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and generalizations
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Abstract We study the poset of hyperbolic structures on Thompson’s group F and its gen-
eralizations Fn for n ⩾ 2. The global structure of this poset is as simple as one would expect,
with the maximal non-elementary elements being two quasi-parabolic actions corresponding
to well-known ascending HNN-extension expressions of Fn. However, the local structure turns
out to be incredibly rich, in stark contrast with the situation for the T and V counterparts.
We show that the subposet of quasi-parabolic hyperbolic structures consists of two isomorphic
posets, each of which contains uncountably many subposets of lamplike structures, which can
be described combinatorially in terms of certain hyperbolic structures on related lamplighter
groups. Moreover, each of these subposets, as well as intersections and complements thereof, is
very large, in that it contains a copy of the power set of the natural numbers. We also prove that
these uncountably many uncountable subposets are not the entire picture, indeed there exists
a copy of the power set of the natural numbers consisting entirely of non-lamplike structures.
We also prove that this entire vast array of hyperbolic structures on Fn collapses as soon as
one takes a natural semidirect product with Z/2Z. These results are all proved via a detailed
analysis of confining subsets, and along the way we establish a number of fundamental results
in the theory of confining subsets of groups.

Introduction
A recent, fruitful line of inquiry in geometric group theory involves classifying all
possible cobounded hyperbolic actions of a given group. An action of a group by
isometries on a metric space is called hyperbolic if the metric space is hyperbolic, in
the sense of Gromov. In order to avoid pathologies, it is standard to only consider
actions that are cobounded, meaning that the space can be covered by G-translates of
some fixed bounded subset. There is a natural notion of order on such actions, which
induces an equivalence relation: the resulting quotient set inherits the structure of a
poset, called the poset of hyperbolic structures, denoted by H(G).

This poset was introduced in [3], where its properties for general groups were studied,
and it was shown to be typically unwieldy for groups exhibiting negative curvature,
specifically acylindrically hyperbolic groups. On the other hand, for certain solvable
groups, the poset of hyperbolic structures is more reasonable, and can be computed
explicitly [22, 5, 4, 1, 2]. In another direction, the poset is trivial for higher-rank
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lattices [33] and many groups of dynamical origin acting on the circle or the Cantor
set [27, 6].

Our focus in this paper is another group of dynamical origin, which instead acts
on the interval, and shares some of the algebraic properties of the solvable groups
whose poset of hyperbolic structure has been previously studied: Thompson’s group F .
This is the group of all piecewise linear orientation preserving homeomorphisms of the
interval [0, 1] with all slopes powers of 2 and breakpoints in Z[1/2]. This seemingly
ad hoc definition belies the rich structure and bizarre properties of F ; for instance it
was the first known torsion-free group to admit a classifying space with every skeleton
finite, but not admit any finite classifying space [15]. It is also an example of a concrete,
straightforward-to-define group for which properties like amenability, C∗-simplicity,
and automaticity remain open. Background material on F can be found for example
in [8, 21].

There is an obvious generalization of F to an infinite family of groups Fn (n ⩾ 2),
with F = F2, namely, Fn is the group of all piecewise linear orientation preserving
homeomorphisms of the interval [0, 1] with all slopes powers of n and breakpoints in
Z[1/n]. These groups were first officially investigated by Brown in [16], and are the
natural “F -like” version of the Higman–Thompson groups Vn introduced by Higman
in [36].

Our goal in this paper is to understand the poset of hyperbolic structures on Fn.
We analyze the structure of this poset from both a “global” and a “local” perspective,
first breaking the poset into large subposets, revealing a global structure, and then
inspecting these smaller pieces individually to obtain the local structure. Our first
main result shows that the global structure is as simple as one might expect; see
Subsection 1.1 for the relevant definitions.

Theorem A (Global structure of H(Fn)). The poset H(Fn) has the following structure.
(i) The poset of general type structures Hgt(Fn) is empty.
(ii) The poset of quasi-parabolic structures Hqp(Fn) consists of two incomparable

isomorphic posets X0 and X1.
(iii) The poset of lineal structures Hℓ(Fn) coincides with the poset of oriented lineal

structures H+
ℓ (Fn), which is an uncountable antichain, with two distinguished

elements [±χ0] and [±χ1] dominated by X0 and X1, respectively.
(iv) The poset of elliptic structures He(Fn) is reduced to the smallest element,

which is dominated by every lineal structure.

See Figure 1 for a picture.

∗He(Fn):

[±χ0] [±χ1]Hℓ(Fn):

X0 X1Hqp(Fn):

· · · · · · · · ·

Figure 1. The global structure of the poset H(Fn), as described in Theorem A.
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Note that the abelianization of Fn has rank n, and in fact the main content of this
theorem is the proof that most lineal structures, corresponding to characters of Fn,
are maximal elements in H(Fn). In particular there are uncountably many maximal
elements.

It is well-known that the posets X0 and X1 are non-empty. Indeed, Fn can be written
as an ascending HNN-extension whose base is the subgroup of elements supported on
an interval [t, 1], t > 0, and the stable letter is an element a ∈ Fn with slope n at 0
such that t.a−k → 0 as k → ∞. The action of Fn on the corresponding Bass–Serre
tree is quasi-parabolic, and represents an element of X0. There is an analogous action
belonging to X1, defined the same way but with an interval of the form [0, t] and an
element with slope n at 1, instead. These two structures have a distinguished place
in H(Fn):
Theorem B. The two actions of Fn on the Bass–Serre tree for the ascending HNN-
extension expressions described above represent the two non-elementary maximal
hyperbolic structures on Fn.

Let us remark that Fn is in a sense very far from being negatively curved. For one,
it has no non-abelian free subgroups [13], and it also contains infinite direct sums of Z.
Moreover, it has very few quotients, indeed all proper quotients factor through the
abelianization [16]. From the point of view of its large scale geometry, it has linear
divergence [31, 50].

However, surprisingly, the actions in Theorem B are far from being the only quasi-
parabolic structures on Fn. Our next goal is to describe the poset X , which is the
common isomorphism type of X0 and X1, and in particular give an idea of just how
large it is. For the next statement, we recall the following terminology involving posets.
In a poset P with partial order ≼, if x ≼ y we say that x is dominated by y. A subset
S of P is called upper if every element of P dominating an element of S lies in S. An
element of P is the largest element if it dominates every element, and the smallest
element if it is dominated by every element. If an element of P is not dominated by
any other element it is maximal, and if it does not dominate any other element it is
minimal.
Theorem C (Local structure of H(Fn)). The poset X has the following properties,
with more precise statements given in the course of the paper.

(i) There exists a largest element.
(ii) X contains an uncountable family of subposets LLt, indexed by t from a real

interval, called subposets of lamplike hyperbolic structures.
(iii) Each LLt is upper (hence contains the largest element of X ), and has a

smallest element, which is minimal in X . These minimal elements are pairwise
distinct, thus incomparable, for different values of t.

(iv) Each LLt contains a copy of P(N). In fact, for all t ̸= t′, there are copies of
P(N) contained in each of LLt ∖ LLt′ , LLt′ ∖ LLt, and LLt ∩ LLt′ .

See Figure 2 for a picture, and see Definition 7.6 for the official definition of
“lamplike”. Intuitively, lamplike hyperbolic structures on Fn are inherited from certain
hyperbolic structures on lamplighter groups, hence the name.

Here P(N) denotes the power set of the natural numbers, with order given by
inclusion. This is the prototypical example of a large poset of size at most 2ℵ0 ; for
instance, it contains chains and antichains of cardinality 2ℵ0 . Thus the theorem shows
that X is very large and complex. Indeed, the posets LLt are already very large, and
spread out in some sense: they are upper, and their smallest elements are also minima
of X . Moreover, in the case of actions on trees, lamplike structures give a complete
picture:
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P(N) P(N)

P(N)

Figure 2. The local structure of the poset X , as described in The-
orem C. Two subposets of the form LLt are exhibited. The largest
element of X , drawn as a black dot, is the largest element of each
LLt. The LLt have incomparable smallest elements, drawn as white
dots, which are minimal in X . The LLt overlap in a way compatible
with item (iv).

Theorem D. Every cobounded quasi-parabolic action of Fn on a simplicial tree cor-
responds to a lamplike hyperbolic structure, and is represented by the action on the
Bass–Serre tree of a strictly ascending HNN-extension expression of Fn.

Lamplike structures admit an explicit description, which essentially gets rid of all of
the dynamics that is intrinsic to Fn. Recall that each lamplighter Γ ≀ Z has a standard
ascending HNN-extension expression, with base group

⊕
k⩾0 Γ, and endomorphism

given by the shift. This induces an action on the associated Bass–Serre tree, and
consequently a quasi-parabolic hyperbolic structure, which we call the standard hy-
perbolic structure on Γ ≀ Z. The non-elliptic hyperbolic structures on Γ ≀ Z that are
dominated by the standard one are called substandard, and we denote by H(Γ ≀Z)subst

the corresponding subposet. Note that the lineal action coming from the projection
to Z is included in H(Γ ≀Z)subst. In the following statement, F c

n denotes the compactly
supported subgroup of Fn, which coincides with the derived subgroup when n = 2,
but it strictly larger otherwise.

Theorem E (Posets of lamplike structures). The poset LLt is described as follows.
(i) If t is irrational, then LLt is isomorphic to H(F c

n ≀ Z)subst.
(ii) If t ∈ Z[1/n], then LLt is isomorphic to H(Fn ≀ Z)subst.
(iii) If t ∈ Q ∖ Z[1/n], then there exist retractions LLt → H(Z ≀ Z)subst and

LLt → H(F c
n ≀ Z)subst.

This theorem allows us to understand LLt in terms of a specific subposet of
hyperbolic structures on a lamplighter, depending on arithmetic properties of t. One
should not necessarily view Theorem E as a complete description of LLt, but rather
as a bridge from the complicated dynamical world of Thompson groups to the more
concrete and combinatorial setting of lamplighters. The fact that only the substandard
hyperbolic structures play a role here is also interesting, since this indicates that
Thompson groups are actually better behaved than lamplighters when it comes to
hyperbolic structures. Indeed, while for finite cyclic bases the hyperbolic structures
on lamplighters are very limited and can be entirely classified [5], when the base is
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infinite the poset of hyperbolic structures outside the subposet of substandard ones
can be wild, as we will see in Section 6.

This connection to lamplighters is a special feature of the lamplike structures; it
turns out that there are other, non-lamplike structures that are intrinsically dynamical:

Theorem F. There exists a copy of P(N) in X consisting entirely of non-lamplike
structures.

All in all, the structure of H(Fn) is extremely intricate. This is more reminiscent
of the situation for acylindrically hyperbolic groups [3], and is in stark contrast with
other groups which one might expect to be analogous to Fn: on the one hand with
certain finitely presented groups without free subgroups, whose poset of hyperbolic
structures is much smaller [5, 4, 1, 2], and on the other hand with the circle and
Cantor counterparts of Fn such as Thompson’s groups T and V [6], which are still
finitely presented but have free subgroups. Even the derived subgroup F ′

n, which is not
finitely generated but is very close to Fn dynamically, has trivial poset of hyperbolic
structures [6]. One might also wonder about the braided analogs of Thompson’s
groups, as in [12, 24, 11], but these are substantially different, by virtue of admitting
general-type hyperbolic actions [26].

Another group that is very closely related to Fn is a group that we denote by F±
n .

This is defined the same way as Fn, but it also allows orientation-reversing homeomor-
phisms. It splits as a semidirect product Fn ⋊ Z/2Z. However, its poset of hyperbolic
structures is completely different:

Theorem G (Hyperbolic structures on F±
n ). The poset H(F±

n ) has the following
structure.

(i) The poset of general type structures Hgt(F±
n ) is empty.

(ii) The poset of quasi-parabolic structures Hqp(F±
n ) is empty.

(iii) The poset of lineal structures Hℓ(F±
n ) is an antichain. The subposet of oriented

lineal structures H+
ℓ (F±

n ) has size 1 for n = 2, and is uncountable for n > 2.
Its complement has size 1 for n = 2, 3, and is uncountable for n > 3;

(iv) The poset of elliptic structures He(Fn) is reduced to the smallest element,
which is dominated by every lineal structure.

∗He(F±):

[±(χ0 + χ1)]

+

[±(χ0 − χ1)]

−Hℓ(F±):

Figure 3. The poset H(F±), as described in Theorem G.

At several points in the paper, the proofs will become more complicated in case
n > 2, however this is the only result where the structure itself is more complicated
for larger n. The most interesting case is the one where n = 2, pictured in Figure 3:
taking a semidirect product by an order-2 automorphism, it is possible to make an
extremely rich poset of hyperbolic structures collapse to just three elements. It is a
major open problem whether this type of behavior can also occur in acylindrically
hyperbolic groups [46, Question 2].
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In order to prove our results, we first use some general algebraic arguments akin
to those of [3, 1, 6] to reduce the understanding of H(Fn) to the understanding of
confining subsets relative to certain characters. This framework was introduced in [22]
for groups of the form H ⋊Z, and extended in [1] to groups of the form H ⋊Zn, which
is our setting: Fn

∼= F ′
n ⋊Zn. Given a character ρ : Zn → R, seen as a character of Fn,

a ρ-confining subset is a set Q ⊆ F ′
n satisfying some conditions similar to those of the

base of an ascending HNN-extension; see Definition 2.1 for the precise definition.
In the course of proving our results about H(Fn), we prove some new, general

results about posets of hyperbolic structures and confining subsets that seem to be
fundamental to the theory. Let us emphasize some of these here, deferring explanation
of the notation and terminology for later. Let G = H ⋊ Zn and let ρ : Zn → R be a
non-trivial character.

• (Corollary 2.8) Let Q1, Q2 ⊆ H be ρ-confining subsets, and let a ∈ Zn such
that ρ(a) > 0. Then Q1 ⪯ρ Q2 if and only if Qak

2 ⊆ Q1 for some k ⩾ 0. (This
establishes a simple algebraic description of the poset of confining subsets.)

• (Proposition 2.9) The poset Conf∗
ρ(G) of strictly ρ-confining subsets is a join

semilattice.
• (Propositions 2.15 and 2.16). A ρ-confining subset Q ⊆ H corresponds to

a simplicial action on a simplicial tree if and only if Q is equivalent to a
subgroup and ρ is discrete. Moreover, up to equivalence, this is the Bass–Serre
tree of an ascending HNN-extension expression of G.

Outline. This paper is organized as follows. In Section 1 we recall some background
on hyperbolic actions and the poset H(G) of hyperbolic structures on a group G. In
Section 2 we recall the notion of confining subsets, and also prove some new, general
results. In Section 3 we discuss the groups Fn, and pin down some group theoretic
and dynamical properties that will be useful for understanding confining subsets. We
prove our first main result, Theorem A, in Section 4, with the key step being that
there are no strictly ρ-confining subsets for ρ ̸= χ0, χ1, two distinguished characters
of Fn, corresponding to the slopes at 0 and 1 respectively.

After two detours, first in Section 5 getting a full computation of H(F±
n ), specifically

proving Theorem G, and second in Section 6 establishing results about confining subsets
in lamplighter groups, the rest of the paper consists of a description of χ0-confining
subsets of Fn (and analogously for χ1). In Section 7 we prove Theorem B on the two
maximal elements of H(Fn), introduce lamplike structures, and prove Theorem D. In
Section 8 and Section 9 we analyze the lamplike subposets LLt of H(Fn), consisting
of those confining subsets that admit t as a global fixed point, and prove Theorem C
and Theorem E connecting them to lamplighters. In Section 10 we prove Theorem F
about non-lamplike confining subsets. Finally, we conclude in Section 11 with some
natural questions that emerge.

1. Hyperbolic actions
In this section we recall some background on hyperbolic actions, the poset of hyperbolic
structures, and Busemann pseudocharacters.

1.1. General hyperbolic actions. Let us recall the general classification of hy-
perbolic actions, where by a hyperbolic action we mean an action of a group G by
isometries on a hyperbolic metric space X. An element g ∈ G is called

(i) elliptic if ⟨g⟩ has bounded orbits,
(ii) loxodromic if the map n 7→ gnx is a quasi-isometric embedding from Z to X

for some (equivalently every) x ∈ X, and
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(iii) parabolic if it is neither elliptic nor loxodromic.
A loxodromic element g fixes precisely two points in the (Gromov) boundary ∂X of
X, namely the limits at +∞ and −∞ of the sequence gnx for some (any) x ∈ X. A
parabolic element has exactly one fixed point in ∂X.

Let Λ(G) denote the set of limit points of G in ∂X. More precisely, Λ(G) is the
intersection of ∂X with the closure in X ∪ ∂X of some (equivalently any) G-orbit G.x.
Now hyperbolic actions are classified as follows; this is essentially due to Gromov [32,
Section 8.2], with the level of generality due to Hamann [34], and we will use the
phrasing from [1, Theorem 2.7].

Citation 1.1. Let G be a group acting by isometries on a hyperbolic space X. Then
precisely one of the following holds:

(i) |Λ(G)| = 0, in which case the action is called elliptic.
(ii) |Λ(G)| = 1, in which case the action is called parabolic (or horocyclic).
(iii) |Λ(G)| = 2, in which case the action is called lineal.
(iv) |Λ(G)| =∞, in which case the action is called non-elementary.

Let us collect some facts about such actions. An action being elliptic is equivalent to
having bounded orbits. A parabolic action cannot be cobounded. An action being lineal
is equivalent to saying that at least one loxodromic element exists and all loxodromic
elements share the same pair of limit points in ∂X. We call a lineal action oriented
if the two limit points are fixed, and non-oriented if some element of the group can
swap them. Non-elementary actions further split into the following two cases:

Definition 1.2 (Quasi-parabolic, general type). Let G be a group acting non-
elementarily on a hyperbolic space X. If G fixes a (necessarily unique) point of ∂X,
or equivalently if all loxodromic elements have one fixed point in ∂X in common, then
we call the action quasi-parabolic (or focal). If G does not fix any points in ∂X then
we call the action of general type.

Note that if a group admits a general type action on a hyperbolic space, then
a standard ping-pong argument shows that the group contains non-abelian free
subgroups.

1.2. The poset of cobounded hyperbolic actions. Given a group, one can
inspect all of its cobounded hyperbolic actions, and ask whether there is some structure
relating them. In [3], the first author together with Abbott and Osin introduced the
poset H(G) of (equivalence classes of) hyperbolic actions of G. Let us recall the
construction of H(G) now.

We will denote an action of G on a set X using the notation G ↷ X. Given two
cobounded hyperbolic actions G↷ X and G↷ Y , we say that G↷ X is dominated
by G ↷ Y , denoted G ↷ X ⪯ G ↷ Y , if there exists a coarsely Lipschitz map
f : Y → X that is coarsely G-equivariant with respect to the two actions. Here f is
coarsely Lipschitz if it distorts distances at most linearly, and coarsely G-equivariant
if for all x ∈ X there is a uniform bound on the distance from f(gx) to gf(x) for all
g ∈ G.

The relation ⪯ is clearly reflexive and transitive, so it is a preorder. We thus get
an induced equivalence relation on cobounded hyperbolic actions of G, with two
actions being equivalent if they dominate each other. We denote by [G ↷ X] the
equivalence class of G ↷ X, and write ≼ for the partial order induced by ⪯ on the
set of equivalence classes.

Definition 1.3 (The poset H(G)). We denote by H(G) the poset of all equivalence
classes of cobounded hyperbolic actions of G, with the partial order ≼.

Algebraic Combinatorics, Vol. 9 #4 (2026) 907
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It turns out that, up to equivalence, every element of H(G) is represented by an
action of G on a (hyperbolic) Cayley graph of G, usually with respect to an infinite
generating set. Let us set things up in the language of Cayley graphs, and then tie
things together. Given any two generating sets A and B for G, say that A is dominated
by B, denoted A ⪯ B, if there is a uniform bound on the word length in A of elements
of B. Declare that A and B are equivalent if they dominate each other. For example,
if G is finitely generated then all its finite generating sets are equivalent to each
other. Also note that G itself is dominated by all generating sets. Consider equivalence
classes [A] of generating sets A of G using this equivalence relation, such that the
Cayley graph Cay(G,A) is hyperbolic. Call such an [A] a hyperbolic structure on G.
The hyperbolic structures on G form a poset, with [A] ≼ [B] whenever A ⪯ B. For
example, if G is a hyperbolic group then the equivalence class of finite generating
sets is the largest element of this poset, and for any G the equivalence class [G] is
the smallest element. (We should point out that if A and B are generating sets with
A ⊆ B then [B] ≼ [A], so the order is reversed in some sense.)

The following is immediate from Proposition 3.12 of [3] and the discussion after
this proposition.

Citation 1.4. The poset of hyperbolic structures on G is isomorphic to H(G), via the
poset isomorphism [A] 7→ [G↷ Cay(G,A)].

We may now view H(G) either as the poset of equivalence classes of cobounded
hyperbolic actions of G, or as the poset of hyperbolic structures on G, with the two
viewpoints being useful for different purposes. We may also refer to a hyperbolic
structure as being represented by a certain action, with this isomorphism being
implicitly understood.

For a generating set A of G with Cay(G,A) hyperbolic, since the action of G
on Cay(G,A) is a cobounded hyperbolic action, we know it is either elliptic, lineal,
quasi-parabolic, or general type. Also, if [A] = [B] then the actions of G on Cay(G,A)
and Cay(G,B) have the same type, so H(G) decomposes as a disjoint union

H(G) = He(G) ⊔Hℓ(G) ⊔Hqp(G) ⊔Hgt(G),

where these subsets denote the sets of (equivalence classes of) actions that are elliptic,
lineal, quasi-parabolic, and general type, respectively. Let us also write H+

ℓ (G) for
the subposet of elements of Hℓ(G) represented by oriented lineal actions. Clearly
[A] ∈ He(G) if and only if Cay(G,A) is bounded, and all such [A] equal [G], so this
case is uninteresting: we just have He(G) = {[G]}. Thus when describing H(G) for a
given group, we just need to understand Hℓ(G), Hqp(G), and Hgt(G).

1.3. Pseudocharacters. In this subsection we recall some background on Busemann
pseudocharacters of certain hyperbolic actions.

Definition 1.5 (Quasimorphism, pseudocharacter, homogenization). Let G be a group
and q : G → R a function. We call q a quasimorphism if there exists a constant D
such that

|q(gh)− q(g)− q(h)| ⩽ D

for all g, h ∈ G. We say that q has defect at most D. Note that a quasimorphism with
defect 0 is just a homomorphism to R. If a quasimorphism becomes a homomorphism
upon restriction to each cyclic subgroup, we call it a pseudocharacter. Given any
quasimorphism q, the function p(g) := lim

n→∞

q(gn)
n

is a pseudocharacter, called the
homogenization of q.
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Remark 1.6. We will only be interested in a specific pseudocharacter, called the
Busemann pseudocharacter, defined below. This is one of the few cases where the
terminology “pseudocharacter” has stuck; in most other contexts, the more common
terminology is “homogeneous quasimorphism.”

The special case of defect 0 is important:

Definition 1.7 (Character, character sphere). A quasimorphism with defect 0, i.e.,
a homomorphism G→ R, is called a character of G. Two characters are equivalent
if they are positive scalar multiples of each other. The set of equivalence classes of
non-trivial characters of G forms the character sphere Σ(G) of G. A character is
discrete if its image is cyclic.

Most of the groups we will care about here have the following property:

Definition 1.8. We will call a group agreeable if every pseudocharacter is a character.

In fact, a group is agreeable if and only if every element in the commutator subgroup
has vanishing stable commutator length, thanks to Bavard duality [7]. One of the most
prominent examples of agreeable groups is the following:

Citation 1.9 ([20, Proposition 2.65]). Amenable groups are agreeable. In particular,
abelian groups are agreeable.

A further example, which is the most relevant for our purposes, is groups of piecewise
linear homeomorphisms of the interval [19]; we will return to this point later on. The
pseudocharacters we will be interested in – the so called Busemann pseudocharacters –
arise from hyperbolic actions fixing a point in the boundary, as we now describe.

Definition 1.10 (Busemann pseudocharacter). Let G be a group acting on a hyperbolic
space X. Suppose the action fixes a point ξ ∈ ∂X in the boundary. Let (xi)i∈N be a
sequence of points in X converging to ξ, and let x ∈ X. The function

g 7→ lim sup
n→∞

(d(x, xn)− d(gx, xn))

is a quasimorphism, and we denote by p : G→ R its homogenization. It turns out that
p is independent of the choices of the xi and x, and only depends on ξ. We call p the
Busemann pseudocharacter corresponding to this action of G and the fixed point ξ.

Remark 1.11. Our definition of the Busemann pseudocharacter here is the negative
of the definition in [1]. The reason is that, throughout the present paper we use
right conjugation, whereas in [1] they use left conjugation, so this is the convention
that will make future citations to [1] accurate. For the record, in [22] the Busemann
pseudocharacter is defined in the same way we define it here. Also note that with our
convention, ξ is an attracting (rather than repelling) fixed point for elements with
positive p value.

The most important property of the Busemann pseudocharacter is the following:

Citation 1.12 ([45, Section 4.1]). Let G be a group acting on a hyperbolic space X
fixing ξ ∈ ∂X, and let p be the Busemann pseudocharacter. Then p(g) ̸= 0 if and
only if g is loxodromic. Therefore, p is unbounded as soon as G contains a loxodromic
element.

If the action is quasi-parabolic then there is a unique fixed point ξ, so we can simply
refer to “the Busemann pseudocharacter” of the action. If the action is oriented lineal
then there are two fixed points, but the resulting Busemann functions are negatives
of each other, so again we will just say “the Busemann pseudocharacter”, with an
implicit sign ambiguity.
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1.4. Non-oriented lineal actions. Let G be a group with a non-oriented lineal
action on a hyperbolic space X. Since the action on limit points is non-trivial, we
cannot define the Busemann pseudocharacter. However, we can still define a meaningful
object as follows.

Definition 1.13 (Quasicocycle, defect, cocycle). Let G be a group, ε : G→ ({±1},×)
a homomorphism, and φ : G → R a function. We call φ an ε-quasicocycle if there
exists a constant D such that

|φ(gh)− φ(g)− ε(g)φ(h)| ⩽ D

for all g, h ∈ G. We say that φ has defect at most D. Note that φ has defect 0 if and
only if the map (φ, ε) : G→ R ⋊ {±1} is a homomorphism, in which case we call φ
an ε-cocycle. Note also that if ε is the trivial homomorphism, then we recover the
definition of quasimorphism.

Citation 1.14 ([6, Proposition 2.10]). Let G be a group with a non-oriented lineal
action on a hyperbolic space X with limit points ξ±. Let ε(g) be the sign of the
permutation that G induces on {ξ+, ξ−}. Let K be the kernel of ε. Then the Busemann
pseudocharacter p : K → R extends to an ε-quasicocycle φ : G→ R of defect at most
twice the defect of p. In particular φ is an ε-cocycle if and only if p is a character.

Note that, while ε, K, and p (up to sign) are canonically associated to the action,
the construction of φ requires a choice; this is due to the fact that the splitting
Isom(R) ∼= R⋊ {±1} is not canonical. We can now deduce the following criterion for
excluding non-oriented lineal actions.

Corollary 1.15. Let G be a finitely generated agreeable group such that every index-2
subgroup of G is agreeable. If G does not surject onto D∞, then every lineal action of
G is oriented.

Proof. Suppose that G admits a non-oriented lineal action on the hyperbolic space X.
Let ε,K, p, φ be as in Citation 1.14. Since K is agreeable, p is a character, and therefore
φ is an ε-cocycle, which gives us a homomorphism (φ, ε) G→ R⋊ {±1}. Moreover,
K contains loxodromics, so p is unbounded by Citation 1.12, and therefore (φ, ε) has
infinite image. Since G is finitely generated, this produces a surjective homomorphism
G→ D∞ (see the proof of [6, Proposition 3.1]). □

For studying actions of F±
n , we will need the following more precise statement.

Proposition 1.16. Let G be a group, and let X be a hyperbolic space with a non-
oriented lineal action. Let ε : G → {±1} and p : ker(ε) → R be as in Citation 1.14.
Then ε and p uniquely determine the equivalence class of G↷ X.

Proof. By the classification of oriented lineal hyperbolic structures in terms of pseu-
docharacters [3, Section 2.3], the restricted action of K := ker(ε) on X is equivalent
to the action on Cay(K,A), where

A := {g ∈ K | |p(g)| ⩽ C}
for C > 0 a large enough constant. By the Svarc–Milnor Lemma for cobounded
actions [3, Lemma 3.11], the action K ↷ X corresponds to the generating set A′ =
{g ∈ K | dX(x, gx) ⩽ C ′}, where C ′ > 0 is another large enough constant, and x is
a point of X. Therefore the A-length of elements in A′ is uniformly bounded, and
vice-versa.

Let s ∈ G be such that ε(s) = −1. Now, using Svarc–Milnor again, the action
K ↷ X corresponds to the generating set

B′ = {g ∈ G | dX(x, gx) ⩽ C ′};
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up to taking a large enough constant C ′, we can assume that s ∈ B′. Since every
element of G may be written uniquely as ksi for k ∈ K, i ∈ {0, 1}, we have

A′ ∪ {s} ⊆ B′ ⊆ A′ ∪ (A′)ks

for some large enough k. In other words the generating set B′ gives the same hyperbolic
structure as the generating set A′ ∪ {s}. Moreover, since A and A′ are equivalent
generating sets of K, also A′ ∪ {s} and B := A ∪ {s} are equivalent as generating sets
of G. Since B only depends on ε and p, we conclude. □

2. Confining subsets
In [22], Caprace, Cornulier, Monod, and Tessera introduced the notion of a confining
subset in a group of the form G = H ⋊ Z. This is a subset Q ⊆ H such that the
conjugation action of Z on H satisfies certain properties with respect to Q, similar
to the behavior of an ascending HNN-extension. In [1], the first author together with
Abbott and Rasmussen generalized this to groups of the form G = H ⋊ Zn, now
with a dependence on a choice of character ρ : Zn → R. These confining subsets for
groups of the form G = H ⋊ Zn turn out to be the key to producing lineal and quasi-
parabolic actions of G. As a remark, here we will always view semidirect products
as internal, so for example in H ⋊ Zn the action of Zn on H is just the implicitly
understood conjugation action. In [22, 1], semidirect products tend to be external,
written H ⋊γ Zn for some γ : Zn → Aut(H). We will use the standard notation
xy := y−1xy for conjugation; see Remark 1.11.

As a remark, we will always write semidirect products with the normal subgroup
on the left, as is standard, though keep in mind that we tend to use right conjugation
actions. Since we always view semidirect products internally, this will never matter.

2.1. Definitions and properties. In this subsection we recall the definition of
confining subset, and inspect some important properties.

Definition 2.1 (Confining subset). Let G = H⋊Zn and let ρ : Zn → R be a character.
Call a subset Q ⊆ H confining with respect to ρ, or ρ-confining if it is symmetric
(i.e., Q = Q−1) and the following properties hold:

(StayInConf): For all z ∈ Zn with ρ(z) ⩾ 0 we have Qz ⊆ Q.
(GetInConf): For all h ∈ H there exists z ∈ Zn such that hz ∈ Q.
(ProdConf): There exists z0 ∈ Zn such that (Q ·Q)z0 ⊆ Q.

We call Q confining if it is confining with respect to some ρ. We say Q is a “confining
subset of” either H or G, depending on context.

Remark 2.2 (First consequences). We note some direct consequences of the definition.
(i) Since Q is symmetric, (ProdConf) implies that 1 ∈ Q.
(ii) If Q is confining, then G is generated by Q together with Zn, thanks to

(GetInConf).

Call Q strictly confining if Qz ⊊ Q for some z ∈ Zn. Note that if Q is confining
but not strictly confining, then necessarily Q = H, and indeed H is confining with
respect to all ρ. If Q is a confining subset that is a subgroup of H we call it a confining
subgroup; in this case note that (ProdConf) holds trivially.

Remark 2.3. Confining subgroups should not be confused with the better-studied
notion of confined subgroup [35].

A very useful fact in all that follows is that we actually have quite a bit of control
over the conjugating elements in (GetInConf) and (ProdConf). More precisely, the
elements can be drawn from certain cyclic subgroups, as this next result shows.
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Lemma 2.4. Let ρ : Zn → R be a character, and let Q ⊆ H be a ρ-confining subset. Let
a ∈ Zn be any element such that ρ(a) > 0. Then:

(i) For all h ∈ H there exists k ⩾ 0 such that hak ∈ Q;
(ii) There exists k ⩾ 0 such that (Q ·Q)ak ⊆ Q.

Proof. For the first item, (GetInConf) gives an element z ∈ Zn such that hz ∈ Q. Let
k ⩾ 0 be large enough that ρ(ak) ⩾ ρ(z). Then hak = (hz)akz−1 ∈ Qakz−1 ⊆ Q, where
in the last step we used (StayInConf). The second item is proved similarly. □

Another useful consequence of the definitions is the following strengthening of
(ProdConf).
Lemma 2.5. Let ρ : Zn → R be a character, and let Q ⊆ H be a ρ-confining subset. Let
z0 ∈ Zn be given by (ProdConf), and suppose that ρ(z0) ⩾ 0. Then (Qk)zk−1

0 ⊆ Q.
Note that by Lemma 2.4, this shows that the conjugating element taking Qk into

Q can always be chosen to be a power of a given a ∈ Zn such that ρ(a) > 0.

Proof. We proceed by induction on k, the base case k = 1 being trivially true. For
k ⩾ 2 we have (Qk)zk−1

0 = ((Qk−1)zk−2
0 ·Qzk−2

0 )z0 . By induction (Qk−1)zk−2
0 ⊆ Q, and

by (StayInConf) Qzk−2
0 ⊆ Q. Thus, (Qk)zk−1

0 ⊆ (Q ·Q)z0 , which is contained in Q by
(ProdConf). □

Next we would like a way to compare two confining subsets. Given a character
ρ : Zn → R, we define a subset Zρ of Zn as follows. Fix a generating set {a1, . . . , an}
for Zn, and a constant Cρ > 0 such that |ρ(ai)| ⩽ Cρ for all 1 ⩽ i ⩽ n and such that
there exists ztop ∈ Zn with ρ(ztop) = Cρ. Now set

Zρ := {z ∈ Zn | |ρ(z)| ⩽ Cρ},
so in particular Zρ generates Zn. (Note that for n ⩾ 2 this is an infinite generating
set.) As a remark, the Cayley graph of Zn with respect to the generating set Zρ is
quasi-isometric to a line, and the action of Zn on this hyperbolic space is oriented
lineal. We also have that for G = H⋊Zn, if Q ⊆ H is ρ-confining for some ρ : Zn → R,
then Q∪Zρ is a symmetric generating set for G. Choosing a different finite generating
set for Zn and/or a different constant Cρ can change the generating set Q ∪ Zρ for G,
but cannot change it up to the equivalence relation on generating sets of G, so up to
equivalence we are always free to choose the ai and Cρ as we see fit. Also note that
we can always assume Z−ρ = Zρ.

Consider the following relation on confining subsets. Given G = H ⋊ Zn and
ρ : Zn → R as before, if Q1, Q2 ⊆ H are ρ-confining subsets, we write

Q1 ⪯ρ Q2

if Q2 is bounded in the alphabet Q1 ∪Zρ. Note that Q1 ⪯ρ Q2 for ρ-confining subsets
is clearly equivalent to Q1 ∪ Zρ ⪯ Q2 ∪ Zρ for generating sets. Since ⪯ρ is a preorder,
we get an equivalence relation ∼ρ on ρ-confining subsets and an induced partial order
≼ρ on equivalence classes [Q] of ρ-confining subsets Q.
Definition 2.6 (The posets Confρ(G) and Conf∗

ρ(G)). The poset of equivalence classes
of ρ-confining subsets with the partial order ≼ρ is denoted by Confρ(G). The subposet
of strictly ρ-confining subsets is denoted by Conf∗

ρ(G). Note that Confρ(G) is a cone
over Conf∗

ρ(G), with cone point the equivalence class of H.
If Q1 ⊆ Q2 then clearly Q2 ⪯ρ Q1. More generally, it turns out that if Qz

1 ⊆ Q2 for
some z ∈ Zn then Q2 ⪯ρ Q1, and, perhaps surprisingly, the converse of this is true.
This will be an easy consequence of the following characterization of boundedness in
the alphabet Q ∪ Zρ for confining Q.
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Proposition 2.7. Let Q ⊆ H be a ρ-confining subset. Then a subset B ⊆ H is bounded
in the alphabet Q ∪ Zρ if and only if B ⊆ Qz for some z ∈ Zn.

Proof. First suppose B ⊆ Qz. Let m be the length of z in the alphabet Q ∪ Zρ. Now
observe that every element of B can be written as z−1qz for some q ∈ Q, and this has
length 2m+ 1 in the alphabet Q ∪ Zρ.

Now suppose that B is bounded in the alphabet Q ∪ Zρ. Say every element of B
can be written as a product of at most m elements of Q∪Zρ. In order to only have to
deal with a single form, note that this implies every element b of B can be written in
the form b = q1z1 · · · qmzm for some qi ∈ Q, zi ∈ Zρ (with several qi and/or zi possibly
being the identity). Now fix ztop ∈ Zρ with ρ(ztop) = Cρ, as in the construction of Zρ.
For any z ∈ Zρ, since |ρ(z)| ⩽ Cρ we have ρ(ztopz) ⩾ 0. In particular, Qztopz ⊆ Q for
all z ∈ Zρ by (StayInConf), so Qz ⊆ Qz−1

top . More generally, for any k ∈ Z we have
(Qz−k

top)z ⊆ Qz−k−1
top for all z ∈ Zρ, as can be seen by conjugating both sides of this

expression by zk+1
top by (StayInConf).

Now we return to our arbitrary b ∈ B with b = q1z1 · · · qmzm. Since each zi

is in Zρ, the above allows us to sequentially move all the zi to the left, yielding
b = z1 · · · zmq

′
1 · · · q′

m, with q′
m ∈ Qz−1

top , q′
m−1 ∈ Qz−2

top , and so forth up to q′
1 ∈ Qz−m

top .
Since b ∈ H, we must have z1 · · · zm = 1, and since Qz−k

top ⊆ Qz−m
top for all 0 ⩽ k ⩽ m

by (StayInConf), we get b ∈ (Qm)z−m
top . Since b was arbitrary, this implies that B ⊆

(Qm)z−m
top . By Lemma 2.5 we can choose z′ ∈ Zn such that (Qm)z′ ⊆ Q, and so we

conclude that B ⊆ Qz−1 where z = zm
topz

′ ∈ Zn. □

Corollary 2.8 (Characterization of ⪯ρ). Let Q1, Q2 ⊆ H be ρ-confining subsets, and
fix a ∈ Zn such that ρ(a) > 0. Then Q1 ⪯ρ Q2 if and only if Qak

2 ⊆ Q1 for some k ⩾ 0.

Proof. By Proposition 2.7, we know that Q1 ⪯ρ Q2 if and only if Qz
2 ⊆ Q1 for some

z ∈ Zn. This gives one direction; for the other one, let k ⩾ 0 be large enough that
ρ(ak) ⩾ ρ(z). Then

Qak

2 = (Qz
2)akz−1

⊆ Qakz−1

1 ⊆ Q1,

thanks to (StayInConf), since ρ(akz−1) ⩾ 0. □

To the best of our knowledge, Corollary 2.8 has not appeared before in the literature,
but it encapsulates a very natural and straightforward characterization of the equiva-
lence relation on confining subsets, and the partial order on their equivalence classes.
In particular, this characterization facilitates the proof of a structural property of the
poset Conf∗

ρ(G). Recall that the join of two elements in a poset is their least upper
bound, and a poset is a join semilattice if every two elements admit a (necessarily
unique) join.

Proposition 2.9. Let G = H ⋊ Zn and let ρ : Zn → R be a character. The poset
Conf∗

ρ(G) is a join semilattice. Given ρ-confining subsets Q1, Q2 ⊆ H, the join of [Q1]
and [Q2] is [Q1 ∩Q2].

Proof. First we show that Q1 ∩ Q2 is also a ρ-confining subset. For z ∈ Zn with
ρ(z) ⩾ 0 we have (Q1 ∩Q2)z = Qz

1 ∩Qz
2 ⊆ Q1 ∩Q2, which proves (StayInConf). Let

h ∈ H and let zi (i = 1, 2) be such that hzi ∈ Qi. By Lemma 2.4 we may choose
z ∈ Zn that works as both z1 and z2. Then hz ∈ Q1 ∩Q2, which proves (GetInConf).
Finally, let zi (i = 1, 2) be such that (Qi ·Qi)zi ∈ Qi. Again, we may choose z ∈ Zn

that works as both z1 and z2. Then
((Q1 ∩Q2) · (Q1 ∩Q2))z ⊆ ((Q1 ·Q1) ∩ (Q2 ·Q2))z ⊆ Q1 ∩Q2,

which proves (ProdConf).
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Clearly [Q1 ∩ Q2] is a common upper bound of [Q1] and [Q2]. Let R be a ρ-
confining subset such that [R] is another common upper bound. By Corollary 2.8 there
exist z1, z2 ∈ Zn such that R ⊆ Qz1

1 ∩ Q
z2
2 . Suppose without loss of generality that

ρ(z1) ⩾ ρ(z2). Then ρ(z1z
−1
2 ) ⩾ 0 and so

Qz1
1 = (Qz1z−1

2
1 )z2 ⊆ Qz2

1 .

This shows that R ⊆ (Q1 ∩Q2)z2 and so by Corollary 2.8 again, [Q1 ∩Q2] ≼ρ [R]. □

Remark 2.10. In some cases that have been considered before, Conf∗
ρ(G) is also a

meet semi-lattice, and thus a lattice [5, 4, 2]. However this is not true in general, and
we will see that the groups Fn provide an example (Remark 9.6).

In practice, the confining subsets one tends to encounter in the literature are
always equivalent to a confining subgroup, see for example [22, 5, 4, 2]. This can be
characterized as follows:

Proposition 2.11. Let G = H ⋊Zn and let ρ : Zn → R be a character. Let Q ⊆ H be
a ρ-confining subset. Then the following are equivalent:

(i) Q is equivalent to a ρ-confining subgroup.
(ii) Q is equivalent to ⟨Q⟩.
(iii) There exists z ∈ Zn such that ⟨Q⟩z ⊆ Q.

Proof. It follows easily from the definitions that if Q is a confining subset, then ⟨Q⟩ is
a confining subgroup. Clearly (ii) implies (i), and Corollary 2.8 shows that (ii) and
(iii) are equivalent, so it suffices to prove that (i) implies (iii). If Q is equivalent to
a ρ-confining subgroup R, then by Corollary 2.8 we have Qz ⊆ R and Rz′ ⊆ Q for
some z, z′ ∈ Zn. Since R is a subgroup we have ⟨Q⟩z ⩽ R, so ⟨Q⟩zz′ ⊆ Q and we are
done. □

We will see however that lamplighters with infinite base group admit (many)
confining subsets that are not confining subgroups (Example 6.6, Example 6.10),
and we will see more examples of this among non-lamplike confining subsets of Fn

(Section 10).

2.2. Confining subsets and hyperbolic actions. We first make the following
observation about pseudocharacters of groups of the form H ⋊ Zn:

Lemma 2.12. Let p : H ⋊Zn → R be a pseudocharacter. If p(H) = 0, then p factors as
H ⋊ Zn → Zn ρ−→ R for some character ρ of Zn.

Proof. Since p(H) = 0, the left exactness of the pseudocharacter functor [20, Remark
2.90] implies that p factors through a pseudocharacter ρ : Zn → R. But Zn is agreeable
(Citation 1.9), so ρ is actually a character. □

Now we spell out the connection between confining subsets and hyperbolic actions.

Citation 2.13 (Confining subsets to hyperbolic actions [1, Theorem 1.1]). Let G =
H ⋊ Zn, and let ρ : Zn → R be a non-trivial character. If Q ⊆ H is confining with
respect to ρ, then Cay(G,Q ∪ Zρ) is hyperbolic. Moreover, if Q is strictly confining
then [Q ∪ Zρ] ∈ Hqp(G), and if Q is not strictly confining then [Q ∪ Zρ] ∈ H+

ℓ (G).
Finally, the Busemann pseudocharacter for G ↷ Cay(G,Q ∪ Zρ) sends H to 0, so
induces a character Zn → R, which is equivalent to ρ in the quasi-parabolic case and
to ±ρ in the oriented lineal case.
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In [1, Theorem 1.1] the last claim in the quasi-parabolic case is that the character
is “proportional” to ρ, but the proof of [1, Lemma 1.1] makes clear that it is in fact
equivalent to ρ, meaning the constant of proportionality is positive. Also note that
the Busemann pseudocharacter for G↷ Cay(G,Q ∪ Zρ) is in fact a character.
Citation 2.14 (Hyperbolic actions to confining subsets [1, Theorem 3.17]). Let G =
H ⋊ Zn, and suppose G acts isometrically on a hyperbolic space X. Assume the
action is cobounded, and either oriented lineal or quasi-parabolic. Let p : G→ R be the
Busemann pseudocharacter associated to this action, and assume that p(H) = 0, so p
induces a (non-trivial) character ρ : Zn → R. Then there exists a subset Q ⊆ H that
is confining with respect to ρ, such that X is G-equivariantly quasi-isometric to the
Cayley graph Cay(G,Q ∪ Zρ). If the action is oriented lineal then Q = H, and if the
action is quasi-parabolic then Q is strictly confining.

Note that we have specified that the characters ρ used above are non-trivial. If
ρ = 0 then Z0 = Zn, and Q = H is the only confining subset with respect to
ρ = 0, so [Q ∪ Z0] = [Q ∪ Zn] = [G]. In other words, ρ = 0 corresponds precisely to
He(G) = {[G]}, and this is the end of the story for the case when ρ is trivial.

Before we begin imposing conditions on our groups, let us prove two more general
results, which are specializations of Citation 2.13 and Citation 2.14 that establish a
relationship between confining subgroups and actions on trees (all trees are assumed
to be simplicial). For the next two proofs, we assume some familiarity with Bass–Serre
theory [49].
Proposition 2.15 (Confining subgroups yield trees). Let G = H ⋊ Zn, and let
ρ : Zn → R be a (non-trivial) discrete character. Let Q be a ρ-confining subset that
is a subgroup. Then the hyperbolic structure [Q ∪ Zρ] arising from Citation 2.13 is
represented by a simplicial action on a tree.

More precisely, it is represented by the action on the Bass–Serre tree of an ascending
HNN-extension expression of G, with base group Q ker(ρ), and stable letter an element
a ∈ Zn such that ρ(a) is positive and minimal.
Proof. Since the character is discrete, we may assume that it is a surjection ρ : Zn → Z.
Choose a basis {a0, . . . , an−1} for Zn such that ρ(a0) = 1 and ρ(ai) = 0 for all 1 ⩽ i ⩽
n− 1. We are free to choose Cρ = 1, so that Zρ = {ak0

0 · · · a
kn−1
n−1 | k0 ∈ {−1, 0, 1}}. Let

K := Q⟨a1, . . . , an−1⟩; since ρ(ai) = 0 for all 1 ⩽ i ⩽ n− 1, each such ai normalizes Q
by (StayInConf), and since we are assuming that Q is a subgroup of G, we get that K
is a subgroup of G.

We claim that G decomposes as an ascending HNN-extension with base K and stable
letter a0. For this we need to check the three conditions from [29, Lemma 3.1]. First,
Ka0 ⩽ K since Qa0 ⩽ Q by (StayInConf). Second, G is generated by K ∪ {a0}, since
Q ⩽ K, Zρ ⊆ {1, a0, a

−1
0 }K, and G is generated by Q ∪ Zρ. Finally, ⟨a0⟩ ∩K = {1}

since ρ(a0) = 1 and K lies in the kernel of the composition of ρ with the projection
G→ Zn. This concludes the proof of the claim.

Let X be the Bass–Serre tree of this ascending HNN-extension expression of G,
and let v ∈ V (X) be the vertex whose stabilizer is K. The action of G on X has a
fundamental domain of diameter 1, so by the Svarc–Milnor Lemma for cobounded
actions [3, Lemma 3.11], this action corresponds to the hyperbolic structure with
generating set B = {g ∈ G | d(v, gv) ⩽ 3}. We note that dT (v, gv) ⩽ 1 for every
g ∈ A = Q ∪ Zρ, so A ⊆ B. By Bass–Serre theory, every element of B can be written
as a product of powers of a0 and elements in K, and the length of this product is
bounded uniformly because the distance from v to gv for g ∈ B is bounded uniformly
by 3. It follows that A and B are generating sets representing the same hyperbolic
structure, which is the one coming from the action of G on this Bass–Serre tree. □
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Proposition 2.16 (Trees yield confining subgroups). Let G = H ⋊ Zn, and suppose
G acts simplicially on a tree X. Assume the action is cobounded, and either oriented
lineal or quasi-parabolic. Assume the Busemann pseudocharacter associated to this
action sends H to 0, and so induces a (non-trivial) character ρ : Zn → R. Then ρ is
discrete and the ρ-confining subset arising from Citation 2.14 can be chosen to be a
subgroup.

Proof. Since the Busemann pseudocharacter sends H to 0, every element of H is
elliptic, as trees do not admit parabolic isometries. The restriction to the Zn retract is
an action of an abelian group on a tree that admits a loxodromic element, so it must
be oriented lineal (see e.g. [6, Proposition 3.2]). Since the action is on a tree, there
exists a Zn-invariant line, which we denote by L, and the image of ρ is equal to ⟨ℓ⟩,
where ℓ ∈ N is the minimal positive translation length of an element of Zn. Because
the action is simplicial, ρ is discrete. If the action is oriented lineal then our confining
subset is H, which is a subgroup and so we are done.

Now assume the action is quasi-parabolic. Let ξ be the unique G-fixed point in the
boundary of X, and note that the Zn-invariant line L has ξ as one of its endpoints.
By the definition of the Busemann pseudocharacter, if z ∈ Zn satisfies ρ(z) > 0, then
znx

n→∞−−−−→ ξ for all x ∈ X (Remark 1.11). Choose z0 ∈ Zn such that ρ(z0) = ℓ > 0.
Since the action of G on X is cobounded, we can choose a bounded fundamental
domain for the action, say with vertex set D, and without loss of generality we can
assume that v0 lies in L for some v0 ∈ D. For any v in X, write [v, ξ) for the unique
ray from v to ξ.

Since D is bounded, the geodesic projection of D onto L is also bounded, and so we
can choose a vertex w of L such that w lies in [v, ξ) for all v ∈ D. Since ξ is fixed by
all of G, we see that w is fixed by StabG(v) for all v ∈ D. Set Q = StabH(w), and we
claim that Q is a ρ-confining subgroup. Being a subgroup, Q is symmetric and satisfies
(ProdConf). To verify (StayInConf), note that for z ∈ Zn with ρ(z) ⩾ 0 and q ∈ Q, we
have that zw lies in [w, ξ), and so q(zw) = zw, thus confirming that z−1qz ∈ Q. For
(GetInConf), note that for any h ∈ H the lines L and h(L) must contain a common
ray to ξ, which is fixed pointwise by h because ρ(h) = 0; in particular h fixes some
vertex w′ of L lying in [w, ξ). Up to choosing w′ closer to ξ, there exists k ⩾ 0 such
that zk

0w = w′, and hence z−k
0 hzk

0 ∈ Q.
It remains to prove that Q corresponds to G↷ X under the correspondence from

Citation 2.14. For this, we need to show that the generating set Q ∪ Zρ, where Zρ =
{z ∈ Zn | |ρ(z)| ⩽ ℓ}, is equivalent to the generating set given by the Svarc–Milnor
Lemma for cobounded actions [3, Lemma 3.11], namely B := {g ∈ G | d(v0, gv0) ⩽ 3d},
where d is the diameter of our bounded fundamental domain with vertex set D. Since
all values of ρ(G) are attained by ⟨z0⟩, by Bass–Serre theory the generating set B is
equivalent to the generating set

A := {z±1
0 } ∪

⋃
v∈D

StabG(v).

Next, note that StabG(w) = StabH(w)StabZn(w) = Q ker(ρ). Since ker(ρ) ⊆ Zρ, we
see that the generating set Q ∪ Zρ is equivalent to the generating set

A′ := {z±1
0 } ∪ StabG(w).

We are left to prove that [A] = [A′]. On the one hand, StabG(v) ⩽ StabG(w) for all
v ∈ D, and so A ⊆ A′. In the other direction, choose k ⩾ 0 such that w′ := zk

0v0 lies
in [w, ξ); note that this is possible since v0 was assumed to be in L. Then

z−k
0 StabG(w)zk

0 ⊆ z−k
0 StabG(w′)zk

0 = StabG(v0),
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which shows that StabG(w) ⊆ A2k+1, and therefore A′ ⊆ A2k+1; this concludes the
proof. □

Thus, for discrete characters, the correspondence between confining subsets and
hyperbolic actions restricts to a correspondence between confining subgroups and
actions on trees.

Remark 2.17. In Proposition 2.16, we assumed that the action on the tree X is
simplicial, and not merely by isometries. This is necessary to ensure that the character
ρ is discrete: a counterexample is the action defined via a dense embedding of Z2

into R, with its standard simplicial structure.
However, this assumption is void in the case of quasi-parabolic actions, which is

what we will be most interested in. Indeed, suppose that G admits a quasi-parabolic
action by isometries on a simplicial tree X and let g ∈ G. Choose a vertex v of valency
at least 3, so gv must have the same valency and therefore be a vertex. Let w be
any other vertex, so d(gv, gw) = d(v, w) is an integer, and hence gw is also a vertex.
This shows that every quasi-parabolic action by isometries on a simplicial tree is
automatically simplicial.

In particular, the second conclusion of Proposition 2.16 holds for all actions by
isometries on simplicial trees. If the action is oriented lineal, then the confining subset
arising from Citation 2.14 is the whole of H, and if the action is quasi-parabolic, then
it is automatically simplicial by the above, so we can apply Proposition 2.16 as stated.

2.3. Oriented lineal and quasi-parabolic structures for agreeable, Zn-
split groups. The above results allow us to give a more explicit description of lineal
and quasi-parabolic structures in the following cases:

Definition 2.18 (Zn-split). A group G is Zn-split if it admits a surjective map
G → Zn that splits, so that G = H ⋊ Zn for H the kernel of this map. Call an
expression G = H ⋊ Zn a Zn-splitting of a Zn-split group.

Different choices of sections Zn → G will yield different Zn-splittings, which is why
we are being careful to say “a” Zn-splitting. A special type of Zn-splitting will be most
relevant for us:

Definition 2.19 (Sharply Zn-split). A Zn-split G = H ⋊ Zn is called sharp if H
equals the kernel of the torsion-free abelianization of G. A group is sharply Zn-split if
it admits a sharp Zn-splitting.

The relevance of sharp Zn-splittings lies in the following, which is just a consequence
of the definitions.

Lemma 2.20. Let G = H ⋊ Zn be a sharp Zn-splitting. Then every character of G
vanishes on H. If moreover G is agreeable, then every pseudocharacter of G vanishes
on H. □

In particular, the hypothesis of Citation 2.14 is always satisfied for sharp Zn-
splittings.

Our next goal is to characterize lineal and quasi-parabolic actions of agreeable,
sharply Zn-split groups. First let us discuss the (much easier) lineal case.

Proposition 2.21. Let G be an agreeable, sharply Zn-split group. Let G = H ⋊ Zn

be a sharp Zn-splitting. Then the poset H+
ℓ (G) is an antichain, and the function

φ : Σ(Zn) → H+
ℓ (G) sending [ρ] to [H ∪ Zρ] is a well defined 2-to-1 surjection with

each fiber of the form {[ρ], [−ρ]}.
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Proof. The proof is inspired by the work in Subsection 4.2 of [1], which covers a special
case. First note that H+

ℓ (G) is an antichain simply because this is always the case [3,
Theorem 4.22(a)]. Now we claim φ is well defined. This is because if ρ and ρ′ are
equivalent, then H ∪ Zρ and H ∪ Zρ′ dominate each other, and the output [H ∪ Zρ]
really lies in H+

ℓ (G) by Citation 2.13. Since every pseudocharacter of G vanishes
on H by Lemma 2.20, Citation 2.14 applies, and gives us surjectivity. Finally, we
need to show that φ is 2-to-1 with the claimed fibers. Recall that we always assume
Zρ = Z−ρ, so φ([ρ]) = φ([−ρ]). Now suppose [ρ] ̸= [±ρ′], and we want to prove that
[H ∪ Zρ] ̸= [H ∪ Zρ′ ]. Since [ρ] ̸= [±ρ′] we have ker(ρ) ̸= ker(ρ′). Without loss of
generality let us say that ker(ρ′) ̸⩽ ker(ρ), and choose some z ∈ ker(ρ′)∖ ker(ρ). Then
⟨z⟩ is a subgroup of ker(ρ′), hence a subset of Zρ′ , that is unbounded with respect
to the word length coming from H ∪ Zρ. We conclude that H ∪ Zρ ̸⪯ H ∪ Zρ′ , so
[H ∪ Zρ] ̸= [H ∪ Zρ′ ]. □

Now we focus on the quasi-parabolic case.
If G = H ⋊Zn, and ρ : Zn → R is a (non-trivial) character of Zn, write Hρ

qp(G) for
the subposet of equivalence classes of those quasi-parabolic actions whose Busemann
pseudocharacter induces a character Zn → R equivalent to ρ.

Proposition 2.22. Let G be an agreeable, sharply Zn-split group. Let ρ : Zn → R be a
non-trivial character. Then the posets Hρ

qp(G) and Conf∗
ρ(G) are isomorphic.

Proof. We claim that [Q] 7→ [Q∪Zρ] is a well defined poset isomorphism from Conf∗
ρ(G)

to Hρ
qp(G). Since Q1 ⪯ρ Q2 implies Q1 ∪Zρ ⪯ Q2 ∪Zρ, it is a well defined poset map.

Since Q1 ∪ Zρ ⪯ Q2 ∪ Zρ implies Q1 ⪯ρ Q2, it is injective. It just remains to prove
that this map is surjective. Since G is agreeable, Citation 2.14 says that every element
of Hρ

qp(G) is of the form [Q ∪ Zρ] for some strictly confining Q, so we are done. □

Now we can tie together H+
ℓ (G) and Hρ

qp(G).

Proposition 2.23. Let G be an agreeable, sharply Zn-split group. Let ρ : Zn → R be
a non-trivial character. The element [H ∪ Zρ] of H+

ℓ (G) is a lower bound of every
element of Hρ

qp(G), and is not related to any elements of any Hρ′

qp(G) for [ρ′] ̸= [±ρ].

Proof. The first claim is immediate since [H ∪ Zρ] ≼ [Q ∪ Zρ] for all ρ-confining Q.
We need to show the second claim. Suppose [ρ′] ̸= [±ρ], so ker(ρ) ̸= ker(ρ′). Extending
ρ and ρ′ from non-zero homomorphisms Zn → R to non-zero linear transformations
Rn → R, the kernels ker(ρ) and ker(ρ′) become distinct codimension-1 subspaces of
Rn. We can therefore find a sequence of points in ker(ρ′) that gets arbitrarily far away
from ker(ρ). Taking the Cρ′-neighborhood and intersecting with Zn, we can choose
a sequence of points in Zρ′ that gets arbitrarily far away from Zρ. This shows that
for any ρ′-confining subset Q, the set Q ∪ Zρ′ is unbounded in the alphabet H ∪ Zρ,
and so [H ∪ Zρ] ̸≼ [Q ∪ Zρ′ ]. Finally, it is obvious that [Q ∪ Zρ′ ] ̸≼ [H ∪ Zρ] since
Proposition 2.21 says that [H ∪ Zρ′ ] ̸≼ [H ∪ Zρ]. We conclude that [H ∪ Zρ] is not
related to any elements of any Hρ′

qp(G). □

Finally, let us prove one useful criterion that can be used to show that Conf∗
ρ(G) is

empty, for certain Zn-splittings and certain ρ. Here a group is boundedly generated
by a collection of subgroups if it is generated by their union U , and is bounded with
respect to the word length coming from the generating set U . For an element g ∈ G
we denote by CH(g) := {h ∈ H | [g, h] = 1} its centralizer in H.

Proposition 2.24. Let G = H ⋊ Zn be a Zn-splitting. Let {a1, . . . , an} be a basis for
Zn and ρ : Zn → R a character. If ρ(ai) ̸= 0, then every ρ-confining subset contains
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CH(ai). In particular, if H is boundedly generated by those CH(ai) with ρ(ai) ̸= 0,
then Conf∗

ρ(G) = ∅.

Proof. Suppose that ρ(ai) ̸= 0, and let c ∈ CH(ai). By Lemma 2.4 there exists k ∈ Z
such that cak

i ∈ Q. But cak
i = c and so CH(ai) ⊆ Q.

If H is boundedly generated by such CH(ai), then H = Qℓ for some ℓ ∈ N. Now
Lemma 2.5 tells us that Q is equivalent to H. □

3. Brown–Higman–Thompson groups
In this section we recall some background on the Brown–Higman–Thompson groups Fn.
We recall the following standard dynamical definitions, which we will repeatedly use in
all that follows without further mention. For simplicity, we state them in our setting
of one-dimensional actions:

Definition 3.1. Let G ⩽ Homeo([0, 1]). We will always view homeomorphisms as
acting on [0, 1] from the right, so x.g denotes the image of x ∈ [0, 1] under g ∈
Homeo([0, 1]).

(i) An element g ∈ G is orientation preserving if x < y implies x.g < y.g. If
every element of G is orientation preserving, we say that G is orientation
preserving, and write G ⩽ Homeo+([0, 1]).

(ii) For an element g ∈ G, its support is the set Supp(g) = {x ∈ [0, 1] | x.g ≠ x}.
For a set S ⊆ G, we denote Supp(S) = ∪g∈SSupp(g). We say that S is
supported on I ⊆ [0, 1] if Supp(S) ⊆ I.

(iii) The group G acts proximally if for every x, y, z ∈ (0, 1) there exists a sequence
gi : i ∈ N such that x.gi → z and y.gi → z.

A crucial fact, that will be used throughout the paper, is that elements with disjoint
support commute.

Remark 3.2. Suppose that the diagonal action of G on (0, 1) × (0, 1) has a dense
orbit O. Then G acts proximally on (0, 1). Indeed, let x, y, z ∈ (0, 1), without loss
of generality assume x < y. Because O is dense, there exists (x′, y′) ∈ O such that
x′ < x < y < y′. Using density again, there exists a sequence gi (i ∈ N) such that
(x′, y′).gi → (z, z). Then x.gi → z and y.gi → z.

Recall that, for n ⩾ 2, Fn is the group of all piecewise linear orientation preserving
homeomorphisms of [0, 1] with all slopes powers of n and breakpoints in Z[1/n]. It
turns out that Fn admits a standard infinite presentation

Fn = ⟨x0, x1, · · · | xxi
j = xj+(n−1) for all i < j⟩.

See for example Proposition 4.8 of [16] (following Propositions 4.1 and 4.4 of [16],
which confirm that we are talking about the same group). Although this presentation
(and a related finite presentation) is useful in many contexts, in our case the dynamical
definition will be more important.

We introduce the following notation for piecewise linear homeomorphisms:

Definition 3.3. For a piecewise linear element g ∈ Homeo([0, 1]) and an element
x ∈ [0, 1], we denote by g′

+(x) the right slope at x, and by g′
−(x) the left slope at x. If

the left and right slopes coincide, or if x ∈ {0, 1} and so only one is defined, then we
just write g′(x).

3.1. Transitivity properties. The action of Fn on (0, 1) stabilizes (0, 1) ∩ Z[1/n].
However, the action of Fn on (0, 1) ∩ Z[1/n] is not transitive when n > 2. We refer
the reader to [38, Section 3] for a characterization of the orbits; all that we will need
is the following:
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Citation 3.4 ([38, Section 3]). There exists a dense subset O ⊆ (0, 1) ∩ Z[1/n] that
is Fn-invariant and on which the action of the commutator subgroup F ′

n is highly
transitive. That is to say, for any k ∈ N and any two tuples 0 < x1 < · · · < xk < 1
and 0 < y1 < · · · < yk < 1 with xi, yi ∈ O, there exists g ∈ F ′

n such that xi.g = yi for
all i.

In particular, every subgroup F ′
n ⩽ H ⩽ Fn is proximal on (0, 1).

The “in particular” follows from Remark 3.2.

3.2. Abelianization. It is clear from the presentation that the abelianization Ab(Fn)
is isomorphic to Zn. In this section, we will describe this abelianization dynamically.
Two characters play a special role:

Definition 3.5. Let χ0 : Fn → Z be defined as χ0(g) := logn g
′(0). Similarly, χ1(g) :=

logn g
′(1). We denote F c

n := ker(χ0) ∩ ker(χ1).

We call F c
n the compactly supported subgroup of Fn, since it consists of those

homeomorphisms whose support is contained in a compact subset of (0, 1). The
quotient Fn/F

c
n is isomorphic to Z2. This is the end of the story in the important case

of Thompson’s group F , when n = 2. (For n > 2, since the abelianization is Zn, one
can find an additional n− 2 linearly independent characters.)

We will see later that Fn is sharply Zn-split, i.e., the abelianization map Fn → Zn

splits. The following is the key result in this direction. Here an element of Fn is called
a one-bump function if its support equals a single open interval.

Proposition 3.6. There exist elements a0, . . . , an−1 ∈ Fn such that:
(i) Each ai is a one-bump function with support Ii = (ℓi, ri) for some ℓi, ri.

Moreover, ℓ0 = 0 and χ0(a0) = 1, and rn−1 = 1 and χ1(an−1) = 1.
(ii) The Ii are pairwise disjoint, in fact ri−1 < ℓi for i = 1, . . . , (n− 1).
(iii) The ai generate the abelianization of Fn.

Proof. In [17], the generators xi in the standard presentation for Fn are described
in terms of the so called tree pair model for elements of Fn, and from this it is a
straightforward but tedious exercise to view the xi as piecewise linear homeomorphisms
of [0, 1]. Setting yi = xix

−1
i+1 for each 0 ⩽ i ⩽ n− 2, and yn−1 = x−1

n−1, it is easy to see
that y0, . . . , yn−1 are one-bump functions, χ0(y0) = χ1(yn−1) = 1, and {y0, . . . , yn−1}
generates Fn. Up to conjugating each yi, and recalling that Fn acts proximally on (0, 1)
(Citation 3.4), we may replace each yi with an element ai with support Ii = (ℓi, ri)
such that r0 < ℓ1 < r1 < ℓ2 < r2 < · · · < ℓn−2 < rn−2 < ℓn−1. Now the elements
a0, . . . , an−1 satisfy all the desired conditions. □

See Figure 4 for a visualization of the elements ai constructed in Proposition 3.6.

a0

a1
a2

Figure 4. A graph describing {a0, a1, a2} in F3, as in Proposition 3.6.
Note that in order to have χ0(a0) = χ1(a2) = 1, we need a0 to lie
above the y = x line, and a2 to lie below it.
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3.3. Studying H(Fn) via confining subsets. In this section, we establish that Fn

meets the criteria for the results of Section 2 to hold. We start with:

Citation 3.7 ([19, 25]). Every subgroup of Fn is agreeable.

This allows us to exclude non-oriented lineal actions.

Corollary 3.8. Every lineal action of Fn is oriented.

Proof. By Corollary 1.15 and Citation 3.7, it suffices to show that Fn does not surject
onto D∞, and this is immediate since every proper quotient of Fn is abelian [16,
Theorem 4.13]. □

We can also exclude general type actions, as a consequence of the following and the
well-known Ping-Pong Lemma:

Citation 3.9 ([13]). Fn does not contain non-abelian free subgroups. Therefore, Fn

does not admit general type actions.

Finally, we note:

Corollary 3.10. Fn = F ′
n ⋊ Zn is sharply Zn-split.

Proof. The elements a0, . . . , an−1 from Proposition 3.6 are disjointly supported, and
so they commute. This defines a section Zn → Fn of the abelianization map. □

At this point we can write Fn = F ′
n ⋊ Zn, where Zn = ⟨a0, . . . , an−1⟩ as in

Proposition 3.6. We fix this Zn-splitting for the rest of the paper. In particular,
note that the restriction of χ0, respectively χ1, to this copy of Zn maps the product
ai0

0 · · · a
in−1
n−1 to i0, respectively in−1.

3.4. Stabilizers in Fn and its subgroups. Later on, we will need some properties
of point and interval stabilizers in Fn. We first fix the following notation:

Definition 3.11 (Fixators, rigid stabilizers). For an interval I ⊆ [0, 1] (open, closed,
or half-open on either side) and a group G ⩽ Homeo([0, 1]), the fixator of I in G is
the subgroup

FixG(I) := {g ∈ G | x.g = x for all x ∈ I}.
When I = {x} is a degenerate interval, we simply write FixG(x) for FixG({x}). The
rigid stabilizer of I in G is the subgroup G(I) :=

{
g ∈ G | Supp(g) ⊆ I

}
.

When the interval is written explicitly, we avoid redundancy of parentheses, so for
example we write G[x, y] instead of G([x, y]). Note that with this notation, we have
for example F c

n = Fn(0, 1).

Definition 3.12 (Fn-like homeomorphisms). We say that a homeomorphism between
open intervals I → J is Fn-like if it is orientation preserving, piecewise linear, with
a set of breakpoints that is countable discrete and contained in Z[1/n], and all slopes
powers of n.

Note that when I = J = (0, 1), there are more Fn-like homeomorphisms than
elements of Fn, since in the first case we allow for breakpoints to accumulate at either
0 or 1.

Citation 3.13 ([10, Theorem E16.7]). Let 0 < x < y < 1 be such that x, y ∈ Z[1/n].
Then there exists an Fn-like homeomorphism Φx,y : (x, y) → (0, 1) that conjugates
Fn[x, y] to Fn.
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Note that the conjugating element really needs to have (countably) infinitely many
breakpoints, not merely finitely many; otherwise, it could only intertwine Fn[x, y] and
Fn[0, 1] if the orbits were compatible [38].

In the case of rigid stabilizers of open intervals, the isomorphism works even when
x, y are not n-ary (and moreover, it does not require the previous theorem), as we now
show.

Proposition 3.14 (Rigid stabilizers of open intervals). Let 0 < x < y < 1. Then there
exists an Fn-like homeomorphism Φx,y : (x, y)→ (0, 1) that conjugates Fn(x, y) to F c

n.

Proof. Recall from Citation 3.4 that Fn acts transitively on ordered tuples of elements
in some dense orbit O ⊆ (0, 1)∩Z[1/n]. Choose a sequence of elements x < xi < yi < y
such that xi, yi ∈ O, the sequence (xi)i is strictly decreasing and converges to x, and the
sequence (yi)i is strictly increasing and converges to y. Moreover, choose a sequence
of elements 0 < pi < pi−1 < qi−1 < qi < 1 such that pi, qi ∈ O and analogously
pi → 0, qi → 1.

Since Fn is transitive on ordered pairs in O, Fn can take each xi < yi to pi < qi.
In this way, we get Fn-like homeomorphisms Φi : (xi, yi) → (pi, qi) that conjugate
Fn(xi, yi) to Fn(pi, qi) simply by conjugating by an appropriate element of Fn. More-
over, by defining the elements of Fn inductively and by pieces, we may ensure that
each Φi extends Φi−1.

This defines an orientation preserving homeomorphism Φ: (x, y) → (0, 1) that
conjugates the directed union of the groups Fn(xi, yi), namely Fn(x, y), to the directed
union of the Fn(pi, qi), namely Fn(0, 1) = F c

n. In fact, each of the Φi is constructed
via conjugation in Fn, and so has finitely many breakpoints. It follows that the set of
breakpoints of Φ is countable and discrete in (x, y), and so Φ is Fn-like. □

Proposition 3.14 shows that the behavior of rigid stabilizers of open intervals is
independent of the nature of the endpoints. However, the behavior of stabilizers of
points does depend on the nature of the points, with different behavior when a fixed
point is n-ary, rational but not n-ary, or irrational. We will now describe the behavior
in each of the three cases; when n = 2 this was already worked out in [30].

The n-ary case is immediate, because of the piecewise nature of Fn:

Lemma 3.15 (n-ary fixed points). Let t ∈ Z[1/n] ∩ (0, 1), Then FixFn
(t) decomposes

as Fn[0, t]× Fn[t, 1]. □

Note however that this product decomposition is not always stable under replacing
Fn in the notation with a subgroup. For example using F ′

n, under this decomposition
FixF ′

n
(t) corresponds to those elements (g, h) of Fn[0, t]× Fn[t, 1] such that Ab(g) =

−Ab(h), and it is easy to see that FixF ′
n
(t) is identified with a subgroup of Fn(0, t]×

Fn[t, 1) whose projection onto each factor is surjective. In particular, F ′
n(t) does not

decompose as F ′
n[0, t]× F ′

n[t, 1].
The irrational case is also relatively straightforward:

Lemma 3.16 (Irrational fixed points). Let t ∈ (0, 1)∖Q. Then every element g ∈ Fn that
fixes t also fixes a neighborhood of t. Thus FixFn

(t) decomposes as Fn[0, t]×Fn[t, 1] =
Fn[0, t)× Fn(t, 1].

Proof. Suppose that, at t, the element g takes the form x 7→ nkx+ y, for k ∈ Z and
y ∈ Z[1/n]. If k ̸= 0, then t = t.g gives t = y/(1 − nk) ∈ Q. Since t is irrational,
we conclude that k = 0. Moreover, t cannot be a break point, so the slope of g has
to be identically 1 in a neighborhood of t, i.e., g must fix a neighborhood of t. The
decomposition into a direct product is now immediate. □
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Finally there is the case when the fixed point is rational but not n-ary, which is
more delicate:

Lemma 3.17 (Non n-ary rational fixed points). Let t ∈ (0, 1) ∩Q∖ Z[1/n]. Then the
map FixFn

(t)→ Z given by g 7→ logn g
′(t) is a well defined non-trivial homomorphism.

The image only depends on the Fn-orbit of t. Thus FixFn
(t) fits into a short exact

sequence
1→ Fn[0, t)× Fn(t, 1]→ FixFn

(t)→ Z→ 1;
where the element of FixFn

(t) mapping to the generator of the image in Z may be
chosen to belong to F ′

n and to be supported on an arbitrarily small open neighborhood
of t.

Proof. Since t /∈ Z[1/n], it cannot be a breakpoint, so g′(t) is well defined for all g ∈ Fn,
and it is easily seen that we get the homomorphism in the statement, by applications
of the chain rule and log rules. To see that this homomorphism is non-trivial, write
t = p/q, where p and q are coprime, and so by hypothesis q is not a power of n. We
multiply the numerator and denominator suitably to obtain an expression t = p′/q′nℓ,
where q′ is coprime to n, and greater than 1. Let o ⩾ 1 be the order of n in (Z/q′Z)×;
so q′ divides (no−1). By multiplying the numerator and denominator again, we obtain
an expression

t = m

(no − 1)nℓ
= 1
no − 1

m

nℓ
.

Setting y = m/nℓ ∈ Z[1/n], we obtain the expression t = not− y.
Let I be an open interval containing t such that the map x 7→ nox − y, which

fixes t, maps I inside a compact subset of (0, 1). This can then be completed to an
element of Fn, and even to an element of F ′

n, up to multiplying by suitable conjugates
of the elements ai from Proposition 3.6 supported away from t. Since o ⩾ 1, this shows
that the homomorphism in the statement is non-trivial, with image generated by an
element of F ′

n, and the kernel is easily identified.
Finally, let g ∈ FixFn

(t) and let c ∈ Fn. Then gc ∈ FixFn
(t.c), and moreover

t.c ∈ Q ∖ Z[1/n] and the slope of g at t coincides with the slope of gc at t.c. This
shows that the image of FixFn

(t)→ Z given by g 7→ logn g
′(t) does not change if we

replace t by a rational in the same orbit, and concludes the proof. □

Remark 3.18. The proof actually shows that the generator of the image of logn g
′(t)

coincides with the order of n modulo q′, where q′ is the largest factor of the denominator
of t that is coprime to n. The invariance over Fn-orbits is also reflected in this
property [38].

4. Global structure of H(Fn)
In this section we analyze confining subsets in Fn, and find that for “almost all” ρ there
are no quasi-parabolic actions of Fn with Busemann pseudocharacter equivalent to ρ.
More precisely, this happens for any ρ ̸= χ0, χ1. Since Fn is agreeable (Citation 3.7)
and sharply Zn-split (Corollary 3.10), we can use the results from Section 2, and
so really what we are proving is that for any ρ ̸= χ0, χ1, the set Conf∗

ρ(Fn) is
empty. Here Conf∗

ρ(Fn) is as in Definition 2.6. Throughout this, we fix the sharp Zn-
splitting Fn = F ′

n ⋊ Zn as in Proposition 3.6, where Zn is the subgroup generated by
{a0, . . . , an−1}. In particular, each ai is a one-bump function with support Ii = (ℓi, ri),
these intervals are pairwise disjoint, and we have ℓ0 = 0, rn−1 = 1.

We should briefly remark that there is a connection between hyperbolic actions
and Bieri–Neumann–Strebel (BNS) invariants of groups, as in [9]; see for example [1,
Subsection 4.3]. The BNS-invariants of the Fn have been completely determined [9,
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Theorem 8.1], and thanks to an equivalent characterization of the BNS-invariants
due to Brown [14, Corollary 7.4], it is clear that there are no ρ-confining subsets
for ρ ̸= χ0, χ1 whose corresponding hyperbolic actions are on R-trees. This does not
immediately help us here though, because R-trees are just a special case of hyperbolic
spaces, so the connection to BNS-invariants is more just “in spirit”.

Proposition 4.1. Let ρ be a character of Zn such that there exist i ≠ j with ρ(ai) ̸= 0
and ρ(aj) ̸= 0. Then Conf∗

ρ(Fn) = ∅.

Proof. For each k, note that the centralizer CF ′
n
(ak) contains the subgroup FixF ′

n
(Ik)

of all elements of F ′
n fixing Ik. By Proposition 2.24, it therefore suffices to prove that

F ′
n is boundedly generated by FixF ′

n
(Ii) ∪ FixF ′

n
(Ij). We claim that every element of

F ′
n is a product of at most three elements of this union. Let f ∈ F ′

n, so in particular
f ∈ F c

n and so the support of f is contained in (ε, δ) for some 0 < ε < δ < 1. Since
i ̸= j we know that Ii and Ij are disjoint. Say without loss of generality that i < j.
If ε > ri then f ∈ FixF ′

n
(Ii) and we are done, so suppose ε ⩽ ri. Since Ii and Ij are

disjoint, we can choose some element f ′ ∈ FixF ′
n
(Ij) such that ε.f ′ > ri. Now the

support of ff ′ is contained in (ri, 1) and hence ff ′ ∈ FixF ′
n
(Ii). We conclude that

f ∈ f ′FixF ′
n
(Ii)(f ′)−1 ⊆ FixF ′

n
(Ij)FixF ′

n
(Ii)FixF ′

n
(Ij),

and we are done. □

At this point we are free to assume that ρ(ai) ̸= 0 for just a single i. Our next goal
is to prove that in fact Conf∗

ρ(Fn) = ∅ also holds if this i is anything other than 0 or
n− 1.

Proposition 4.2. Let ρ be a character of Zn such that ρ(ai) ̸= 0 for some 0 < i < n−1,
and ρ(aj) = 0 for all j ̸= i. Then Conf∗

ρ(Fn) = ∅.

Proof. For notational ease, let us write a for ai, I for the interval Ii, and ℓ and r
for the endpoints ℓi and ri of I. Up to replacing a by its inverse, let us assume that
ρ(a) > 0. Let Q ⊆ F ′

n be a ρ-confining subset. We need to prove that Q = F ′
n. Since

0 < i < n− 1, we know that (ri−1, ℓ) ̸= ∅ and (r, ℓi+1) ̸= ∅. By Proposition 2.24, we
know that CF ′

n
(a) ⊆ Q, and so FixF ′

n
(I) ⊆ Q.

We claim that there exists qℓ ∈ Q such that xℓ.qℓ < ℓ for some xℓ ∈ (ℓ, r). First
let q′

ℓ ∈ F ′
n be any element supported on (ri−1, r), such that ℓ.q′

ℓ < ℓ, so then we also
get x′

ℓ.q
′
ℓ < ℓ for some x′

ℓ ∈ (ℓ, r). By Lemma 2.4, we can choose k ⩾ 0 such that
qℓ := (q′

ℓ)ak ∈ Q. Let xℓ := x′
ℓ.a

k. Then xℓ ∈ (ℓ, r) and

xℓ.qℓ = (x′
ℓ.a

k).(q′
ℓ)ak

= (x′
ℓ.q

′
ℓ).ak = x′

ℓ.q
′
ℓ < ℓ

since ak fixes [0, ℓ]. A symmetric argument produces an element qr ∈ Q and xr ∈ (ℓ, r)
such that xr.qr > r.

By now we know that Q contains FixF ′
n
(I) ⊆ Q and contains the elements qℓ

and qr constructed above. Now we are ready to begin proving that Q = F ′
n, for

which it suffices to show that F ′
n is bounded in the generating set Q. Let us assume

that x.a > x for all x in the support I of a; since a is a one-bump function, the
alternative is that x.a < x for all x ∈ I, and this case works analogously. Let f ∈ F ′

n,
so in particular f ∈ F c

n and so f is supported on (ε, δ) for some 0 < ε < δ < 1. If
δ ⩽ ℓ then f ∈ FixF ′

n
(I), so f ∈ Q and we are done. Now suppose ℓ < δ < r. Since

a is a one-bump function satisfying x.a > x for all x in its support (ℓ, r), we can
choose k ⩾ 0 such that δ.a−k < xℓ, and so fa−kqℓ ∈ FixF ′

n
(I) ⊆ Q. This implies that

f ∈ Qq−1
ℓ

ak ⊆ (Q3)ak ⊆ Q3, where the last inclusion is given by (StayInConf). Finally,
suppose r ⩽ δ. Choose f ′ ∈ FixF ′

n
(I) ⊆ Q such that δ.f ′ < xr.qr, so δ.f ′q−1

r < r.
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Like in the previous case, we can now choose k ⩾ 0 such that δ.f ′q−1
r a−k < xℓ, so

ff ′q−1
r a−kqℓ ∈ FixF ′

n
(I) ⊆ Q, and so f ∈ Qq−1

ℓ
akqr(f ′)−1 ⊆ Q7. We conclude that in all

cases f ∈ Q7, which concludes the proof. □

This leaves us with only four characters of Zn to consider up to equivalence, since
precisely one of a0 or an−1 can have a positive or negative character value, and the
other must be sent to zero. In fact by Proposition 3.6 these four characters of Zn are
equivalent to the four characters ±χ0 and ±χ1 of Fn, restricted to Zn. Our next result
is that Conf∗

−χ0
(Fn) and Conf∗

−χ1
(Fn) are also empty, leaving χ0 and χ1 as the only

candidates for yielding quasi-parabolic actions. (Then later we will show that these
actually yield an incredible number of quasi-parabolic actions.)

Proposition 4.3. The sets Conf∗
−χ0

(Fn) and Conf∗
−χ1

(Fn) are empty.

Proof. We will prove Conf∗
−χ0

(Fn) = ∅, and the other statement is analogous. Let
Q ⊆ F ′

n be (−χ0)-confining. By Proposition 2.24, we know that CF ′
n
(a0) ⊆ Q, and so

FixF ′
n
(I0) = F ′

n[r0, 1) ⊆ Q. By the same argument as in the proof of Proposition 4.2,
Q also contains an element q such that x.q > r0 for some x ∈ (0, r0). Now we are
ready to show that Q = F ′

n, for which it suffices to show that F ′
n ⊆ Q3. Let f ∈ F ′

n,
say supported on (ε, δ) for some 0 < ε < δ < 1. Choose k ⩾ 0 such that ε.ak

0 > x, so
ε.ak

0q > r0. Now fak
0 q ∈ F ′

n[r0, 1) ⊆ Q, so f ∈ (Q3)a−k
0 . Since (−χ0)(a−k

i ) = k ⩾ 0, we
conclude that f ∈ Q3 by (StayInConf), which concludes the proof. □

We now have everything in place to give a global description of H(Fn). We refer
the reader to Figure 1 in the introduction for a picture.

Theorem 4.4 (Theorem A). The poset H(Fn) has the following structure.
(i) Hgt(Fn) = ∅.
(ii) Hqp(Fn) consists of two incomparable isomorphic join semilattices X0 and
X1.

(iii) Hℓ(Fn) = H+
ℓ (Fn) is an uncountable antichain, with two distinguished ele-

ments [±χ0] and [±χ1] sitting under X0 and X1, respectively.
(iv) He(Fn) consists of the unique smallest element.

Proof. The last item is always true. The fact that Hgt(Fn) = ∅ is the content of
Citation 3.9. The fact that Hℓ(Fn) = H+

ℓ (Fn) is the content of Corollary 3.8. This
is an uncountable antichain by Proposition 2.21, with two distinguished elements
corresponding to [±χ0] and [±χ1].

We define X0 := Hχ0
qp (Fn), and similarly X1 := Hχ1

qp (Fn). They are join semilattices
by Proposition 2.9. They are isomorphic because the automorphism Homeo[0, 1]→
Homeo[0, 1] given by conjugation by x 7→ (1−x) preserves Fn and conjugates χ0 to χ1.
By construction, they sit above [±χ0] and [±χ1], respectively, and above no other
lineal actions by Proposition 2.23. Finally, that Hqp(Fn) consists only of X0 and X1
follows from the propositions proved above in this section that show no other character
admits strictly confining subsets. □

The results of this section will also be enough to give a complete description of
the poset of hyperbolic structures on the group F±

n , which will be the subject of the
next section. After that, we will make a detour on lamplighters and their hyperbolic
structures, and then the rest of the paper will be devoted to analyzing the rich structure
of the poset X0 ∼= X1, which up to isomorphism is Conf∗

χ0
(Fn).
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5. Hyperbolic structures on F±
n

Recall that F±
n is the group of homeomorphisms of [0, 1] defined the same way as Fn but

where the orientation is not necessarily preserved. Let α ∈ F±
n be the homeomorphism

x 7→ (1− x). Then F±
n
∼= Fn ⋊α Z/2Z. From this we easily obtain:

Lemma 5.1. The group F±
n is agreeable.

Proof. Every pseudocharacter ρ : F±
n → R restricts to a character on Fn, because Fn

is agreeable. Moreover, by homogeneity we have ρ(α) = 0, and ρ(gα) = ρ(g) for all
g ∈ Fn. Thus ρ preserves all relations of F±

n , so it is a homomorphism. □

We will need the following more algebraic description of the abelianization of Fn,
see e.g., [55]. There exist characters ψ0, . . . , ψn−2 : Fn → Z that satisfy the relation
(1) ψ0 + · · ·+ ψn−2 = χ0 − χ1.

We have (n + 1) characters and one relation, so this encodes the whole rank-n
abelianization of Fn. (We will not need to know any more details about the ψi for our
purposes, and so just refer the reader to [55] for more precise information.) Conjugation
by α induces an order-2 automorphism on Fn that permutes these characters as follows
(this is easy to see from the description of these characters in [55]):

χ0 ←→ χ1; ψi ←→ −ψ(n−2)−i for i = 0, . . . , (n− 2).
The following is immediate from this description:

Lemma 5.2. Consider H1(Fn;R) as the real vector space with {χ0, χ1, ψ0, . . . , ψn−2}
as the generating set and one relation given by Equation (1). Consider the action of α
on H1(Fn;R), and let H1(Fn;R)α

+ denote the +1 eigenspace and H1(Fn;R)α
− the −1

eigenspace. Then
(i) H1(Fn;R)α

+ = ⟨χ0 + χ1, ψi −ψ(n−2)−i | i = 0, . . . , ⌊n
2 ⌋ − 1⟩. This has ⌊n

2 ⌋+ 1
generators, of which the last one is 0 if n is even, and no other relation, and
thus has dimension ⌈n

2 ⌉.
(ii) H1(Fn;R)α

− = ⟨χ0 − χ1, ψi + ψn−i | i = 0, . . . , ⌊n
2 ⌋ − 1⟩. This has ⌊n

2 ⌋ +
1 generators, and one relation coming from Equation (1), and thus has
dimension ⌊n

2 ⌋. □

This, together with Theorem A, classifies quasi-parabolic structures on F±
n , namely,

there are none:

Proposition 5.3. The group F±
n does not admit any cobounded quasi-parabolic action

on a hyperbolic space.

Proof. Suppose by contradiction that F±
n ↷ X is a cobounded quasi-parabolic action.

Let p : F±
n → R be the Busemann pseudocharacter, which is a character by Lemma 5.1,

and is non-zero by assumption. Since Fn has index 2 in F±
n , the restricted action

is also quasi-parabolic, which implies that p|Fn
is a non-trivial character of Fn that

appears as the pseudocharacter of a quasi-parabolic action of Fn. Theorem A implies
that p|Fn

is equivalent to either χ0 or to χ1, but Lemma 5.2 implies that p|Fn
∈

⟨χ0 +χ1, ψi−ψ(n−2)−i | i = 0, . . . , ⌊n
2 ⌋−1⟩. These two properties are incompatible. □

On the other hand, we can describe the lineal actions thanks to Lemma 5.2:

Proposition 5.4. The poset Hℓ(F±
n ) is an antichain of the following form.

(i) If n = 2, then Hℓ(F±
2 ) has size 2, with one oriented and one non-oriented

structure.
(ii) If n = 3, then Hℓ(F±

3 ) is uncountable, with uncountably many oriented
structures and one non-oriented structure.
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(iii) If n > 3, then Hℓ(F±
n ) is uncountable, with uncountably many oriented and

non-oriented structures.

Proof. Since F±
n is agreeable by Lemma 5.1, it follows from [3, Theorem 4.22] that

H+
ℓ (F±

n ) has size 1 if H1(F±
n ;R) has dimension 1, and is uncountable if H1(F±

n ;R) has
dimension greater than 1. The restriction to Fn induces an isomorphism H1(F±

n ;R)→
H1(Fn;R)α

+, so Lemma 5.2 gives the size of H+
ℓ (F±

n ) as in the statement.
Now consider a non-oriented lineal action of F±

n on a hyperbolic space X. Let ε(g)
be the sign of the permutation that g induces on the limit points. Because Fn has no
non-oriented lineal action (Corollary 3.8), it is contained in the kernel of ε. Since ε is
non-trivial by assumption, ε(α) = −1 necessarily. Let p : Fn → R be the Busemann
pseudocharacter for the action of Fn on X, which is a character by Citation 3.7. Use
Citation 1.14 to extend it to an ε-cocycle φ : F±

n → R. Using the cocycle relation we
see that for any g ∈ Fn

p(gα) = φ(αgα) = φ(α) + ε(α)(φ(g) + ε(g)φ(α))
= φ(α)− (φ(g) + φ(α)) = −φ(g) = −p(g).

Therefore p ∈ H1(Fn;R)α
−, and this space is described in Lemma 5.2. Conversely,

given p ∈ H1(Fn;R)α
−, we can construct a ε-cocycle φ given by φ(gαi) = (−1)ip(g)

for g ∈ Fn and i ∈ {0, 1}, and this defines a non-oriented lineal action [6, Lemma 2.14].
When n > 3, so the dimension of H1(Fn;R)α

− is greater than 1, this shows that there
exist uncountably many non-oriented lineal actions of F±

n , whose restrictions to Fn

are pairwise non-equivalent (because their Busemann pseudocharacters are not scalar
multiples of one another); and since Fn has index 2 this implies that the actions were
non-equivalent to start with. When n = 2, 3, so the dimension of H1(Fn;R)α

− equals 1,
there is a unique choice for ε and for p (up to sign) so Proposition 1.16 shows that
there exists a unique non-oriented lineal action. □

Remark 5.5. To the best of our knowledge, F±
n for n ⩾ 4 is the first known example

of a group whose sets of oriented and non-oriented lineal actions are both uncountable.
We should remark that an analogous proof shows that the same holds for Z4 ⋊ (Z/2Z),
with the action for example swapping the first and fourth, and second and third, basis
vectors.

We conclude with the following general statement:

Theorem 5.6 (Theorem G). The poset H(F±
n ) has the following structure.

(i) Hgt(F±
n ) = ∅.

(ii) Hqp(F±
n ) = ∅.

(iii) Hℓ(F±
n ) is an antichain. The subposet H+

ℓ (F±
n ) has size 1 for n = 2, and

is uncountable for n > 2. Its complement has size 1 for n = 2, 3, and is
uncountable for n > 3.

(iv) He(F±
n ) consists of the smallest element.

Proof. The last item is always true. As in Theorem A, (i) follows from the fact that
Fn, and thus F±

n , has no free subgroups (Citation 3.9). Statements (ii) and (iii) follow
from Propositions 5.3 and 5.4 respectively. □

6. Lamplighters with infinite lamps
We now make a small detour from the world of Thompson groups into the world of
lamplighters, which will feature prominently in a more detailed description of H(Fn).
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By lamplighters we mean groups of the form

Γ ≀ Z :=
(⊕

Z
Γ
)
⋊ Z,

where Z conjugates the direct sum by shifting the coordinates. Confining subsets of
certain lamplighters, with Γ a subgroup of Fn, will play an important role in our
description of the poset X0 (and thus also X1). However, the structure of confining
subsets of lamplighters has not been previously studied when the lamp groups Γ are
infinite. In this section, we introduce this setting and prove some general properties.

For a lamplighter Γ≀Z, write L(Γ) :=
⊕

Z Γ, and consider the corresponding splitting
Γ ≀ Z = L(Γ) ⋊ Z. Write z for the generator of Z, so that conjugation by z on L(Γ) is
just the familiar right shift

σ : L(Γ)→ L(Γ) : σ(g)i = gi−1.

The character we will use is just the identity id : Z→ Z, although in order to be more
notationally suggestive we will write σ instead of id, as the next definition explains:

Definition 6.1 (σ-confining). Call an id-confining subset σ-confining, with the adverb
“strictly” included as appropriate. Write Confσ(Γ≀Z) for the poset of equivalence classes
of σ-confining subsets, and Conf∗

σ(Γ ≀Z) for the subposet of strictly σ-confining subsets.
Further related notation, for example Zσ and Hσ

qp(Γ ≀ Z), will also be used similarly.

We will also make use of the following notation.

Notation 6.2. We denote by L>0(Γ) the subgroup of L(Γ) naturally isomorphic to⊕
Z>0

Γ, and we let π>0 : L(Γ)→ L>0(Γ) denote the retraction. We analogously denote
L⩾0(Γ), π⩾0, and so on.

The notion of confining subset is particularly easy to understand in this case:

Remark 6.3. A subset Q ⊆ L(Γ) represents an element of Confσ(Γ ≀ Z) if and only if
it satisfies the following:

(i) σ(Q) ⊆ Q;
(ii) For all g ∈ L(Γ) there exists k ⩾ 0 such that σk(g) ∈ Q;
(iii) There exists k ⩾ 0 such that σk(Q ·Q) ⊆ Q.

We will mostly use the characterization from Remark 6.3 for the rest of the section.
As a remark, we will often equivocate between a confining subset and its equivalence
class, so for example we may refer to a confining subset as an element of Confσ(Γ ≀ Z),
and no confusion should arise.

6.1. Right-heavy confining subsets. We will be interested in a special family of
confining subsets:

Definition 6.4 (Right-heavy). A σ-confining subset Q ⊆ L(Γ) is right-heavy if it
contains all of L⩾0(Γ). We denote by ConfRH

σ (Γ ≀ Z) the subposet of all (equivalence
classes of) right-heavy confining subsets; note that this includes [L(Γ)].

Recall that a non-elliptic hyperbolic structure on Γ ≀ Z is called substandard if it is
dominated by the standard action of Γ ≀ Z on the Bass–Serre tree associated with the
ascending HNN-extension with base group L⩾0(Γ) and stable letter z. This definition
includes the standard lineal structure factoring through the quotient Γ ≀ Z→ Z; all
other substandard structures are quasi-parabolic. We denote by H(Γ ≀ Z)subst the
subposet of substandard actions. The following is a consequence of the definitions:
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Proposition 6.5 (Substandard actions). The isomorphism from Citation 2.13:
Confσ(Γ ≀ Z)→ Hσ

qp(Γ ≀ Z) ∪ [±σ] : [Q]→ [Q ∪ Zσ]

induces an isomorphism ConfRH
σ (Γ ≀ Z)→ H(Γ ≀ Z)subst. Under this isomorphism, the

smallest element [L(Γ)] is mapped to the standard lineal structure of Γ ≀ Z; and the
largest element [L⩾0(Γ)] is mapped to the standard quasi-parabolic structure of Γ≀Z. □

In case Γ is finite cyclic, all σ-confining subsets are right-heavy [5]. However, this is
not the case when Γ is infinite, as we will now see. This construction also provides, to
our knowledge, the first explicit example of a confining subset that is not equivalent
to any confining subgroup (and we will see more examples later). We should mention
that it turns out the confining subset of the Baumslag–Solitar group BS(1, n) denoted
Q− in [4], which corresponds to an action of BS(1, n) on the hyperbolic plane H2 via
an embedding BS(1, n)→ PSL2(R), is also not equivalent to any confining subgroup;
this is clear from the description of Q− in [4, Lemma 3.1] together with our result
Proposition 2.7.

Example 6.6. Let Γ be a finitely generated infinite group. Fix a finite symmetric
generating set, let Bi be the ball of radius 2i in Γ with respect to this generating
set for i ⩾ 0, and set Bi = {1} for all i < 0. Let Q :=

⊕
i∈ZBi ⊆ L(Γ). We claim

that Q is σ-confining. It is symmetric because the Bi are. It satisfies (StayInConf)
because the Bi are nested, and it satisfies (ProdConf) because moreover Bi ·Bi ⊆ Bi+1.
As for (GetInConf), let g ∈ L(Γ), say g = (gi)i∈Z, and let k ⩾ 0 be large enough
that gi = 1 for all i ⩽ −k. Let m ⩾ 0 be such that gi ∈ Bm for all i ∈ Z. Then
σm+k(g) ∈ Q. To see that Q is not equivalent to any σ-confining subgroup, note that
⟨Q⟩ = L⩾0(Γ), and no conjugate of this by a power of z is contained in Q, so we are
done by Proposition 2.11.

Of course, this construction can be modified in many different ways, which shows
that Confσ(Γ ≀ Z) can be quite complicated for an infinite group Γ. However, for the
rest of the paper, only right-heavy confining subsets will play a role. This is an aspect
in which Thompson groups are more well-behaved than lamplighters.

6.2. Variety of confining subsets. Despite being more restrictive, right-heavy
confining subsets still exhibit complex behavior. First, we note the following general
construction of right-heavy confining subsets.

Citation 6.7 ([5, Theorem 1.4]). For a subgroup H ⩽ Γ, define

QH :=
(⊕

i<0
H

)
× L⩾0(Γ) ⩽ L(Γ).

Then QH is a right-heavy σ-confining subset, and the map H → QH defines an order-
reversing embedding of the poset Sub(Γ) of subgroups of Γ into ConfRH

σ (Γ ≀Z), sending
{1} to the largest element [L⩾0(Γ)] and Γ to the smallest element [L(Γ)].

It turns out that when Γ is finite cyclic, all confining subsets are of this form [5].
This already shows that the poset of right-heavy confining subsets can be very large.

Corollary 6.8. Let Γ be a group that contains either an infinite free product ∗i∈IHi

or an infinite direct sum ⊕i∈IHi. Then ConfRH
σ (Γ ≀ Z) contains a copy of P(N).

Proof. This follows from Citation 6.7, together with the fact that, under these as-
sumptions Sub(Γ) contains a copy of P(N). Indeed, in the case of the direct sum we
may extract a countable subset of I and find an infinite direct sum H = ⊕i∈NHi. We
then define, for X ∈ P(N), the subgroup HX = ⟨Hi | i ∈ X⟩ ⩽ H. The case of free
products is analogous (and already essentially contained in [5]). □
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Example 6.9. Corollary 6.8 shows that H(F ≀ Z), where F denotes a non-abelian free
group, contains a copy of P(N) consisting of quasi-parabolic structures. This was
established in [5], and was the first such example. The statement of Corollary 6.8
concerning direct sums shows how to obtain this also without free subgroups, and
even among amenable groups. For example, it holds for F c

n ≀ Z, and for the finitely
generated 3-step solvable group (Z ≀ Z) ≀ Z.

Next, we show that the existence of confining subsets that are not equivalent to
confining subgroups persists among the right-heavy ones. The following construction
is due to Simon Machado, whom we thank for this example:

Example 6.10. Let Γ be a group containing an infinite cyclic group Z = ⟨z⟩ (i.e., a
non-torsion group). We now construct a right-heavy confining subset in Γ ≀ Z that is
not equivalent to a confining subgroup. Let α : Z → R/Z be a homomorphism such
that the image of z is irrational. It follows that the image α(Z) is dense in R/Z. For
i < 0, we define Ai := {x ∈ Z | α(x) ∈ (−2i, 2i)}. We set

Qα :=
(⊕

i<0
Ai

)
× L⩾0(Γ).

Now (StayInConf) follows from the fact that the Ai are nested, and (GetInConf) is
immediate because Qα is right-heavy. (ProdConf) follows from the fact that Ai ·Ai ⊆
Ai+1. To see that Qα is not equivalent to any σ-confining subgroup, note that every
element of Ai has a power that does not belong to Ai. This shows that Q does not
contain a subgroup, and in particular it cannot contain a conjugate of ⟨Q⟩, so we are
done by Proposition 2.11.

Finally, let us remark that all of the examples that we have seen so far split as a
direct sum over Z. This need not be the case, as the next result shows:

Example 6.11. Let Γ be a group that contains an infinite direct sum H = ⊕i∈NHi

(as in Corollary 6.8, the same construction works for infinite free products). We now
construct a right-heavy confining subgroup for Γ ≀ Z that is not equivalent to any
confining subset that splits as a direct sum over Z. For n ⩾ 2, define πn : H → H⩾n to
be the retraction onto ⟨Hi | i ⩾ n⟩ that kills the Hi coordinate for i = 1, . . . , (n− 1).
We set

Q := {(gi)i∈Z ∈ L(Γ) | g−1 ∈ H; g−n = πn(g−1) for all n ∈ N}.

It follows from the definition, and the fact that πn is a homomorphism, that Q is
right-heavy – which implies (GetInConf) – and a subgroup – which implies (ProdConf).
Finally, (StayInConf) follows from the following computation:

σ(g)−n = g−n−1 = πn+1(g−1) = πn+1π2(g−1) = πn+1(g−2) = πn(σ(g)−1).

Now suppose that there exists a confining subset R that splits as a direct sum ⊕i∈ZRi

and such that Q is equivalent to R. In particular, by Corollary 2.8, there exist p, q ∈ Z
such that σp(R) ⊆ Q ⊆ σq(R). Up to replacing R by a conjugate, we may assume
that q = 0, i.e., σp(R) ⊆ Q ⊆ R. Since Q ⊆ R, it follows that R must contain
R′ :=

⊕
i<0 H⩾|i| × L⩾0(Γ). But then σp(R) contains the element (gi)i∈Z where

g−1 ∈ Hp+1 and gi = 1 otherwise, and this is impossible since this element does not
belong to Q.

This example crucially exploits infinite direct sums (or infinite free products), which
are abundant in Fn. However, such examples can also arise in much simpler situations,
even when Γ is as small as Z/2Z× Z/2Z [5, Example 4.16].
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6.3. Split representatives. Despite Example 6.11, right-heavy confining subsets
are equivalent to ones that split into direct sums, at least at the macroscopic level.

Definition 6.12 (Split). A right-heavy confining subset Q is split if it splits as a
product

Q = π<0(Q) · L⩾0(Γ).

Here is a useful equivalent characterization:

Lemma 6.13. Let Q ∈ Confσ(Γ ≀ Z). Then Q is split if and only if Q = Q · L⩾0(Γ).

Proof. If Q is split, then the property in the statement holds. Conversely, if Q satisfies
this property, we must show that Q is split. First, Q contains 1 · L⩾0(Γ), so it is right-
heavy. Clearly Q ⊆ π<0(Q)·L⩾0(Γ). For the opposite inclusion, if g·h ∈ π<0(Q)·L⩾0(Γ),
let q ∈ Q be such that π<0(q) = g; then g · h = q · π⩾0(q)−1h ∈ Q · L⩾0(Γ). □

Note how all right-heavy confining subsets we have looked at so far are split. This
is not a coincidence.

Lemma 6.14. A right-heavy confining subset Q ∈ ConfRH
σ (Γ ≀ Z) is equivalent to the

split confining subset Qsplit := Q · L⩾0(Γ).

We will refer to the split confining subset in Lemma 6.14 as the split representative
of Q.

Proof. We first verify that Qsplit is a confining subset. It is symmetric by construction.
For (StayInConf), we have:

σ(Qsplit) = σ(Q) · σ(L⩾0(Γ)) ⊆ Q · L⩾0(Γ).
(GetInConf) is clear since Qsplit contains Q. As for (ProdConf), let k ⩾ 0 be such that
σk(Q ·Q) ⊆ Q. Then for q1h1, q2h2 ∈ Qsplit we observe that setting h′

1 := hq2
1 ∈ L⩾0(Γ)

we have:
σk(q1h1q2h2) = σk(q1q2h

′
1h2) ∈ σk(Q ·Q) · σk(L⩾0(Γ) · L⩾0(Γ)) ⊆ Q · L⩾0(Γ);

and so σk(Qsplit ·Qsplit) ⊆ Qsplit.
Finally, we check that Q and Qsplit are equivalent. Clearly Q ⊆ Qsplit, so by

Corollary 2.8 it suffices to show that there exists k ∈ Z such that σk(Qsplit) ⊆ Q. We
choose k such that σk(Q ·Q) ⊆ Q, and verify:

σk(Qsplit) = σk(Q · L⩾0(Γ)) ⊆ σk(Q ·Q) ⊆ Q;
where we used that L⩾0(Γ) ⊆ Q, i.e., that Q is right-heavy. □

7. The largest hyperbolic structure
From this section onwards, we study the local structure of H(Fn). Theorem A reduces
this to understanding the poset X0 of quasi-parabolic structures whose Busemann
pseudocharacter is equivalent to χ0. Recall that χ0 restricts to Zn = ⟨a0, . . . , an−1⟩ as
the map Zn → Z :

∏
aki

i 7→ k0, in particular χ0(a0) = 1. The element a0 has support
equal to the interval (0, r0), and its slope at 0 is exactly n. Recall moreover that X0 is
identified with the poset Conf∗

χ0
(Fn) of strictly χ0-confining subsets of F ′

n.

Notation 7.1. From now on, we denote X := X0, χ := χ0, a := a0, r := r0. We still
use the notation a1, . . . , an−1 for the other generators of Zn, which are supported on
(ℓi, ri), with in particular r < ℓ1.

The main goal of this section is to identify the largest element of X , from part (i)
of Theorem C.
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Proposition 7.2. Let Q be a χ-confining subset and let t ∈ (0, r). Then there exists
k ⩾ 0 such that F ′

n[t.ak, 1) ⊆ Q.

Proof. By Proposition 2.24, the centralizer of a in F ′
n is contained in Q. In particular

F ′
n[r, 1) ⊆ Q. We claim that there exists q ∈ Q such that for some x ∈ (0, r) we have
x.q > r. First let q∗ ∈ F ′

n be any element satisfying x∗.q∗ > r, for some x∗ ∈ (0, r),
that is moreover supported on (0, ℓ1). By Lemma 2.4, there exists i ⩾ 0 such that
q := qai

∗ ∈ Q. Let x := x∗.a
i. Then x ∈ (0, r) and

x.q = (x∗.a
i).qai

∗ = (x∗.q∗).ai = x∗.q∗ > r

since ai fixes [r, 1] pointwise.
By now we know that Q contains F ′

n[r, 1) and contains q. Since x.q > r implies
F ′

n[x, 1)q ⊆ F ′
n[r, 1), we have

F ′
n[x, 1) ⊆ qF ′

n[r, 1)q−1 ⊆ Q3.

By Lemma 2.5, there exists j ⩾ 0 such that (Q3)aj ⊆ Q. Therefore

F ′
n[x.aj , 1) = F ′

n[x, 1)aj

⊆ (Q3)aj

⊆ Q.
Since x.aj < r, we can choose k ⩾ 0 such that x.aj < t.ak, so F ′

n[t.ak, 1) ⊆ Q as
desired. □

Of course each F ′
n[t, 1) is easily seen to itself be a χ-confining subgroup. For

any t, t′ ∈ (0, r), we can choose k, ℓ ∈ Z such that t < t′.ak and t′ < t.aℓ, so by
Corollary 2.8 the χ-confining subgroups F ′

n[t, 1) and F ′
n[t′, 1) are equivalent. Let us

denote this equivalence class by [F ′
n[∗, 1)]. Now Proposition 7.2 implies:

Corollary 7.3. The element [F ′
n[∗, 1)] of the poset Conf∗

χ0
(Fn) is the largest element.

□

This largest element is the most familiar non-elementary hyperbolic action of Fn.
This leads to the following more precise version of Theorem B:

Theorem 7.4 (Theorem B). The poset H(Fn) has exactly two distinct non-elementary
maximal hyperbolic structures. The first one is represented by the action on the Bass–
Serre tree of the ascending HNN-extension expression of Fn with base Fn[t, 1] and
stable letter a, for some t ∈ (0, r). The second one is represented by the same action
precomposed by conjugation by the homeomorphism x 7→ (1− x).

Proof. By Theorem A, the non-elementary maximal hyperbolic structures correspond
to the largest elements of the posets X0 and X1. By Corollary 7.3, the largest element
of X0 is [F ′

n[∗, 1)]. Since χ0 is discrete and F ′
n[t, 1) is a subgroup, by Proposition 2.15

we know that this largest element of X0 is represented by an action on a tree, and the
second part of the statement of Proposition 2.15 implies that it is the claimed action.
The analogous statement holds for the largest element of X1. □

Proposition 7.2 shows that every confining subset Q contains F ′
n(t, 1) for some

t ∈ (0, r). The minimal t for which this holds has a special meaning, in case Q is a
confining subgroup:

Proposition 7.5. Let Q be a χ-confining subgroup. Then the following numbers
coincide:

• The infimum of t ∈ [0, 1) such that Q contains F ′
n(t, 1);

• The supremum of t ∈ [0, 1) such that every element of Q fixes t.
In particular, Q = F ′

n if and only if it has no global fixed point in (0, 1), so every
strictly χ-confining subgroup has a global fixed point t ∈ (0, r).
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Proof. Let tsup be the supremum of all global fixed points of Q in (0, 1). By Proposi-
tion 7.2, there exists t ∈ (0, r) such that Q contains F ′

n(t, 1); it follows that tsup ⩽ t,
and up to choosing a larger t we may assume that tsup < t. Being an accumulation
point of global fixed points, tsup is itself a global fixed point.

Now let tinf be the infimum of the orbit t.Q. Then for every q ∈ Q we have that
F ′

n(t.q, 1) = F ′
n(t, 1)q ⊆ Q3 = Q, where we are using that Q is a group. Choosing a

sequence qi ∈ Q such that t.qi converges to tinf we see that F ′
n(tinf , 1) ⊆ Q, which

shows that tinf is the quantity in the first bullet point. Moreover, tinf is fixed, because
t.Q is an orbit and Q is a group. Thus by definition tinf ⩽ tsup, and the other inequality
follows from the argument in the first paragraph above. □

Motivated by this proposition, can now define the posets LLt from Theorem C. We
will define LLt for all t ∈ (0, r), but we will later see that LLt = LLt.a−1 (Lemma 9.1).
Definition 7.6 (Lamplike confining subsets). We define LLt to be the set of confining
subsets that admit t as a global fixed point, where t ∈ (0, r). By abuse of notation,
we also denote by LLt the subposet of Conf∗

χ(Fn) consisting of equivalence classes of
confining subsets that admit a representative in LLt. We say that a confining subset Q
is lamplike if [Q] ∈ LLt for some t.

Note that the property of being lamplike is invariant under the equivalence relation
on confining subsets, thanks to Corollary 2.8. We will see a strengthening of this in
Lemma 9.2.

We can now prove Theorem D from the introduction:
Theorem 7.7 (Theorem D). Every cobounded quasi-parabolic action of Fn on a
simplicial tree corresponds to a lamplike hyperbolic structure, and is represented by the
action on the Bass–Serre tree of a strictly ascending HNN-extension expression of Fn.
Proof. Consider a cobounded quasi-parabolic action of Fn on a tree, which is auto-
matically simplicial by Remark 2.17. By Theorem A, the corresponding Busemann
pseudocharacter is χ (equal to χ0 or χ1), and so this action represents an element of
X . By Proposition 2.16, the confining subset may be chosen to be a subgroup, which
must be strictly confining since the action is quasi-parabolic. Then Proposition 7.5
gives a global fixed point; the structure is therefore lamplike, by definition. Proposi-
tion 2.15 shows that, in turn, this confining subgroup corresponds to the action on
the Bass–Serre tree of an ascending HNN-extension expression of Fn. □

8. Lamplike confining subsets at t

The goal of this section is to study the subposet LLt for a fixed t ∈ (0, r). Recall that
by definition, Q ∈ LLt if Q is a χ-confining subset that fixes t.
Notation 8.1. For the rest of this section, we fix an element t ∈ (0, r), and denote by
tk := t.ak for k ∈ Z. In particular t = t0. Note that the points tk ∈ (0, r) are linearly
ordered, and accumulate to 0 as k → −∞ and to r as k →∞.

The following easy fact is the starting point of the connection to lamplighters:
Lemma 8.2. If Q ∈ LLt, then tk is a global fixed point of Q for every k ⩽ 0. Moreover,
if every element of Q fixes a neighborhood of t, then every element of Q fixes a
neighborhood of tk for every k ⩽ 0.
Proof. In general, if x ∈ (0, r) is a global fixed point of Q, then so is x.a−1. Indeed,

x.a−1q = (x.qa).a−1 = x.a−1

for any q ∈ Q, where we used that qa ∈ Q by (StayInConf). The same holds for
neighborhoods. □
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Our main goal is Theorem E, which describes LLt in terms of posets of right-heavy
confining subsets of a certain lamplighters. The key property of confining subsets of
Fn is the fact that they contain F ′

n[t, 1) for some t ∈ (0, r) (Proposition 7.2); this is
what will ensure that the resulting confining subsets are all right-heavy.

8.1. Split representatives. The first step in the proof of Theorem E is to find
“split” representatives, analogous to the situation for lamplighters in Lemma 6.14.

Definition 8.3. A confining subset Q ∈ LLt is t-split if
Q = {g ∈ F ′

n | g fixes t and there exists q ∈ Q such that g|[0,t] = q|[0,t]}.

In particular, a t-split confining subset must contain F ′
n[t, 1). The definition is

analogous to Definition 6.12; however we need to make the statement internal because
the stabilizer FixFn(t) does not necessarily split cleanly as a product (this fails precisely
when t ∈ Q ∖ Z[1/n], by Lemma 3.17). We now prove the analogs of Lemmas 6.13
and 6.14.

Lemma 8.4. Let Q ∈ LLt. Then Q is t-split if and only if Q = Q · F ′
n[t, 1).

Proof. Clearly if Q is t-split, then the property in the statement holds. Conversely,
suppose that Q satisfies this property, and let g ∈ F ′

n such that there exists q ∈ Q with
g|[0,t] = q|[0,t]. Then h := q−1g acts trivially on [0, t] and belongs to F ′

n, so h ∈ F ′
n[t, 1).

Thus g = qh ∈ Q · F ′
n[t, 1) = Q. □

Lemma 8.5. Every Q ∈ LLt is equivalent to the t-split confining subset
Qsplit := Q · F ′

n[t, 1).

We will refer to the split confining subset in Lemma 8.5 as a t-split representative
of Q. The proof will be similar to Lemma 6.14 thanks to Proposition 7.2.

Proof. Fix s ∈ (0, r) such that Q contains F ′
n[s, 1), which is possible by Proposition 7.2.

We first verify that Qsplit is a confining subset. It is symmetric by construction. For
(StayInConf), given z ∈ Zn such that χ(z) ⩾ 0, we compute:

Qz
split = Qz · F ′

n[t, 1)z ⊆ Q · F ′
n[t, 1),

since both Q and F ′
n[t, 1) are χ-confining. (GetInConf) is clear since Qsplit contains Q.

As for (ProdConf), let k ⩾ 0 be such that (Q4)ak ⊆ Q and t.ak > s; such a k exists
thanks to Lemma 2.5. Now take q1h1, q2h2 ∈ Qsplit. Then we have

(q1h1q2h2)a2k

∈
((
Qak

· F ′
n[t.ak, 1)

)2
)ak

⊆
((
Q · F ′

n[s, 1)
)2
)ak

⊆ (Q4)ak

⊆ Q.

Finally, we check that Q and Qsplit are equivalent. Clearly Q ⊆ Qsplit, so by
Corollary 2.8 it suffices to show that there exists z ∈ Zn such that Qz

split ⊆ Q. We
choose z = a2k where k is such that such that (Q ·Q)ak ⊆ Q and t.ak > s, and verify:

Qa2k

split =
(
Qak

· F ′
n[t.ak, 1)

)ak

⊆
(
Q · F ′

n[s, 1)
)ak

⊆ (Q ·Q)ak

⊆ Q. □

8.2. Isolated lamps. Before we prove Theorem E, which will involve some subtleties
depending on the arithmetic properties of t, we start by describing a smaller subposet
LL(t), which is easier to describe and will exhibit less dependency on t.

Definition 8.6. We define
Fn(t•) := {g ∈ Fn | g fixes a neighborhood of tk for all k ⩽ 0} ⩽ Fn

and
F ′

n(t•) := Fn(t•) ∩ F ′
n.
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It is easy to see that F ′
n(t•) is a χ-confining subgroup. We define LL(t) to consist of

those Q ∈ LLt such that Q ⊆ F ′
n(t•). As with LLt, by abuse of notation we also use

LL(t) to denote the corresponding subposet of LLt. Note that Q ∈ LL(t) if and only
if it fixes a neighborhood of t: this is a consequence of Lemma 8.2 and the fact that
Q ⊆ F ′

n.

Remark 8.7. If g ∈ Fn(t•), then g fixes elements arbitrarily close to 0, so its slope
at 0 must be equal to 1. Being piecewise linear, it follows that g must fix pointwise
a neighborhood of 0. Note that this does not require that a neighborhood of any
tk is fixed. In particular, it also holds for the group Fn[t•] we will work with later
(Definition 8.15).

In order to deal with isolated lamps, we will use the following natural analogs of
t-split representatives.

Definition 8.8. A confining subset Q ∈ LL(t) is called (t)-split if
Q = {g ∈ F ′

n | g fixes a neighborhood of t and
there exists q ∈ Q such that g|[0,t] = q|[0,t]}.

We have the following analog of Lemma 8.5.
Lemma 8.9. Every Q ∈ LL(t) is equivalent to the (t)-split confining subset Q · F ′

n(t, 1).

Proof. Let Qsplit = Q · F ′
n[t, 1) be the t-split confining subset equivalent to Q that

was given by Lemma 8.5. Then Proposition 2.9 gives a confining subset Qsplit ∩F ′
n(t•)

and Q ⪰χ Qsplit ∩F ′
n(t•) ⪰χ Qsplit ∼χ Q. Therefore Q is equivalent to Qsplit ∩F ′

n(t•).
Moreover

Qsplit ∩ F ′
n(t•) = Q · F ′

n[t, 1) ∩ F ′
n(t•) = Q · F ′

n(t, 1). □

Next we relate F ′
n(t•) to a direct sum, which will correspond to L<0 in a lamplighter.

Lemma 8.10. The restrictions Fn(t•)|[t,1] and Fn(t•)|[tk,tk+1] (k < 0) yield an isomor-
phism

ζt : Fn(t•)→
(⊕

k<0
Fn(tk, tk+1)

)
× Fn(t, 1]

and an injective homomorphism

ζt : F ′
n(t•)→

(⊕
k<0

Fn(tk, tk+1)
)
× Fn(t, 1)

that surjects onto each factor.

Proof. Every element of Fn(t•) fixes every tk for k ⩽ 0, so the restrictions to [tk, tk+1]
(k < 0) and to [t, 1] define a map

ζt : Fn(t•)→
(∏

k<0
Fn[tk, tk+1]

)
× Fn[t, 1].

Since every element fixes a neighborhood of t and each tk, the restrictions actually
belong to Fn(tk, tk+1) and Fn(t, 1]. Moreover, by Remark 8.7, if g ∈ F ′

n(t•) then g
fixes a neighborhood I of 0, which implies that g|[tk,tk+1] is the identity for |k| large
enough. All in all we have proved that the homomorphism ζt can be redefined with
the desired target:

ζt : Fn(t•)→
(⊕

k<0
Fn(tk, tk+1)

)
× Fn(t, 1].

Since Fn(t•) acts faithfully on [0, 1], and the action fixes tk for all k ⩽ 0, ζt is
injective. Moreover, given an element h in the direct sum, we can extend its non-trivial
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coordinates to elements of Fn, and multiply them together to obtain an element g ∈ Fn

such that ζt(g) = h. The fact that the restrictions of h to [t, 1) and to [tk, tk+1] for
each k < 0 fix neighborhoods of the respective endpoints ensures that g ∈ Fn(t•).
Thus, ζt is an isomorphism.

If g ∈ F ′
n(t•) then χ1(g) = 0 and so the restriction of g to [t, 1] defines an element

of Fn(t, 1). Thus we obtain the injective homomorphism

ζt : F ′
n(t•)→

(⊕
k<0

Fn(tk, tk+1)
)
× Fn(t, 1).

We are left to prove that the image surjects onto both factors. We prove this for the
factor Fn(t, 1), and the other proof is similar. Let g ∈ Fn(t•) ∩ Fn[0, 1) be an element
with prescribed image in Fn(t, 1). Then g ∈ F c

n, so using proximality (Citation 3.4)
we find an element c ∈ Fn such that gc is supported on a compact subset of (t−1, t).
Then (gc)−1g = [c, g] ∈ F ′

n(t•) and has the same image as g in Fn(t, 1). □

We are now ready to prove a version of Theorem E for the poset LL(t), which will
make it easier to prove the actual theorem for LLt. Recall the poset H(F c

n ≀ Z)subst of
substandard actions of F c

n ≀Z, that is, (non-elliptic) actions dominated by the standard
action on the Bass–Serre tree.

Proposition 8.11. Let t ∈ (0, r). Then LL(t) is isomorphic to H(F c
n ≀ Z)subst.

Proof. By Proposition 3.14, there exists an isomorphism ηt
−1 : Fn(t−1, t) → F c

n. For
all k < 0 define the isomorphism ηt

k−1 : Fn(tk−1, tk) → F c
n via ηt

k−1(g) = ηt
−1(ga|k|).

This defines an isomorphism

ηt :
(⊕

k<0
Fn(tk, tk+1)

)
× Fn(t, 1)→

(⊕
k<0

F c
n

)
× Fn(t, 1),

acting as ηt
k on the Fn(tk, tk+1) factor and the identity on the Fn(t, 1) factor. Recall

the map ζt from Lemma 8.10, and set θt := ηtζt, so θt is an injective homomorphism

θt : F ′
n(t•)→

(⊕
k<0

F c
n

)
× Fn(t, 1).

We adapt the definition of the shift σ to consider it as a (non-injective, surjective)
endomorphism

σ :
⊕
k<0

F c
n →

⊕
k<0

F c
n defined via σ(g)i = gi−1.

Now, modulo the right factor of Fn(t, 1), the map θt intertwines conjugation by a with
the shift σ:

(2) π<0(θt(ga)) = π<0((σ × id)θt(g)) = σ(π<0(θt(g)));

this is a direct consequence of the way we defined θt.
We are now ready to define the desired isomorphism LL(t) → H(F c

n ≀ Z)subst,
which we will denote by Φ. We identify H(F c

n ≀ Z)subst with ConfRH
σ (F c

n ≀ Z), the
poset of (equivalence classes of) right-heavy confining subsets, including [L(F c

n)]
(Proposition 6.5). By Lemma 8.9, we are allowed to work with (t)-split confining
subsets, in the sense of Definition 8.8. For a (t)-split confining subset Q ∈ LL(t), we
define Φ(Q) ⊆ L(F c

n) to be

Φ(Q) := {g ∈ L(F c
n) | π<0(g) ∈ π<0(θt(Q))}.

In words, Φ(Q) is the set of elements in L(F c
n) whose projection to the negative

coordinates matches that of the image of some element of Q under the map θt.
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Equivalently, Φ(Q) is the largest subset of L(F c
n) that satisfies

π<0(Φ(Q)) = π<0(θt(Q)).

We start by noticing that Φ(Q) is right-heavy, and moreover it is split, in the sense
of Definition 6.12. It is clearly symmetric, and the fact that it is a confining subset is
a consequence of the key property of the map Φ:

(3) σ(π<0(Φ(Q))) = π<0(σ(Φ(Q))) = π<0(θt(Qa)),

which is just a rephrasing of Equation (2). We check the three properties, as they
are stated in Remark 6.3, appealing to Equation (3) without further mention. For
(StayInConf):

σ(π<0(Φ(Q))) = π<0(θt(Qa)) ⊆ π<0(θt(Q)).
(GetInConf) is clear since Φ(Q) is right-heavy. As for (ProdConf), let k ⩾ 0 be such
that (Q ·Q)ak ⊆ Q, which exists by Lemma 2.4. Then

σk(π<0(Φ(Q) · Φ(Q))) = π<0(θt((Q ·Q)ak

)) ⊆ π<0(θt(Q)) = π<0(Φ(Q)).

Two (t)-split confining subsets in Fn can be distinguished by their restrictions to [0, t].
Similarly, two split confining subsets of L(F c

n) can be distinguished by their images
under the projection π<0. This implies that Q1 ⊆ Q2 if and only if Φ(Q1) ⊆ Φ(Q2),
for (t)-split confining subsets Q1 and Q2. Thanks to Corollary 2.8, we can deduce that
the preorders ⪯χ,⪯σ are also well-behaved, as we now explain. First, Q1 ⪯χ Q2 if
and only if Qak

2 ⊆ Q1 for some k ⩾ 0, which is equivalent to Qak

2 · F ′
n(t, 1) ⊆ Q1 for

some k ⩾ 0. This happens if and only if Φ(Qak

2 · F ′
n(t, 1)) ⊆ Φ(Q1), or equivalently

σk(Φ(Q2)) ·L⩾0(F c
n) ⊆ Φ(Q1). This in turn is equivalent to saying σk(Φ(Q2)) ⊆ Φ(Q1)

for some k ⩾ 0, which is the same as Φ(Q1) ⪯σ Φ(Q2). In the second, respectively
third-to-last, equivalence, note that the reason we moved to a (t)-split representative
(using Lemma 8.9), respectively from a split representative (using Lemma 6.14), is
because Φ is only defined on (t)-split representatives, and moreover always produces a
split representative. The fact that Q1 ⪯χ Q2 is equivalent to Φ(Q1) ⪯σ Φ(Q2) tells us
that Φ is well defined on equivalence classes [Q], and is injective.

By now, Φ is a well defined injective poset map from LL(t) to ConfRH
σ (F c

n ≀ Z). To
see that Φ is an isomorphism, we can now simply construct the inverse Φ−1, defined
on a split representative R ∈ ConfRH

σ (F c
n ≀Z) (which exists thanks to Lemma 6.14) via

Φ−1(R) := {g ∈ F ′
n(t•) | π<0(θt(g)) ∈ π<0(R)},

and apply analogs of all the above arguments to this. The fact that there exist elements
of F ′

n(t•) that achieve a given image under π<0θ
t is part of Lemma 8.10. □

Remark 8.12. Under the isomorphism in Proposition 8.11, the property of being
represented by a confining subgroup is preserved. Indeed, consider an element of LL(t)
represented by a confining subgroup Q. By Lemma 8.9, we may assume that Q is
(t)-split, and still a subgroup. Then the corresponding element of ConfRH

σ (F c
n ≀ Z)

is Φ(Q) = π−1
<0(π<0θ

t(Q)), which is a group since all maps involved are homomor-
phisms. Conversely, let R ∈ ConfRH

σ (F c
n ≀ Z) be a right-heavy confining subgroup.

By Lemma 6.13, we may assume that R is split, and still a subgroup. Then the
corresponding element of LL(t) is represented by Φ−1(R) = (π<0θ

t)−1(π<0(R)), which
again is a group since all maps involved are homomorphisms.

The same correspondence will hold for all of the isomorphisms in Theorem E, with
the same proof. As a consequence, Example 6.10 can be translated into an example of
a χ-confining subset of Fn that is not equivalent to any χ-confining subgroup.
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Note that the non-strictly confining subset L(F c
n) in ConfRH

σ (F c
n ≀Z) is mapped under

Φ−1 to the strictly confining subset F ′
n(t•) in LL(t); in particular, this isomorphism is

just an isomorphism of abstract posets, and does not always respect the notions of
lineal and quasi-parabolic.

This allows us to obtain part of the largeness statement in Theorem C:

Corollary 8.13. For each t ∈ (0, r) the poset LLt contains a copy of P(N).

Proof. Example 6.9 gives a copy of P(N) inside H(F c
n ≀ Z)subst. Proposition 8.11

translates this into a copy of P(N) in LL(t) and hence in LLt. □

We are now ready to prove Theorem E. The fact that elements can act non-trivially
near t will require us to treat values of t with different arithmetic properties separately,
so we split these proofs up into subsections.

8.3. Irrational lamps. The irrational case is easiest. Let t ∈ (0, r) ∖ Q. Then
tk = t.ak is also irrational for all k ⩽ 0, because ak is a rational function. Now
Lemma 3.16 implies that every element of g ∈ F ′

n that fixes tk also fixes a neighborhood
of tk. It follows that LLt = LL(t) in this case, and so Proposition 8.11 implies:

Proposition 8.14 (Theorem E part (i)). If t is irrational, then LLt is isomorphic to
H(F c

n ≀ Z)subst. □

8.4. n-ary lamps. The n-ary case is also not that difficult, in fact we will see it is
quite analogous to the irrational case. Let t ∈ (0, r)∩Z[1/n]. Then tk ∈ Z[1/n] as well
for all k ⩽ 0. In this case, elements of F ′

n can fix tk without fixing any neighborhood
thereof, so we need to reframe the arguments for Proposition 8.11 taking this into
account. This requires only minor changes, so we give the precise statements, but only
a brief indication for the proofs.

We start by giving the following definition in general, since it will also be used in
the rational case.

Definition 8.15. Let t ∈ (0, r). We define
Fn[t•] := {g ∈ Fn | g fixes tk for all k ⩽ 0} ⩽ Fn

and
F ′

n[t•] := Fn[t•] ∩ F ′
n.

Recall from Lemma 8.2 that Q ∈ LLt (that is, Q fixes t) if and only if Q ⊆ Fn[t•]
(that is, Q fixes tk for all k ⩽ 0).

This next result is proved just as in Lemma 8.10.

Lemma 8.16. Suppose that t ∈ (0, r) ∩ Z[1/n]. The restrictions Fn[t•]|[t,1] and
Fn[t•]|[tk,tk+1] yield an isomorphism

ζt : Fn[t•]→
(⊕

k<0
Fn[tk, tk+1]

)
× Fn[t, 1]

and an injective homomorphism

ζt : F ′
n[t•]→

(⊕
k<0

Fn[tk, tk+1]
)
× Fn[t, 1)

that surjects onto each factor. □

This leads to the following:

Proposition 8.17 (theorem E part (ii)). Let t ∈ (0, r)∩Z[1/n]. Then LLt is isomorphic
to H(Fn ≀ Z)subst.
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Proof. The proof is exactly analogous to Proposition 8.11. The only difference is that
the map ηt is defined via Citation 3.13 and has a different range:

ηt :
(⊕

k<0
Fn[tk, tk+1]

)
× Fn[t, 1)→

(⊕
k<0

Fn

)
× Fn[t, 1),

which hence also changes the definition of θt. □

8.5. Rational lamps. Finally, we deal with the non-n-ary rational case, which is the
most difficult. Let t ∈ (0, r) ∩Q∖ Z[1/n]. In this case, there are elements of g ∈ F ′

n

that fix t but do not fix a neighborhood of t, like in the n-ary case, but we also have
that the slope is not allowed to change at t, like in the irrational case. This makes it
so that we do not have the splitting behavior that we had in the other cases, and so
LLt is bound to behave differently than the two cases we have seen so far. The key is
to separate the analysis into two steps, according to the short exact sequence

1→ Fn[0, t)× Fn(t, 0]→ FixFn
(t)→ Z→ 1

from Lemma 3.17. We will see that the kernel of the map FixFn
(t)→ Z corresponds

to the case of isolated lamps that we have already treated. The quotient is studied in
the following lemma:

Lemma 8.18. The slope homomorphisms of Fn[t•] at tk : k ⩽ 0 yield a homomorphism

ξt : Fn[t•]→
⊕
k⩽0

Z

whose kernel is precisely Fn(t•), and which admits a homomorphic section

ξt
sec :

⊕
k⩽0

Z→ F ′
n[t•].

Moreover, ξt intertwines conjugation by a with the shift:

ξt(ga) = σ(ξt(g)); ξt
sec(σ(h)) = ξt

sec(h)a.

Proof. Every element of Fn[t•] fixes every tk : k ⩽ 0, and the slope of an element cannot
change at any tk, so for each k ⩽ 0 the map Fn[t•]→ Z given by g 7→ logn g

′(tk) is a well
defined homomorphism. This map is defined on all of FixFn(tk), and Lemma 3.17 states
that the image is non-trivial and generated by some positive integer o independent
of k. Moreover, a preimage of the generator can be chosen to be in F ′

n and supported
on an arbitrarily small neighborhood of tk. Thus, by identifying the image oZ with Z,
we obtain a surjective homomorphism ξt

k : Fn[t•] → Z, whose kernel coincides with
the subgroup of elements fixing a neighborhood of tk. Putting all of these together
defines the map ξt from the statement; the image lies in the direct sum by Remark 8.7.
The kernel is the subgroup of elements that fix pointwise a neighborhood of tk for all
k ⩽ 0, i.e., Fn(t•).

Now fix an element g0 ∈ F ′
n such that logn g

′
0(t) = o, and such that the support

of g0 is contained in a neighborhood I of t such that the translates I.ak are pairwise
disjoint for all k ⩽ 0. We define gk := gak

0 ∈ F ′
n for all k < 0, so logn g

′
k(tk) = o and the

support of gk is contained in I.ak. The gk pairwise commute, and naturally generate
a copy of ⊕k⩽0Z, which defines the section ξt

sec.
Finally, ξt(ga) = σ(ξt(g)) just follows from the fact that the slope of ga at tk+1 = tk.a

coincides with the slope of g at tk, and ξt
sec(σ(h)) = ξt

sec(h)a follows directly from the
way we chose the gk. □

Proposition 8.19 (Theorem E part (iii)). Let t ∈ (0, r)∩Q∖Z[1/n]. Then there exist
order-preserving retractions Ξ: LLt → H(Z ≀ Z)subst and ⋒ : LLt → LL(t).
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The third part of Theorem E is a combination of Proposition 8.19 and Proposi-
tion 8.11. Recall that a retraction of posets is an order-preserving surjection that
admits an order-preserving section.

Proof. First we construct the retraction Ξ. Recall that H(Z ≀ Z)subst is identified with
ConfRH

σ (Z ≀ Z): right-heavy confining subsets, including the trivial one [L(Z)]. The
definition of right-heavy requires that these contain L⩾0(Γ), however in order to make
the notations match up, let us define for the rest of this proof a confining subset of
Z ≀ Z as right-heavy if it contains L>0(Γ), and define ConfRH

σ (Z ≀ Z) accordingly. This
of course makes no difference, up to applying one shift.

As in Proposition 8.11, we define the map Ξ: LLt → ConfRH
σ (Z ≀ Z) at the level of

t-split representatives, which is allowed by Lemma 8.5. For a t-split confining subset
Q ∈ LLt, we define Ξ(Q) ⊆ L(Z) as

Ξ(Q) := {g ∈ L(Z) | π⩽0(g) ∈ ξt(Q)},
where ξt is given by Lemma 8.18. Equivalently, Ξ(Q) is the largest subset of L(Z) that
satisfies

π⩽0(Ξ(Q)) = ξt(Q).
As in Proposition 8.11, we notice that Ξ(Q) is right-heavy, split, and the fact that it
is a confining subset follows using the same arguments, replacing Equation (3) with
the simpler:

σ(π⩽0(Ξ(Q)) = ξt(Qa),
which is ensured by Lemma 8.18. Next we claim that Ξ is order-preserving. Suppose
that Q1 ⪯χ Q2, so by Corollary 2.8 we can choose k ⩾ 0 such that Qak

2 ⊆ Q1. Then
ξt(Qak

2 ) ⊆ ξt(Q1), so σk(ξt(Q2)) ⊆ ξt(Q1). This shows that σk(Ξ(Q2)) ⊆ Ξ(Q1), and
so Ξ(Q1) ⪯σ Ξ(Q2).

We are left to prove that it is a retraction. For a right-heavy, split confining subset
R ⊆ L(Z) we define Ξsec(R) ⊆ F ′

n as
Ξsec(R) = ξsec(π⩽0(R))F ′

n[t, 1),
where ξt

sec is given by Lemma 8.18. Then Ξsec(R) is right heavy, t-split by Lemma 8.5,
and the fact that it is a confining subset is similarly a consequence of:

Ξsec(σ(R)L>0(Z)) = ξsec(R)aF ′
n[t, 1).

That Ξsec is a section of Ξ is a consequence of the fact that ξt
sec is a section of ξt, from

Lemma 8.18.
Now we construct the retraction ⋒. For Q ∈ LLt, we define

⋒(Q) := Q ∩ F ′
n(t•).

Proposition 2.9 shows that ⋒(Q) is a confining subset, and by Definition 8.6, ⋒(Q) ∈
LL(t). Note moreover that ⋒ restricts to the identity on LL(t), and therefore it is a
retraction; it remains to show that it is order-preserving.

Suppose thatQ1 ⪯χ Q2, and let k ⩾ 0 be such thatQak

2 ⊆ Q1, given by Corollary 2.8.
Then

(Q2 ∩ F ′
n(t•))ak

⊆ Qak

2 ∩ F ′
n(t•)ak

⊆ Q1 ∩ F ′
n(t•)

which proves that ⋒(Q1) ⪯χ ⋒Q2. □

Remark 8.20. Proposition 8.19 gives two retractions that exhibit the largeness of
the poset LLt and give two approaches to study it. These two retractions seem to be
independent, and to describe the confining subsets completely, so one might hope that
the product Ξ×⋒ : LLt → H(Z ≀Z)subs ×LL(t), where the right-hand side is equipped
with the product order, is an isomorphism of posets. Unfortunately, this is not true.
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Some compelling evidence making it seem like Ξ× ⋒ could be an isomorphism is
given by the following fact. Suppose that Q ∈ LLt is such that Ξ(Q) = L⩾0(Z). Then
every element of Q has slope 1 at tk (and so it fixes a neighborhood of tk) for all k < 0
small enough. Thus, up to conjugation, Q belongs to LL(t). This shows that the fiber
under Ξ of the largest hyperbolic structure in H(Z ≀ Z)subs is precisely LL(t), which is
a retract via ⋒.

However, this behavior does not persist if we swap the factors. Namely, if Q ∈ LLt

is such that ⋒(Q) = F ′
n(t, 1) ∈ LL(t), then this is only telling us that for every element

g ∈ Q there exists k < 0 such that g does not fix any neighborhood of tk. For example,
we can choose two distinct elements g1, g2 ∈ F ′

n supported in a small neighborhood of
t0 with the same slope at t0, and define Qi := ⟨gak

i | k ⩽ 0⟩ for each i = 1, 2. This way
⋒(Q1) = ⋒(Q2) and Ξ(Q1) = Ξ(Q2), but Q1 and Q2 are not equivalent. Thus in fact
we see that Ξ× ⋒ is not even injective.

9. Comparing lamplike confining subsets
In this section, we study how the posets LLt interact with each other for different t.
The goal is to prove all the statements of Theorem C regarding lamplike confining
subsets. Part (i) has already been shown in Corollary 7.3. In the next three subsections
we show parts (ii), (iii) and (iv). We retain all the previous notation for the element a,
the point r, the character χ, and so forth.

9.1. First properties. We start by clarifying how to parametrize the LLt taking t
from a real interval as claimed in part (ii) of Theorem C:

Lemma 9.1. For every t ∈ (0, r) we have an equality of posets LLt = LLt.ak for all
k ∈ Z.

Proof. For a χ-confining subset Q we have [Q] ∈ LLt if and only if [Qak ] ∈ LLt.ak .
Moreover, Q and Qak are equivalent by Corollary 2.8. □

In particular, the LLt are indexed by a real interval, namely, we can use t ∈ [t0, t0.a)
for any t0 ∈ (0, r).

The next important property of LLt is that it is upper. Recall that a subset of a
poset is upper if it is closed under taking upper bounds.

Lemma 9.2. The subposet LLt is upper, both as a subset of X and as a subset of H(Fn).

Proof. By Theorem A, it suffices to show that LLt is upper as a subset of X . We
need to show that if Q1, Q2 ∈ Conf∗

χ(Fn) are such that [Q1] ≼χ [Q2] and [Q1] ∈ LLt,
then [Q2] ∈ LLt. By Corollary 2.8 there exists k ⩾ 0 such that Qak

2 ⊆ Q1. Then
Qak

2 ⊆ Q1 ⊆ FixFn
(t), by definition, which means that Q2 ⊆ FixFn

(t.a−k) and thus
[Q2] ∈ LLt.a−k = LLt by Lemma 9.1. □

Finally, we identify the largest and smallest elements of LLt:

Lemma 9.3. The poset LLt admits a largest element [F ′
n[t, 1)], and a smallest ele-

ment [F ′
n[t•]].

Proof. The equivalence class of F ′
n[t, 1) is the largest element in X by Corollary 7.3,

so a posteriori also in LLt. We saw in Definition 8.15 that every element in LLt is
represented by a confining subset that is contained in Fn[t•], and so a posteriori in
F ′

n[t•]; this shows that [F ′
n[t•]] is the smallest element. □

We now compare the smallest elements of LLt for two different values of t:
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Lemma 9.4. The smallest elements of LLt and LLs are comparable if and only if t and
s are in the same ⟨a⟩-orbit, in which case these smallest elements coincide.

Proof. Suppose that F ′
n[t•] ⪯χ F ′

n[s•] for some t, s ∈ (0, r). By Corollary 2.8 there
exists k ⩾ 0 such that F ′

n[s•]ak ⊆ F ′
n[t•]. But the global fixed points of F ′

n[s•]ak are
precisely (s.ai)i⩽k, and therefore t = s.ai for some i ⩽ k. This shows that t and s are
in the same orbit, and then Lemma 9.1 applies. The reverse implication also follows
from Lemma 9.1. □

9.2. Smallest elements. In this subsection we prove a more delicate result, which
completes part (iii) of Theorem C. It should be understood as formalizing the idea
that each LLt is “spread out” through the whole poset X .

Proposition 9.5. For each t ∈ (0, r), the smallest element of LLt is minimal in X .

Proof. Let Q be a χ-confining subset such that Q ⪯χ F
′
n[t•]. We need to show that Q

is either equivalent to F ′
n[t•] or to F ′

n. By Corollary 2.8, we may assume without loss
of generality that F ′

n[t•] ⊆ Q. Suppose that Q is not equivalent to F ′
n[t•]. We claim

that for all k < 0 there exists gk ∈ Q such that t.gk ⩽ tk, where recall that tk = t.ak.
This will imply that

F ′
n(tk, 1) ⊆ F ′

n(t.gk, 1) = F ′
n(t, 1)gk ⊆ Q3.

Since this is independent of k, this shows that Q is equivalent to F ′
n, as desired.

We are left to prove the claim. We will build our elements gk in several steps.
First, we claim that for each k ⩽ 0 there exists hk ∈ Q such that tk.hk ̸= tk. Indeed,
otherwise we would have [Q] ∈ LLtk

= LLt by Lemma 9.1, and so F ′
n[t•] ⪯χ Q by

Lemma 9.3, but this is impossible since we have assumed that Q is not equivalent to
F ′

n[t•]. Up to replacing hk by its inverse, we may assume that tk.hk < tk.
Next, we claim that for all k ⩽ 0, there exists qk ∈ Q3 such that tk.qk ⩽ tk−1.

For each k ⩽ 0, let hk ∈ Q be such that tk.hk < tk, given by the previous step. We
assume tk.hk ∈ (tk−1, tk), since otherwise there is nothing to prove. Now choose some
fk ∈ F ′

n(tk−1, tk) such that (tk.hk).fk ⩽ tk−1.h
−1
k−1, so we have tk.(hkfkhk−1) ⩽ tk−1.

The element qk := hkfkhk−1 ∈ Q · F ′
n(tk−1, tk)Q ⊆ Q3, is now as desired.

Finally, fix k < 0, and we will construct the desired gk. Let K ⩾ 0 be such that
(Q3|k|)aK ⊆ Q, which exists by Lemma 2.5. By the previous step, there exist elements
q′

0, q
′
−1, . . . , q

′
k+1 ∈ Q3 such that ti−K .q

′
i ⩽ t(i−1)−K for each 0 ⩾ i ⩾ k + 1. Then:

t.(q′
0q

′
−1 · · · q′

k−1)aK

= t−K .(q′
0q

′
−1 · · · q′

k−1a
K) ⩽ t−1−K .(q′

−1 · · · q′
k−1a

K)
⩽ · · · ⩽ tk+1−K .(q′

k−1a
K) = tk−K .a

K = tk.

Since (q′
0q

′
−1 · · · q′

k−1)aK ∈ (Q3|k|)aK ⊆ Q, we conclude by setting gk equal to
(q′

0q
′
−1 · · · q′

k−1)aK . □

Remark 9.6. Proposition 9.5 shows that X = Conf∗
χ(Fn) is not a meet semilattice,

since it has uncountably many incomparable minimal elements. It is not clear to us
whether Confχ(Fn) is a meet semilattice, see Question 11.1.

9.3. Largeness. We have already seen that each LLt contains a copy of P(N) for
all t ∈ (0, r) (Corollary 8.13). In this subsection, we give a more precise largeness
statement, which shows that intersecting several lamplike subposets and complements
of lamplike subposets together still yields something large. This is a more precise
version of part (iv) of Theorem C.
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Proposition 9.7 (Theorem C part (iv)). Let t ∈ (0, r). Then, for all x ∈ [t.a−1, t)
there exists a copy of P(N) contained in

⋂
x<s⩽t

LLs ∖
⋃

t.a−1<s<x

LLs. In particular, there

exists a copy of P(N) contained in
⋂

t∈(0,r)
LLt.

The “in particular” statement is just the special case x = t.a−1, thanks to
Lemma 9.1.

Note that the copy of P(N) inside LLt that we obtained in Corollary 8.13 via
Example 6.9 cannot be contained in

⋂
t∈(0,r)

LLt, so we need a different construction.

For the proof, it will be more natural to embed not P(N), but another, related poset:

Definition 9.8. For X,Y ∈ P(N), define X ⪯ Y if X∖Y is finite. This is a preorder,
which induces an equivalence relation ∼, given by X ∼ Y if and only if the symmetric
difference X∆Y is finite. Denote by P(N)/Fin the corresponding poset. In words,
elements of P(N)/Fin are equivalence classes [X]fin of subsets of N, considered up to
finite sets, and [X]fin ≼ [Y ]fin if and only if X ∖ Y is finite.

It is enough to consider this poset because it is still large:

Lemma 9.9. The poset P(N)/Fin contains a copy of P(N).

Proof. A similar proof can be found in the proof of [3, Proposition 6.1]. Enumerate
the prime numbers p1 < p2 < · · · . We define a map P : P(N)→ P(N) by P(X) = {pk

i |
i ∈ X, k ⩾ 1}. In other words, P(X) is made up of all powers of primes whose index
matches an element of X. We consider the composition of P with the quotient map
P(N)→ P(N)/Fin, and claim that this is an order embedding.

We need to show that X ⊆ Y if and only if P(X) ∖ P(Y ) is finite. The forward
direction is true in a stronger sense: if X ⊆ Y then P(X) ⊆ P(Y ). Conversely, suppose
that X is not contained in Y , so let i ∈ X ∖ Y . Then P(X) contains all powers of pi,
while P(Y ) does not contain any of them. Therefore P(X) ∖ P(Y ) is infinite. □

Note that P(N) with ⊆ is poset isomorphic to P(N) with ⊇, via the map X 7→ N∖X,
and the analogous statement is also true for P(N)/Fin, so when embedding these
posets we may use either order.

We can now proceed with our construction:

Proof of Proposition 9.7. Let x ∈ [t.a−1, t). We will work inside the group F ′
n(t•) of

elements of F ′
n fixing neighborhoods of each tk for k ⩽ 0 (Definition 8.6). Using

Lemma 9.9, it suffices to show that there exists a copy of P(N)/Fin, with the reverse
ordering, contained in

⋂
x<s⩽t

LLs ∖
⋃

t.a−1<s<x

LLs. Choose a strictly increasing sequence

pi ∈ (x, t) for i ∈ N such that pi → t as i → ∞. Let P0,1 := F ′
n(x, p1) and P0,i :=

F ′
n(pi−1, pi) for all i > 1, so the P0,i are all supported on (x, t). Since the sequence
pi is strictly increasing, the P0,i are disjointly supported and hence commute. For a
subset X ∈ P(N), denote by P0,X := ⟨P0,i | i ∈ X⟩ ∼= ⊕i∈XP0,i. For all k ⩽ 0, set
Pk,i := (P0,i)ak

⩽ Fn(xk, tk) and
Pk,X := ⟨Pk,i | i ∈ X, i > |k|⟩,

where xk denotes the translate of x under ak. We define
QX := {g ∈ F ′

n(t•) | g|(xk,tk) ∈ Pk,X for all k ⩽ 0}.
Now we claim that QX is a t-split confining subgroup in LLt. Indeed, (StayInConf)
follows from the fact that Pk−1,X ⊆ Pk,X , (GetInConf) follows from the fact that
QX contains F ′

n[t, 1), and (ProdConf) follows from the fact that QX is a subgroup.
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Moreover, QX is in LLt by construction and is clearly t-split. Now we claim that
moreover QX is in LLs for all s ∈ (x, t). Indeed, let s ∈ (x, t), and choose k ⩽ 0
such that p|k|−1 ⩽ s < p|k|. Then P0,i fixes s for all i > |k| and so Pk,X fixes s.ak. It
then follows from the definition of QX that every element of QX fixes s.ak, and so
[QX ] ∈ LLs.ak = LLs by Lemma 9.1.

Next we show that X → QX induces an order embedding of P(N)/Fin with
the reverse ordering, into Conf∗

χ(Fn) with the usual ordering. We need to show
that for two subsets X,Y ∈ P(N), the difference X ∖ Y is finite if and only if
QY ⪯χ QX . The latter is equivalent to the existence of j ⩾ 0 such that Qaj

X ⊆ QY , by
Corollary 2.8. By construction, this containment holds if and only if Pk−j,X ⩽ Pk,Y ,
i.e., {i ∈ X | i > |k − j|} ⊆ {i ∈ Y | i > |k|}, for all k ⩽ 0. Thus we see that
QY ⪯χ QX if and only if there exists j ⩾ 0 such that for all k ⩽ 0 we have
X ∖ {1, . . . , |k − j|} ⊆ Y ∖ {1, . . . , |k|}. Now we can prove the desired equivalence.
First suppose X ∖ Y is finite, and set j equal to the largest element of X ∖ Y . Then
for any k ⩽ 0 we have |k − j| ⩾ j and |k − j| ⩾ |k|, and so if x ∈ X ∖ {1, . . . , |k − j|}
then x ∈ Y ∖ {1, . . . , |k|}. Conversely, if there exists j ⩾ 0 such that for all k ⩽ 0 we
have X ∖ {1, . . . , |k − j|} ⊆ Y ∖ {1, . . . , |k|}, then the k = 0 case reveals that X ∖ Y
is contained in {1, . . . , j} and hence is finite.

To complete the proof, it remains to prove that QX is not equivalent to any
confining subset in LLs for s ∈ (t.a−1, x). Since the definition of QX did not involve
any conditions regarding the restriction of elements to any (tk−1, xk), it is easy to
see that no s.ak, for any k ⩽ 0, is a global fixed point of QX . Thus, QX cannot be
equivalent to any confining subset in any such LLs. □

10. Non-lamplike confining subsets
In Section 8 and Section 9, we gathered a thorough understanding of the posets LLt

for t ∈ (0, r). Moreover, in Lemma 9.2 we saw that there are no confining subsets
outside LLt that dominate all of LLt, and in Proposition 9.5 we saw that there are no
confining subsets outside LLt that are dominated by all of LLt. This, together with
the fact that all strictly confining subgroups are lamplike (Proposition 7.5), all seems
to suggests that lamplike confining subsets tell the whole story.

However, in this section, we prove that this intuition is wrong. Namely we prove
Theorem F that there is a copy of P(N) inside X that consists entirely of non-lamplike
confining subsets. Note that none of these can be equivalent to a confining subgroup,
by Proposition 7.5. We limit ourselves to one specific construction, so we will make a
number of specific choices whose aim is to facilitate the proof of Theorem F. Our goal
is not to give general statements, which seem difficult to come by in the setting of
non-lamplike structures.

We start by constructing a special sequence τ ⊆ (0, r), which is discrete and
accumulates at 0. Let τ1 be an arbitrary element of (0, r), and set τ2i = τ1.a

−i for
all i ⩾ 0. Next, choose τ3 to be an arbitrary element in (τ4, τ2) and set τ2i3 = τ3.a

−i.
Inductively, at step k, we have defined τj for all j of the form a power of 2 times an
odd number less than (2k + 1). We then choose τ2k+1 to be an arbitrary element in
(τ2k+2, τ2k), and set τ2i(2k+1) = τ2k+1.a

−i. In the end we have a sequence
0 < · · · < τj < τj−1 < · · · < τ2 < τ1 < r,

with the property that τj .a
−i = τ2ij for all i, j ⩾ 1.

Our non-lamplike confining subsets will be built by imposing restrictions on how
far certain elements from the sequence τ are allowed to move. In order to obtain an
actual confining subset, we will need to impose some technical conditions on the sets
involved.
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Definition 10.1. Let S ⊆ N be a subset of odd numbers . We define S̃ to be the
smallest subset of N that contains S and such that:

(i) If s ∈ S̃ then 2s ∈ S̃;
(ii) If s ∈ S̃ then 25s+ 1 ∈ S̃ and 25s− 1 ∈ S̃.

It will become apparent in the course of this section that 25 could just as well be
replaced with any larger power of 2.

Definition 10.2. Let S ⊆ N be a subset of odd numbers. Define

QS := {g ∈ F ′
n | τs.g ∈ (τs+1, τs−1), τs.g

−1 ∈ (τs+1, τs−1) for all s ∈ S̃}.

Note that, unlike our previous constructions of confining subsets, here we need to
impose conditions on both g and g−1 to ensure that QS is symmetric.

Proposition 10.3. For every non-empty subset S ⊆ N of odd numbers, QS is a
χ-confining subset, which does not belong to LLt for any t ∈ (0, r).

Proof. The set QS is symmetric by definition. Because QS is only defined in terms of
conditions on the sequence τ ⊆ (0, r), and ai is supported on (r, 1) for i = 1, . . . , (n−1),
we see that Qz

S = QS for all z ∈ ⟨a1, . . . , an−1⟩. To prove (StayInConf), it therefore
suffices to check that Qa

S ⊆ QS . For s ∈ S̃, using that 2s ∈ S̃ we have
τs.a

−1g = τ2s.g ∈ (τ2s+1, τ2s−1) ⊆ (τ2(s+1), τ2(s−1)) = (τs+1, τs−1).a−1;

and so τs.g
a ∈ (τs+1, τs−1). Similarly, τs.(g−1)a ∈ (τs+1, τs−1).

(GetInConf)follows immediately since F ′
n(τ1, 1) ⊆ QS . Finally, for (ProdConf), we

will show that (QS .QS)a5 ⊆ QS . Let g, h ∈ QS . For s ∈ S̃, using that 25s, 25s− 1 and
25s+ 1 belong to S̃, we have

τs.a
−5gh = τ25s.gh ∈ (τ25s+1, τ25s−1).h ⊆ (τ25s+2, τ25s−2)

⊆ (τ25(s+1), τ25(s−1)) = (τs+1, τs−1).a−5;

and so τs.(gh)a5 ∈ (τs+1, τs−1). Similarly, τs.((gh)−1)a5 ∈ (τs+1, τs−1).
Finally, let t ∈ (0, r). Because τ is discrete, there exists a neighborhood (x, y) of t

that intersects at most one element of τ ; more precisely we can ensure that (x, y) ∩ τ
is empty, unless t ∈ τ in which case we can ensure that (x, y) ∩ τ = {t}. In either case,
(x, y) will not contain two consecutive elements of τ , and so any element supported on
(x, y) will satisfy the definition of QS . This shows that QS contains F ′

n(x, y), and so t
cannot be a fixed point of every element of QS . Because t was arbitrary, we conclude
that QS is not lamplike, by definition. □

Our next goal is to show how to compare QS and QR for different sets S and R of
well-chosen odd numbers. This will require a couple of technical lemmas.

Lemma 10.4. Every element of S̃ is of the form 2ps+ ε for some p ⩾ 0, where s ∈ S
and |ε| < 2p−4.

Proof. Applying the two rules from Definition 10.1 iteratively, we can describe S̃
explicitly as the set of all natural numbers that can be written as

2ps+
n∑

i=1
ei2ki where p− k1 ⩾ 5, ki − ki+1 ⩾ 5, p, ki ⩾ 0, ei ∈ {±1}, and s ∈ S.

We estimate ∣∣∣∣∣
n∑

i=1
ei2ki

∣∣∣∣∣ ⩽
p−5∑
j=0

2j = 2p−4 − 1 < 2p−4. □
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Now we choose a suitable infinite set of odd numbers O, that is very sparse. We
will then show that, for distinct subsets S,R ⊆ O, the corresponding sets S̃, R̃ are
easy to distinguish.

Lemma 10.5. There exists an infinite set O consisting of odd numbers, with the following
property. If x, y ∈ O satisfy |x− 2py| ⩽ 2p−3 for some p ∈ Z, then p = 0 and x = y.

For the proof, let us recall that the density of a set A ⊆ N is defined as

d(A) := lim sup
n→∞

1
n

∣∣∣∣A ∩ {1, . . . , n}∣∣∣∣.
Note that d is subadditive, and that finite sets have density 0.

Proof. Let us start with some observations. First, for all x ∈ N and all p ∈ Z
we have |x − 2px| = x|2p − 1| ⩾ |2p − 1|. When p ̸= 0, this is always greater
than 2p−3. Thus it suffices to consider the case of x ̸= y. Secondly, notice that
if p ⩽ 0, then 2|p||x − 2py| = |2|p|x − y|. Because x, y are distinct odd integers,
|2|p|x− y| ⩾ 1 > 2−3. Thus it suffices to consider the case of p > 0. Finally, if x < y,
then |x− 2py| = 2py−x > (2p− 1)y ⩾ (2p− 1), which again is greater than 2p−3 since
p ̸= 0. Combining these, it suffices to find an infinite set of odd numbers O such that
for all x > y ∈ O and all p > 0 we have |x− 2py| > 2p−3.

We construct the set O = {x1, x2, . . . } by induction. We start by choosing x1 := 3.
Now suppose that x1, . . . , xk have been chosen so that for i < j ∈ {1, . . . , k}

• xi and xj are odd, xi > xj ;
• |xj − 2pxi| > 2p−3 for all p > 0.

We need to choose x = xk+1 to be an odd number such that for all i ∈ {1, . . . , k} and
all p > 0, the following hold:

• x is odd, x > xi, and x > 2k+1;
• x does not belong to the set Ap

i := {x ∈ N | |x− 2pxi| ⩽ 2p−3}.
The set of elements satisfying the first condition has density 1/2, as does its

complement. Thus it suffices to show that the union of the Ap
i , for i ∈ {1, . . . , k}

and p > 0, has density strictly smaller than 1/2. It will then follow that there exist
(infinitely many) elements satisfying both conditions, which will conclude the induction
step and thus the construction of the set O. We estimate:

d

( ⋃
p>0

Ap
i

)
= d

( ⋃
p>0

N ∩ [2pxi − 2p−3, 2pxi + 2p−3]
)

⩽ lim sup
n→∞

1
2nxi + 2n−3

n∑
p=1

(2 · 2p−3 + 1)

⩽ lim sup
n→∞

1
2nxi + 2n−3

(
n+ 2−2

n∑
p=1

2p

)

= lim sup
n→∞

n+ 2−2(2n+1 − 2)
2nxi + 2n−3

= lim sup
n→∞

2n−1 + n+ 2−1

2nxi + 2n−3 ⩽
1

2xi
<

1
2i+1 .

We conclude:

d

(
k⋃

i=1

⋃
p>0

Ap
i

)
<

k∑
i=1

2−i−1 <
1
2
∑
i⩾1

2−i = 1
2 . □

Algebraic Combinatorics, Vol. 9 #4 (2026) 946



Hyperbolic actions of Thompson’s group F and generalizations

Now we are ready to show how to compare different confining subsets of the form
QS , for subsets S ⊆ O.

Proposition 10.6. Let O be as in Lemma 10.5 and let S,R ⊆ O. Then QS ⪯χ QR if
and only if S ⊆ R.

Proof. If S ⊆ R, then S̃ ⊆ R̃, so QR ⊆ QS and thus QS ⪯χ QR. Conversely, suppose
that QS ⪯χ QR. By Corollary 2.8, there exists k ⩾ 1 such that Qak

R ⊆ QS . Thus for
every s ∈ S̃, and every g ∈ QR, we have τs.g

ak ∈ (τs−1, τs+1). This is equivalent to:
τ2ks.g ∈ (τ2k(s+1), τ2k(s−1)).

Because elements of QR are only restricted in terms of R̃, it follows that R̃ must
intersect the interval (2k(s− 1), 2k(s+ 1)) in N, and this must hold for every s ∈ S̃.
Choosing s = 2ℓ−kt, for ℓ > k and t ∈ S, we see that the interval (2ℓt− 2k, 2ℓt+ 2k)
contains an element rℓ ∈ R̃, for all ℓ > k. By Lemma 10.4, we can write rℓ = 2pℓqℓ +εℓ,
where |εℓ| < 2pℓ−4 and qℓ ∈ R. Then

|2pℓqℓ − 2ℓt| ⩽ |εℓ|+ 2k < 2pℓ−4 + 2k.

Suppose first that the sequence (pℓ)ℓ>k is uniformly bounded. Up to taking a subse-
quence we may assume that pℓ = p is constant. Then

|2pqℓ − 2ℓt| < 2p−4 + 2k ⇒ |qℓ − 2ℓ−pt| < 2−4 + 2k−p.

Choose ℓ large enough that the right hand side of the last inequality is bounded above
by 2ℓ−p−3, and then by Lemma 10.5 we deduce that t = qℓ ∈ R. Suppose otherwise
that pℓ is unbounded. Then

|2ℓt− 2pℓqℓ| < 2pℓ−4 + 2k ⇒ |t− 2pℓ−ℓqℓ| < 2pℓ−ℓ−4 + 2k−ℓ.

For pℓ ⩾ k + 4, the right hand side of the last inequality is bounded above by 2pℓ−ℓ−3,
and we conclude again by Lemma 10.5 that t = qℓ ∈ R.

In both cases we deduced that t ∈ R, and since t was an arbitrary element of S, we
conclude that S ⊆ R. □

Theorem 10.7 (Theorem F). There exists a copy of P(N) in X consisting entirely of
non-lamplike confining subsets.

Proof. Let O be the subset of odd numbers from Lemma 10.5. By Proposition 10.3
and Proposition 10.6, for every non-empty set S ⊆ O there is a non-lamplike confining
subset QS ∈ X such that S ⊆ R if and only if QS ⪯χ QR. Fix an element x ∈ O and
let P ′(O) denote the set of subsets of O that contain x (so that the empty set does
not belong to P ′(O)). Then S → QS induces an embedding P ′(O)→ X whose image
consists entirely of non-lamplike confining subsets, and of course P ′(O) ∼= P(N). □

11. Questions
We conclude by collecting some natural questions that arise. We start with a general
question on the structure of confining subsets:

Question 11.1. We saw in Proposition 2.9 that Conf∗
ρ(G), and thus also Confρ(G),

is a join semilattice, for a general G = H ⋊ Zn and ρ : Zn → R. We also saw in
Remark 9.6 that Conf∗

χ0
(Fn) is not a meet semilattice. This is due to the existence of

uncountably many minimal elements; however, these all have a meet once we move
into Confχ0(Fn), namely the smallest element. Thus we ask, is Confρ(G) a meet
semilattice in general, and therefore a lattice?

A few questions about H(Fn) remain open.
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Question 11.2. Following Remark 8.20, is it possible to give a more explicit description
of the poset LLt for rational, non-n-ary t? The retractions Ξ and ⋒ do not piece together
directly into an injection, but a more nuanced understanding of their interaction could
lead to a more complete picture.

Question 11.3. By Theorem F, the poset of non-lamplike confining subsets of Fn

contains a copy of P(N), so in particular is uncountable. Can we say more about its
structure? For example, does it decompose similarly to the lamplike case into a family
of subposets indexed by some interval of real numbers? Do there exist non-lamplike
confining subsets that are substantially different than those in Proposition 10.3?

Question 11.4. We have seen in Propositions 2.15 and 2.16 that quasi-parabolic
structures representable by actions on trees correspond to discrete characters and
confining subgroups (see also Remark 2.17). It follows that many of the hyperbolic
structures constructed in this paper are not representable by actions on trees. These
include some lamplike (Remark 8.12) and all non-lamplike structures (Theorem D).
What spaces arise for those? In particular, are they all representable by actions on
quasi-trees? Are any of them representable by actions on (a space quasi-isometric to)
the hyperbolic plane H2?

Finally, there are several close relatives of the groups Fn whose hyperbolic actions
one could study. Let us list three examples here, and note that the corresponding
T -like groups are all known to have trivial poset of hyperbolic structures [6].

Example 11.5 (Irrational slope). Let τ =
√

5−1
2 be the small golden ratio. The Cleary

group Fτ , introduced by Cleary in [23], is the group of all piecewise linear orientation
preserving homeomorphisms of [0, 1] with all slopes powers of τ and breakpoints
in Z[τ ]. This group has been studied from several viewpoints, for instance its metric
properties [18], BNSR-invariants [47], non-embeddability into F [39], and values of
stable commutator length and simplicial volume [25]. With intriguing similarities
and differences with F , it would be interesting to understand its poset of hyperbolic
actions. One could also inspect other “irrational slope” Thompson-like groups among
the Bieri–Strebel groups from [10]. Note that not all such groups admit tree pair
diagrams [53], however in this paper we almost exclusively used the dynamical point
of view, so this may not be a substantial obstruction.

Example 11.6 (Stein group). The Stein group F2,3 is the group of all piecewise
linear orientation preserving homeomorphisms of [0, 1] with all slopes of the form
2a3b for a, b ∈ Z and breakpoints in Z[ 1

6 ]. This group, along with the generalizations
Fn1,...,nk

defined in the analogous way, first appeared in work of Stein [52], and is
surprisingly different from Fn in several ways. For example, unlike Fn, every discrete
character of F2,3 lies in Σ∞(F2,3) [51], but there exist non-discrete characters not
lying in Σ1(F2,3) [9]. Also, F2,3 does not embed into any Fn [41]. Understanding the
poset of hyperbolic actions of F2,3 seems more daunting than for Fn, partly thanks
to the non-discreteness of the characters in the complement of Σ1(F2,3). Another
complication is that the abelianization map F2,3 → Z4 does not split, although certain
maps onto Z2 do split.

Example 11.7 (Lodha–Moore). The Lodha–Moore group, introduced by Lodha and
Moore in [43], was the first known example of a non-amenable group of type F∞
with no non-abelian free subgroups [43, 42]. Without getting into too much detail,
the group can be viewed as the result of taking Thompson’s group F , pictured as a
group of homeomorphisms of the Cantor set {0, 1}N, and introducing a new element λ,
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deferred to each cone of the Cantor set, where λ is recursively defined via

λ :

 00 · ω 7→ 0 · λ(ω)
01 · ω 7→ 10 · λ−1(ω)
1 · ω 7→ 11 · λ(ω).

(Technically this yields the “big” Lodha–Moore group; in the “small” Lodha–Moore
group, we only defer λ to cones not containing 0 or 1.) The BNSR-invariants of the
Lodha–Moore group are known [44], along with some decompositions into ascending
HNN-extensions [54], and it would be interesting to try to understand its poset of
hyperbolic actions.

The next two examples have infinite locally finite normal subgroups, which makes
them quite different from the Thompson-like groups we have considered so far. Never-
theless, they have been studied with Thompson-like techniques in the past, and their
hyperbolic structures might be approachable in a similar way.
Example 11.8 (Houghton groups). The nth Houghton group Hn, introduced by
Houghton in [37], is the group of permutations σ of N× {1, . . . , n} that are eventually
translations, meaning there exist m1, . . . ,mn ∈ Z such that for all i ∈ {1, . . . , n} and
all sufficiently large x ∈ N, σ sends (x, i) to (x + mi, i). (An equivalent, somewhat
more natural-seeming description is as the group of all permutations σ of N such
that for large enough x ∈ N, we have σ(x+ n) = σ(x) + n and σ(x) is congruent to
x mod n.) Sending σ to the tuple (m1, . . . ,mn) defines a map to Zn, whose image
is isomorphic to Zn−1 (thanks to the relation that m1 + · · · + mn = 0 since σ is a
bijection). This abelianization map Hn → Zn−1 does not split, but there is a split
surjection Hn → Z⌊n/2⌋. The BNSR-invariants of Hn are known [55, 56], and have
some resemblance to those of Fn. The commutator subgroup of Hn is the group of all
finitely supported permutations of N× {1, . . . , n}, so Hn is (locally finite)-by-abelian,
hence amenable. All of this is to say, the general setup from Section 2 could likely
be used to analyze part of the poset of hyperbolic actions of Hn. The fact that the
abelianization map does not split, however, means that we might not necessarily get a
full picture of the poset just using these tools. It would be interesting to see whether
a full computation of H(Hn) is possible; in particular, it is not clear to us whether
Hn admits any quasi-parabolic actions.

Since the first version of this paper appeared, the posets of hyperbolic structures of
the Houghton groups have been classified [28].
Example 11.9 (Quasi-automorphisms). Let Tn be the infinite rooted n-ary tree, so
the vertex set of T is the set {1, . . . , n}∗ of finite n-ary words. Order the children of a
given vertex w by w · 1 < w · 2 < · · · < w ·n. Let QVn be the group of bijections of the
vertex set of Tn that preserve adjacency and order with only finitely many exceptions,
as in [40]. We get a quotient map QVn → Vn onto the Higman–Thompson group Vn,
with kernel the group of all finitely supported permutations of the vertex set. In this
way, QVn can be viewed as a sort of Houghton-like version of Vn. Let QFn be the
preimage under this quotient map of Fn, so QFn is a sort of Houghton-like version
of Fn. The BNSR-invariants of QF = QF2 are known [48] and resemble those of F ,
and presumably those for QFn behave similarly. It would be interesting to study the
poset of hyperbolic actions of QFn, and in particular to see whether every cobounded
hyperbolic action comes from the quotient QFn → Fn. Note that, on the other hand,
every cobounded hyperbolic action of QVn is elliptic [6, Theorem 1.6.7].
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