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Spherical designs for finite quaternionic unit
oroups and their applications to modular

forms

Masatake Hirao, Hiroshi Nozaki & Koji Tasaka

ABSTRACT For a finite subset X of the d-dimensional unit sphere, the harmonic strength T(X) of
X is the set of £ € N such that Zmex P(z) = 0 for all harmonic polynomials P of homogeneous
degree ¢. We will study three exceptional finite groups of unit quaternions, called the binary
tetrahedral group 27T of order 24, the octahedral group 20 of order 48, and the icosahedral
group 21 of order 120, which can be viewed as a subset of the 3-dimensional unit sphere. For
these three groups, we determine the harmonic strength and show the minimality and the
uniqueness as spherical designs. In particular, the group 20 is unique as a minimal subset X
of the 3-dimensional unit sphere with T'(X) = {22, 14, 10,6, 4,2} U O%, where OF denotes the
set of all positive odd integers. This result provides the first characterization of 20 from the
spherical design viewpoint.

For G € {2T,20,2I}, we consider the lattice Og generated by G over Rg on which the
group G acts by multiplication, where Ror = Z, Roo = Z[V2], Rar = Z[(1 + v/5)/2] are the
rings of integers. We introduce the spherical theta function 6, p(z) attached to the lattice Og
and a harmonic polynomial P of degree £ and prove that they are modular forms. By applying
our results on the characterization of G as a spherical design, we determine the cases in which
the C-vector space spanned by all 8¢ p(z) of harmonic polynomials P of homogeneous degree
£ has dimension zero—without relying on the theory of modular forms.

1. INTRODUCTION

1.1. BACKGROUND. A finite non-empty subset X of the unit sphere S*~! of the d-
dimensional Euclidean space R? is a spherical t-design if it holds that

1 1
— Z P(x) = ?/ P(x)do(x) for all P € Rlzy,...,xz4] of degree < ¢,
|X| zEX |S | xeSd—1

where o is the surface measure on S*~! and [S*~!| = [ o, , do(x). This concept
was first introduced by Delsarte-Goethals—Seidel in [17]. Since then, the problem of
determining the maximum value of ¢ for a given finite subset X of the unit sphere,
referred to as the strength of X, and the characterization of such subsets as spherical
designs have been studied in connection with various algebraic structures [4, 5].
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We wish to study these problems in the context of spherical designs of harmonic
index, which is a slight generalization of spherical t-designs. For X C R?, we define
the harmonic strength T(X) of X by

(1) T(X) := {g eN

> P(x)=0,VPe Harmg(Rd)} :

zreX

where Harm,(R?) denotes the R-vector space of harmonic polynomials of homoge-
neous degree £. Note that X is a spherical ¢-design if and only if 1,2,...,t € T(X).
A finite subset X C S9! such that T C T(X) is called a spherical T-design. This
concept was introduced by Delsarte—Seidel [18] as a spherical analogue of the design
in association schemes [16, Section 3.4], and has been actively studied in the past
decade (cf. [6, 22, 24, 25, 28, 30, 38]).

Our fundamental problems are as follows.

QUESTION 1.1. (i) Given X C R?, determine T(X).
(ii) Given T C N, characterize finite subsets X C R? such that T C T(X).

As an illustrative example of addressing Problem 1.1, consider a finite subset
X C S9! that is antipodal, meaning that —x € X for all x € X. In this case,
the harmonic index T'(X) contains the set O of all positive odd integers, providing
a partial solution to (i). Regarding (ii), a finite subset X C S?~! must necessarily be
antipodal if O C T(X) (cf. [25]).

Remark that Problem 1.1 (i) is closely connected to the theory of modular forms
through spherical theta functions, which was first pointed out by Venkov [36]. Re-
garding Problem 1.1 (ii), we note that for given t,d € N, the existence of spherical
t-designs was shown in [31]. Bondarenko—Radchenko—Viazovska [10] further showed
that for each N > ¢4qt? ', there exists a spherical t-design in S~ ! consisting of N
points, where ¢4 is a constant depending only on d.

In this paper, we mainly consider a set of certain quaternions as X in Problem 1.1.
Let us briefly describe it. Denote by H the R-algebra of (Hamilton’s) quaternion with
generators {i,7} and the relations i? = j2 = —1 and ij = —ji. Taking {1,4,j,ij} as
an R-basis of H, we will identify H with R* by expressing each quaternion = € H as
T = x1+x2i+2x3j+x417, and then associating it with the vector @ = (z1, x2, z3,24) €
R*. The subgroup H; := {z € H | N(z) = 1} of H*, where N(z) = 23 + 23 + 23 + 23
is the norm of x, is then regarded as the unit sphere S? in R%.

We will start from the following finite subgroups of Hy (cf. [14, Section 3.5]): the
binary tetrahedral (vesp. binary octahedral and binary icosahedral) group 2T (resp. 20
and 27) of order 24 (resp. 48 and 120). The group 21 is also referred to as the icosian
group in [13, p.207]. The quotient groups 27°/{x1},20/{£1} and 2I/{£1} are isomor-
phic to A4, 5S4 and As, respectively, which are known as exceptional finite subgroups
of the rotation group SO(3) of R? (cf. [37, Proposition 11.5.2]). As a subset of R*,
each G € {2T,20,21} is contained in FE, where For == Q, Fyo := Q(v/2) and
Fyr := Q(V/5) are number fields.

For G € {2T,20,2I}, let O¢ := (G)g,, be the Rg-algebra generated by G, where
R¢ is the ring of integers of the number field F. The ring Og becomes a maximal
Rg-order of the quaternion algebra over Fg (cf. [37, Chapter 11]). In particular, the
Z-order Oy is known as the Hurwitz order. Table 1 below gives a basis of Og.

Here we have set

A VE it 1A
- 2 ) - 2 ) - \/i

1+ T+T i+

@ ="

B =
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TABLE 1. Orders

Group G 2T 20 21
Order |G| 24 48 120
Number field Fg Q Q(V2) Q(V5)
Ring of integers Rg Z Z[\V2] Z[7]
R(;—order OG <2T>Z <20>Z[ﬂ] <2I>Z[T]
Basis of Og {1,4,4,w} | {1,, 8,8} | {1,4,(,iC}

For a positive integer m, we let
Ocm ={x € O¢ | tc(N(z)) =m},

where 1 : Rg — Z is a certain projection defined in (19). A key point is that
the composition ¢g(N(x)) defines a positive definite integral quadratic form Q¢ (see
the proof of Proposition 4.1 for the explicit descriptions). As such, the theory of
modular forms developed by Hecke and Schoeneberg becomes applicable. Using this
framework, we will show that |Og | > 0 for all m € N in Proposition 4.1. Note that
when G = 2T, the subset Og ., C R* for G = 2T coincides with the m-shell of the
Hurwitz order; that is, the set of lattice points on the sphere with radius \/m in R*.
In contrast, when G # 2T, the subset Og ,, C R* does not necessarily lie on a sphere
in R

1.2. MAIN RESULTS. Let us state our results on Problem 1.1 (i). For each G €
{2T, 20,21}, we will show in Proposition 4.3 that

(3) T(G) C T(O¢m), YmeN.

This implies that determining the harmonic strength T(G) gives a partial answer
to Problem 1.1 (i) for the case X = Og . The first main result of this paper is a
complete description of T'(G).

THEOREM 1.2. The harmonic strength of the finite quaternionic groups 27,20 and
21 are given by

(i) T(2T) = {10,4,2} UO™,

(ii) T(20) = {22,14,10,6,4,2} UO™,

(iii) T(21) = {58, 46, 38, 34,28, 26,22, 18,16, 14, 10,8,6,4,2} U O™,
where Q" denotes the set of all positive odd integers.

Let us turn to Problem 1.1 (ii). We first use the linear programming method estab-
lished in [17] to obtain a lower bound for the cardinality of finite subsets of S* whose
harmonic strength includes (more precisely, contains a subset of) T(G). Our result
shows that each G' € {2T,20,21} is the ‘minimal’ subset of S* among those whose
harmonic strength contains T'(G).

THEOREM 1.3. Let X be an antipodal finite subset of S3.
(i) If T(X) D{10,4,2}, then |X| > 24.
(ii) If T(X) D {14,10,6,4,2}, then | X| > 48.
(i) If T(X) D {10,8,6,4,2}, then | X| > 120.

In the case of spherical ¢-designs, the linear programming method provides a so-
called Fisher type bound: if X C S~ is a spherical t-design, then |X| > by, where
ba = (d+:_1) + (d:ff) ift =2eand by, = 2(d+:_1) if t = 2e + 1. However, it is not
known whether the lower bound obtained by this method provides the maximum lower
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bound of spherical ¢t-designs for a given t. Circumstantially, a tight design, meaning
that a spherical t-design X that attains the lower bound | X| = by, is known to have
some good extremal properties [7, 12], if it exists, and its classification has therefore
been studied extensively.

In a similar vein, the study of classification of ‘tight’ spherical T-designs has at-
tracted a lot of attention (although no general formulation of tightness is known). It
was started in [6] for the case T = {t}. The case t = 4 was also investigated in [28].
Zhu et al. [38] obtained the classification of tight spherical {¢}-designs for ¢t = 6,8, as
well as the asymptotic non-existence of tight spherical {2e}-designs for e > 3. They
also studied the existence problem for tight spherical T-designs for some T', including
the case T' = {8, 4}.

Our classification problem is based on the fact that, for an antipodal spherical T-
design X of S?~! with N points, its orthogonal transformation g(X) := {g(zx) | = €
X} for g € O(R?) is again an antipodal spherical T-design of S?~! with N points,
where O(R?) := {g : R? — R? : linear map | (g(x),g(y)) = (x,y), Vz,y € R} is
the orthogonal transformation group. We say X is unique as an antipodal spherical
T-design of S~! with N points if every antipodal spherical T-design of S*~! with N
points is an orthogonal transformation of X.

THEOREM 1.4. (i) The group 2T is unique as an antipodal spherical {10,4,2}-
design of S® with 24 points.
(ii) The group 20 is unique as an antipodal spherical {14,10,6,4,2}-design of S3
with 48 points.
(iii) The group 2I is unique as an antipodal spherical {10,8,6,4,2}-design of S3
with 120 points.

Theorem 1.4 is referred to as a uniqueness theorem in the study of the classification
of spherical designs. Remark that Theorem 1.4 (i) is obtained from Theorem 1.1 in our
previous work [22]; we have shown the uniqueness of the normalized Dy root system
%D;;, all permutations of %(il, +1,0,0), as an antipodal spherical {10, 4, 2}-design
of S? with 24 points. Indeed, the set 2T is an orthogonal transformation of %DZ; (see
Remark 2.2). Theorem 1.4 (iii) is also a consequence of the uniqueness of the 600-cell
as a spherical 11-design of S* with 120 points shown in [11]. In this paper, we will
prove Theorem 1.4 (ii) only.

1.3. SPHERICAL THETA FUNCTIONS. Let G € {2T,20,2I}. We will also consider a
connection with the spherical theta function 0 p(z) defined for P € Harm,(R*) by

(4) bo.p(z)i= 3 P@)ge@™e)  (g=emiz),
z€0¢g

This function is holomorphic on the complex upper half-plane and becomes an elliptic
modular form of weight 2 + ¢ for I'y(2) when G = 2T, of weight 4 + ¢ for T'y(2) when
G = 20, and of weight 4 + ¢ for SLy(Z) when G = 2I, as shown by Hecke and
Schoeneberg (cf. [20, §3.1], [26, §4.9], [27, §6]). The spherical theta function can be

written as bor() = 3 ( 3 P(z)>qm-

mz20 “x€O0ag m

From this, we see that, for £ € N, the condition ¢ € T(Ogym) is equivalent to the
statement that the coefficient of ¢™ vanishes in each of modular forms 64,...,0,,
where 01,...,0, form a basis of the C-vector space

O(G,0) == (0g,p(z) | P € Harmg(R4)>c,

Algebraic Combinatorics, Vol. 9 #4 (2026) 1160
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which is a subspace of the C-vector space of modular forms. In particular, if
dim¢ ©(G, ¢) = 0, then ¢ € T(Og,) holds for all m € N. This idea was employed
in [29, 36] to determine which degrees are included in the harmonic strength of the
shells of a lattice. In fact, by applying the theory of modular forms to estimate
the dimension of the space of spherical theta functions of a lattice, they partially
determined the harmonic strength of the shells of several important lattices.

In our case, we obtain the following relationship between the harmonic strength
T(G) and the dimension of the space O(G, ¢).

THEOREM 1.5. For G € {2T,20,21}, we have that dimc O(G,£) = 0 if and only if
LeT(Q).

It is worth emphasizing that, combining Theorems 1.2 and 1.5, we can determine
all £ € N for which the space ©(G, ¢) is zero-dimensional. Our proof does not rely on
the theory of modular forms.

We remark that the problem whether the space of modular forms is generated by
spherical theta functions is a version of the basis problem as raised by Eichler [21]
(see also [23] and references therein). While they use all classes of lattices with the
same genus, we focus on the spherical theta functions associated with a single lattice,
from the viewpoint of spherical designs.

1.4. CONTENTS. In Section 2, we give explicit descriptions of the groups 27, 20,
and 27. We then recall the notion of spherical designs and present a method, using
Gegenbauer polynomials and distance distributions, to determine whether ¢ € T'(X)
for a given finite subset X C S%~!. Section 3 is devoted to the proofs of our main
results: Theorems 1.2, 1.3, and 1.4. In Section 4, we first describe the quadratic form
Q¢ obtained from tq(N(x)) and compute the set Og 1 to prove that |Og | > 0 for
all m € N, using the theory of modular forms. Theorem 1.5 is proved based on the
computation of O¢ ;. Additional data on ©(G, ¢) such as a dimension conjecture will
be given.

2. PRELIMINARIES

2.1. EXCEPTIONAL QUATERNIONIC UNIT GROUPS. We provide a brief overview of
quaternions from the books [14, 15]. Let H = {x1 +zoi+2x3j+ x4k | 21,...,24 € R} be
the R-algebra of quaternions, where 1, 7, j, k are an R-basis such that i> = j2 = —1 and
ij = k = —ji. Its (non-commutative) multiplication is given for x = x1+wxoi+zsj+xsk
and y = y1 + y2i + y3j + yak by

5) zy = (T1y1 — T2y2 — T3Y3 — Taya) + (T2y1 + T1Y2 — Tays + T3Ya)i

+ (T3y1 + Tay2 + T1Y3 — T2ya)j + (Tay1 — T3Y2 + T2y3 + T1Y2) k.

For x = x1 + x9t 4+ 235 + x4k € H, denote by & = x1 — x27 — 3] — x4k the conjugate
of z and by N(z) = 27 = 23 + 23 + 2% + 27 the (reduced) norm of z. The norm map
N :H* — RZ, is a surjective group homomorphism.

The set of unit quaternions Hy = {¢ € H | N(¢) = 1} forms a subgroup of H*.
Let ¢ € Hy. We note that ¢! = &. For x € Im H := {2 + 235 + x4k | 72, 73,74 €
R}, we see that exe™! € ImH. The matrix Z. defined by the coefficient matrix
(eie™t eje t eke™1) = (4,4, k) Z. is a rotation matrix, i.e. Z. € SO(3) := {A € O(3) |
det A = 1}. From this, the map

p:H; - SO(3), e— Z.

is a homomorphism. Moreover, the map p is surjective. Its kernel is {1} ([37, Corol-
lary 2.4.21]). Namely, we obtain

H, /{£1} = SO(3).

Algebraic Combinatorics, Vol. 9 #4 (2026) 1161
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Thus, for any finite subgroup G of H; with —1 € G, we have the embedding G/{£1} —
SO(3). Here we recall that every finite subgroup of SO(3) is completely classified as
follows (cf. [37, Proposition 11.5.2]):

(i) a cyclic group;

(ii) a dihedral group;

(iii) the tetrahedral group A4 of order 12;

(iv) the octahedral group Sy of order 24; or

(v) the icosahedral group As of order 60.

Finite subgroups of H; whose images under the map p are isomorphic to the cases
(iii), (iv) and (v) above are called the binary tetrahedral group 2T of order 24, the
binary octahedral group 20 of order 48 and the binary icosahedral group 27 (of order
120), respectively. Their generators can be found in [15, Chapter 6.5]. We follow the
definition given in [14, Section 3.5].

The representations of the groups 27", 20, and 21 we use are as follows. Denote by
Qs = {£1, i, +j, £k} the quaternion group of order 8. For a subgroup G C H*, we
write

G ={ze | e € G}
for the G-orbit of z € H. Note that |G| = |G| for x € H*. With these notations, the
exceptional quaternionic unit groups 27, 20 and 21 can be written as follows:

2T = Qs Uw Qs Uw” Qs,
(6) 20 = 2T U 2T,
21 =2TUC2T U 2T U 2T U ¢t 2T,

where w,a,( are defined in (2). Note that these elements are units: w® = 1 and
at = ¢® = —1. The description given in (6) coincides with that in [14, Section 3.5],
which can be verified using symbolic computations performed with the help of the
computer software Mathematica.

For the latter purpose, we recall that the multiplication by a quaternion yields an
orthogonal transformation.

LEMMA 2.1. For x € H*, the R-linear map

me :R* 5 R, ¢ — Y

x
N(x)
is an orthogonal transformation, i.e. m, € O(R*). Here we are identifying H with R*
as R-vector spaces by taking (yi,y2,y3,vys) € R* for y = yi + yoi + y3j + yak € H.

Proof. For x = x1 + 221 + x3j + x4k € H*, let
X1 o T3 Tq
1 —T9 T1 T4 —IT3

N(z) | %3 —%4 1 T2
—T4 T3 —T2 I1

(7) M, =

From (5) we obtain

1
xy =yM,, (VyeH),
Ny UM (Vy € H)
where yM,, is the matrix product under the identification H with R%. Since M, is an
orthogonal matrix, we obtain the desired result. O

Note that the map
Hy — O4), v +— M,

is an injective group homomorphism, where O(4) is the orthogonal group.

Algebraic Combinatorics, Vol. 9 #4 (2026) 1162



Spherical designs for quaternions and modular forms

REMARK 2.2. In our previous paper [22], we have defined the Dy root system Dy as
the set of all permutations of (41, 41,0,0). Using the identification of H with R*, one
can check that %Dzl = a2T = m,(2T), where « is given in (2). From Lemma 2.1,

we see that the set %Dél is an orthogonal transformation of 27'.

2.2. SPHERICAL DESIGN. The concept of spherical T-designs introduced by Delsarte
and Seidel [18] applies to finite subsets of the unit sphere S*~! := {x = (21,...,24) €
R? | (x,z) = 1} in the d-dimensional Euclidean space R?, where for =,y € R?, its
inner product is denoted by

d
<m7 y> = Z xayw
a=1

Under the identification H with R*, for € H we have N(x) = (z,z), and hence,
S? = Hj.

For an integer ¢ > 0, denote by Hom,(R?) the R-vector subspace of R[z1, ..., z4]
consisting of all homogeneous polynomials of degree £ in d variables. We write

for the Laplacian operator. Let
Harmg(Rd) ={Pc¢€ Homg(Rd) | AP =0}

be the R-vector space of harmonic polynomials of homogeneous degree £. It is well
known (see e.g. Theorem 3.2 in [17]) that dimg Harm,(R%) = (“‘Z—l) - (“ﬁg?’) holds
for ¢,d € N with ¢ > 2.

DEFINITION 2.3. For a subset T of N, a non-empty finite subset X of S*1 is called
a spherical T-design if for any £ € T and P € Harm(RY) we have that

> P(z)=0.
zeX

Alternatively, a finite subset X C S?! is a spherical T-design if T C T'(X), where
T(X) is the harmonic strength of X defined in (1).

For a subset X of R, we write —X := {—x | x € X}. A set X is said to be
antipodal if we have —X = X. If a finite subset X C S% ! is antipodal, then the
harmonic strength 7'(X) contains all positive odd integers. Conversely, for a finite
subset X C S~ if T(X) contains all positive odd integers, then X is antipodal
(cf. [25]).

For an antipodal finite subset X of R%, a subset X’ C X is called a half set of X
if X is a disjoint union of X’ and —X’; X’ Ll (=X') = X. It follows that
(®) X = 21X|.

For any antipodal finite subset X of S?~! (note that 0 ¢ X), a half set of X always
exists, but not unique. The harmonic strength of the half set satisfies T'(X') N 27Z =

{20 e N |20 €T(X)} (see e.g. [22, Lemma 2.2]). It should be noted that T'(X’) may
contain odd integers (see [9]).

2.3. COMPUTING THE HARMONIC STRENGTH. We now explain our method to com-
pute the harmonic strength defined in (1). We use the Gegenbauer (or ultraspherical)
polynomials, which form a class of orthogonal polynomials (cf. [2, p.302] and [35,
(4.7.23)]). For A > 0, the Gegenbauer polynomial C}(s) € R[s] of degree ¢ is defined
by the coefficient of u’ in the formal power series ®*(s;u) := (1 — 2su + u?)~:

P N(s;u) = ZC’K)‘(S)uE.

20

Algebraic Combinatorics, Vol. 9 #4 (2026) 1163
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It is also obtained by the recurrence relation (C})(s) = 2(£ + X — 1)sC} | (s) — (£ +
2\ — 2)C) ,(s) for £ > 2 with C3(s) = 1, C{(s) = 2Xs. For example, the case £ = 2
is C2(s) = =X+ 2A(1 + A\)s. It follows that C}(1) = 2)‘(2)‘“)(2)‘;!2)”'(QAH_I).

LEMMA 2.4. Let X be a finite subset of S*~1. For ¢ € N, we have that
d—2)/2
> () =0

z,yeX
if and only if £ € T(X), where T(X) is the harmonic strength of X defined in (1).

Proof. Write ¢/ 4 := dimg Harm,(R?). Let {Se |n=1,2,...,¢04} be an orthonor-
mal basis of Harm,(R?) with respect to the inner product defined for Fy,F, €
Harm,(R%) by

1
—_— F; F: d .
57 [ A@h@i@
From the addition theorem [2, Theorem 9.6.3], for £ € N and x,y € S*~!, one has

Ce,d

(@ _ G%d  ~(d-2)/2
ZSETL S£n ) C(d 2)/2( )CZ (<$7y>)

(Fl, Fg) =

Let Zn := ) Lex Séiz(w) € R. Then we have

Ce,d Ce,d

C —
z=> ZS‘%“)S‘%(”:W% > G (= y)).
n=1 Yi

xz,yeX n=1 xz,ycX
Thus, the result follows from the definition: ¢ € T'(X) if and only if Z, = 0 holds for
alln=1,2,...,¢cp4. ]
PROPOSITION 2.5. Let d > 3. For a finite subset X of S*™™' and ¢ € N, we have that
¢ € T(X) if and only if the coefficient of u® in waeX ®U=2)/2((x,y);u) is zero.
Proof. Since

Z¢d2)/2wy ch(d2/2wy>>

x,ycX xz,ycX (>0

=X X At ) | o,

>0 \@,yeX
the result follows from Lemma 2.4. O
The power series -, . x ®@72/2((z,y); u) € R[[u]] as in Proposition 2.5 can be

computed from the distance distribution Rx = {(s, As(X)) | s € A(X)U{1}} of X,
where for s € R, we write

9) As(X) = {(z,y) € X x X | (z,y) = s}
and
(10) AX) ={(z,y) |z, y e X, = #y}

denotes the set of inner products of two distinct elements in X C S?~!. Note that
A1 (X) = | X|. With this, one has

Z (I)(d72)/2(<w’y>;u) — Z AS(X)(I)(d—2)/2(s;u).
w,yeX seA(X)U{l}

Our strategy is to express the above right-hand side in terms of simple rational func-
tions in « and check the conditions under which the coefficient of u* vanishes.

Algebraic Combinatorics, Vol. 9 #4 (2026) 1164
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Below, we only use the case d = 4. In this case, we simply write

1

P(s;u) = @ (sju) = ————.
(510) 1= @ (s50) = ;5

3. PROOFS OF MAIN RESULTS

3.1. PROOF OF THEOREM 1.2. To prove Theorem 1.2, we use the theory of invariant
polynomials. Let Hom,(C?) denote the C-vector subspace of C[z1, 2] consisting of all
homogeneous polynomials of degree £ in two variables. Let us recall an action of the
group H; on Hom,(C?).

We first note that a quaternion x € H can be written as © = 21 + 29j for some
21,20 € C:

T =21 + ot + x3] + x4k = (1 + x2i) + (x5 + 47)7.

Z1 22
Cx . < ) 7
—Z22 21

where Z denotes the complex conjugate for z € C. The matrix C, lies in the special
unitary group SU(2) = {A € U(2) | det A = 1} if x € H;. Moreover, the map

For x = z1 + 255 € H, we set

(11) H, — SU(2), e — C-

is an injective group homomorphism. This shows that for ¢ € H; and P € Hom,(C?),
setting

(eP) (21, 22) := P((21,22)C¢)

we obtain an action of H; on the space Hom,(C?).

Let G be a finite subgroup of Hj;, which can be viewed as a subgroup of SU(2)
via (11). Denote by Hom,(C2)% = {P € Hom,(C?) | P = P, Ve € G} the C-vector
space of G-invariant homogeneous polynomials, and by

Ue(u) = Z dim¢ Horng((CQ)GuZ
220

the Molien series (or Hilbert—Poincaré series) of G. It is well known (cf. [32, Theorem
4.3.2]) that the Molien series ¥ (u) can be calculated by

1

1
Valu) = Gl SEXC:; det(I —uC,)’

We now prove that, for a finite subgroup G of H;, the formal power series
(1/|1G|*) > e yec P((z,y);u) coincides with the Molien series V¢ (u) of G.

LEMMA 3.1. Let G be a finite subgroup of Hy. Then we have

Ve (u) = ﬁ S (e y)iu),

z,yeG

where the inner product (x,y) is given by (x1 + x2i+x3j + xak, y1 +Y2i +ysj +yak) =
T1Y1 + Tays + x3ys + Tays via the identification H with R?.
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Proof. From Lemma 2.1, for z,y € Hj, we have (z,y) = (1,2~ 'y). Thus, it follows
that

1 1 1
YelH] O({z,yhiu) = =7
5 2 ey - ;
|G| e |G| e 2(1, x)u+u
1 1
B @% 1 —2zu + u?
1 1
el JEZG det(I —uC,)’
where det(I — uC,) =1 — 2x1u + u? is easily verified. O

For a finite subgroup G C H; viewed as a finite subgroup of SU(2), the Molien
series U (u) is explicitly calculated as follows [33, Section 4.5]:

TABLE 2. Molien series of G

[ G ] Ve (u) |
1—u?m B 1+ u™
Cn (1—u)(l—u")?  (1—u?)(l—u")
D 1 _ u4n+4 B 1 + u2n+2
A —uhH)(I —u?)(1 =) (1 —uh)(1 —un)
o7 T — 2" _ T+ ul?
(1-u%(1 - u386)(1 —ul?)  (1- u6)(11g u®)
90 1—-u _ 14+u
(=)0 =) =) ~ A=) u®)
o1 1—u _ 1+u
1-u?)(1-u*)Q —-w3) (1-=u2)(1-u?)

Here C), and D5, are the cyclic and dihedral group of order n and 4n, respectively.
A quaternionic representation is given as follows:

Cp = {1/ |m =0,1,...,n—1}, Day, = Co, UCh,,
where we set €/ = cos@ +isinf and C%, := {e”™/"j |m =0,1...,2n — 1},
Proof of Theorem 1.2. We compute the generating series in Proposition 2.5. As a
prototype, we give the proof for the case X = 2T (Theorem 1.2 (i)); the proofs for

the other cases are similar.
From Lemma 3.1 and Table 2, one has

1
272

1 U12
Z ((z,y);u) = m-

r,yc2T

We now determine where the coefficient of u¢ in the above power series is zero. Let
By ={(a,b) € Z;O | 3a + 4b = £}. Then we have

1 a
(1 - U6)(1 — ug) — Z ub +8b _ Z |B€|u26.
a,b>0 €0
We will show that |B,| = 0 if and only if £ = 1,2, 5, from which by Proposition 2.5 the
result T'(2T) = {10,4,2} UO™ follows. For ¢ € N, suppose |Bg| > 0. Then there exists
(a,b) € Z%, such that £ = 3a+4b = 3(a+b) +b. Therefore, |B;| > 0 holds if and only
if £ € Sy U S1 U Sy holds, where, for b € {0,1,2}, we let S, = {3a+b € Z | a > b}.
Since N\ (Sp U S1USs) = {1,2,5}, we have done.
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By the same argument as for X = 27T, we can find all degree ¢ at which the
coefficient of u’ becomes zero in the power series given in Table 2. The detailed
verification is left to the reader. O

The harmonic strengths of the groups C),, and Ds, can also be obtained from
Lemma 3.1 and Table 2. We state the results without providing proofs.

THEOREM 3.2. The harmonic strengths of the cyclic group C,, and the dihedral group
Do, are given by

T(Cy) = (Ohs if n is even,
Y l{eeOt [ £<n} ifnis odd (n>2),

and
T(Dgy) ={20€N|0<l<n, f=1mod 2} UOT (n>2).

For subgroups G of Hj, the formal power series > .o ®((z,y);u) can be written
explicitly as shown in Lemma 3.1. In general, the crucial point in this approach is
that the series >, o ®({z,y);u) can be rewritten in a sufficiently simple form to
determine the non-vanishing of its coefficients. However, finding such a simple form
is generally difficult, as the coefficients of this series may not be integers.

3.2. PROOF OF THEOREM 1.3. In order to give a lower bound on the cardinality of a
spherical T-design, we recall a useful inequality due to Delsarte-Goethals—Seidel [17].

' d+20—2
d d—2)/2
be the scaled Gegenbauer polynomial used in [1 l] With this normalization, we have

gd)(l) = dimg Harm,(R?). As examples, one has

(d)s:1 52 — ,(d)s:1 s 52 —
(12) 2 () =5(d+2)(ds" = 1), Qy7(s) = zd(d+4)s ((d+2)s" —3),

W(s) =5 (165" — 125 +1), QF(s) =7 (645° — 80s* + 24s% — 1) .

Hereafter, we fix d = 4. Recall that the polynomials Q,(s) = gl)(s) form a basis
of the polynomial algebra R[s], and every polynomial F(s) € R[s] of degree r can be
written uniquely in the form

(13) F(s) = fiQu(s),
=0

called the Gegenbauer expansion of F(s). Note that, since the polynomials Q,(s) are
the orthogonal polynomials on the closed interval [—1,1] with respect to the inner
product of the weight function (1 — s2)!/2, the coefficient f; € R given in (13) can be
computed from

. [Y F(s)Qu(s)(1 — %)3 ds
Q)i ds
LEMMA 3.3. Let X C S? be a spherical T-design and F(s) € R[s] of degree r. Suppose

that the Gegenbauer expansion (13) of F(s) satisfies fo < 0 for all ¢ & T (we call
F(s) a test function). Then we have the inequality

flXP=FM)IX[> Y F(s)A(X),
SEA(X)

where Ag(X) and A(X) are defined in (9) and (10), respectively.
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Proof. This is an immediate consequence of [22, Lemma 3.1] (see also [17, Corollary
3.8]). O

We are now in a position to show Theorem 1.3.

Proof of Theorem 1.3. (i) This was shown in [22, Theorem 3.2], but we repeat the
proof. Let X’ be a half set of an antipodal spherical {10, 4, 2}-design X of S3. From
(8) it suffices to show that |X’| > 12. Let

1196 4Q10( 5) +

Applying this to Lemma 3.3, we obtain

1 3

For(s) :
ar(s) = 1024

2560@4(5) +

(14) X - Fr (D)X > Y Far(s)Al(X).

s€A(X)

1024

Note that the polynomial For has the following factorization:

(15) For(s) = s (s+;>2<s—;>2<(82—;>2+2>.

It follows from (15) that Far(s) > 0 for any s € [—1,1]. Since A(X’) C (=1,1), we
obtain the inequality » . 4(x/) For(s)As(X’) > 0, and hence,

1024
3

(ii) Let X’ be a half set of an antipodal spherical {14, 10,6,4,2}-design X of S3.
Consider

X > Fop(l) = 12.

F. = - -
20(s) 245760Q14( )+ 135168Q10( )+ TTa6as 0o (9) + 49152Q4( )
1

147456Q2( )+ 109"
With this, Lemma 3.3 gives the inequality

- 112

8192‘X| - Fo(1)|X'| > Z Fro(s)As(X').

SEA(X')

From another expression

1\? 1\? 1\? N 1
2 4 1 2 1 2 ! 1
(16) Fro(s) =s (s+ 2) <5 2) (s 2) <(s 8> + 1]
we see that Fho(s) > 0 for any s € [—1, 1]. Therefore, one gets the desired inequality

1X'| = 8192F50(1) = 24.

(iii) Let X’ be a half set of an antipodal spherical {10,8, 6,4, 2}-design X of S3.
Applying

(17)
Far(s) =~ Quo(s) — e Quals) + o Qro(8) + Qs
2r(s) = 1114112 16(5) = 4915200 14 1802240 10(8) + 151590 98(5)
177 149 3
16384OQ6( )+ 1638400 24 als) + 983040Q2( s)+ 16384

LT ) D ) ()
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to Lemma 3.3, we obtain 5ae;|X'|> — F21(1)|X’| > 0 (note that the coefficients of
Q16 and Q14 in the Gegenbauer expansion of Fyy are negative). Hence, it holds that

16384

| X'| > Fsr(1) = 60. O
REMARK 3.4. By finding a test function of degree 17, which is different from our
F1(s), Andreev [1, Theorem 1] proved that every spherical 11-design X C S? satisfies
|X| > 120 (see also [11, Theorem 6]).

From the above proofs, we are led to the following definition.

DEFINITION 3.5. (i) An antipodal spherical {10,4,2}-design X of S* is said to be
minimal when | X| = 24.
(ii) An antipodal spherical {14,10,6,4,2}-design X of S is said to be minimal

when | X| = 48.
(iii) An antipodal spherical {10,8,6,4,2}-design X of S® is said to be minimal
when | X| = 120.

Using the expressions (15), (16) and (17) of our test functions, one can control the
set A(X) of inner products for the above minimal antipodal spherical T-designs X.

COROLLARY 3.6. (i) An antipodal spherical {10,4,2}-design X of S® is minimal
if and only if

A(X) C {—1,i;,0}.

(ii) An antipodal spherical {14,10,6,4,2}-design X of S® is minimal if and only
if
AX) C {—1 TR 0}.
) ﬁ7 27
(iii) An antipodal spherical {10,8,6,4,2}-design X of S* is minimal if and only if
-1

T T 1
A(X -1, +—, +—, &= .
( )C{ ) 2 b 2) 270}

Proof. For a half set X’ of an antipodal spherical {10, 4, 2}-design X of S3, it follows
from (14) that the equality |X’| = 12 holds if and only if For(s) = 0 for all s € A(X").
Thus, the result follows from the expression in (15). The other two cases are obtained
in much the same way as above and are therefore omitted. O

3.3. PROOF OF THEOREM 1.4. In this subsection, we show the uniqueness of X = 20
as a minimal antipodal spherical {14, 10, 6, 4, 2}-design, whose cardinality is 48.

Proof of Theorem 1.4 (ii). Let

1 1
A={—1,+—,+=.0}.
{ V2 T2 }

From Corollary 3.6 (ii), the set of the inner products satisfies A(X) C A (namely, X
is an A-code). Fix an arbitrary point @y € X, and we may suppose o = (1,0,0,0).
For s € R, let

Xs:={x € X | (z,z0) = s}.
Note that X_, = —X,, since X is antipodal. Each point x of X, has the form
x = (8,22,23,24). For such & with s # £1, we write £ = /1/(1 — $2)(x2,z3,24)
which is on the unit sphere S%. For s € A(X) \ {—1}, the set

X, ={#ecS|xeX,)}
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is called the derived code with respect to xg. By [17, Theorem 8.2], each derived code
)Z'S is a spherical 3-design on S?, as X is a spherical 7-design and an A-code.

Notice that X is distance invariant from Theorem 7.4 in [17], namely |X;| does
not depend on the choice of the initial @y € X. Thus, we have A;(X) = | X;| x |X],
where A;(X) is defined in (9). From Lemma 2.4, one obtains the following system of
equations in | X|:

Y xR (s) =0

se AU{1}
for each £ € {2,4,6} (see (12) for the polynomials le)(s)). Together with the condi-
tions |X41| = 1 and | X| = | X_;]|, this system of equations is solved as
| Xo| = 18, |Xi1/\/§\ =6, | X412 = 8.
Since a spherical 3-design on S? with 6 points (namely, a tight 3-design) is
unique and is a cross polytope (the regular octahedron) up to orthogonal trans-
formations (cf. [3, 8]), we see that X, 5 is an orthogonal transformation of

{(£1,0,0), (0,=£1,0),(0,0,41)}. By taking a suitable orthogonal transformation, we
may express

X; ={(1,0,0,0)},  X_;={(~1,0,0,0)},
e { () (o) (G}
= () (i) (o))

We now compute the coordinates of X.,/,. From the comment below Definition

8.1 in [17], one has
1 2v2-1
s€ A} N[-1,1) = {i37 ‘/;,—1} .

= 4 1
AX —-s— =
(Xiy2) € {38 3
Since )N(l /2 1s a spherical 3-design, it follows from Lemma 2.4 that
(18) >, @y =0
;,F’ijlegl/fz

If (24/2 — 1)/3 appears as an inner product in (18), then the left-hand side of (18) is
never zero. This implies that A(X;/5) C {£3,—1}. Thus by [17, Theorem 7.4], the

set Y = )?1/2 is distance invariant, namely, |{y € Y | (y,y,) = s}| does not depend
on the choice of y, € Y. Fix yy € Y and let Y; = {y € Y | (y,y,) = s}. Note that
|Y1] = 1. From Lemma 2.4, one has

> e =0, =123

se{x1,£1}
This system of equations has the following solutions:
[Yii/3] =3, Y_1| = 1.
Therf}vfore, Y is the cube in §? (cf. [3, 8]). From [11, Lemma 1], for y € Y and

T € Xl/\/§7 we see that
1 2 1
secASN[-1,1) = i,\/> .

<.z;7:z>e{ﬁ:<jg
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Using [11, Corollary 2], we compute the distance distribution of Y with respect to
T e Xl/ﬂ:

:0,

Yisl=t sl ‘Y\F/ -
where Ys; ={y €Y | (y,z) = s}. This implies that for each @ € X, 5, we have that

Hy € Xi2 | (y,x) = 1/V2}| =4, Hy € Xi)2 | (y,x) =0} = 4.

Using the above expression of X /3> We can uniquely determine

1 1 1 1
Xijp=4 (2,42, £-, 4=
1/2 {(23 9’ 23 2)}3

where we take all choices of signs. X_; /5 is obtained by —Xj /5.
Finally we determine @ = (0,29, z3,24) € Xo. The inner products between ele-

ments in Xy and in Xl/ﬁ belong to A, so i% € A for j = 2,3,4. This together

with 23 + 23 4+ 2 = 1 shows that z; € {0,+1,£1/v/2}. Therefore, X, should be a
subset of

{(0, +1,0,0),(0,0,+1,0),(0,0,0, £1),

1 1 1
(0.4 £25,0), (0.4 45,0,.4%), (0,0, £4,+%) }.
This set is size 18, and hence, coincides with Xj.

From the coordinates of X, /v/2> We can uniquely determine the coordinates of X
for each s € A(X). This implies the uniqueness of 20 as desired. O

4. APPLICATION TO MODULAR FORMS

4.1. ORDERS AND MODULAR FORMS. Let F be a totally real number field and R its
ring of integers. The F-vector space
D(F) :={x1 4+ x2i + 23] + x4k | 21,...,24 € F}

forms an F-algebra, called the quaternion algebra over F. A subring O C D(F) is
an R-order if there exists a basis {by, ba, b3, by} of D(F) such that O = Rby & Rby &
Rb3 & Rby. Note that the set N(O) of all norm values of O is a subset of R (cf. [37,
Chapter 10]). An R-order of D is said to be mazimal if it is not properly contained
in another R-order of D.

Recall our orders from the introduction. Let For = Q, Fyo = Q(ﬂ) and Fyr =
Q(V/5). From (6), we see that each G € {2T, 20,21} is a subset of F&. Let R¢ be the
ring of integers of Fg, i.e. Ry = Z, Roo = Z[V/2], Roy = Z[r] with 7 = %, and
O¢ = (G) R, the Rg-subalgebra of the quaternion algebra over Fg generated by G.

Then, Og is a maximal Rg-order (cf. [37, Chapter 11]). Its basis is given in Table 1.
For G € {2T,20, 21}, we define the map v : Rg¢ — Z by

LQT(a) = a, (CL €7 = RQT),
(19) wola+bvV2)=a, (a+bV2€Z+7ZV2=Ry),
tor(a+b7)=a, (a+br €Z+Zr = Ryy).

For G € {2T,20,21}, let
Qg (z) == ta(N(z)).
For m € N, we study the following finite subset of R*:

OG,m = {ZE € Og | QG('I) = m}
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We give explicit formulas for [Og,m|. For this, let ox(m) = 32, d* be the divisor
function. We set o1 (m/2) = 0 if m is odd.

PROPOSITION 4.1. (i) For m € N, we have |Oar | = 24 (01 (m) — 20y (%)) > 0.
Moreover, Oar1 = 2T
(ii) For m € N, we have |O20,m| = 48 (ag(m) + 403 (%)) > 0. Moreover,
O20,1 = 20.
(iii) For m € N, we have |Oz; 1| = 24005(m) > 0. Moreover, Oy =21 UT21.

Proof. For each G € {2T,20,21}, we first observe that Qg(z) € Z for x € Og
defines a positive definite integral quadratic form (for background on quadratic
forms, see [27, Chapter 6]). This implies that the spherical theta function
Oc.p(2) = D icon P(z)q2¢®) (¢ = €2™*) defined in (4), is a modular form
(cf. [26, §4.9], [27, §6]). Then, using the theory of modular forms, we express the
generating function 0g,1(z) = >_,50|0G,ml¢™ in terms of the Eisenstein series
Ey(z)=1-243%" - ,01(m)q™ and Ey(z) =1+240%, -, 03(m)q™. For the theory
of modular forms for the congruence subgroup, see [19]. The quadratic form Qg(z) is
also used to give a description of Og 1 (we solve the Diophantine equation Qg (z) =1
with the aid of Mathematica).

For the Hurwitz order Oar, let © = ry+roi+r3j+ryw € Oop with 71,19, 73,74 € Z.
Then one obtains

2, .2, .2, .2
Qor(x) =711 + 713 + 73 + 7] — r1rs +1r2rs + 7374,

which defines a positive definite integral quadratic form of level 2 and discriminant
4. Hence, the spherical theta function a7 p(2) for P € Harm,(R?*) is a modular
form of weight 2 + ¢ for T'y(2). The space of modular forms of weight 2 for I'g(2) is
1-dimensional spanned by 2F5(22) — FE5(z). Therefore, we have

Oo7.1(2) = 2E2(22) — Ea(2) = 1+ 24q + 24¢* + 96¢° + 24¢* + - - - .

By finding integral solutions to the equation 7% +r3 +13 + 13 —riry +rary +r3ry = 1,
we obtain Oy 1 = 2T'. Below is an example of Mathematica code to compute the set
Oar1:

Solve[r172+r272+r372+r4 " 2-ri*rd+r2*r4+r3*rd==1,
{r1,r2,r3,r4}, Integers]

For the case Os0, using the integral basis of Z[v/2], we write = (y1 + 21v/2) + (y2 +
20V 2)a + (y3 + 23v2) B + (y4 + 24v2)af € Oyp with Yj, 2j € Z. Then we have

Q20(x) = Y5 + y1ya + 2y122 + 2123 + Y3 + Y2ys + 2221 + 2y0za + Y5 + 2ys21
+ 2y3z4 + yi + 2yq29 + 2y423 + 2zf + 22124 + 223 + 22923 + 2z§ + 222,

which is positive definite. The level and the discriminant of the above quadratic form
are 2 and 16, respectively. Hence, 020 p(z) for P € Harm,(R*) is a modular form of
weight 4 + ¢ for T'y(2). Note that the space of modular forms of weight 4 for I'g(2)
is 2-dimensional. Due to the Sturm bound [34, Corollary 9.20], expressing 020 1(#) in
terms of the Eisenstein series requires the coefficient of ¢, namely, |O20,1|. Now, let
the computer calculate integer solutions to Qs0(x) =1 to get an explicit description
of Oz0,1. The result is O20.1 = 20. Hence, |O20,1| = 48 and we get

1 4
020.1(2) = gE4(z) + 5E4(2z) =14 48q + 624¢° + 1344¢> + 5232¢* + - - - .
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For the case Oyr, we also write © = (y1 + 217) + (y2 + 227)1 + (y3 + 237)¢ + (ya +
247)i¢ € Ooy with y;, z; € Z. It holds that

Qor(x) = y7 + y1ya + Y123 — Y124 + Y3 — Y2y + Y223 + Y2za + Y3 + Y321
+ys22 + Y3 — Yaz1 +Yaz2 + 25 + 2123 + 25 + 2024 + 23 + 25
This is a positive definite integral quadratic form of level 1 and discriminant 1. Thus,

021 p(z) for P € Harm,(R?) is a modular form of weight 4 + ¢ for SLy(Z). Since the
underlying vector space is 1-dimensional, we get

021.1(2) = E4(2) = 1+ 240q + 2160¢° + 6720¢° + 17520¢* + - - - .
One can check that the set Ogr 1 of integer solutions to the equation Qoy(x) = 1 has

240 points. Moreover, we obtain Oz 1 = 21 U7 21, meaning that the set Oyy,; consists
of two copies of 2. This completes the proof. O

REMARK 4.2. As the formula |Osp | = 24003(m) suggests, the Z[r]-order Oz has
a connection with the Eg lattice (an even integral unimodular lattice in R®). Let
k4 : D(Q(7)) = QF be the Q-linear map defined by

k4 ((a1 4+ b17) + (a2 + ba7)i + (a3 + bs7)j + (ag + bs7)k) = (a1, b1, a2,ba, as, bz, aq, by).

Then, the image V2 Ky (021) is isometric to the Fg lattice. Furthermore, the map

V2 k4 gives a bijection from Oy 1,m to the 2m-shell of the Eg lattice. This is because

for x = (a1 + b17) + (ag + ba7)i + (a3 + b37)j + (ag + ba7)k € Ooy, it holds that
t2r(N(2)) = af + 0 + -+ aj + b = (ka(x), Ka(2)),

where we have used 72 = 7 + 1. For more details, see [13, Chapter 8].

4.2. PROOF OF THEOREM 1.5. We first prove (3). For this, recall that the multipli-
cation by a quaternion yields an orthogonal transformation (Lemma 2.1).

PROPOSITION 4.3. Let G € {2T,20,21}. For all m € N, we have T(G) C T(Og,m).
When m = 1, the equality T(G) = T(OGJ) holds.

Proof. Let m € N. For ¢ € G and « € Og,, since N(ze) = N(z), it holds that
ze € Og,m. This shows that G acts on the set Og .. Hence, we have a G-orbit
decomposition

(20) Ogm= || 2G
TESm

of Ogm as a disjoint union of {xG | z € S,,} for some S,, C Og . By Lemma
2.1, the G-orbit G is an orthogonal transformation of /N (z)G. It is well known
that the orthogonal transformation group O(R?) acts on the space Harmg(R¢) of
homogeneous harmonic polynomials. In our case, for P € Harm,(R?*) and g € O(R?),
we have gP € Harm,(R?), where (¢gP)(z) := P(g(z)). Therefore, for any z € S,,,
we see that ¢ € T(G) if and only if ¢ € T(zG) (note that since every z € Og,, is
invertible in H*, we have |zG| = |G|). Finally, the inclusion T(G) C T(Og,y,) follows
from the fact that T(X; U X5) contains T'(X71) N T(X32).

Let us turn to the case m = 1. From Proposition 4.1, for G € {2T,20}, we have
G = Og,1. Thus, T(G) = T(OG,l). For the case G = 21, since T'(2I) C T(OQIJ), it
suffices to show T'(2I) D T((92171). Suppose £ € T(Oglvl). By Proposition 4.1 (iii),
for all P € Harm,(R*) one has

0= Y P@)=> P+ > Plrz)=(1+7")Y P).

€021 1 xe2l xre2l xe2l
Thus, ¢ € T'(2I). This completes the proof. d
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We are now in a position to prove Theorem 1.5.

Proof of Theorem 1.5. We first prove that dim¢ O(G,¢) = 0 = ¢ € T(G). Suppose
¢ ¢ T(G). Then, by Proposition 4.3, ¢ ¢ T(Og,1). This shows that there exists
P € Harm,(R*) such that g p(z) # 0. Hence, dim¢c O(G, ¢) > 1.

Let us turn to the proof of £ € T(G) = dim¢ O(G,¥¢) = 0. For £ € T(G), by
Proposition 4.3, { € T((’)G,m) holds for all m € N. Hence, g p = 0 for all P €
Harmg(R*). Thus, dimc ©(G, ¢) = 0. We have done. O

REMARK 4.4. In our previous paper [22, Section 6], as an application of the uniqueness,
we gave a decomposition of the m-shell of the D, lattice in terms of a disjoint union
of the orthogonal transformations (up to scalar) of the D4 root system. We have the
same structure: For any m > 0, there exists a finite subset U,, of the orthogonal
transformation group O(R?*) such that

{ NE xe(’)g,m}z |_| 9(@G).

g€Unm,
This is because the orbit G in (20) is an orthogonal transformation of /N (z)G.

4.3. MORE ON THE SPACE O(G,{). In this last subsection, we first give an upper
bound of the dimension of the space ©(G, ¢), by using the theory of invariant poly-
nomials. Then, numerical basis of the non-zero space O(G,¢) are provided for some

L.

4.3.1. Invariant polynomials. For a subgroup G of Hj, denote the G-invariant sub-
space of Harm,(R*) by

Harm,(R*)¢ := {P € Harm,(R*) | eP = P for all ¢ € G},

where we set (eP)(x) := P(zM.) for z € R* and M. is the matrix defined in (7). If
we identify R* with H as in Lemma 2.1, then (eP)(x) = P(ex).

PROPOSITION 4.5. For G € {2T,20,21} and ¢ € N, we have
dime ©(G, ¢) < dimg Harm,(R*).
Proof. From the representation theory of finite groups, we obtain
Harm(R*) = Harm,(R*)¢ @ Spang{P — ¢P | P € Harm,(R*),e € G}.

Then, the result follows from

ba,p-cr(z) = Y (P(2) = P(ex))q2¢™ = b6 p(z) = Y Pla)g2e ™

zeOg z€eOg
bop() = 3 Ple)g® o,
zeOg
where we have used the fact that G acts on Og and that N(ex) = N(x) for e € Hy
and z € H. 0

The generating series of the dimension of Harm,(R*)“ is called the harmonic
Molien series of G. We denote it by

U (u Z dimg Harm,(R*)%u
£20

From [32, Theorem 4.3.2] and Hom,(R*)¢ = Harm,(R*)% & N(z)Hom,_o(R*)%, we
obtain

1—u?
v |G|Zdet (I —uM.)
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Using this, we can compute Ug (u) = Y, dg eu® for G € {2T,20,2I} as follows:

_ for(uw) = for(u”")u'®
‘I’gT(U) = (1 —uh)2(1 — ub)? ’
)

w) — u—1)426
R e
 far(u) = far(um)uPt

Uil (u) = 1+ ulz)z(l _ st)z(l —y10)2’

where we set

for(u) =1 — 2u* + 5u® + 10u®,
fao0(u) =1 —2u® + 7u® + 14u'?,
for(u) = 14 2u® 4+ u* — 2u® — 4u® — 4u'° + 10u'? + 26u'* + 18u'C.

14 2 4 6 8 10 12 14 16 18 20 22 24
dore |0 O 7 9 0 26 15 17 38 42 23 75
doe|0 0 0 9 0 13 0 17 19 21 0 50
dore O 0 OO O 13 0 0O 0 21 0 25

We believe that the inequality in Proposition 4.5 becomes an equality only when
dim¢ ©(G, ¢) = 0. For the (conjectural) dimension of the space ©(G,¥), see the sub-
sequent subsections.

4.3.2. Case G = 2T. Let A be the D, lattice generated by the D, root system.
This lattice is unique as an even integral lattice of level 2 (see e.g. [22, Theorem
7.2]). From Remark 2.2, we see that A = (1 + ¢)Ozr. Thus, the space ©(2T,¢) co-
incides with the C-vector space spanned by the spherical theta function of the Dy
lattice. It is generated by newforms of weight 2 + ¢ for T'g(2) (see [22, Remark 7.3]),
namely, we have ©(27,¢) = S3{}(2) the C-vector space spanned by newforms of
weight 2 + ¢ for I'y(2). Let Sk(N) denote the C-vector space spanned by cusp forms
with real Fourier coefficients of weight & for I'o(IN). It is known that Si(1) and Sk (2)
have a basis whose Fourier coefficients are rational numbers. Thus, from the dimen-

sion formula (cf. [19, Section 3.5]), we have 3, -, dimc Sp(u* = % and

8

> ko dime Sy (2)u” = T—wr gy Since dime Sp°%(2) = dimg Sk (2) — 2 dime Sk (1),
we obtain the dimension formula for ©(27, ¢) as follows:

1+U12

> dime O(2T, H)u’ = (T

20

4.3.3. Case G = 20. From Theorems 1.2 and 1.5, we have dim¢ ©(20, 2¢) = 0 if and
only if 2¢ € {22,14,10,6,4,2}. The first non-trivial space ©(20, 8) is a subspace of
cusp forms of weight 12 for I'g(2). One can observe that ©(20,8) is 1-dimensional
spanned by

A(2) + 64A(22) = q + 40¢> + 252¢° — 3008¢* + 4830¢° + - - -,
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where A(z) = q[[,5,(1 — q")** is the unique cusp form of weight 12 for SLa(Z).
Moreover, we have

0(20,12) = C(q — 3368¢> + 58092¢> — 268736¢* + - - - ),
0(20,16) = C(q + 39880¢> + 1279452¢° — 1999808¢* — 174409410¢° + - - -),
0(20,18) = C(q — 79024¢* + 5687604¢" + 103384576¢* — 14389337704 + - - - ),
0(20, 20) = C(q + 200632¢> + 57854412¢> — 580869056¢* + 123858401104°
— 70670680416¢° + - - ).
We may expect that
u8 + u12 _ u14 1 + u18

2 dime OC0. 0" =1+ 5 = T =

4.3.4. Case G = 2I. Theorems 1.2 and 1.5 imply that dim¢ ©(21,2¢) = 0 if and only
if

2¢ € {58,46, 38,34, 28, 26,22, 18,16, 14, 10, 8,6,4, 2}.
The first nontrivial space ©(27,12) is 1-dimensional, generated by Es(z)A(z). One
can observe that

O(21,20) = C(41q + 7197364 — 26525268¢> + 1272600128¢* + - - - ),
O(21,24) = C(23¢ + 2267928¢ + 438932196¢° + - - - ),

©(21,30) = C(51q + 107369712¢> — 33500700684¢> + - - - ),
O(21,32) = C(2207¢ + 11194301112¢% + 953165204964¢> + - - -),

(21, 36) = C(107q + 3571780392¢> — 1430566003836¢> + - - - ).
We may expect that

1+ %0
(1 —ul2)(1 — u20)°

3 dime ©(21, f)u’ £

20
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