted by F(X), is obtained by considering the set of all
possible words using the elements {xi} and their formal inverses {x−1

i }. And a (finite)
presentation of a group G amounts to an isomorphism

G ∼= F(E)/(R) ,
where E is some finite set, and where we consider the quotient of this free group on E
by the normal subgroup generated by a finite number of words R. The key ingredient
to make sense of this is simply the existence of the free group on arbitrary generators.

Let M be an S-module. The free operad on M , denoted by T(M), is given by all
possible partial compositions of the generators in M . Concretely, one can represent
the S-module of all these possible partial compositions of elements in M as rooted
trees with vertices labeled by the elements in M . To construct T(M), one then sums
all possible labels by elements in M over all possible rooted trees, where the arity
corresponds to the numbers of leaves in the tree.

An explicit construction is as follows. Let RT denote the set of all rooted trees,
and let t be a rooted tree. The tree tensor of M is defined as

M(t) :=
⊗

v∈vert(t)
M(|in(v)|) ,

where v ranges over all the vertices of the rooted tree t, and where |in(v)| denotes
the number of incoming edges of the vertex v. The precise definition of the above
tensor product over the ordered set vert(t) is given in [35, Section 5.1.14]; roughly,
one can think of it as taking the tensor product of the different M(|in(v)|) over all the
elements v in vert(t), where we have equated the action that permutes the elements
v in vert(t) with the action that permutes the order of the different M(|in(v)|) that
appear in the tensor product. The free operad T(M) is then given, as an S-module, by

T(M)(n) :=
⊕

t∈RTn

M(t) ,

where the sum ranges over all rooted trees t of arity n. The free operad T(M) on an
S-module M admits canonical composition maps, given by grafting rooted trees, and
a canonical unit. We refer to [35, Chapter 5, Section 6] for further details.
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Example 1.29. Let M = (0, 0,R[S2].µ, 0, 0, · · · ) be the S-module given by the regular
representation of S2 in arity 2 and zero elsewhere. This corresponds to a single arity
2 operation µ with no symmetries. The basis elements of the free operad T(M) are
pictorially given as follows

1 2 3 4 1 2 3 4 1 2 3 4

1 2 1 2 3 1 2 3

1 2 3 4 1 2 3 4

µ

µ

µ

µ

µ

µ µ

µ

µ µ

µ

µ
µ

µ

µ

µ

µ

µ µ

µ

Arity 2 Arity 3

Arity 4

in each corresponding arity, up to freely permuting the labels on the leaves of the
rooted trees. In fact, in arity n, the vector space T(M)(n) admits a basis given by all
binary rooted trees with n-leaves.

Let P be an operad. A presentation (M,R) of P amounts to the data of an S-
module M , called the generators, a sub-S-module R of T(M), called the relations,
and an isomorphism of operads

P ∼= T(M)/(R) ,
where on the right we consider the free operad on M quotiented by the operadic ideal
generated by the relations R. This essentially means that P is obtained by taking
finite linear sums of all the possible iterated compositions of the operations in M and
then identifying terms along the relations specified in R.
Example 1.30 (The associative operad). The associative operad Ass is given by the
following presentation

Ass := T(M1)/(R1) ,
whereM1 = (0, 0,R[S2].µ, 0, 0, · · · ) is the S-module given by the regular representation
of S2 in arity 2 and zero elsewhere and where R1 ⊂ T(M1)(3), the generator of the
ideal of relations, is the S-module generated by

µ ◦1 µ = µ ◦2 µ ,

which can depicted as

=

1 2 3 1 2 3

µ

µ µ

µ

It can be computed that Ass(n) is the regular representation R[Sn] of Sn for all n ⩾ 1,
which is of dimension n! over R. Algebras over this operad correspond to classical non-
unital associative algebras. For more information on this operad, see [35, Chapter 9,
Section 9.1.3].
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Example 1.31 (The commutative operad). The commutative operad Com is given by
the following presentation

Com := T(M2)/(R2) ,
where M2 = (0, 0,R.ν, 0, 0, · · · ) is the S-module given by the trivial representation of
S2 in arity 2 and zero elsewhere. This corresponds to an arity 2 operad ν which is
symmetric. The generator of the ideal of relations R2 ⊂ T(M2)(3) is again given by

µ ◦1 µ = µ ◦2 µ ,

which imposes the associativity condition on the product ν. It can be computed that
Com(n) is the trivial representation R of Sn for all n ⩾ 1, which is of dimension 1 over
R. Algebras over this operad correspond to classical non-unital commutative algebras.
Notice how the symmetry of the commutative product is encoded by the action of
the symmetric groups and not by a supplementary relation. For more information on
this operad, see [35, Chapter 13, Section 13.1].

Example 1.32 (The permutative operad). The permutative operad Perm is given by
the following presentation

Perm := T(M3)/(R3) ,
where M3 = (0, 0,R[S2].ρ, 0, 0, · · · ) is the S-module given by the regular representation
of S2 in arity 2 and zero elsewhere and where R3 ⊂ T(M3)(3), the generator of the
ideal of relations, is the S-module generated by

ρ ◦1 ρ = ρ ◦2 ρ = ρ ◦2 ((21) ⋆ ρ) ,

which we call the (right) permutativity relation, and which can depicted as

=

1 2 3 1 2 3

ρ

ρ ρ

ρ

=

1 3 2

ρ

ρ

It can be computed that Perm(n) is the standard representation Rn of Sn for all
n ⩾ 1, which is of dimension n over R. Algebras over this operad correspond to a
type of algebraic structure called permutative algebras, see [35, Chapter 13, Section
13.4.6] for more details on this operad.

2. The operad of cooperative games
We define a linear operad structure on the collection of all cooperative games. The
partial composition of two games gives a game where the bottom game is rescaled and
where the value of the top game, multiplied by the marginal contribution of the player
into which it is inserted, is added. Furthermore, we compare our composition with all
the previous notions of compositions of cooperative games present in the literature,
such as [59] or [45], and explain how to recover them as particular cases of our general
construction.

2.1. The partial composition of cooperative games. We define ab initio par-
tial composition maps for cooperative games and show that they form a linear operad
structure. These composition maps can be understood as the universal bilinear com-
position maps that preserve unanimity games. Recall that we work with grounded
games, meaning that v(∅) = 0.
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The set G(n) of all n-player games has a natural R-vector space structure. Let
Γ1 = (N, v1) and Γ2 = (N, v2) be two games, we define

λ · Γ1 := (N,λ · v1) and Γ1 + Γ2 := (N, v1 + v2) ,
by multiplying and adding the coalition functions that define the games. It is a (2n−1)-
dimensional vector space, since we consider grounded games. It is canonically included
in the set of non-necessarily grounded games G∅(n), which is a real vector space of
dimension 2n.

A convenient basis of these vector spaces has been identified by Shapley [55]. It is
formed of Dirac games, one per coalition. The n-ary Dirac game associated with the
coalition S is denoted by δS and defined as the simple game satisfying δS(T ) = 1 if
and only if T = S. In this base, the coalition functions of games are simply written
v =

∑
S⊆N vSδS . Shapley gave another base in the same paper, formed by unanimity

games. The unanimity game associated with the coalition S is denoted by uS and
defined as the simple game satisfying uS(T ) = 1 if and only if T ⊇ S. In this base,
the coalition functions of games are written v =

∑
S⊆N µv

SuS , with µv being the
Möbius inverse of v. Notice that, contrarily to the Dirac games, the unanimity games
are monotone.

Lemma 2.1. The collection {G(n)}n⩾0 has a natural S-module structure, where the
Sn-module on G(n) is constructed as follows. Let σ be in Sn and let Γ = (N, v) be
a n-player game on the set N = {1, · · · , n}. The game σ ⋆ Γ is defined on the set
of players σ ⋆ N = {σ(1), · · · , σ(n)} with the coalition function σ ⋆ v defined, for all
coalition S, by

σ ⋆ v(S) := v({σ−1(i) | i ∈ S}) .

Proof. It is straightforward to check that, for all n ⩾ 0, all σ, τ in Sn and all Γ ∈ G(n),
we have

(στ) ⋆ Γ = σ ⋆ (τ ⋆ Γ). □

Remark 2.2. This Sn-module structure on G(n) has been considered in [28, 29]; there
the authors study the irreducible components of G(n) as a representation of Sn, which
can be described in terms of k-inessential games, a generalization of additive games.

Our goal is to first define the partial composition of player sets and coalitions. Let
A = {a1, · · · , an} and B = {b1, · · · , bm} be two totally ordered sets. We define, for
i ∈ [n], the totally ordered set

A ⋄i B := {a1, . . . , ai−1} ∪B ∪ {ai+1, . . . , an} ,
where the order is the following: players in B keep their internal order and are placed
after ai−1 and before ai+1. Now let S ⊆ A and T ⊆ B be two coalitions and let i ∈ [n].
We define the partial composition of coalitions as

S ⋄i T :=
{(
S ∩ {a1, . . . , ai−1}

)
∪ T ∪

(
S ∩ {ai+1, . . . , an}

)
if ai is in S,

S otherwise,

and where the total order on S ⋄i T is inherited from the obvious inclusion S ⋄i T ⊆
A ⋄i B. In other words, if the i-th player of A is in S, then it gets replaced by T and,
otherwise, we keep S, now seen as a coalition in A ⋄i B.

Definition 2.3 (Partial composition of games). Let n,m be two positive integers.
Let ΓA = (A,α) ∈ G(n) and ΓB = (B, β) ∈ G(m) be two games and let i ∈ A.
Their partial composition ΓA ◦i ΓB is defined as follows: the player set is given by
A ⋄i B = (A \ {i}) ∪B, and its coalition function γ is defined, for all S ⊆ A ⋄i B, by

γ(S) = β(B)α(SA) + ∂iα(SA) · β(SB),
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where SA = S ∩A and SB = S ∩B.

Remark 2.4. Let us explain the meaning of this formula from a game theoretical
point of view. The idea behind is that the composition of the two games is given by
the sum of their respective coalition functions on the composite set of players, where
the second function is multiplied by the marginal contribution to the first game of the
player that has been replaced. However, since both games need to be “comparable”
in order for this sum to be meaningful, we need to rescale the first game by the total
value of the second one.

Notation 2.5 (Trivial game). We denote by 1 the unique normalized, grounded 1-
player game.

Theorem 2.6. Let G be the S-module of cooperative games. The partial composition
maps

◦i : G(n) × G(m) −−−−−→ G(n+m− 1)
(Γ1,Γ2) 7−−−−−→ Γ := Γ1 ◦i Γ2

and the unit map which sends 1 to the trivial game endow G with a unital partial
operad structure.

Proof. It is immediate to check that the maps {◦i}i are bilinear and that the trivial
game 1 satisfies the unit axiom with respect to these partial compositions.

Let us check the parallel and the sequential axioms. Let p, q and r be three positive
integers, let Γp = (A,α) ∈ G(p), Γq = (B, β) ∈ G(q) and Γr = (C, γ) ∈ G(r) be three
games with their player sets being

A = {a1, . . . , ap}, B = {b1, . . . , bq} and C = {c1, . . . , cr}.

It is straightforward to check that the sequential and the parallel axioms hold on the
player sets. Let us check the coalition functions in both cases. To improve clarity, we
will explicitly write down the “name” of the player with respect to whom we take the
derivative instead of referring to it by its position in the player set.
▷ Sequential axiom: We have to check that (Γp ◦i Γq) ◦i+j−1 Γr and Γp ◦i (Γq ◦j Γr)

have the same coalition functions.
By definition, the coalition function δ of Γp◦iΓq is given, for any S ⊆ D = A⋄iB, by

δ(S) = β(B)α(SA) + ∂aiα(SA) · β(SB).

Hence, the coalition function of (Γp ◦i Γq) ◦i+j−1 Γr is given by
γ(C)δ(SD) + ∂bj

δ(SD) · γ(SC)
= γ(C)β(B)α(SA) + γ(C)∂ai

α(SA)β(SB) + ∂ai
α(SA)∂bj

β(SB)γ(SC)

= γ(C)β(B)α(SA) + ∂ai
α(SA) ·

(
γ(C)β(SB) + ∂bj

β(SB) · γ(SC)
)
,

for any subset S of (A ⋄i B) ⋄i+j−1 C, using the Lemma 4.2 and the fact that the
player bj is in B. On the other hand, the coalition function ε of (Γq ◦j Γr) is given by

ε(S) = γ(C)β(SB) + ∂bj
β(SB) · γ(SC),

for every subset S ⊆ E = B ⋄j C. The coalition function of Γp ◦i (Γq ◦j Γr) is given by

γ(C)β(B)α(SA) + ∂ai
α(SA) · ε(SE)

= γ(C)β(B)α(SA) + ∂ai
α(SA) ·

(
γ(C)β(SB) + ∂bj

β(SB) · γ(SC)
)
,

since it can be computed that ε(B ⋄j C) = γ(C)β(B), and thus the sequential axiom
holds.
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▷ Parallel axiom: Let i and k be two positive integers such that i < k ⩽ p.
Let Γp,Γq and Γr be three games as previously defined. We want to check that the
coalition functions of (Γp ◦i Γq) ◦k+q−1 Γr and of (Γp ◦k Γr) ◦i Γq coincide.

Again, the coalition function δ of Γp ◦i Γq is given, for any S ⊆ D = A ⋄i B, by

δ(S) = β(B)α(SA) + ∂ai
α(SA) · β(SB).

Thus, for any subset S of (A⋄iB)⋄k+q−1C, the coalition function of (Γp ◦i Γq)◦k+q−1Γr

is
γ(C)δ(SD) + ∂ak

δ(SD) · γ(SC).
By Lemma 4.2, we have that

∂ak
δ(SD) = β(B)∂ak

α(SA) + ∂ak
∂ai

α(SA) · β(SB).

since ak is in A \ {i}. Thus, the coalition function of (Γp ◦i Γq) ◦k+q−1 Γr can be
rewritten as
γ(C)δ(SD) + ∂ak

δ(SD) · γ(SC)
= γ(C)δ(SD) + (β(B)∂ak

α(SA) + ∂ak
∂aiα(SA) · β(SB)) · γ(SC)

= γ(C)β(B)α(SA) + γ(C)∂aiα(SA) · β(SB) + β(B)∂ak
α(SA) · γ(SC)

+ ∂ak
∂ai

α(SA) · β(SB) · γ(SC).

In a similar manner, let ϕ be the coalition function of Γp ◦k Γr, which is given by

ϕ(S) = γ(C)α(SA) + ∂ak
α(SA) · γ(SC),

for any subset S ⊆ F = A ⋄k C. Thus, the coalition function of (Γp ◦k Γr) ◦i Γq is
given, for each coalition in (A ⋄k C) ⋄i B, by

β(B)ϕ(SF ) + ∂ai
ϕ(SF ) · β(SB).

By Lemma 4.2, the derivative of ϕ is given by
∂aiϕ(SF ) = γ(C)∂aiα(SA) + ∂ai∂ak

α(SA) · γ(SC)

since the ai player is in A \ {k}. Hence, the coalition function of (Γp ◦k Γr) ◦i Γq, for
any subset S, is given by

β(B)ϕ(SF ) + ∂ai
ϕ(SF ) · β(SB)

= β(B)ϕ(SF ) + (∂ai
α(SA) + ∂ai

∂ak
α(SA) · γ(SC)) · β(SB)

= γ(C)β(B)α(SA) + β(B)∂ak
α(SA) · γ(SC)

+ γ(C)∂aiα(SA) · β(SB) + ∂ai∂ak
α(SA) · γ(SC) · β(SB),

which concludes the proof of the sequential axiom.
▷ Compatibility with the action of the symmetric groups: Let p and q be two positive

integers, let Γ1 = (A,α) ∈ G(p) and Γ2 = (B, β) ∈ G(q) be two games.
Let σ ∈ Sq and let σ′ be the unique permutation in Sp+q−1 which acts as σ on

Ji, i+ q − 1K and the identity elsewhere.
The composition of σ ⋆ Γ2 at the i-th player of Γ1 is the game defined on the

player set
C = {a1, . . . , ai−1, bσ(1), . . . , bσ(q), ai+1, . . . , ap},

and whose coalition function is, for all S ⊆ C, given by

β(B)α(SA) + ∂aiα(SA) · (σ ⋆ β)(S) = β(B)α(SA) + ∂aiα(SA) · β({σ−1(i) | i ∈ SB}).

On the other hand, let us compute σ′ ⋆ (Γ1 ◦i Γ2). Applying σ′ on the player set

{a1, . . . , ai−1, b1, . . . , bq, ai+1, . . . , ap}
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gives the player set C above. And the coalition function is given, for any S ⊆ C, by

(σ′ ⋆ (β(B)α+ ∂ai
α · β))(S) = β(B)(σ′ ⋆ α)(SA) + ∂ai

(σ′ ⋆ α)(SA) · (σ′ ⋆ β)(SB)
= β(B)α(SA) + ∂aiα(SA) · β({σ−1(i) | i ∈ SB}),

hence both games coincide. Checking the other compatibility axiom is entirely anal-
ogous, and amounts to a straightforward computation. □

2.2. A characterization of the partial composition of cooperative
games. We show that the partial composition of unanimity games corresponds
exactly with the partial composition of their winning coalition.

Proposition 2.7. The partial composition map

◦i : G(n) × G(m) −→ G(n+m− 1)

of Definition 2.3 is the unique bilinear map on the basis of unanimity games such that

uS ◦i uT = uS⋄iT ,

holds for any S ⊆ N and T ⊆ M .

Proof. Such bilinear map is fully characterized by the assignment of the basis ele-
ments, so there exists a unique bilinear map that satisfies the above-mentioned equal-
ity. Let us check that the maps {◦i}i satisfy this equality. We have

uS ◦i uT (K) = uT (M)uS(KN ) +∂iuS(KN )uT (KM ) = uS(KN ) +∂iuS(KN )uT (KM ) ,

for any K ⊆ N ⋄i M , since uT (M) = 1 for any T ⊆ M .
(1) If i /∈ S, then

∂iuS(KN ) = uS(KN ∪ {i}) − uS(KN ) = 0 ,

since either both terms are 1 or both are 0. Thus we have uS ◦i uT = uS = uS⋄iT .
(2) If i ∈ S, then KN can not contain S and thus

uS ◦i uT (K) = uS(KN ∪ {i})uT (KM ) ,

which is 1 if and only if S ⋄i T ⊆ K. Therefore uS ◦i uT is also equal to uS⋄iT . □

Remark 2.8. By definition, in a unanimity game, a coalition is winning if and only if
it includes a set of veto players, without which winning is impossible. Hence, every one
of them is required to participate. Let us now consider that a veto player i was, in fact,
the representative of a set of players, distinct from the player considered originally.
Additionally, let assume that the decision process of this set of players is also modeled
by a unanimity game. A coalition of the composite game is then winning only if it
contains all the veto players, which are now of two kinds. On one hand, there are
the original veto players, still active, and on the other hand, the veto players that
choose the action of player i. Hence, the new set of veto players is indeed the union of
the veto players of the component game which act for i, and the veto players of the
original game. On the other hand, if the player i was not a veto player, the winning
coalitions remain the same.

2.3. The partial composition of cooperative games in the basis of una-
nimity games. Let us denote by Gu(n) the vector space of n-players cooperative
games endowed with the basis given by unanimity games {uS}S . Let

f =
∑

S⊆[n]

λSuS and g =
∑

T ⊆[m]

ρTuT ,
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where f is an element in Gu(n) and g is an element in Gu(m). The partial composition
of cooperative games can be written down in this basis as follows

f ◦u
i g =

 ∑
T ⊆[m]

ρT

 ∑
S⊆[n]
S ̸∋i

λSuS +
∑

S⊆[n]
S∋i

∑
T ⊆[m]

λSρTuS◦iT ,

using bilinearity and Proposition 2.7.

Proposition 2.9. The collection of maps

µ(n) : G(n) −−−−−−−−→ Gu(n)

v 7−−−−−−−−→ µ(n)(v) :=
∑

S⊆[n]

µv(s)uS ,

where µv is the Möbius inverse of v, is an isomorphism of S-modules and defines a
change of basis on the linear operad of cooperative games.

Proof. The Möbius inverse is a linear isomorphism from G(n) to Gu(n) for every
n ⩾ 0, and maps δT to uT for every T ⊆ N . Let us check that it commutes with
the action of the symmetric groups. Let v be a n-player game, and let σ ∈ Sn. The
Möbius transform of vσ is given by

µvσ (S) =
∑
T ⊆S

(−1)|S\T |v(σ−1(T )) =
∑

T ⊆σ−1(S)

(−1)|S\T |v(T ) = µv(σ−1(S)).

Hence, the image of vσ by µ(n) is

µ(n)(vσ) =
∑

S⊆N

µvσ (S)uS =
∑

S⊆N

µv(σ−1(S))uS =
∑

S⊆N

µv(S)Sσ(S) .

Finally, using Proposition 2.7 and the linearity of the Möbius inverse, it can be
checked that

µ(n+m− 1)(v ◦i w) = µ(n)(v) ◦u
i µ(m)(w) ,

for any two games Γ1 = (N, v) in G(n) and Γ2 = (M,w) in G(m). □

Remark 2.10 (The Zeta transform). The inverse map

ζ(n) : Gu(n) −−−−−−−−→ G(n)

f =
∑

S⊆[n]

λSuS 7−−−−−−−−→ ζ(n)(f) :=
∑

S⊆[n]

ζf (S)δS ,

is given by the Zeta transform, whose value is given, for any S ⊆ [n], by

ζf (S) =
∑
T ⊆S

λT .

2.4. Comparison with previous notions of products, sums and composi-
tions for cooperative games. This subsection is devoted to comparing our no-
tion of partial composition of cooperative games with previous definitions present
in the literature: the sum and the product considered by Shapley in [57], the gen-
eral composition of monotone simple games defined in [58] (see also [59]), and its
generalization by Owen called the tensor composition in [45, 46].
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2.4.1. Sum, product and compositions of simple games. We show that Shapley’s no-
tion of sum and product of simple monotone games is recovered by composing two
simple monotone games into the 2-players bargaining game or the 2-player game which
the sum of the two dictator games.

Definition 2.11 (Simple game). A game Γ = (N, v) is simple if v(S) ∈ {0, 1} for all
S ⊆ N .

In a simple game, a coalition is completely winning, or completely losing. It is thus
totally characterized by the set of winning coalitions. If furthermore, if the simple
game is monotone, then every superset of a winning coalition is winning, and every
subcoalition of a losing coalition is losing. Thus it can be fully characterized by its
set of minimal winning coalitions. In fact, the data of a simple monotone game is
equivalent to the data of a clutter, see [5].

Example 2.12. Simple games are often used to model political games, where power
play between coalitions are undergoing, and the outcome is Boolean, like whether a bill
pass, someone get elected, etc. For instance, a democratic election where the winner is
designated by simple majority is an example of a simple monotone cooperative game,
as for example the second round of the French presidential election, which is a simple
monotone ∼50-million players game.

Definition 2.13 (Shapley’s sum and product). Let Γ1 = (N1,W1) and Γ1 = (N2,W2)
be two simple games, where Wj are the set of winning coalitions.

(1) The sum Γ1 ⊕ Γ2 is the simple game defined on the set of players N1 × N2
where the set of winning coalitions is given by

WΓ1⊕Γ2 := {S ⊆ N1 ×N2 | S ∩N1 ∈ W1 or S ∩N2 ∈ W2} .

(2) The product Γ1 ⊗ Γ2 is the simple game defined on the set of players N1 ⊗N2
where the set of winning coalitions is given by

WΓ1⊗Γ2 := {S ⊆ N1 ×N2 | S ∩N1 ∈ W1 and S ∩N2 ∈ W2} .

Let us denote by B the 2-player bargaining game, which is 1 on {1, 2} and zero
elsewhere. Let us denote by d1 (respectively d2) the 2-player dictator game where 1
is a dictator, that is, the game defined by v(S) = 1 if 1 ∈ S. We denote by B∗ the
2-players game d1 + d2 − B, given by adding the two 2-players dictator games and
subtracting the bargaining game B. It is the dual of the bargaining game B in the
sense of Definition 1.12.

Proposition 2.14. Let Γ1 = (N1, v1) and Γ1 = (N2, v2) be two simple games.
(1) Their sum is given by the composition

Γ1 ⊕ Γ2 = (B∗ ◦1 Γ1) ◦2 Γ2 ,

where B∗ is the dual of 2-players the bargaining game.
(2) Their product is given by the composition

Γ1 ⊗ Γ2 = (B ◦1 Γ1) ◦2 Γ2 ,

where B is the 2-player bargaining game.

Proof. Let us start with product, as it is somewhat easier. The general formula for
the composition gives that the coalition function of the term in the right is given by

(B ◦1 v1) ◦2 v2(S) = v1(N1)v2(N2)B(S∅) + v1(N1)∂1B(S∅) · v2(SN2)
+ v2(N2)∂2B(S∅) · v1(SN1) + ∂12B(S∅) · v1(SN1) · v2(SN2) ,
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for any subset S ⊆ N1 ∪ N2, where S∅ = S ∩ ∅ = ∅. Notice first that v1(N1) =
v2(N2) = 1 since these games are simple. Since ∂1B(∅) = ∂2B(∅) = 0 and that
∂12B(∅) = 1, we get that

(B ◦1 v1)(S) ◦2 v2(S) = v1(SN1) · v2(SN2) ,

which is 1 only when N1 is a winning coalition of Γ1 and N2 a winning coalition of Γ2.
Similar arguments can be applied to recover the sum. One computes that

∂1B
∗(∅) = ∂2B

∗(∅) = 1 and that ∂12B
∗(∅) = −1, thus we have that

(B∗ ◦1 v1) ◦2 v2(S) = v1(N1) + v2(N2) − v1(SN1) · v2(SN2) ,

which is 1 when either N1 is a winning coalition in Γ1 or N2 a winning coalition
of Γ2. □

The sum and the product are both generalized by the following construction intro-
duced by Shapley in [58], which is defined on all simple monotone games.

Definition 2.15 (Shapley’s composition of simple games). Let Γ0 = (N0,W0) be a
simple monotone game and let Γi = (Ni,Wi) be simple games for all i ∈ N0. Set
N = ⊔i∈N0Ni. For any coalition S ⊆ N , we define K(S) to be the set of players of
N0 that are controlled by S, i.e.

K(S) := {i ∈ N0 | S ∩Ni ∈ Wi}.

The compound game, denoted by Γ0[Γ1, · · · ,Γn] is defined on the set of players N by
the following set of winning coalitions

W := {S ⊆ N | K(S) ∈ W0} .

Recall that, by Proposition 1.27, the data of an operad defined in terms of partial
compositions is equivalent to the data of an operad defined in terms of total or two-
levelled compositions. Informally speaking, the total composition of an operation µk

with k inputs with k different operations {µij
} with ij inputs, for j ∈ [k], is obtained

by first plugging µi1 in the first input of µk, then µi2 in the second input of the
resulting operation, and so on, until all the inputs of the original operation µk have
been filled. Let us denote by γG(k; i1, · · · , ik) the total composition maps associated
to the operad structure defined in Theorem 2.6.

Proposition 2.16. Let Γ0 = (N0,W0) be a simple game and let Γi = (Ni,Wi) be
simple games for all i ∈ N0. We have the equality:

Γ0[Γ1, · · · ,Γn] = γG(n0;n1, · · · , nn0)(Γ0; Γ1, · · · ,Γn) ,

where γG denotes the total composition map of the linear operad of cooperative games.

Proof. Follows from Theorem 2.19 which compares the total composition with the
tensor composition of Owen in [45, pp. 308-309], since the composition of simple
monotone games is a particular case of this. □

Remark 2.17. This set theoretical operad structure is mentioned, as an example, in
[43, Section 4.4.2].

2.4.2. Owen’s tensor composition. We compare the tensor composition defined by
Owen in [45] with the total composition of our operad of cooperative games. We
also explain how this composition agrees with the usual composition of multilinear
polynomials in the normalized case.
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Definition 2.18 ([45]). Let Γ0 = (N0, v0) be a non-negative game and let Γi =
(Ni, vi), for i ∈ N0 = {1, . . . , n} be normalized, non-negative games. The tensor
composition of the components {Γi}i∈N0 , with the quotient Γ0, is defined to be the
game

Γ ≡ (N, v) = Γ0
[
Γ1, . . . ,Γn],

where N = N1 ∪ . . . ∪Nn and for every S ⊆ N ,

v(S) =
∑

T ⊆N0

∏
i∈T

vi(Si)
∏
i ̸∈T

(
1 − vi(Si)

) v0(T ),

where Si = S ∩Ni.

Theorem 2.19. Let Γ0 = (N0, v0) be a non-negative game and let Γi = (Ni, vi), for
i ∈ N0 = {1, . . . , n} be normalized, non-negative games. The tensor composition is
given by the total composition of our operad, meaning that

Γ0
[
Γ1, . . . ,Γn] = γG(n;n1, · · · , nn0)(Γ0; Γ1, · · · ,Γn) ,

where γG denotes the total composition map of the linear operad of cooperative games.

Proof. Let us begin the proof with the following observation. Let Γ1 = (Ni, vi) and
Γ2 = (Ni, vi) be two games. If Γ2 is normalized, then the partial composition formula
simplifies into

v1 ◦i v2(S) = v1(SN1) + ∂iv1(SN1) · v2(N2) ,
for any player i ∈ N1 and any subset S ⊆ N1 ◦1 N2. Using this formula, it is tedious
but straightforward to compute that

γG(n;n1, · · · , nn0)(Γ0; Γ1, · · · ,Γn) = (((Γ0 ◦1 Γ1) ◦2 Γ2) · · · ◦n Γn)

is indeed given by the formula of Definition 2.18. Alternatively, this result also follows
directly from Theorem 2.21 and Proposition 2.22, whose proof is simpler. □

2.4.3. Composition of multilinear polynomials and the Möbius transform. Let {ei}i∈N

denote the canonical basis of RN , and write eS for
∑

i∈S e
i. By identifying the coalition

S to the vertex of the hypercube eS , the domain of v is now a finite subset of RN ,
which we want to extend to the whole hypercube [0, 1]N , such that the extension f of
v is continuous. There exist several way of doing so, in particular using the Choquet
integral, also called the Lovász extension. The multilinear extension extension was
constructed by Owen in [46].

Definition 2.20 (Multilinear extension). Let Γ = (N, v) be a game. The multilinear
extension fv of Γ is given by

fv : [0, 1]N −−−−−→ R

x 7−−−−−→ f(x) =
∑

S∈P(N)

∏
i∈S

xi

∏
i̸∈S

(1 − xi)

 v(S)

It satisfies that, for all S ∈ P(N), f(eS) = v(S).

In [46, Last Theorem], Owen showed that this multilinear extension is unique. If
we denote xS =

∏
i∈S xi, then it follows from this uniqueness that for any game

Γ = (N, v) and for all x ∈ [0, 1]N , the multilinear extension is given by

fv(x) =
∑

S∈P(N)

µv(S)xS .
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So it is a polynomial function in variables x1, · · · , xn, where the coefficient of xS is
given by the Möbius transform of the game µv evaluated at S. The tensor composition
of games and the usual composition of functions are related in the following way.

Theorem 2.21 ([46, Theorem 6]). Let Γ0 = (N0, v0) be a non-negative game and let
Γi = (Ni, vi), for i ∈ N0 = {1, . . . , n} be normalized, non-negative games. Denote
by f the multilinear extension of Γ0, and by gi the multilinear extension of Γi. The
multilinear extension of the tensor composition Γ0[Γ1, . . . ,Γn] is given by the function
composition f(g1, . . . , gn).

Multilinear polynomials without constants in n-variables form a vector space of
dimension 2n − 1, as any such multilinear polynomial f can be written as

f =
∑

S⊆N

λSxS ,

where xS =
∏

i∈S xi. The partial composition f ◦i g two multilinear polynomials f, g
is simply given by replacing all the instances of xi in f by g.

Proposition 2.22. The partial composition of the operad Gu(n) (in the basis of una-
nimity games) agrees with the usual composition of functions for normalized games,
under the identification of uS with xS.

Proof. Recall from Subsection 2.3 that the partial composition of

f =
∑

S⊆[n]

λSuS and g =
∑

T ⊆[m]

ρTuT ,

can be written down in the basis of unanimity games as

f ◦u
i g =

 ∑
T ⊆[m]

ρT

 ∑
S⊆[n]
S ̸∋i

λSuS +
∑

S⊆[n]
S∋i

∑
T ⊆[m]

λSρTuS◦iT .

Now observe that a game Γ = (N, v) is normalized, meaning v(N) = 1, if and only if∑
S⊂N

µv(S) = 1 ,

So the partial composition of normalized games, in the basis of unanimity games, is
given by

f ◦u
i g =

∑
S⊆[n]
S ̸∋i

λSuS +
∑

S⊆[n]
S∋i

∑
T ⊆[m]

λSρTuS◦iT ,

which under the identification of uS with xS , exactly corresponds with the usual
composition of polynomial functions. □

Remark 2.23. Notice that the partial composition of multilinear polynomials is not
itself bilinear unless the normalized condition is imposed.

3. An explicit presentation of the operad of cooperative games
We recall the definition of the operad that encodes commutative trialgebras and show
that it is canonically isomorphic to the operad of cooperative games via the Möbius
transform. This gives us a presentation in terms of generators and relations of the
operad of cooperative games, and thus allows us to show that any cooperative game
is a sum of iterated compositions of the 2-player dictator games and the 2-player
bargaining game.

Algebraic Combinatorics, Vol. 9 #4 (2026) 1092



The algebraic structures of social organizations

3.1. The operad of commutative trialgebras and its presentation. In this
subsection, we recall the notion of a commutative trialgebra, introduced by Vallette
in [67], and give an explicit presentation of the operad that encodes this structure.

Definition 3.1 (Commutative trialgebra). A commutative trialgebra amounts to the
data of an R-vector space A equipped with two binary operations

µ : A⊗A −→ A and ν : A⊗A −→ A ,

which satisfy the following relations.

(1) The operation µ is symmetric and associative, meaning (A,µ) is a commuta-
tive R-algebra.

(2) The operation ν satisfies the following relation

ν(ν(a, b), c) = ν(a, ν(b, c)) = ν(a, ν(c, b)) ,

for any a, b, c in A, which means that the associator of ν is right symmetric.
(3) The two operations satisfy the following relations between them{

ν(a, µ(b, c)) = ν(a, ν(b, c)) ,
ν(µ(a, b), c) = µ(a, ν(b, c)) ,

for any a, b, c in A.

Remark 3.2. This notion is the commutative analogue of the notion of an associative
trialgebra introduced by Loday and Ronco in [33].

Remark 3.3. The vector space A together with the operation ν above forms what is
called a permutative algebra. This type of algebras is encoded by the operad introduced
in Example 1.32. See [10] for more details on this type of algebraic structure.

Generators and relations of the corresponding operad. The notion of a
commutative trialgebra is encoded by an operad, in the sense that there exists an
operad such that algebras over this operad are precisely commutative triassociative
algebras, see [35, Section 5.2] for the definition of an algebra over an operad. Let us
give a presentation of this operad. The S-module of generators M is given by

M := (0, 0,k[S2] · {ν} ⊕ k · {µ}, 0, · · · ) ,

where µ is an arity 2 operation with no symmetries and ν is a symmetric arity 2
operation. This follows from the fact that commutative trialgebras are endowed with
two binary operations, where one of them is symmetric. The ideal of relations R is
generated by the following relations

1) µ ◦1 µ = µ ◦2 µ, (associativity of µ)
2) ν ◦1 ν = ν ◦2 ν = ν ◦2 ((21) ⋆ ν), (permutativity of ν)
3) ν ◦2 µ = ν ◦2 ν,

3′) ν ◦1 µ = µ ◦2 ν.
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The first two relations have already been depicted in Examples 1.30 and 1.32, respec-
tively. The last two relations can be depicted as follows:

=

1 2 3 1 2 3

µ

ν ν

ν

=

1 2 3 1 2 3

µ

ν µ

ν

We denote by ComT riass the operad given by the explicit presentation
ComT riass := T(M)/(R) ,

where M and R are the generators and the relations defined above.

Remark 3.4. There are canonical inclusions Com ↪→ ComT riass and Perm ↪→
ComT riass of operads are determined by, respectively, the inclusion of commutative
or the permutative binary product inside the operad ComT riass.

3.2. The isomorphism with the operad of cooperative games. In this sub-
section, we construct an explicit isomorphism of operads between the operad that
encodes commutative trialgebras and the operad of cooperative games. As a result,
we obtain an explicit presentation of the operad of cooperative games.

Theorem 3.5. There is an isomorphism of operads
φ : ComT riass −−−−−−−−→ G

determined by the map
φ(2) : ComT riass(2) −−−−−−−−→ G(2)

ν 7−−−−−−−−→ d1

µ 7−−−−−−−−→ B,

where d1 stands for the 2-player dictator game and B stands for the 2-player bargain-
ing game.

Proof. It follows from a direct computation that d1 and B satisfy the relations that
define the operad ComT riass, hence the morphism of operads φ is well-defined. Using
[67, Theorem 14] it can be checked that this morphism is a surjective morphism and
that the R-vector space ComT riass(n) are of dimension 2n − 1, which is the same
dimension as G(n). Therefore φ is an isomorphism. □

Remark 3.6. Since the associator of the permutative product needs to be right sym-
metric, sending ν to the 2-player dictator game d2 and µ to B does not define a
morphism of operads. The isomorphism φ is therefore canonical.

Corollary 3.7. The operad of cooperative games G is generated under composition
by the two-players bargaining game B and the two-players dictator games d1 and d2.
Thus any n-player game is a linear sum of n − 1 compositions of bargaining and
dictator games.

Proof. Follows directly from Theorem 3.5. □
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Remark 3.8. There is in particular a morphism of operads Perm ↪→ G given by the
sending the generator of the permutative product to the 2-players dictator game d1.
The image of this morphism can be identified with the suboperad of G consisting only
in additive games.

The explicit form of the isomorphisms. The isomorphism of Theorem 3.5 can
in fact be factored as the following composition of isomorphisms:

ComT riass ϕ−→ Gu ζ−→ G
where ψ sends the basis {eS}S⊆N of ComT riass constructed in [67, Theorem 14] to the
basis of unanimity games {uS}S⊆N of Subsection 2.3, and where ζ is the inverse to the
Möbius transform in Proposition 2.9. Consequently, the inverse of this isomorphism,
up to the identification of the linear basis of [67, Theorem 14] and the linear basis of
unanimity games, is given by the Möbius transform of cooperative games:

G µ−→ Gu ϕ−1

−−→ ComT riass.

4. Distinguished suboperads and properties of the composition
The first goal of this section is to first establish a few key properties of the partial
composition with respect to derivatives, dual games and marginal vectors. The second
goal is to show that almost all the important subclasses of cooperative games that
are in practice studied in the literature are stable under partial compositions. All
the different suboperads that appear in this section can be depicted in the following
inclusion table of suboperads:

Additive games k-monotone games Belief functions

Cooperative games Capacities Balanced games Totally balanced games

Normalized games Simple games k-alternating games Plausibility measures

?

Note that the case of totally balanced games is more subtle (see Remark 4.39) and
will be the subject of future research.

4.1. The partial tensor product construction and the suboperad of ad-
ditive games. We start by introducing a useful geometrical construction. We define
the partial tensor product bilinear maps

⊗i : Rn ⊗ Rk −→ Rn+k−1 ,

for any n, k ⩾ 1 and any element i ∈ [n] as follows. Let x ∈ Rn and y ∈ Rk be two
vectors, let us denote by η the sum of the coefficients of y, i.e. η =

∑
i∈[k] yi. The

partial tensor product x⊗i y of x and y at index i ∈ [n] is given by
x⊗i y = ηx1 ⊕ ηx2 ⊕ . . .⊕ ηxi−1︸ ︷︷ ︸

ηx↓i

⊕xiy1 ⊕ . . .⊕ xiyk︸ ︷︷ ︸
xiy

⊕ ηxi+1 ⊕ . . .⊕ ηxn︸ ︷︷ ︸
ηx↑i

,

with x↓i = (x1, . . . , xi−1) and x↑i = (xi+1, . . . , xn). Consider the canonical action
of Sn on Rn given by permuting the indices of the standard basis. This endows the
collection Rn for all n ⩾ 1 with an S-module structure which we denote by R. It can
be checked that R, together with the partial tensor product maps ⊗i forms an linear
operad, which we call the partial tensor operad.
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Proposition 4.1. The partial tensor operad is isomorphic to the suboperad of additive
games, and thus in turn isomorphic to the permutative operad.

Proof. Let x be a vector in Rn, it defines a unique additive game by setting

vx(S) =
∑
i∈S

xi ,

and any additive game is uniquely characterized by the vector of its values on players.
Under this correspondence, it is straightforward to check that for any two vectors
x ∈ Rn and y ∈ Rk and any S ⊂ [n] ◦i [m], we have that

vx⊗iy(S) = vx ◦i vy(S) . □

4.2. Compatibilities of the partial composition formula. We establish sev-
eral useful compatibilities of the partial composition formula.

4.2.1. Compatibility with derivatives with respect to a player. The derivative at a given
player of a composite game is given by the following explicit formula, which depends
on the location of the player in one of the two player sets.

Lemma 4.2. Let ΓA = (A,α) and ΓB = (B, β) be two games, and let i ∈ A. We have
that

∂j(α ◦i β)(S) =
{
β(B)∂jα(SA) + ∂j∂iα(SA)β(SB) if j ∈ (A \ {i}),
∂iα(SA)∂jβ(SB) if j ∈ B,

for any S ⊆ A ⋄i B.

Proof. Let us compute the derivative of the coalition function α ◦i β with respect to
a given player j ∈ A ⋄i B. For all S ⊆ A ⋄i B \ {j}, we have two cases. First, assume
that j ∈ (A \ {i}). We get
∂j(α ◦i β)(S) = α ◦i β(S ∪ {j}) − α ◦i β(S)

= β(B)α(SA∪{j}) + ∂iα(SA∪{j})β(SB) − β(B)α(SA) − ∂iα(SA)β(SB)
= β(B) (α(SA ∪ {j}) − α(SA)) + (∂iα(SA ∪ {j}) − ∂iα(SA))β(SB)
= β(B)∂jα(SA) + ∂j∂iα(SA)β(SB).

The second case occurs when j ∈ B, which implies
∂j(α ◦i β)(S) = α ◦i β(S ∪ {j}) − α ◦i β(S)

= β(B)α(SA) + ∂iα(SA)β(SB ∪ {j}) − β(B)α(SA) − ∂iα(SA)β(SB)
= ∂iα(SA) (β(SB ∪ {j} − β(SB))
= ∂iα(SA)∂jβ(SB). □

More generally, we establish the following formula for the derivative with respect
to a coalition, as defined in Paragraph 1.1.2.

Proposition 4.3. Let ΓA = (A,α) and ΓB = (B, β) be two games, and let C ⊆ A⋄iB.
We have

∂C(α ◦i β)(S) =
{
β(B)∂Cα(SA) + ∂C∪{i}α(SA)β(SB) if C ⊆ (A \ {i}),
∂CA∪{i}α(SA)∂CB

β(SB) otherwise,
for any S ⊆ A ⋄i B, where CA = C ∩A and CB = C ∩B.

Proof. We will prove it by induction on the size of C ⊆ A ⋄i B. When C is of size
one, this is exactly Lemma 4.2. Let us assume it is true for C of a given size and let
us add a player j to C. There are four cases to deal with.

(1) If C ⊆ A \ {i}, and
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(a) j ∈ A \ {i}, then we have
∂j

[
β(B)∂Cα(SA) + ∂C∪{i}α(SA)β(SB)

]
= β(B)∂C∪{j}α(SA) + ∂C∪{i,j}α(SA)β(SB).

(b) j ∈ B, then we have
∂j(β(B)∂Cα(SA) + ∂C∪{i}α(SA)β(SB)) = ∂C∪{i}α(SA)∂jβ(SB).

(2) If C ⊈ A \ {i}, and
(a) j ∈ A \ {i}, then we have

∂j(∂CA∪{i}α(SA)∂CB
β(SB)) = ∂CA∪{i,j}α(SA)∂CB

β(SB).
(b) j ∈ B, then we have

∂j(∂CA∪{i}α(SA)∂CB
β(SB)) = ∂CA∪{i}α(SA)∂CB∪{j}β(SB).

Thus, for any of these cases, the result holds. □

4.2.2. Compatibility with duality. The duality involution on cooperative games is an
automorphism of the operad of cooperative games, that is compatible with the com-
position in the following sense.

Proposition 4.4. Let ΓA = (A,α) and ΓB = (B, β) be two games, and let i ∈ A. We
have the following equality of value functions

(α ◦i β)∗ = α∗ ◦i β
∗ ,

and therefore the duality involution commutes with the operadic composition, meaning
that

(ΓA ◦i ΓB)∗ = Γ∗
A ◦i Γ∗

B .

Proof. Let S ⊆ A ⋄i B. On the one hand, we compute that
(α ◦i β)∗(S) = α ◦i β(A ⋄i B) − α ◦i β(A ⋄i B \ S)

= α(A)β(B) − β(B)α((A ⋄i B \ S) ∩A)
− ∂iα((A ⋄i B \ S) ∩A)β((A ⋄i B \ S) ∩B)

= α(A)β(B) − β(B)α(A \ (SA ∪ {i}))
− ∂iα(A \ (SA ∪ {i}))β(B \ SB).

On the other hand, we have that
α∗ ◦i β

∗(S) = β∗(B)α∗(SA) + ∂iα
∗(SA)β∗(SB)

= α(A)β(B) − β(B)α(A \ SA) + ∂iα(A \ ({i} ∪ SA))[β(B) − β(B \ SB)]
= α(A)β(B) − β(B)α(A \ (SA ∪ {i})) − ∂iα(A \ ({i} ∪ SA))β(B \ SB) ,

hence we can observe that both sides are indeed equal. □

4.2.3. Compatibility with marginal vectors. Here, we study the compatibility of the
partial composition with marginal vectors.

Definition 4.5 (Marginal vectors). Let Γ = (N, v) be an n-player game, and let us
choose an identification N = [n]. For any σ in Sn, the marginal vector mσ(v) is a
vector in Rn whose i-th coordinate is given by

mσ
i (v) := v([i, σ]) − v((i, σ)) ,

where
[i, σ] =

{
j ∈ N | σ−1(j) ⩽ σ−1(i)

}
and (i, σ) =

{
j ∈ N | σ−1(j) < σ−1(i)

}
.

Example 4.6. For example, if σ = idn, then the i-th coordinate of midn(v) is given by
mσ

i (v) := v({1, · · · , i}) − v({1, · · · , i− 1}) .

Algebraic Combinatorics, Vol. 9 #4 (2026) 1097



Dylan Laplace Mermoud & Victor Roca i Lucio

Remark 4.7. The set of all marginal vectors can equivalently be indexed by all the
possible total orders on the set of players. For a given order {i1, · · · , in}, the marginal
vector is given by

mσ
ij

(v) = ∂ij
v({i1, . . . , ij−1}).

Proposition 4.8. Let ΓA = (A,α) and ΓB = (B, β) be two games, and let i ∈ A.
Let mσ(α) and mτ (β) be marginal vectors of ΓA and ΓB respectively. Then mσ(α) ⊗i

mτ (β) is a marginal vector of the compound game ΓA ◦i ΓB.

Proof. We identify A with [n] and B with [m]. Let us chose two orders {a1, · · · , an}
and {b1, · · · , bm} of [n] and [m], respectively. If n and m are the respective marginal
vectors, we have that

(n⊗i m)p =


β(M)∂apα({a1, · · · , ap−1}) if p < i ,

∂aiα({a1, · · · , ai−1})∂bpβ({b1, · · · , bp−1}) if i ⩽ p ⩽ i+m− 1 ,
β(M)∂ap+m−1α({a1, · · · , ap−1}) if p > m+ i− 1 ,

Let us show that this is precisely the marginal vector of α ◦i β associated to the
composite order {a1, · · · , ai−1, b1, · · · , bm, ai+1, · · · , an} on [n]◦i[m]. This follows from
applying Lemma 4.2 in each of the possible cases.

(1) When p < i, the marginal vector associated to this order is given by
∂ap

(α ◦i β)({a1, · · · , ap−1}) =
β(M)∂ap

α({a1, · · · , ap−1}) + ∂ap
∂ai

α({a1, · · · , ap−1})β(∅)
so it coincides with the previous vector since β(∅) = 0.

(2) When i ⩽ p ⩽ i+m− 1, the marginal vector associated to this order is given
by

∂bp(α ◦i β)({a1, · · · , ai−1, b1, · · · , bp−1}) =
∂aiα({a1, · · · , ai−1})∂bpβ({b1, · · · , bp−1}) ,

which also coincides with the previous description.
(3) When p < m+ i− 1, the marginal vector associated to this order is given by

∂ap+m−1(α ◦i β)({a1, · · · , ai−1, b1, · · · , bm, ai+1, · · · , ap+m−1})
= β(M)∂ap+m−1α({a1, · · · , ai−1, ai+1, · · · , ap+m−1})

+ ∂ap+m−1∂aiα({a1, · · · , ai−1, ai+1, · · · , ap+m−1})β(M)
= β(M)∂ap+m−1α({a1, · · · , ai−1, ai, ai+1, · · · , ap+m−1}) ,

so it coincides again with the vector obtained by the tensor construction. □

4.3. The suboperad of normalized games. Normalized games, that is, games
Γ = (N, v) which satisfy v(N) = 1, are stable under compositions.

Proposition 4.9. Normalized games are stable under composition and thus form a
suboperad.

Proof. Let us choose ΓA = (A,α) and ΓB = (B, β) be two normalized games and let
i ∈ A. Then their composition is again normalized since

α ◦i β(A ⋄i B) = α(A)β(B) = 1. □

Remark 4.10 (An operad in the category of affine spaces). Given a vector space
V together with a linear map π : V −→ R, the fiber π−1(1) naturally acquires the
structure of an affine space. In fact, the category of affine spaces is equivalent to the
category of vector spaces with a non-zero map to R, and this equivalence respects
the monoidal structures. One can obtain normalized games as the fiber of the map
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G(n) −→ R which sends v to v(N), and since this map is compatible with the operad
structure, the resulting operad of normalized games is an operad in the category of
affine spaces.

4.4. The suboperad of simple games. Cooperative games which have values in
{0, 1} are called simple games. We show directly that simple monotone games are
stable under the composition, thus recovering the suboperad corresponding to the
original composition defined by Shapley in [59]. See also Paragraph 2.4.1 for how to
recover Shapley’s product and sum using the operadic composition. This induces an
operad structure on a class of combinatorial objects known as clutters, see [5] for more
information.

Proposition 4.11. The simple monotone games are stable under the composition and
thus form a suboperad.

Proof. Let ΓA = (A,α) and ΓB = (B, β) be two simple monotone games. Let i ∈ A
and let ΓC = (C, γ) be the compound game defined by ΓC = ΓA ◦i ΓB . Notice that
since α is simple and monotone, the value of ∂iα is also either 0 or 1. For all S ⊆ C,
we have

γ(S) = β(B)α(SA) + ∂iα(SA)β(SB).
If β(B) = 0 or β(SB) = 0, then γ(S) is null or a product of 1 and 0, hence belongs to
{0, 1}. Henceforth, we assume that β(B) = β(SB) = 1. This implies that

γ(S) = α(SA) + ∂iα(SA) = α(SA ∪ {i}),
which, since α is simple, must either be 0 or 1. □

4.5. The suboperad of capacities. Capacities, which are defined as games Γ =
(N, v) whose set function is non-negative and monotone, were introduced by Choquet
in [11]. They are ubiquitous in decision theory, in particular in multi-criteria decision
making. They also correspond to the original definition of a fuzzy measure given by
Sugeno in [66]. We refer to [23, Section 2.3 and Chapter 6] for a full textbook account.

Definition 4.12 (Capacity). A capacity is the data of a game Γ = (N, v) such that
its coalition function v is non-negatively valued and monotone.

Remark 4.13. A game Γ = (N, v) is monotone if and only if, for all players i ∈ N ,
the derivative ∂iv(S) is a non-negative function for all S ⊆ N \ {i}.

Remark 4.14. Since we are working with grounded games, the monotonicity assump-
tion implies the non-negativeness, since v(S) ⩾ v(∅) = 0. However, we will not use
this in the proof, and instead write arguments which generalize trivially also to the
non-grounded case.

Theorem 4.15. Capacities are stable under composition and thus form a suboperad.

Proof. Let ΓA = (A,α) and ΓB = (B, β) be two capacities. We consider their com-
position

α ◦i β(S) = β(B)α(SA) + ∂iα(SA)β(SB) ,
at a coalition S ⊆ N \ {i}. Since ΓA is monotone, ∂iα(SA) ⩾ 0, and as the product
and the sum of non-negative numbers, the composition is non-negative.

Let us now prove that the partial derivative of the composition at any player
j ∈ N \{i} is also non-negative. By Lemma 4.2, there are two cases to consider. First,
if j ∈ B, the derivative of the composite at the player j is given by ∂j(α ◦i β)(S) =
∂iα(SA)∂jβ(SB), which is non-negative as the product of two non-negative functions.
Now, if j ∈ A \ {i}, we have that

∂j(α ◦i β)(S) = β(B)∂jα(SA) + ∂i∂jα(SA)β(SB).
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Observe that since ΓB is monotone, we have that β(B) ⩾ β(SB). Hence,
∂j(α ◦i β)(S) ⩾ (∂jα(SA) + ∂i∂jα(SA))β(SB)

⩾ (∂jα(SA) + ∂jα(SA ∪ {i}) − ∂jα(SA))β(SB)
⩾ ∂jα(SA ∪ {i})β(SB)
⩾ 0,

which is indeed non-negative, since ΓA is monotone and ΓB is non-negative. □

Remark 4.16 (On non-negative games). Observe that the monotonicity assumption
is, in fact, crucial for Theorem 4.15 to hold. Indeed, the composition of two non-
negative games is not, in general, non-negative. The reason is that if the partial
derivative ∂iα(SA) = [α(SA ∪ {i}) − α(SA)] ≪ 0, then the value of the composite

α ◦i β(S) = β(B)α(SA) + ∂iα(SA)β(SB) ,
can in fact be negative.

Let us give a concrete example of this. Consider the game α on {1, 2} given by
α({1}) = 0, α({2}) = 1000 and α({1, 2}) = 0 and the game β on {a, b} defined by
β({a}) = 0, β({b}) = 1 and β({a, b}) = 1

2 . Then, it can be computed that
α ◦1 β({b, 2}) = 500 − 1000 = −500 ,

which is negative, while both games are indeed non-negative.

Finally, we show that the duality involution of Definition 1.12 descends to the sub-
operad of capacities. This will be important later on, when studying the suboperads
of the operad of capacities given by k-monotone and k-alternating games, which are
exchanged by the dual game involution.

Proposition 4.17. The dual of a capacity is again a capacity. Therefore duality de-
fines an involution of the operad of capacities.

Proof. Let Γ = (N, v) be a capacity. Recall that its dual game is given by
v∗(S) := v(N) − v(N \ S) ,

for all S ⊆ N . Since v is monotone, v(N) ⩾ v(N \S). Hence, since it is non-negative,
we have that v∗(S) = v(N) − v(N \ S) ⩾ 0 for all S ⊆ N , so the dual game is
non-negative. By Lemma 1.16, the derivative of the dual game is given by

∂jv
∗(S) = ∂jv(N \ S) ⩾ 0 ,

for any j ∈ N , so the dual game Γ = (N, v∗) is also monotone, thus capacities are
stable under the duality involution. By Proposition 4.4, duality is compatible with the
operadic composition, so it defines an involution of the suboperad of capacities. □

4.6. Convex games and the hierarchy of k-monotone suboperads. Convex
non-negative games are very significant objects in combinatorics. They are equivalent
to polymatroids, as defined for instance in [17, Definition 1.1]. They are also completely
characterized by their cores, as defined in Paragraph 1.1.3. Their cores are generalized
permutahedra in the sense of Postnikov [50] and any generalized permutahedra is
uniquely realized by a non-negative convex games, as explained in [1, Section 12].

We show that non-negative convex games are stable under partial compositions,
and thus define a (sub)operad. This endows this family of objects with a new operad
structure, whose applications shall be explored in [31]. Furthermore, non-negative
convex games are included in the family of k-monotone games (where they correspond
to the case k = 2). We show that, in general, k-monotone games form a suboperad for
any k ⩾ 2. The case of k = ∞ corresponds to totally monotone games, which are also
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known as belief functions and play an important role in the Dempster-Shafer theory
of evidence, see [16, 53, 30].

4.6.1. Convex games or 2-monotone games. We show that convex games with non-
negative values are stable under the composition.
Definition 4.18 (Convex game). Let Γ = (N, v) be a game. It is convex if for all
S, T ⊆ N , the following inequality holds

v(S) + v(T ) ⩽ v(S ∩ T ) + v(S ∪ T ) .
One can characterize convex (also known as supermodular) games purely in terms

of the partial derivatives of size 2 of the game.
Proposition 4.19 ([23, Corollary 2.23]). Let Γ = (N, v) be a game. It is convex if
and only if ∂ijv ⩾ 0, or, equivalently, for every player i ∈ N , the partial derivative
∂iv is a monotone function.

Furthermore, by adding the non-negativeness assumption, we get that convex, non-
negative games are also monotone. See [23, Theorem 2.20, Point iii)] for more details.
These two conditions are required for these games to be stable under the partial
composition.
Theorem 4.20. The convex, non-negative games are stable under composition and
thus form a suboperad.
Proof. Let ΓA = (A,α) and ΓB = (B, β) be two non-negative, convex games and let
ΓC = ΓA ◦i ΓB be their composite along a player i ∈ A. Our goal is to show that for
any S ⊆ A ⋄i B and any two players j, k ∈ (A ⋄i B) \ S, the derivative ∂jkγ(S) ⩾ 0
and thus by Proposition 4.19 the composite game will be convex. By Proposition
4.3, there are three cases. When both players are in B, we have that the partial
derivative ∂jkγ(S) = ∂iα(SA)∂jkβ(SB) is non-negative since it is the product of two
non-negative functions (since α is monotone and β is convex). When one player is in B
and one in A \ {i}, we have that the partial derivative ∂jkγ(S) = ∂ijα(SA)∂kβ(SB) is
non-negative since it is the product of two non-negative functions (since β is monotone
and α is convex). Finally, when both j, k are in A \ {i}, we have that

∂jkγ(S) = β(B)∂k∂jα(SA) + ∂i∂k∂jα(SA)β(SB) ,
and now, like in the proof of Theorem 4.15, we use that β(B) ⩾ β(SB) ⩾ 0 to show
that

∂jkγ(S) ⩾ ∂jkα(SA ∪ {i})β(SB) ,
which is greater than 0 by our previous convexity and non-negativity assumptions;
thus it concludes the proof. □

Corollary 4.21. There is an operad structure on the set of all generalized permuta-
hedra.
Proof. Follows directly from Theorem 4.20, under the correspondence explained in [1,
Section 12]. □

Remark 4.22 (About the geometric side of this operad structure). Let Γ = (N, v) be a
non-negative convex game. Its associated core C(Γ) is a generalized permutahedra; it
corresponds to the base polytope associated to the convex function v in the terminology
of [1, Section 12.3].

Let pA and pB be two generalized permutahedra, and let ΓA = (A,α) and ΓB =
(B, β) be the corresponding convex games to these polytopes. The operad structure
induced by Theorem 4.20 is given, a priori, by taking the core of the composite game

pA ◦i pB := C(ΓA ◦i ΓB) ,
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and hence is so far not explicitly given by a geometrical construction. We can de-
scribe a subset of C(ΓA ◦i ΓB) in terms of the partial tensor product of C(ΓA) and
C(ΓB), see Theorem 5.7, but in general this construction is not sufficient to obtain
the full polytope C(ΓA ◦i ΓB) from the other two polytopes. Exploring if there ex-
ists a geometrical construction of this operad structure which does not involve the
correspondence with convex games should be the subject of future research.

4.6.2. General k-monotone games. Being a convex game is a special case of a more
general condition called k-monotonicity, which we show is also stable under the partial
compositions of our operad structure.

Definition 4.23 (k-monotone games). Let Γ = (N, v) be a game. Let k ⩾ 2. The
game is k-monotone if for any family of k sets A1, · · · , Ak, the following inequality
holds:

v

(
k⋃

i=1
Ai

)
⩾

∑
I⊆{1,··· ,k}

I ̸=∅

(−1)|I|+1v

(⋂
i∈I

Ai

)
.

It is ∞-monotone if this holds for all k ⩾ 2.

Remark 4.24. For k = 2, this definition is exactly the definition of a convex game,
see Definition 4.18. More generally, being k-monotone implies being k′-monotone for
any 2 ⩽ k′ ⩽ k.

Like convex games, k-monotone games can be characterized by the positivity of
the iterated partial derivatives.

Theorem 4.25 ([23, Theorem 2.21]). Let Γ = (N, v) be a game. It is k-monotone for
k ⩾ 2 if and only if for any K of size 2 ⩽ |K| ⩽ k, the iterated partial derivative ∂Kv
is a non-negative function.

Remark 4.26. There is also a characterization of k-monotonicity in terms of the
Möbius transform which is as follows. Let k ⩾ 2, a game (N, v) is k-monotone if and
only ∑

L∈[A,B]

µv(L) ⩾ 0 ,

for any A ⊆ N such that 2 ⩽ |A| ⩽ k and any B ⊆ N such that A ⊆ B. Here [A,B]
stands for the set of all subsets L of N such that A ⊆ L ⊆ B.

Since any k-monotone game is 2-monotone, this implies that if it is non-negative,
then it is also monotone. This corresponds to the case where all partial derivatives of
any length ⩽ k are non-negative functions. So they are in particular capacities, see
Definition 4.12.

Theorem 4.27. For any k ⩾ 2, k-monotone, non-negative games are stable under
composition and thus form a suboperad.

Proof. Let ΓA = (A,α) and ΓB = (B, β) be two non-negative, k-monotone games
and let ΓC = ΓA ◦i ΓB be their composite along a player i ∈ A. Let us show that their
composite is k-monotone. We work by induction of k ⩾ 2. For k = 2, this is Theorem
4.20. Assume (k − 1)-monotonicity is preserved, let us show that k-monotonicity is
also preserved. Let K be a subset of size k− 1 and let j be in A ⋄i B \K. We want to
show that ∂K∪{j}(α ◦i β) is non-negative. Using Proposition 4.3, the only non-trivial
case is when both K and j are in A \ {i}, in which case we apply the same type of
arguments as in Theorem 4.15 and Theorem 4.20. □
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As a direct corollary, we get that belief functions, which correspond to totally
monotone games in the Dempster–Shafer theory of evidence [16, 53, 30], are also
stable under the partial compositions and thus form a (sub)operad.

Corollary 4.28. Non-negative, totally monotone (also known as ∞-monotone)
games are stable under composition and thus form a suboperad.

Proof. Follows from Theorem 4.27, since totally monotone are k-monotone games for
all k ⩾ 2. □

Remark 4.29. This result also follows from the description of the partial composition
in the basis of unanimity games given in Subsection 2.3. Indeed, a non-negative game
is totally monotone if and only if its Möbius transform has non-negative coefficients
(see [53, Equation (2.1)]).

4.7. The dual case of submodular games and k-alternating games. The
convexity condition on a game (also called supermodularity) is sent, under the dual
game construction of Definition 1.12, to a condition called submodularity. The fam-
ily of k-alternating games for k ⩾ 2 generalizes this submodularity condition. We
show that non-negative monotone k-alternating games are stable under partial com-
positions, and thus form a suboperad of the operad of capacities. These operads are
the duals of the operads of non-negative k-monotone games constructed in the pre-
vious subsection. It also follows that ∞-alternating functions also form a suboperad.
These games are known as a plausibility measures in the Dempster–Shafer theory of
evidence, see [53, 26] for more details.

Definition 4.30 (k-alternating games). Let Γ = (N, v) be a game let k ⩾ 2. The
game is k-alternating if for any family of k sets A1, · · · , Ak, the following inequality
holds:

v

(
k⋃

i=1
Ai

)
⩽

∑
I⊆{1,··· ,k}

I ̸=∅

(−1)|I|+1v

(⋂
i∈I

Ai

)
.

It is ∞-alternating if this holds for all k ⩾ 2.

Remark 4.31. A game (N, v) is 2-alternating if for all S, T ⊆ N , the following in-
equality holds

v(S) + v(T ) ⩾ v(S ∩ T ) + v(S ∪ T ) .
This type of functions are also known as submodular functions (or submodular games).

We are going to show that k-alternating capacities also define suboperads, for any
k ⩾ 2. The main ingredient is the duality that relates k-alternating and k-monotone
games.

Theorem 4.32 ([23, Theorem 2.20, Point ii)]). Let Γ = (N, v) be a game. It is k-
monotone (resp. k-alternating) if and only if its dual (N, v∗) is k-alternating (resp.
k-monotone).

Theorem 4.33. For any k ⩾ 2, k-alternating, non-negative monotone games are sta-
ble under composition and thus form a suboperads.

Proof. Let ΓA = (A,α) and ΓB = (B, β) be two non-negative monotone k-alternating
games and let ΓC = ΓA ◦i ΓB be their composite along a player i ∈ A. By Theorem
4.15 and Proposition 4.17, the composite Γ∗

C is again a capacity. By Theorem 4.27,
it is also k-monotone. Therefore ΓC , as the dual of Γ∗

C , is again a capacity and by
Theorem 4.32, it is k-alternating. □
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Corollary 4.34. Non-negative monotone ∞-alternating games are stable under com-
position and thus form a suboperad.

Proof. Follows from Theorem 4.33, since ∞-alternating games are k-alternating games
for all k ⩾ 2. □

4.8. Balanced games. Balanced games are games who are well behaved when one
evaluates them at any balanced collection. By the famous Bondareva–Shapley theo-
rem, they are precisely the games whose core is non-empty. We show that they are
stable under partial compositions and thus form a suboperad. Therefore the core of a
compound game is non-empty if the core of the two components are non-empty. We
refer to Subsection 5.2 for a more detailed study of the core of a compound game, in
particular to Theorem 5.7 which gives another proof of the result of this subsection.

Definition 4.35 (Balanced collections). A collection of coalitions B ⊆ P(N) is bal-
anced over N if there exists a map λ : B → ]0, 1], called its weights, such that∑

S∈B
λS1S = 1N .

Definition 4.36 (Balanced game). A game Γ = (N, v) is balanced if, for all balanced
collections B over N , the following inequality holds∑

S∈B
λSv(S) ⩽ v(N).

Theorem 4.37 (Bondareva–Shapley). A game Γ = (N, v) is balanced if and only if
its core C(Γ) is non-empty.

Theorem 4.38. Balanced, non-negative monotone games are stable under composition
and form a suboperad.

Proof. Let ΓA = (A,α) and ΓB = (B, β) be two non-negative monotone balanced
games. Let i ∈ A and let ΓC = (C, γ) be the compound game defined by ΓC =
ΓA ◦i ΓB . By Theorem 4.15, it is again non-negative and monotone. Let us check that
it is balanced.

Let B be a balanced collection over C together with a compatible weight λ. We
have ∑

S∈B
λSγ(S) =

∑
S∈B

λS (β(B)α(SA) + ∂iα(SA)β(SB))

= β(B)
∑
S∈B

λSα(SA) +
∑
S∈B

λS∂iα(SA)β(SB).

Since ΓB is balanced and {SB , B \ SB} is a balanced collection, we have that

β(SB) + β(B \ SB) ⩽ β(B).

And since ΓB is non-negative, we finally have that β(SB) ⩽ β(B), implying that∑
S∈B

λSγ(S) ⩽ β(B)
∑
S∈B

λSα(SA) +
∑
S∈B

λS∂iα(SA)β(B)

= β(B)
[ ∑

S∈B
SB=∅

λSα(SA) +
∑
S∈B

SB ̸=∅

λS (α(SA) + ∂iα(SA))
]

From previous computations, we know that α(SA)+∂iα(SA) = α(SA ∪{i}), therefore∑
S∈B

λSγ(S) ⩽ β(B)
∑

S∈BA

λSα(S),
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with BA is obtained by replacing SB , if nonempty, by {i} in every coalition of B.
Because the condition of balancedness expresses itself player by player, the collection
BA is balanced on A. Now, by balancedness of ΓA, we have∑

S∈B
λSγ(S) ⩽ β(B)

∑
S∈BA

λSα(S) ⩽ β(B)α(A).

We conclude using the fact that γ(C) = β(B)α(A). □

Remark 4.39 (About totally balanced games). Totally balanced games are those
whose restrictions to subcoalitions are balanced for every subcoalition. They appear
in combinatorial optimization problems [13], such as linear programming games [15,
47], flow games [27], market games [63], assignment games [20, 64] and permutation
games [62].

Using the same proof strategy as in Theorem 4.38, it is possible to show that if
ΓA = (A,α) is a non-negative game whose derivative ∂iα is totally balanced (in an
appropriate sense) and ΓB = (B, β) is a non-negative totally balanced game, their
composite ΓA ◦i ΓB is again a totally balanced game. This happens, for instance,
when ΓA is a non-negative 3-monotone game. Therefore partial compositions endow
the subspecies of non-negative totally balanced games with a left module structure
over the suboperad of non-negative 3-monotone game. Since this situation is more
involved than with the other suboperads, it is beyond the scope of the present paper
and will be the subject of future research.

5. The aggregation of solutions for cooperative games
In this section, we study how solution concepts such as the core, the Shapley value
and the Banzhaf index behave with respect to the operadic composition. We start by
showing that, using the partial tensor product of Subsection 4.1, we can construct
(pre)imputations of a composite game from (pre)imputations of its components. More-
over, we show that under fairly light hypotheses, this map is surjective on imputations
and thus any imputation of the compound game is a partial tensor product of impu-
tations of its components. We study the core of a compound game, which lies in the
simplex of imputations. We show that the partial tensor product of two elements in
the core of the components lies in the core of the composite, and we give conditions
under which this map is injective and also when it is close to being surjective. Finally,
we give an explicit formula for the Shapley value of a composite game and show that
the Banzhaf index of a composite game can be described as the partial tensor product
of the Banzhaf index of the quotient and of the Shapley value of the component.

5.1. The (pre)imputations of a composite game. Let Γ = (N, v) be a game.
We consider the vector space RN spanned by the player set of the game. For a given
vector x = (x1, · · · , xn), we view the value xi as the gain of the i-th player in N , and
the vector space RN as the space of all allocations.

Preimputations. Usually, all solution concepts of cooperative game theory live
in the affine subspace of preimputations of the game Γ, which is defined by

X(Γ) = {x ∈ RN | x(N) = v(N)}.

One can think of vectors in this affine hyperplane as possible ways to share the value
v(N) of the grand coalition of the game among the players. The core, the stable sets,
and the Shapley value all lie in this affine subspace.

Imputations. The simplex of imputations I(Γ) is defined as

I(Γ) := {x ∈ X(Γ) | xi ⩾ v({i})}.
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Thus vectors in I(Γ) are all the possible ways to share the value of the grand coalition
among the players in which each player, individually, is better off than if it stayed
alone. When a game is normalized and the value of the singletons are all 0, the set of
imputations is simply the standard (n − 1)-dimensional simplex, i.e. the convex hull
of the canonical basis of RN .

Let Γ = (N, v) be a non-negative game. We define the cooperative surplus as

vsp := v(N) −
∑
i∈N

v({i}) .

In this case, the vertices of I(Γ) are given by

v(i) := vsp1{i} +
∑
j∈N

v({j})1{j} ,

and I(Γ) is the convex hull of these vectors. We show that the partial tensor product
constructed in Subsection 4.1 allows us to construct (pre)imputations of the composite
of two games.

Lemma 5.1. Let ΓA = (A,α) and ΓB = (B, β) be two games, and let i ∈ A. The
partial tensor product restricts to a well defined map

(− ⊗i −) : X(ΓA) ×X(ΓB) −→ X(ΓA ◦i ΓB) .

Proof. Let x be in X(ΓA) and let y be in X(ΓB), and let z = x⊗i y. We can compute
that ∑

j∈A⋄iB

zj =

∑
j∈B

yj

 ∑
l∈A\{i}

xl + xi

∑
j∈B

yj = α(A)β(B) = γ(A ⋄i B) ,

where
∑

l∈A\{i} xl = α(A) and
∑

j∈B yj = β(B) since we assumed that x ∈ X(ΓA)
and y ∈ X(ΓB). So the map

(− ⊗i −) : X(ΓA) ×X(ΓB) −→ X(ΓA ◦i ΓB)
is well defined. □

Remark 5.2. Notice that the partial tensor product construction, as a linear map
(− ⊗i −) : Rn ⊗ Rm −→ Rn+m−1

is clearly not injective. It is, however, surjective since any element in the canonical
basis of Rn+m−1 is in its image.

Proposition 5.3. Let ΓA = (A,α) and ΓB = (B, β) be two non-negative games, and
let i ∈ A. The partial tensor product restricts to a well defined map

(− ⊗i −) : I(ΓA) × I(ΓB) −→ I(ΓA ◦i ΓB) ,
so the partial tensor product of imputations is an imputation in the composite game.
Furthermore, if α({i}) and β(B) are positive, this map is injective.

Proof. Let x be in I(ΓA) and let y be in I(ΓB). By Lemma 5.1, we know that their
image via the partial tensor product is a preimputation. Let us check that x⊗i y lies
in I(ΓA ◦i ΓB), meaning we have

(x⊗i y)j ⩾ α ◦i β({j}) ,
for all j ∈ A ⋄i B. If j is in A \ {i}, then we have that

(x⊗i y)j = β(B)xj ⩾ β(B)α({j}) = α ◦i β({j}) ,
since β(B) ⩾ 0 and since xj ⩾ α({j}). If j is in B, then

(x⊗i y)j = xiyj ⩾ α({i})β({j}) = α ◦i β({j}) ,

Algebraic Combinatorics, Vol. 9 #4 (2026) 1106



The algebraic structures of social organizations

since xi ⩾ α({i}) ⩾ 0 and yj ⩾ β({j}) ⩾ 0.
Let us show that it is injective: suppose that there exists x′ in X(ΓA) and let y′ in

X(ΓB) such that x′ ⊗i y
′ = x⊗i y. Then clearly β(B)xj = β(B)x′

j for all j ∈ A \ {i},
which implies that xj = x′

j for all j ∈ A \ {i} since β(B) ̸= 0. Since x and x′ are in
X(ΓA), then

xi = β(B) −
∑

j∈B\{i}

xj = β(B) −
∑

j∈B\{i}

x′
j = x′

i ,

and therefore x = x′. This, in turn, implies that y = y′ since for all j ∈ B we have
xiyj = xiy

′
j with xi ⩾ α({i}) > 0. □

Example 5.4. Let us provide a counterexample for the surjectivity of the partial
tensor product map on imputations. Let ΓA = ({a1, a2}, α) and ΓB = ({b1, b2}, β) be
two games defined by

α(a1) = 1, α(a2) = 1, and α(a1a2) = 3
β(b1) = 0, β(b2) = 2, and β(b1b2) = 3.

The imputations simplices are given by

I(ΓA) = conv
{(

2
1

)
,

(
1
2

)}
, and I(ΓB) = conv

{(
1
2

)
,

(
0
3

)}
.

Hence, we have

I(ΓA) ⊗1 I(ΓB) = conv

v1 =

2
4
3

 , v2 =

1
2
6

 , v3 =

0
6
3

 , v4 =

0
3
6

 .

The composition ΓC = ΓA ◦a1 ΓB satisfies in particular

γ(a2) = 3, γ(b1) = 0, γ(b2) = 2, and γ(b1b2a2) = 9.

This yields the following imputation simplex

I(ΓA ◦1 ΓB) = conv

w1 =

0
2
7

 , w2 =

0
6
3

 , w3 =

4
2
3

 .

By counting the number of vertices, we see that I(ΓA) ⊗1 I(ΓB) is distinct from
I(ΓA ◦1 ΓB). However, the image of I(ΓA)× I(ΓB) does lie in I(ΓA ◦1 ΓB), as we have
that:

v1 = 1
2w2 + 1

2w3, v2 = 3
4w1 + 1

4w3, v3 = w2, and v4 = 3
4w1 + 1

4w2.

Remark 5.5. In the following, we use a regular abuse of notation concerning the name
of some vectors and their dimension. We are only interested in the specific nonzero
entries of vectors, which corresponds to specific players. So, we when write an equation
such as 1{p} ⊗i 1{q} = 1{p} with p ̸= i, it is understood that the dimension of the
vector on the right-hand side makes the equation valid, and the same player j has a
payment of 1, while everyone else has 0. Finally, vectors must be more understood as
linear games rather than actual vector expressed in a specific basis.

Proposition 5.6. Let ΓA = (A,α) and ΓB = (B, β) be two non-negative games, and
let i ∈ A. If α({i}) = 0 and β({l}) = 0 for all l ∈ B, the map

(− ⊗i −) : I(ΓA) × I(ΓB) −→ I(ΓA ◦i ΓB) ,

is surjective.
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Proof. The strategy of the proof is to first show that all the vertices of I(ΓA ◦i ΓB)
can be reached by the partial tensor construction of the vertices of I(ΓA) and I(ΓB)
and then deduce the general case. The vertices of I(ΓA) and I(ΓB) are respectively
given by

a(p) := αsp1{p} +
∑

k∈A\{i}

α({k})1{k} and b(q) := βsp1{q} = β(B)1{q},

since, by assumption, β({l}) = 0 for all l ∈ B. We first assume that p ̸= i. So, because
a

(p)
i = 0, the partial tensor product gives

a(p) ⊗i b
(q) = β(B)a(p).

On the other hand, whenever p ∈ A \ {i}, we have

c(p) = γsp1{p} +
∑

m∈A⋄iB

γm1{m} = γsp1{p} +
∑

k∈A\{i}

γ({k})1{k} +
∑
l∈B

γ({l})1{l}.

Let us evaluate the coefficients in this sum. If m ∈ A \ {i}, we have γ({m}) =
β(B)α({m}), and if m ∈ B, we have γ({m}) = α({i})β({m}) = 0. From this, we
compute

γsp = γC −
∑

m∈A⋄iB

γm = α(A)β(B) −
∑

k∈A\{i}

γ({k}) −
∑
l∈B

γ({l})

= α(A)β(B) − β(B)
∑

k∈A\{i}

α({k}) − α({i})
∑
l∈B

β({l})

= β(B)αsp.

Then,

c(p) = β(B)αsp1{p} + β(B)
∑

k∈A\{i}

α({k})1{k} = β(B)a(p) = a(p) ⊗i b
(q).

Notice that in this case, c(p) is the partial tensor product between a(p) and any
imputation of I(ΓB). We finish the first part of the proof by looking at the tensor
product

a(i) ⊗i b
(q) = αsp1{i} ⊗i b

(q) +
∑

k∈A\{i}

α({k})1{k} ⊗i b
(q)

= αspβ(B)1{q} + β(B)
∑

k∈A\{i}

α({k})1{k}.

On the other hand, for q ∈ B, we have

c(q) = β(B)αsp1{q} + β(B)
∑

k∈A\{i}

α({k})1{k} = a(i) ⊗i b
(q),

and so any vertex of I(ΓA ◦i ΓB) is a partial tensor product of vertices of I(ΓA) and
I(ΓB).

By convexity, any imputation z ∈ I(ΓA ◦i ΓB) can be written as a convex combi-
nation

z =
∑

m∈A⋄iB

λmc
(m) =

∑
k∈A\{i}

λkc
(k) +

∑
l∈B

λlc
(l),

with λm, λk, λl all non-negative and
∑

m∈A⋄iB λm =
∑

k∈A\{i} λk +
∑

l∈B λl = 1. Set
λA =

∑
k∈A\{i} λk and λB =

∑
l∈B λl. Define, for all k ∈ A \ {i} and l ∈ B, the new

coefficients λ′
k = λ−1

A λk and λ′
l = λ−1

B λl. Hence,∑
k∈A\{i}

λ′
k = λ−1

A

∑
k∈A\{i}

λk = 1, and
∑
l∈B

λ′
l = λ−1

B

∑
l∈B

λ = 1.
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We can finally write z as

z = λA

∑
k∈A\{i}

λ′
kc

(k) + λB

∑
l∈B

λ′
lc

(l), with λA + λB = 1, λA, λB ⩾ 0.

Using the fact that the vertices can split into partial tensor products, we have

z =
∑

k∈A\{i}

λka
(k) ⊗i b

(qk) +
∑
l∈B

λla
(i) ⊗i b

(l)

=
∑

k∈A\{i}

λka
(k) ⊗i b

(qk) + λBa
(i) ⊗i

∑
l∈B

λ′
lb

(l).

For k ∈ A\{i}, the vertex c(k) decomposes using a(k) and any imputation we want from
I(ΓB). Because

∑
l∈B λ

′
l = 1 and λ′

l ⩾ 0 for all l ∈ B, we have that y =
∑

l∈B λ
′
lb

(l) is
a convex combination of the vertices of I(ΓB), and by convexity, is itself a imputation,
i.e. y ∈ I(ΓB). Thus,

z =
∑

k∈A\{i}

λka
(k) ⊗i y + λBa

(i) ⊗i y =

λBa
(i) +

∑
k∈A\{i}

λka
(k)

⊗i y.

Define x = λBa
(i) +

∑
k∈A\{i} λka

(k). By definition of λB , we have that

λB +
∑

k∈A\{i}

λk = λB + λA = 1.

Moreover, λk ⩾ 0 for all k ∈ A \ {i}. So, x is a convex combination of the vertices of
I(ΓA), and therefore x ∈ I(ΓA) by convexity. So, we have that

z = x⊗i y, with x ∈ I(ΓA) and y ∈ I(ΓB),

which concludes the proof. □

5.2. The core of a composite game. As we explained in Paragraph 1.1.3, the
core is one of the most used solution concepts in cooperative game theory. Its elements
correspond to ways of distributing the total wealth of the game v(N) in such a way
that any proper coalition is better off than if it stayed alone. Recall that, for a game
Γ = (N, v), it is the polytope C(Γ) given by

C(Γ) = {x ∈ X(Γ) | x(S) ⩾ v(S), ∀S ⊆ N}.

It might be empty, and is non-empty if and only if the game Γ is balanced by Theo-
rem 4.37.

Theorem 5.7. Let ΓA = (A,α) and ΓB = (B, β) be two non-negative games, and
consider i ∈ A. The partial tensor product restricts to a well defined map

(− ⊗i −) : C(ΓA) × C(ΓB) −→ C(ΓA ◦i ΓB) ,

which is furthermore injective whenever α({i}) and β(B) are positive.

Proof. If the cores are empty, then the proposition is trivial. So let x ∈ C(ΓA) and
y ∈ C(ΓB). The element z = x ⊗i y is in core C(ΓA ◦i ΓB) if the following two
conditions are satisfied.

(1) It is a preimputation, meaning that
∑

j∈A⋄iB zj = (α ◦i β)(A ⋄i B) =
α(A)β(B).

(2) It satisfies the inequality
∑

j∈S zj ⩾ α ◦i β(S), for any S ⊆ A ⋄i B.
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First, notice that both x and y are non-negative vectors. Indeed, we have xi ⩾
v(i) ⩾ 0 for all players i in A and likewise for y. The first point follows form Lemma
5.1 since x ∈ X(ΓA) and y ∈ X(ΓB).

Now, we must show that z(S) ⩾ α ◦i β(S), for all S ⊆ A ⋄i B. Because x ∈ C(ΓA),
we have that

α ◦i β(S) = [β(B) − β(SB)]α(SA) + β(SB)α(SA ∪ {i})

⩽ [β(B) − β(SB)]
∑

j∈SA

xj + β(SB)
∑

j∈SA∪{i}

xj .

Now, we can factorize by β(SB) and using the fact that y ∈ C(ΓB) to get

α ◦i β(S) ⩽ β(B)
∑

j∈SA

xj + xiβ(SB) ⩽
(∑

k∈B

yk

) ∑
j∈SA

xj + xi

∑
k∈SB

yk = x⊗i y(S) .

Hence the element z = x ⊗i y is in the core of the composite. The injectivity then
follows from Proposition 5.3 since C(ΓA ◦i ΓB) ⊆ I(ΓA ◦i ΓB), any element in C(ΓA ◦i

ΓB) has at most one pre-image by the partial tensor product which lies in I(ΓA) ×
I(ΓB), hence in C(ΓA) × C(ΓB). □

Remark 5.8. The fact that this map is well defined in the above theorem gives back
[45, Theorem 4] in the specific case of the total composition of normalized games

Example 5.9. We provide a small counterexample with two totally monotone, there-
fore convex, games for which the partial tensor product of the cores does not coincide
with the core of the composite game. Let ΓA = (A,α) and ΓB = (B, β) be the games
defined in the previous example by

α(a1) = 1, α(a2) = 1, and α(a1a2) = 3
β(b1) = 0, β(b2) = 2, and β(b1b2) = 3.

The imputations simplices are given by

I(ΓA) = conv
{(

2
1

)
,

(
1
2

)}
, and I(ΓB) = conv

{(
1
2

)
,

(
0
3

)}
.

Because they are 2-player games, their cores coincide with their imputation simplices.
Moreover, each of the vertices corresponds to a marginal vector, i.e.

m(12)
α =

(
2
1

)
, m(21)

α =
(

1
2

)
, m

(12)
β =

(
0
3

)
, and m

(21)
β =

(
1
2

)
.

Hence, we have

C(ΓA) ⊗1 C(ΓB) = conv


0

6
3

 ,

2
4
3

 ,

0
3
6

 ,

1
2
6

 .

The composition ΓC = ΓA ◦i ΓB is given by

γ(b1) = 0, γ(b2) = 2, γ(a2) = 3,
γ(b1b2) = 3, γ(b1a2) = 3, γ(b2a2) = 5,

γ(b1b2a2) = 9.
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The marginal vectors of ΓC are

m(123)
γ =

0
3
6

 = m(21)
α ⊗1 m

(21)
β , m(132)

γ =

0
6
3

 = m(12)
α ⊗1 m

(21)
β ,

m(213)
γ =

1
2
6

 = m(21)
α ⊗1 m

(12)
β , m(231)

γ =

4
2
3

 ̸∈ C(ΓA) ⊗1 C(ΓB),

m(312)
γ =

0
6
3

 = m(12)
α ⊗1 m

(21)
β , m(321)

γ =

4
2
3

 ̸∈ C(ΓA) ⊗1 C(ΓB).

Theorem 5.10. Let ΓA = (A,α) and ΓB = (B, β) be two non-negative games, and let
i ∈ A. Suppose that α({i}) = 0 and β({l}) = 0 for all l ∈ B, as well as β(B) > 0.
Then any core element z ∈ C(ΓA ◦i ΓB) decomposes as x ⊗i y with x ∈ C(ΓA) and
y ∈ I(ΓB).

Proof. Let z be an element in C(ΓA ◦i ΓB). Since C(ΓA ◦i ΓB) ⊆ I(ΓA ◦i ΓB), then
z = x ⊗i y where x ∈ I(ΓA) and y ∈ I(ΓB) by Proposition 5.6. Let us show that x
is in C(ΓA), that is, that for all S ⊆ A, we have that x(S) ⩾ α(S). For S ⊆ A, we
consider the two following cases.

(1) Suppose that i /∈ S. Since x⊗i y is in C(ΓA ◦i ΓB), we have that

β(B)x(S) = x⊗i y(S) ⩾ α ◦i β(S) = β(B)α(S) ,

which implies that x(S) ⩾ α(S), since β(B) > 0. So x satisfies the condition
with respect to the coalition S.

(2) Suppose that i ∈ S. We denote SA = S ∩ (A \ {i}). Notice that, on the one
side, we have

β(B)x(S) = β(B)x(SA) + xiβ(B) = β(B)x(SA) + xiy(B) = x⊗i y(S ∪B) ,

and on the other side,

α ◦i β(S ∪B) = β(B) (α(SA) + ∂iα(SA)) = β(B)α(SA ∪ {i}) = β(B)α(S) .

So, since x ⊗i y is in C(ΓA ◦i ΓB), this gives that β(B)x(S) ⩾ β(B)α(S),
which implies that x(S) ⩾ α(S), since β(B) > 0. So x satisfies the condition
with respect to S.

By combining the two different cases, we see that x satisfies the condition with respect
to any S ⊆ A and therefore that x is in C(ΓA). □

Remark 5.11. In particular, under the same assumptions as in Theorem 5.10, if C(ΓA)
is empty, so is C(ΓA ◦i ΓB). This means that, when the quotient game is not balanced,
no matter how many details we get about the decision made by each player, it will
not change this fact. Hence, the balancedness of a game, or the social context it
represents, is robust under the level of details under study, and actually characterizes
the situation modeled, rather than the model itself.

Remark 5.12. Notice that, up to strategic equivalence, the value at every player of a
game can be supposed to be zero, thus the hypothesis of Theorem 5.10 are satisfied
already if β(B) is positive. For more details on the notion of strategic equivalence,
see [70, Pages 245-246] or [39].
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5.3. Shapley value of composite cooperative games. The Shapley value as-
sociates to a cooperative game a unique vector. It satisfies many natural properties
such as symmetry, meaning that the Shapley value of two players contributing the
same amount to the same coalitions is the same, efficiency, the sum of the payment
equals the value of the grand coalition, linearity with respect to the game [55]. See
[2] for a detailed account. One can define it in terms of derivatives, as it was done
originally in [55], or in terms of the Möbius transform of the game, see [25].

Definition 5.13 (Shapley value). Let Γ = (N, v) be a game. The Shapley value ϕi of
player i ∈ N is given by

ϕi(Γ) =
∑

S⊆N\{i}

γ−1
S ∂iv(S) =

∑
S⊆N
S∋i

µv(S)
|S|

,

with γS being the binomial coefficient
(|N |−1

|S|
)

divided by |N |. By considering the Shap-
ley values with respect to all players i ∈ N , we get the Shapley value ϕ(Γ) which is a
vector in RN .

Remark 5.14. The Shapley value can be generalized to any coalitions (and not only to
single players), as it was done by Grabisch [21] under the name of (Shapley) interaction
value.

As already noticed by Shapley himself, the Shapley value is not compatible with
the composition, see [59]. It is in fact for this reason that Owen introduced a variant of
the Shapley value which is compatible with the composition in [48]. Using the partial
composition formula on the basis of unanimity games of Subsection 2.3, we obtain an
explicit formula for the Shapley value of a composite game.

There is a simple way to define the Shapley value using the basis of unanimity
games: it is the unique linear function ϕ : G(n) −→ Rn which is given on this basis by

ϕj

(
1S
)

=
{

1
|S| , if j ∈ S,

0, otherwise.

It follows from this that the Shapley value of a generic game Γ = (N, v) ∈ G(n),
which written in this basis is given by

v =
∑

S⊆[n]

λSuS ,

is the vector in Rn whose j-th coordinate is given by the formula

ϕ(Γ)j =
∑

S⊆N
S∋j

λS

|S|
,

for all 1 ⩽ j ⩽ n.

Proposition 5.15. Let ΓA = (A,α) and ΓB = (B, β) be two normalized games, let
i ∈ A, and let ΓC = ΓA ◦i ΓB. Then, we have

ϕj (ΓC) =



∑
S⊆A
S∋i

∑
T ⊆B
T ∋j

µα
Sµ

β
T

|S ⋄i T |
, if j ∈ B,

ϕj

(
ΓA\{i}

)
+

∑
S⊆A

S⊇{i,j}

∑
T ⊆B

µα
Sµ

β
T

|S ⋄i T |
, if j ∈ A \ {i},

where ΓA\{i} denotes the restriction of ΓA to the coalition A \ {i}.
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Proof. Recall that if α and β are written in the basis of unanimity games, then their
partial composition is given by the following formula:

α ◦u
i β =

∑
S⊆A
S ̸∋i

µα
SuS +

∑
S⊆A
S∋i

∑
T ⊆B

µα
Sµ

β
TuS⋄iT .

Using this formula, we can directly compute what happens in each of these cases since
the Shapley value is linear.

(1) Let j ∈ B, we have that:

ϕj (ΓC) = ϕj

(∑
S⊆A
S∋i

∑
T ⊆B
T ∋j

µα
Sµ

β
TuS⋄iT

)
=
∑
S⊆A
S∋i

∑
T ⊆B
T ∋j

µα
Sµ

β
Tϕj (uS⋄iT ) ,

where ϕj (uS⋄iT ) = 1/|S ⋄i T | whenever j ∈ S ⋄i T .
(2) Let j ∈ A \ {i}, we have that:

ϕj (ΓC) = ϕj

( ∑
S⊆A\{i}

S∋j

λSuS

)
+ ϕj

( ∑
S⊆A

S⊇{i,j}

∑
T ⊆B

µα
Sµ

β
TuS⋄iT

)
,

where the second sum can be easily identified with the second term in the
formula of the proposition by the same arguments as above. It remains to
identify the first term, which can be seen to correspond to the Shapley value
of the restriction of ΓA to A \ {i}. □

5.4. Banzhaf value of composite cooperative games. The Banzhaf index,
originally introduced by Penrose in [49], and later reintroduced by Banzhaf in [4], is
a power index which measures the power of a voter in a voting game where voting
rights are not equally distributed among players. A player’s power in a voting game is
here measured by the likelihood of a situation in which his individual vote is decisive.
We refer to [4, 46, 12] for more details on the Banzhaf index.

Definition 5.16 (Banzhaf index). Let Γ = (N, v) be a cooperative game, and i ∈ N
be a player. Its Banzhaf index is defined by

ψi(Γ) = 1
2n−1

∑
S⊆N\{i}

∂iv(S) = 1
2n−1

∑
S⊆N
i∈S

µv
S .

The Banzhaf indices give a single vector ψ(Γ) in Rn whose i-th coordinate is ψi(Γ).

Notice that the Banzhaf index resembles the Shapley value, and differs only on
the weights of the linear combination of the Möbius coefficients. A mathematical
advantage of the Banzhaf index compared to the Shapley value is that these weights
do not depend on the associated coalition, and corresponds to the inverse of the
number of coalitions (counting the empty set, as ∂iv is not necessarily grounded) on
which the partial derivative of the game is defined.

Some authors call this index the normalized Banzhaf index, and the non-normalized
is obtained by dropping the 1

2n−1 factor. We do not follow this convention here. The
Banzhaf index can also be defined as the unique linear map whose image on this
unanimity basis is given by

ψ : G(n) −−−−−−−−→ Rn

uS 7−−−−−−−−→ 1
2n−1 1S .
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We show that the Banzhaf index of a composite game is fully determined by the
partial tensor product of the Banzhaf value of the quotient game and the Shapley
value of the inserted game.

Theorem 5.17. Let ΓA = (A,α) and ΓB = (B, β) be two games, and let i ∈ A. The
Banzhaf index of the composite game is given by

ψ (ΓA ◦i ΓB) = ψ(ΓA) ⊗i ϕ(ΓB)
2|B|−1 ,

where these are two equal vectors in R|A|+|B|−1.

Proof. The main idea is to write the two games ΓA = (A,α) and ΓB = (B, β) in the
basis of unanimity games and to use the linearity of the Banzhaf index with respect
to this basis to compute its value. If α and β are written in the basis of unanimity
games, we can compute that

ψ(ΓA ◦i ΓB) = ψ

∑
S⊆A

µα
Su

A
S ◦i

∑
T ⊆B

µβ
Tu

B
T


= ψ

∑
S⊆A

∑
T ⊆B

µα
Sµ

β
T

(
uA

S ◦i u
B
T

)
=
∑
S⊆A

∑
T ⊆B

µα
Sµ

β
Tψ
(
uA⋄iB

S⋄iT

)
=
∑
S⊆A

∑
T ⊆B

µα
Sµ

β
T

1
2|A|+|B|−2 1S⋄iT .

Now, the key input in this computation is the following equality:

1S⋄iT = 1S ⊗i
1

|T |
1T ,

which holds for all S ⊆ A and T ⊆ B. Combining it with the equality
1

2|A|+|B|−2 = 1
2|A|−1

1
2|B|−1 ,

we finally get that

ψ(ΓA ◦i ΓB) =
∑
S⊆A

∑
T ⊆B

µα
Sµ

β
T

1
2|A|−1

1
2|B|−1 1S ⊗i

1
|T |

1T

=

∑
S⊆A

µα
S

1
2|A|−1 1S

⊗i

∑
T ⊆B

µβ
T

1
2|B|−1

1
|T |

1T


= 1

2|B|−1ψ(ΓA) ⊗i ϕ(ΓB) ,

where we also used the linearity of the partial tensor product ⊗i with respect to each
variable. □
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