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The antipode of linearized Hopf monoids

Carolina Benedetti & Nantel Bergeron

ABSTRACT In this paper, a Hopf monoid is an algebraic structure built on objects in the category
of Joyal’s vector species. There are two Fock functors, K and I, that map a Hopf monoid H to
graded Hopf algebras K(H) and IC(H), respectively. There is a natural Hopf monoid structure
on linear orders L, and the two Fock functors are related by C(H) = K(H x L). Unlike the
functor K, the functor K applied to H may not preserve the antipode of H. In view of the
relation between K and K, one may consider instead of H the larger Hopf monoid L x H and
study the antipode of L X H. One of the main results in this paper provides a cancellation free
and multiplicity free formula for the antipode of L x H. As a consequence, we obtain a new
antipode formula for the Hopf algebra H = K(H). We explore the case when H is commutative
and cocommutative, and obtain new antipode formulas that, although not cancellation free,
they can be used to obtain an antipode formula for (H) in some cases. We also recover many
well-known identities in the literature involving antipodes of certain Hopf algebras. In our study
of commutative and cocommutative Hopf monoids, hypergraphs and acyclic orientations play a
central role. We obtain polynomials analogous to the chromatic polynomial of a graph, and also
identities parallel to Stanley’s (—1)-color theorem. An important consequence of our notion of
acyclic orientation of hypergraphs is a geometric interpretation for the antipode formula for
hypergraphs. This interpretation, which differs from the recent work of Aguiar and Ardila as
the Hopf structures involved are different, appears in subsequent work by the authors.

INTRODUCTION

Computing antipode formulas in any graded Hopf algebra is a classical yet difficult
problem. Recently, numerous results in this direction have been provided for various
families of Hopf algebras [1, 4, 7, 10, 12, 15, 16]. Some motivations to find such formulas
lie in their geometric interpretation [1], their use in quantum field theories [14], or
their role in deriving combinatorial invariants of the discrete objects in play. A key
example of this is the Hopf algebra of graphs G as given in [16], where the authors
derive the antipode formula and use it to obtain the celebrated Stanley’s (—1)-color
theorem: the chromatic polynomial of a graph evaluated at —1 is, up to a sign, the
number of acyclic orientations of the graph. A remarkable result in [1] shows that the
antipode formula of a graph as given in [16] is encoded in the f-vector of the graphical
zonotope corresponding to the underlying graph.

Manuscript received 23rd February 2018, revised 23rd November 2018, accepted 7th December 2018.

KEYWORDS. Antipode, Hopf monoid, Hopf algebra, combinatorial identities, colorings, hypergraphs,
orientations.

ACKNOWLEDGEMENTS. Carolina Benedetti thanks the faculty of Science of the University of Los
Andes for its support.
With partial support of Bergeron’s York University Research Chair and NSERC.

ISSN: 2589-5486 http://algebraic-combinatorics.org/


https://doi.org/10.5802/alco.53
http://algebraic-combinatorics.org/

CAROLINA BENEDETTI & NANTEL BERGERON

A general principle is that antipode formulas provide interesting identities for the
combinatorial invariants of combinatorial objects. One of the key results in the the-
ory of Combinatorial Hopf algebras (CHAs) gives us a canonical way of constructing
combinatorial invariants with values in the space QSym of quasisymmetric func-
tions (see [2]). That is, letting H = €, Hn be a CHA over a field k and letting
(: H — k be a character of H, there is a unique Hopf morphism ¥ : H — QSym
such that ¢ = ¢ o ¥ where ¢ (f(xl,xg, . )) = f(1,0,0,...). Moreover, there is a
Hopf morphism ¢;: QSym — k[t] given by ¢¢(M,) = (z), where M, is the monomial
quasisymmetric function indexed by an integer composition a = (a1, ag, ..., a). This
Hopf morphism has the property that

o1(f(wr,aa,. )| _ = on(h)
In particular,

¢to‘l”t=1 - (¢t’t:1) oW =0¢;0¥ =(.

In the case when H = G and ( is the character

1 if G has no edges,
(G) = .
0 otherwise,

we obtain that ¢; o U(G) = x(t) is the chromatic polynomial of G' as shown in [2,
Example 4.5]. Stanley’s (—1)-color theorem can be deduced in this Hopf setting using
the fact that the antipode of k[t] is given by S(p(t)) = p(—t). Hence

X6(-1) = 06,0 W(G)| _ =609 8(G)|_ =(o5(G).

Moreover, if G is a graph on n vertices and a(@G) is the number of acyclic orientations
of G, one has that the coefficient in S(G) of the edgeless graph with n vertices is given
by (=1)"a(G) (see [1, 10, 16]). Therefore, xg(—1) = (0 S(G) = (-1)"a(G).

Here, we present a general framework that allows us to derive new formulas for
the antipode of many of the graded Hopf algebras in the literature. Combinatorial
objects which compose and decompose often give rise to Hopf monoids in Joyal’s
symmetric monoidal category of vector species. A Hopf monoid H is linearized if it
can be described from a set species h as follows. For a finite set I, the vector space H[I|
is the linear span of the set h[I], and the structure of H is obtained by linearization of
the functions that define the structure on h. We provide several examples of linearized
Hopf monoids throughout.

There are two natural functors, the Fock functors K and K, that map Hopf monoids
to graded Hopf algebras. Via these functors, it is sometimes possible to lift a Hopf
algebra structure to the monoid level. All the objects and notions above are found
in [4]. See also [19] where Hopf monoids are referred to as twisted Hopf algebras. The
few basic notions and examples needed for our purposes are reviewed in Section 1,
including the Hopf monoid of linear orders L, the notion of linearized Hopf monoid,
the Hadamard product and the Fock functors K and K.

The first goal of this paper is to construct a cancellation free and multiplicity free
formula for the antipode of the Hadamard product L x H where H is a linearized
Hopf monoid. This result will be developed in Section 2. One interesting fact is that
even if the antipode formula of a Hopf monoid H is cancellation free, the Hopf algebra
K(H) may potentially have lots of cancellations in its antipode formula. However, K
gives us new ways of formulating antipodes and potentially new identities. We discuss
this in Section 4.2.

In Section 3 we consider antipode formulas for commutative and cocommutative
linearized Hopf monoids H. This case is especially interesting as many of the Hopf
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monoids in combinatorics fall into this class. One consequence of our analysis is that
the most relevant case to consider is the Hopf monoid of hypergraphs HG as defined in
Section 1.5. The Hopf monoid HG contains all the information to compute antipodes
for any other commutative and cocommutative linearized Hopf monoid H. This is a
remarkable fact which we will unveil along the way. We give two antipode formulas
for such H. One is derived in Section 3.3 from our work in Section 2 and one is ob-
tained in Section 3.4 using orientations of hypergraphs. The second antipode formula
is obtained using a sign reversing involution as in [10, 12]. Applications of our compu-
tations are presented in Section 4.1. In Section 4.3 we derive combinatorial identities
using our antipode formulas. In particular we introduce a chromatic polynomial for
total orders (permutations) and show an analogue of Stanley’s (—1)-theorem.

We finish with a remark relating the results presented here to subsequent work
obtained jointly with J. Machacek [8] in which we provide a geometric interpretation
for the antipode of HG as encoded by a hypergraphic polytope. We point out that
this interpretation differs from the one in [1]. Part of the difference relies on the fact
that HG is cocommutative whereas the Hopf algebra of hypergraphs in [1] is not. We
encourage the reader to see [8] for more details.

1. HOPF MONOIDS

We review basic notions on Hopf monoids and illustrate definitions with three clas-
sical examples. We encourage the reader to see [4] for a deeper study on this topic.
Throughout the paper k denotes an arbitrary field and all vector spaces are assumed
to be over k. In general, a Hopf monoid is defined in a symmetric monoidal category,
but here we will use the term Hopf monoid in a much more restrictive manner. From
now on, Hopf monoid stands for a connected Hopf monoid in the symmetric monoidal
category of vector species using Cauchy product. Rather than defining these concepts
in their full generality, we give here a brief description of the data that is needed for
our purposes. However we highly encourage the reader to see [4] for more details on
Hopf monoids and [11] for more details on species.

1.1. SPECIES AND HOPF MONOIDS. A wector species is a functor from the category of
finite sets and bijections to the category of vector spaces and linear maps. Informally,
a vector species H is a collection of vector spaces H[I], one for each finite set I,
equivariant with respect to bijections I = J. A morphism of species f: H — Q is a
collection of linear maps f; : H[I] — Q[I] which commute with bijections.

A set composition of a finite set I is a finite sequence (Ay,...,Ax) of disjoint
non-empty subsets of I whose union is I. In this situation, we write (Aq,..., Ax) = I.

A Hopf monoid consists of a vector species H equipped with two collections p and
A of equivariant linear maps

DAy, Ay

H[I] and H[I] 222 H[A,] @ H[A,]

HA Ay

H[A| ® H[A,]
subject to a number of axioms, of which the main ones follow.
ASSOCIATIVITY. For each set composition (A1, As, As) | I, the diagrams

id
H[A,] @ H|As] ® H[A;] — 412 g

[A1] ® H[Ay U Aj]

(1) “A1w42®id HA|,AqUAg3

H[A; U As] @ H[A3]

HI/]

HAJUAS Ag
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A4 UAy,Ag

H[I] H[A; U As] @ H[Aj3]

(2) Aay,AquAg Aay,a,®id

H[A;] ® H[A, U A3 H[A;] ® H[A,] @ H[A;]

id®AA;, 4,
commute.

COMPATIBILITY. Fix two set compositions (Ay, A2) and (B, B2) of I, and consider
the resulting pairwise intersections:

P::AlﬂBl, Q::AlﬂBg, RZ:AgmBl, TI:AQQBQ,

as illustrated below

For any such pair of set compositions, the diagram

H[P] © H[Q] ® H[R] ® H[T] — = H[P| ® H[R] © H[Q] ® H[I]
(4) Ap,@®AR,T 1P, ROUQ, T
H(Ax) © H{As] ——— HlI] ——— H[31] © H[B

must commute. The top arrow stands for the map that interchanges the middle factors.
In addition, we require that the Hopf monoid H is connected, that is, H[@] = k
and the maps
K1, Ko, 1
H[I| @ H[g]| ——= H][I] and H[o| @ H[I] ——= H][I]
Al g Ag,1
are the canonical identifications.

The collection u is the product and the collection A is the coproduct of the Hopf
monoid H. For any Hopf monoid H the antipode map S: H — H is computed using
Takeuchi’s formula (see Section 8.4.2 of [4]). More precisely, for any finite set I and a
set composition A = (Ay,...,Ax) EI,if k=1 welet pa, = Aa, = 1; the identity
map on H[I], and if & > 1 we let

Ay Ay = PA I~A (1A, ®pa, o oa,) and Axy o4, = (14,0084, .. .4, )04, 1< A;-

We then have
| 1]

() St=Y Y (DruaeaBaa= Y () Weang,

k=1 (A1,...,Ap) =l Al
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A Hopf monoid is (co)commutative if the left (right) diagram below commutes for all
set compositions (Ay, A2) = I.

TAy,Ag

H[A)] ® H[A;] — 22> H[A,] ® H[A{]
(6)
H[A;] ® H[A;] H[A>] @ H[A,]

Ak 4141

The arrow 74, 4, stands for the map that interchanges the factors.
A morphism of Hopf monoids f : H — Q is a morphism of species that commutes
with p and A.

1.2. THE HOPF MONOID OF LINEAR ORDERS L ([4]). For any finite set I let 1[I] be
the set of all linear orders on I. For instance, if I = {a,b, c},

1[I] = {abe, bac, acd, bea, cab, cba}.

The vector species L is such that L[I] := k1[I] is the vector space with basis 1[I].

Given (Aj, As) = I and linear orders aq, ap on Aj, Ag, respectively, their concate-
nation aj - s is the linear order on I given by «; followed by ai. Given a linear order
aon I and P C I, the restriction «|p is the ordering in P given by the order a.. These
operations give rise to maps

1[A4] % 1[A5] — 1[1] 1[1] = 1[A;] x 1[As)]

(1, 00) = a1 - g a = (ala,, ala,).

(7)

Extending by linearity, we obtain linear maps
WA, A, L[A1] @ L[Ag] — L[I] and Ay, 4, : L[I] = L{A;] ® L[As]

which turn L into a cocommutative but not commutative Hopf monoid. The reader
should check that all the required axioms for a Hopf monoid are indeed satisfied for
this and the upcoming examples.

1.3. THE HOPF MONOID OF SET PARTITIONS 7 ([4]). A partition of a finite set I
is a collection X of disjoint nonempty subsets whose union is I. The subsets are the
blocks of X.

Given a partition X of I and P C I, the restriction X|p is the partition of P whose
blocks are the nonempty intersections of the blocks of X with P. Given (Ay, A2) E I
and partitions X; of A;, i = 1,2, the union X; U X5 is the partition of I whose blocks
are the blocks of X; and the blocks of X5.

Let w[I] denote the set of partitions of I and w[I] = kar[I] the vector space with
basis 7[I]. A Hopf monoid structure on 7 is defined and studied in [3, 4, 7, 13].
Among its various linear bases, we are interested in the power-sum basis on which the
operations are as follows. The product

1Ay, A, - T[A] @ w[Ag] — 7 []]
is given by

(8) KAy, Ay (Xl ® XQ) = X1 U Xo.
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for X; € w[A;] and extended linearly. The coproduct
AA17A2 : 71'[[] — 71'[141] ®7T[A2]

is given by

(9) AA17A2 (X) = {

X|a, ® X|a, if Ay is the union of some blocks of X,

0 otherwise,

for X € m[I] and extended linearly. These operations turn the species 7 into a Hopf
monoid that is both commutative and cocommutative.

1.4. THE HOPF MONOID OF SIMPLE GRAPHS G. A (simple) graph g on a finite set
I is a collection E of subsets of I of size 2. The elements of I are the wvertices of g.
There is an edge between two vertices i, j if e = {i,j} € E. In this case we say that e
is incident to ¢ and j.

Given a graph g on I and P C I, the restriction g|p is the graph on the vertex set
P whose edges are the edges of g incident to elements of P only. Let (A, A2) E I
and consider the graphs g; of A;, for ¢ = 1,2. The union g; U g5 is the graph on [
whose edges are those of g; and those of gs.

Let g[I] denote the set of graphs on I and G[I] = kg[I] the vector space with basis
g[I]. A Hopf monoid structure on G is defined using the maps

g[A1] x g[Az] — g[I] gll] — g[A1] x g[As]
(91792)%91 UgQ g_>(g‘A17g|A2)'

Extending linearly, we obtain linear maps
WA, A, G[A1] @ G[Ag] — G[I] and Aa, 4, : G[I] = G[41] @ G[A2].

These operations turn the species G into a Hopf monoid that is both commutative
and cocommutative.

(10)

1.5. THE HOPF MONOID OF SIMPLE HYPERGRAPHS HG. Let 2! denote the collection
of subsets of I. Let HG[I] = khg[I] be the space spanned by the basis hg[I] where
hg[l] = {h C 2" : U € h implies |U| > 2}.

An element h € hgl[l] is a hypergraph on I. For (P,T) = I and h,k € hg[I], the
multiplication is given by upr(h,k) = h Uk and the comultiplication is given by
Apr(h) = h|p ® hlp where h|p ={U € h: U N P = U}. Extending these definitions
linearly we have that HG is commutative and cocommutative Hopf monoid.

1.6. THE HADAMARD PRODUCT. Given two species H and Q, their Hadamard prod-
uct is the species H x Q defined by

(H x Q)] = H[I] ® Q[1],
where ® is the usual tensor product of vector spaces over k. If H and Q are Hopf
monoids, then so is H x Q, with the following operations. For (41, A2) | I, the
product on H x Q is depicted in the diagram:

HxQ)A]®@HxQ)[Az] - - = = — - — = > (H x Q)[I]

H[A] ® Q[A1] ® H[A3] ® Q[As]

;

H[A,] © H[As] @ Q[A1] © Q[As] —— H[I] @ Q[I]

Q
Hay,a, OHAL Ay
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The coproduct is defined similarly. If H and Q are (co)commutative, then so is Hx Q.

1.7. LINEARIZED HOPF MONOIDS. A set species h is a collection of sets h[I], one for
each finite set I, equivariant with respect to bijections I 2 J. We say that h is a basis
for a Hopf monoid H if for every finite set I we have that H[I] = kh[I], the vector
space with basis h[I]. We say that the monoid H is linearized in the basis h if the
product and coproduct maps have the following properties. The product

WA, A, H[A1] @ H[As] — H[I]
is the linearization of a map
(11) [ay,a; + h[A1] x h[As] — h[]]
and the coproduct

Aa, 4, s HII — H[A;] @ H[A5]
is the linearization of a map

(12) Ay, 4, thlI] — (h[A;] x h[A2]) U {0}.

It is understood that for any bijection o: I — J, the linear isomorphism Hlo]: H[I] —
H[j] maps the basis h[I] to the basis h[J] via the bijection h[o]. From now on, we
will use capital letters for vector species and lower case for set species.

The Hopf monoids L, w, G and HG are linearized in the bases 1, w, g and hg
respectively. As remarked in [18], many of the Hopf monoids in the literature are
linearized in some basis.

1.8. FUNCTORS K AND K. As describe in [4, Section III], there are some interesting
functors from the category of species to the category of graded vector spaces. Let
[n] :=={1,2,...,n} and assume throughout that char(k) = 0. Given a species H, we
write H[n| instead of H[[n]]. The symmetric group S, acts on H[n] by relabelling.
Define the functors K and K as
K(H) = @ Hn] K(H) = @ Hn]s,
n=0 n>=0
where
Hlnls, = Hln] /(z ~ Hlo](@) | o € S,; @ € H[n))

denotes the quotient space of equivalence classes under the S,-action. When H is a
Hopf monoid, we can build a product and coproduct on K(H) and K(H) from those
of H together with certain canonical transformations. For example, one has that

K(L) = Kk[t]

is the polynomial algebra on one generator, while K(L) is the Hopf algebra introduced
by Patras and Reutenauer in [19]. The antipode map S : L — L is such that for
a=ay--ay € 1n]
S[n] (Oz) = (—1)”an Ay,

However, the antipode of the graded Hopf algebra K[L] is not given by the formula
above (see Section 4.2). On the other hand, in the Hopf algebra K[L] = k[t], the
antipode is given by S(t") = (—1)™" and it is the functorial image of the map above.
This is not an accident: the functor X may not preserve the antipode but the functor
K always does.

A very interesting relation between the functors K and K is given in [4, Theo-
rem 15.13] as follows

(13) K(L x H) = K(H),
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where H is an arbitrary Hopf monoid. In this paper we aim to make use of this relation
to study the antipode problem for some Hopf algebras.

2. ANTIPODE FOR LINEARIZED HoPF MonNoOID L x H

In this section we show a multiplicity free and cancellation free formula for the an-
tipode of Hopf monoids of the form L x H where H is linearized in some basis. Thus,
by (13), we obtain an antipode formula for K(H) as well. However, in K(H) this
antipode formula may not be cancellation free.

2.1. ANTIPODE FORMULA FOR L xH. Let H be a Hopf monoid linearized in the basis
h. We intend to resolve the cancellations in the Takeuchi formula for the antipode of
L x H. For a fixed finite set I let (o, z) € (1 x h)[I], that is, « is a linear ordering on
I and z is an element of h[I]. From (5) we have

(14) St(a,z) =Y (1) Ppada(a,z) = Y (1) D(aa,za),

AT -
= AAA(-T)I?éo
summing over all A = (Ay, ..., Ax) E I, where a4 denotes the element in 1[I] given by

o= ala, ala, o ala,.
Also, provided A 4(z) # 0 we set
raA = MAAA(.’L‘) S h[[] .

Each composition A gives rise to single elements a4 and x4 since L and H are
linearized in the basis 1 and h, respectively. We can thus rewrite equation (14) as

(15) S](OL,I‘) = Z Z (_1)2(14) (va)

(B,y)€(1xh)[I] AT
(O‘szé\):(ﬁay)

Let
(16) Chy={AkET:(aa,za)=(By)}-

Using the notation above we have the following theorem which provides us a
multiplicity-free and cancellation-free formula for the antipode of L x H.

THEOREM 2.1. Let H be a linearized Hopf monoid in the basis h. For (o, z) € (Ixh)[[]
we have

Sty = S LBy, where  Br= 3 (—1)fA),

(B:y)e(Ixh)[1] Aechy
In Section 2.3 we define a non nested graph Gg:% and see that cg’f;c = C(Gg:g) where

c(G), defined in Section 2.4, is an invariant associated to a non-nesting graph G with
values =1 or 0. We then have the cancellation free formula

(17) Sr(e,x) =Y c(GLY)(B,y).
By

The proof of this theorem will be given in Section 2.4. We make use of the refine-
ment order on set compositions to show that the set Cg:}é has a unique minimum. We
will use this fact along with other properties to construct sign reversing involutions on
Cg;g and the result will follow once we understand the fixed points of such involutions.

Algebraic Combinatorics, Vol. 2 #5 (2019) 910
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2.2. MINIMAL ELEMENT OF C2¥. Given set compositions A = (Ay,..., Ax) and B =
(B1,...,By) on a set I, we say that A refines B, and we write A < B, if the parts of
B are unions of consecutive parts of A. For example

A= ({1,4}, {2}, {5, 7}, {3}, {9}.{6,8}) < ({1,4},{2,3,5,7},{6,8,9}) = B

but A does not refine ({1,4,5,7},{2}, {3},{9},{6,8}). Denote by (Pr, <) the poset
of set compositions of I, ordered by refinement. In what follows we will write
(14,2,57,3,9,68) instead of ({1,4},{2},{5,7},{3},{9},{6,8}). Consider the order
< restricted to the set ngg.

LEmMmA 2.2 If Cg:g # O, then there is a unique minimal element in (Cg;g, <).

Proof. Suppose that A = (Ay,...,Ax) and B = (By,..., By) are minimal in € CQ;g
and A # B. We have that a4y = = ag and 4 = y = zpg. Since a4 = 3, the parts
of A appear consecutively in § and the same is true for the parts of B. For example if
a = abedef and B = befade, then for A = (be, f,ad, e) and B = (be, f, a,de) we have
ap = oap = ﬁ

Let 1 < ¢ < k be the smallest index such that A; # B;, and assume without loss
of generality that |A;| > |B;|. If ¢ = k then B refines A and this is a contradiction.
Hence we assume that ¢ < k& and we now build a composition C that refines A such
that C € C%¥, which will contradict again the minimality of A. Since ay = ap

o,

our choice of ¢ implies that B; C A;. Let U = A; ~ B;. We claim that for C =
(A17 ) Ai—la Biv U7 A1'+1a () Ak)

(a) C <A

(18) rA = pprAprpala(z) = pcAc(r).
Let P=ByU---UB;and T = B;y1 U---U By. We claim that
(19) xp = pprApr(xRB).

To see this, we use the associativity of x4 to write up = pupr(UB,....B; ® 1B;i1,....B,)-
Also, let Q@ = R = & in the compatibility relation (4), we get Ay = P, Ay =T and

Aprppr =1p @17,
where 14 denotes the identity map on A. Hence equation (19) follows from
pprApr(xB) = pprApripr(UB,,...B: ® WBits,...,B, ) AB(T)
= ppr(iB,,...B, ® UB,s,....B,)AB(T) = upAp(x) = TB.
Using again (19) and the fact that 24 = zp we show the first equality in (18):
(20) za=puprApr(xa) = puprApriala(z).

Now let P/ = Ay U---UA;_1, Q = &, R = B; and T = T in the compatibility
relation (4):

Aprpa=Apur e RuT (KA, Ay @ A, Ay)
=(up . r @1 )(1p @ Apr ) (pbay,. A, @ HA,,.. AL)
:(“P’,R/®1T’)(/J‘A1 ----- Ai—1®1R/®1T’)(1A1®'”®1Ai—1 ®AR/,T/:LLA1’ ,,,,, Ak)'
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We now expand A g/ 1/p14,. ... A, using similar manipulations. Let 7" = A; 41U - -UAy,

Ap 1ipia,,..A, = A, vurr o, (1a, @ pa,,..A,)

= (1, @ pur ) (A, u @ 1rr)(Aa, @ pa, ... .A)

=1, @uur )1, @1y @ pia, .. .4.)(Au @14, @ ®1y,)

= (1B, @ uu, A1, A,) (A v @14, @ - ®1y,).
Remark that since R’ = B;,

pie = ppr(fay, A 1.5 @1r)(1a, @ @14, , @ 1p, @ v sy, Ay)
=upr(pp r @ 1) (1A, A, @1r Q1)
(1a, ®--®14,_, ®1B, @ pu,A,41,...,A,)
and
Ac=(14,®---®14,_ , AR ®1a,, ® - ®@1a,)A4.
Making use of the expressions given above for Aprpa, and comparing with ucAc
we get
za = ppr(Aprpa)Aa(z) = peAc(z) = zc.

We conclude that the composition C satisfies (a), (b) and (c) contradicting the choice
of A, hence we must have a unique minimal element in (C2¥, <). O

o,T) X

For the rest of this section, let «, 8,z and y be fixed and let A = (A1, As,..., Ap)
be the minimum of C5¥ # @. For any A € C5Y let [A, A] denote the interval {B |=

I: A< B<A} CPr. A prior, this interval does not need to be contained in C5¥,
but the following lemma shows that this is indeed the case.

LEMMA 2.3. If Cg:g #+ &, then for any A € C{j;g we have that [A, A] C cg;g.

Proof. Let A = (A1, As,..., Ay) € C5¥. From Lemma 2.2 we know that A < A. We
proceed by induction on r = ¢(A) — ¢(A). If r = 0, then we have that A = A and
the result follows. Suppose the result holds for » > 0 and let A be such that r + 1 =
0(A)—¢(A). Let B= (By,...,Brt1) € Prsuchthat A < B < A with ¢(B)—{(A) = 1.
Hence there is a unique 4 such that A = (By,...,B;UBjt1, Biya,..., Bg+1). We aim
to show that B € C5¥, and then by induction hypothesis [A, B] € C5Y.

Since A < B, there is a unique j such that
BiU---UB;j=A U---UA;.
Let P=A1U---UAj and Q = Aj41U---UA,,. Arguing as in equations (19) and (20)
we have that
y = paAa(x) = ppQ(Hay,...A; @ HA, 4y, A)AA(T)

= upAPQ(1r,Q(HA .. n; @ By s, A ) AN (Z)) = 1P APG(Y)

= purQArQ(HalAa(z)) = npAp(z) = 5.
The same argument shows that f = pupgApoualda(a) = ppAp(a) = ap. Hence
B e ngg. We can now appeal to the induction hypothesis and conclude that for each

such B the interval [A, B] C C5¥ and thus the claim follows. Moreover, we conclude
that C5¥ is a lower ideal of the subposet [A, (I)] = {B = I : A < B}. O

LEMMA 2.4. If C5Y # @, then the minimal elements of [A, (I)] \ C5Y are each of the
form

(A, ooy A, Ay UA U UA A, Ay

for some 1 <i<j<m.
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Proof. If C&% +# @, let B € [A, (I)] be minimal such that B ¢ cg;g. That is, ap # B
or g # y. Let us first consider the case when ap # 5. If ap # 8 we must have at
least one part of B that contains A; U A; 1 where the largest entry of |, say a, is
such that a >, b, where b is the smallest entry of « Hence,

Niyr-
A<B< (A, N1, iU A1, Aoy Ay,

hence B= (A1, ..., Ai—1, AjUA1, Ao, ..., Ayy). Thus the claim follows when a g # .

We now consider the case xp # y. Assume that B = (B, ..., B;) has at least two

parts that are unions of consecutive parts of A. Each part B, of B is of the form
Ay, U---UAp,, where 1 < as < bs < m. For each 1 < s < k consider the composition

C((s) = (A17 ce. 7Aa5—1)BSaAbS+1a s 7Am)

It follows that C(y refines B (strictly) as there are at least two parts in B that are
unions of consecutive parts of A. Hence C(,) € cg;g by the minimality of B, and thus
e, =Y for all 1 < s < k. Hence,

x|a, ®"'®$‘Aa571 ® x|B, ®J;|Abs+l Q-
= AC(S) (IC(S)) = AC’(S)(y)
=z, @ @[, 4 B (Z|A,,  TA,,) |y, @ B p,,

Am

which gives us
zlp, = x|a,, - 2la,,

for all 1 < s < k. But this implies that

xB:x|Bl...x|Bk:(IAal...l‘Abl)...(zA ..-:L‘Abk):l‘A:y7

A

which is a contradiction. Hence there is no more than one part of B that is not a
single part of A. O

2.3. FIRST SIGN REVERSING INVOLUTION ON cgig. Throughout this section recall
that a, 8 € 1[I] and x,y € h[I] are fixed. If Cg:g # &, then we know that the subposet
(CE,<) is a lower ideal with a unique minimum A = (Aq,As,..., Ay,). We define
a sign reversing involution on the set cg;g that will cancel most of the terms in the
signed sum

(21) ca

Using Lemma 2.4 we define an oriented graph Ggig on the vertex set [m] as follows.
Two vertices a,b with a < b form an oriented edge from a to b, denoted (a,b) or ab,
for each minimal element of [A, (I)]\C5¥. More precisely, if a < b, then (a,b) is an
edge in Gfi’,% if the following holds:

(1) Setting Bap = (A1,...,Ag—1, Mg UAgp1 U - U Ay, Apyq,... Ay, either
aB,; 7é ﬁ or rp,, 7é Y.
(2) For any a < r <b, we have ap, = =ap,, and zp,, =y =zp,,.
We sometimes denote an edge (a, b) as ab to save space if the context is clear. Condition
(1) guarantees that no element A € C2¥ induces an edge in G5%. Condition (2) tells
us that the edges in G are non-nesting, i.e., allows us to conclude that the graph G is
non-nesting. That is, there are no pairs of edges ab and cd such that a < ¢ < d < b.
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ExAMPLE 2.5. Consider the Hopf monoid of graphs G linearized in the basis g as in
Section 1.4. Let I = {a,b,c,d,e, f,g,h}, let 2,y € g[I] be the graphs

) e// ¥ ) . ¥
Tr = =
avc a

and let «, 8 be the orders a = abedefgh, f = abdefghc. The minimum element of
CQ;g is A = (a, bde, f, g, h,c) (notice that indeed x5 = y and ap = ). Since A has 6
parts, the graph Gg;g is build on the set [6] = {1,2,...,6}. We have

° [

1 2 3 4 5 6

C

In particular, notice that (1,2) is not an edge as the element B = (A; U
Aoy As,...,Ag) = (abde, f,g,h,c) € Cg:g. The solid edges (4,j) indicate that
xp,; 7 ¥, the dotted edge (5, 6) indicates that ap,, = abdefgch # 3. We now identify
the set compositions in the interval [A, (I)] with the set compositions of the interval
[(1,2,...,m),(12---m)] and represent C5¥ via the following poset

123,45,6
123,4,5,6 12,34,5,6 12,3,45,6 1,23,45,6 1,234,5,6 1,2,345,6
12,3,4,5,6 1,23,4,5,6 1,2,34,5,6 1,2,3,45,6 1,2,3,4,56

1,2,3,4,5,6

where the set compositions in red are the minimal compositions in [A, (I)]\C5:¥ from
Lemma 2.4.

REMARK 2.6. As in the example above, from now on we will identify the set
compositions in the interval [A,(I)] with the set compositions in the interval
[(1,2,...,m),(12---m)]. Thus, each element A € cg;g will be viewed as the corre-
sponding set composition A = [m].

For any set composition B define its sign to be sgn(B) := (—1)“P) where ((B) is
the length of B. We now define a sign reversing involution : Cg:g — Cg;gg, making
use of auxiliary maps ¢; for each 1 < i < m, as follows. Let A = (Ay,..., Ay) € C5Y
and let j be such that i € A;.
i-MERGE. If A; = {i} and (i,7) is not an edge of GQ% for any r € Ajiq1, define

@i(A) = (Ar,..., Aj_1, {i U Ajur, Ajpa, o Ay).
i-SPLIT. If [Aj| > 1, i = min(A;) and (j =1 or Aj_y # {i — 1} or (i — 1,i) € G2Y),
then
QDZ(A) = (Al, ey Aj—la {Z}, Aj AN {i},Aj+1, e ,Ak)
-F1X. If we do not have an i-merge or an i-split, then
pi(A) = A.
Then the map ¢ is defined as
A if p;(A)=Aforall 1 <i<m,

(2) ()= )=Ak .

@io(A) for ig = min {7 : ¢;(A) # A}, otherwise.
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LEMMA 2.7. ¢: Cg:g — Cg:g s an involution.

Proof. Let A € CJY.1f (A) = A the claim follows. Assume then that ¢(A) = A’ # A.
Let ig = min {i : ¢;(A) # A}, and thus A’ = ¢;,(A). We first assume that A’ is
obtained from A by an ig-split, then A’ < A and thus by Lemma 2.3, A" € C5Y.
Moreover, applying an ig-split to A guarantees that an (iop — 1)-merge can not be
applied to A’. The minimality of ig guarantees that ¢;(A’) = A’ for all i < ip and
w(A") = @i, (A") = A is obtained from A’ by an ip-merge as desired.

Now assume that A’ is obtained by an ig-merge. This implies that no part of A’
contains (the vertices of) any edge of G&%. Hence, A’ € C5¥ by Lemma 2.4. Again, the
minimality of 49 guarantees that ¢;(A’) = A’ for all i < ig and p(A’) = ¢;,(A") = A
is obtained from A’ by an ig-split. Finally, notice that in either case, sgn(p(A)) #
sgn(A) whenever p(A) # A. O

2.4. PROOF OF THEOREM 2.1. Lemma 2.7 tells us that every element A in the poset
ngg is either a fixed point, or is paired with a unique element B € ngg such that B
is a covering of A or A covers it. Thus, equation (21) can be rewritten as:

(23) dr= > (D).

Aechy
p(A)=A

This depends only on the structure of the graph Gft:g, which as remarked earlier, is
non-nesting. In this section we let G := Gﬁ;g be a non-nesting graph on the vertices
{1,2,...,m} and set C(G) := Cg:g, o(G) = Y. Our next task is to describe the
fixed points of ¢: C(G) — C(G) in order to resolve equation (23). To this end, we now
prove some auxiliary lemmas that show how ¢(G) is affected by certain properties

that the graph G may have.

DEFINITION 2.8. Let G be as above. We say that G is decomposible if there exists
a verter 1 < r < m such that there is no arc (a,b) € G with a € {1,...,r} and
be{r+1,...,m}.

LEMMA 2.9. If G is decomposible, then ¢(G) = 0.

Proof. Let r be as in Definition 2.8. We construct a different sign reversing involution
Yr: C(G) — C(G) with no fixed points, and thus the claim will follow. Let A =
(A1,...,Ar) €C(G) and let r € A;. If r+1 € Aj let

wr(Aj) = (Al,. .. ,Aj,l,{min(Aj),. . .,7‘}, {’l” + ].7 e 7max(Aj)}7Aj+1, e 714]€).

Thus by Lemma 2.3, ¢.(A;) € C(G) since 1,(A;) refines A. If r +1 ¢ A, then
r+1=min A; ;. In this case let

wr(A) = (Al, - ;AjflaAj @] AjJrl,AjJrQ, - 7Ak>

Since G is decomposible at  we see that ¢,.(A;) € C(G), as desired. It is not difficult
to check that in either case, ¢, (¢, (A;)) = A;. This completes the proof. O

LEMMA 2.10. If (i,i + 1) € G for some 1 < i < m, then

c(G) = c(Glg,..iy) - ¢(Gliisa,.om})-

Proof. If (i,i+1) € G for some 1 < ¢ < m, then there is no other edge (a,b) € G with
a < i < bsince G is non-nesting. Thus G is formed by the subgraphs G’ = G|;1,... i
and G" = G|i41,...,m} together with the edge (i,7 + 1) that connects G' and G”.
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Moreover, in such case the set C(G) is isomorphic to C(G') x C(G") since for any
A € C(G), i and ¢ + 1 must be separated in A. Hence

(6= Y (-1

AeC(G)

= Z (1) AHAD = (Gl a,iy) - e(Gliita,my)
(A7, A7)eC(GYxC(G)

as desired. 0

From Lemma 2.9 and Lemma 2.10, we can assume from now on that G is non-
nesting, connected and with no short edges, i.e., edges of the form (i,7 4 1). In par-
ticular, such G must contain an edge (1,¢) € G with 2 < £ < m. Moreover, if £ =m
it follows that G = {(1,m)} and the only fixed point of ¢ is the set composition
A=({1},{2,...,m}).

Now, assume that 2 < £ < m. Since G is connected, there must be an edge (a,b) € G
such that 1 < a < £ < b < m. Consider the set of edges {(al,bl),...,(an,bn)} ayel
such that

l<ai<ar< - <a,<l<b<by<---<b, <m.

LEMMA 2.11. With {(al,bl), e (an,bn)} as above, we have that the fixed points of
@ depend only on (ay,by).

Proof. Assume that n > 1 and that A = (A4;,...,A4;) € C(G) is a fixed point of
. We have that A; = {1}; otherwise we could perform a 1-split on A. Similarly,
As = {2,...,r} and thus ¢ < r; otherwise we could perform a 1-merge on A. Also,
¢ < r < by as the edge (a1,b;) can not be contained in As. Moreover, |As| > 2
and {r +1,...,m} has at least two elements. Thus A3 = {r + 1, ...} is nonempty. If
|As| > 1, then we can perform an r + 1-split which contradicts the choice of A. Hence,
As={r+1}. Let c=r+1and Ay = {c+1,...,r'}. If there is no edge (¢,d) € G,
then we would be allowed to do a c-merge on A, contradicting its choice. Thus such an
edge (¢, d) exists. Since G is non-nesting, we have 1 < a1 <€ <c¢< by <b, <d<m.
That is

(24)

Qe
Se

Hence,

(25) A= ({1}3,{2,...,c =1} {c}, {c+1,...,7"},...)
where 1’ > d. Thus, the fixed point A does not depend on the edges (az, b2), . . ., (an, by),
and the claim follows. U

The proof of Lemma 2.11 gives us a necessary condition on the fixed points of .

LEMMA 2.12. Let G be connected with no small edges. If A € C(G) is a fixed point of
p, then

A= ({1342, w0 — 1) {xo) {zo + 1,0 xg — 1}, .o {aon )} {zo + 1, ... ,m))

when ((A) is even, and
A={1},1{2,..., a1}, {zo}, {ma+1, ..., 2a—1}, ... {xor}, {mar+1,...,m—1},{m})

when £(A) is odd. In each case G contains, respectively, edges of the form
{(330790)’ (x17y1)7 LRI (kavak)} with To = 1 and Y2k = m, Or,

{(z0,90); (x1,91)s - - -, (@2k: Y2r)s (T2r41, Y2kt1) } with g = 1 and yaps1 =m
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such that

(i) for 0 <i<k—1 we have r3; < Toip1 < Yoi < Taite < Y2ir1 < Yoito,
(ii) there is no edge (x,y) € G such that xo; < x < Tojy1.

Proof. The case where G has only one edge was considered prior to Lemma 2.11. In
this case, the unique fixed point is A = ({1},{2,...,m}).

If G has more than one edge, Lemma 2.11 tells us that the fixed points of ¢ depend
only on edges of the form (1,¢), (a1, b1) and the possible (¢, d) as in equation (24). If
there is no such edge (¢, d), then G = {(1,6), (a1,b1),..., (an,bn)}, where 1 < a; <
¢ <b; <m and b, =m. For n > 1, we have seen in the proof of Lemma 2.11 that if
there is no arc (¢, d)GGw1th1<a1<an§€<c b1 < b, < d < m, then there is
no fixed point of p. If n = 1, then G = { 1,0),(a,m) } for 1 < a < ¢ < m. Our analysis
shows that in this case there is a unique fixed point A = ({1},{2,...,m — 1}, {m}).
Here ¢£(A) = 3 is odd, k = 0 and again all the conditions of the lemma are satisfied.

Assume now that G has an edge (¢,d) as in equation (24). Since for j > 1, the
edges (a;,b;) do not play a role in our analysis of the fixed point of <p, we can omit
them. Let (a,b) = (al,bl) and consider the set of arcs {(cl,dl), (cn,d } e
such that ¢ < c; < b < d; < m. We now have

(26) G=

o o '.. .. °
1 < a £ ¢ < ca<-<tn £ b < di<<dp, < M

For each 1 < j < n—1, a potential fixed point according to Equation (25) would need
to be of the form

(27) A=({1},{2,...,¢; =1}, {e;} {c; +1,...,rh {r+1,...},..)

where d; < r < djy1. The second inequality comes from the fact that we are not
allowed to have cj;1 and d;j4 in the same part. Hence if A is a fixed point it must
have the form described in Equation (27) and we must have

{(z0,90), (1, 91), (22,92), - } = {(1,0), (cj,dj)... } CG,

where 1 < a < € < ¢; <b < d; and there is no edge (x,y) € G such that 1 < & < a.
The remaining structure of the fixed point in Equation (27) depends only on the
structure of the smaller graph G |{cj,.4.,m}' The result then follows by induction on the
size of G. g

Now that we have a better understanding of the possible structure of the fixed
points of ¢, it may appear that there are many possibilities. It turns out that there
could be at most two fixed points of different parity.

Proof of Theorem 2.1. Let A be a fixed point of p. Assume first that ¢(A) is even.
Lemma 2.12 gives that we must have edges {(xg,yo), (z1,91),-- -, (xgk,yzk)} caG
satisfying the conditions (i) and (ii). If & = 0, then G = {(1,m)} and there is a
unique fixed point A = ({1},{2,...,m}). Now assume that & > 0, in which case
yor, = m and the edge (xo,yor) is determined. With ¢ = k — 1 in condition (i) of
Lemma 2.12 we have

(28) G= e .
. ° ° ) [ [ ‘®
1 Tok—2<T2k—-1LY2k—2< T2k LY2k—-1< Y2x=M

and condition (ii) on the edges (zor—2,y2x—2), (Tak—1,Y26—1) must also satisfy the
condition (ii) of Lemma 2.12. Thus these edges (zar—1,¥y2r—1) and (Tag—2,Y2k—2)
are uniquely determined and are such that they bound the vertex zor on the
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right and on the left, respectively, ie. yopr_o < xor < Wop_1. In this way,
{(xzk,g, Yok—2)s (T2p—1, Y2r—1), (Tak, ygk)} are uniquely determined. Now we can
repeat the process with ¢ = k — 2,k — 3,...,0 in condition (ii) of Lemma 2.12 to
successively determine the edges {(xo, Y0), (X1,Y1)s - - -, (Tok, ygk)} C G, and the
partition A is given as in Lemma 2.12.

The case when the fixed point A has odd length is very similar. The condition (i)
of Lemma 2.12 gives yor4+1 = m and hence determines the edge (xogt1,y2x+1) - Then
condition (ii) of Lemma 2.12 with ¢ = k—1 determines uniquely (if it exists) (zax, yor)
as the rightmost edge of G such that yor, < yor+1. Once xo is determined we continue
the process as above with i« = k — 2,k — 3,...,0 to determine uniquely, if possible,
all the other edges. Again, if at any time in the process we fail, then there is no fixed
point with ¢(A) odd. If we do not fail, there is a unique fixed point with ¢(A) odd.

In conclusion, there are four possibilities. We could have no fixed point and in this
case ¢(G) = 0; we could have exactly one fixed point of odd length and ¢(G) = —1; we
could have exactly one fixed point of even length and ¢(G) = 1; or we have exactly two
fixed points of different parity each and ¢(G) = 0 in that case. In all cases Theorem 2.1
follows. O

EXAMPLE 2.13. It is not hard to obtain examples with zero or one fixed point. The
smallest example with two fixed points is for n = 12

(29) o
[ ) [ )

9 10 11 12

An even fixed point is given by the arcs {(1,3),(2,6), (4,8),(7,11),(9,12)} and the

odd fixed point is given by {(1,3), (2,6), (5,10),(9,12)}. The arc (9, 12) is determined

and the odd or even fixed points are determined from there.

REMARK 2.14. Once a non-nesting graph G is given, the value of ¢(G) is very effi-
cient to compute. Lemma 2.9 gives us that ¢(G) = 0 if G is decomposible. Then we
decompose G according to Lemma 2.10 into components G’ with no short edges. For
each component, we follow the procedure in the proof of Theorem 2.1 to determine if
there is an even and/or an odd fixed point. This gives us quickly the value of ¢(G’)
for each component G’.

REMARK 2.15. The graph G = G2¥ is in fact the element (12---m,g) of L x G[m]
where 12---m is the natural order on [m] = {1,2,...,m} and g = G. Let e denote
the graph with no edges. The reader can verify using the analysis above that cgf; =

12---m,e

C12..m g Where ¥ is the coefficient of (8,y) in S(«, z) for the antipode of L x H and
cgﬁz is the coefficient of (12---m,e€) in S(12---m,g) for the antipode of L x G.
The antipode of a general linearizable L x H can be compute from the Hopf monoid

L x G. This situation is analogous to Theorem 3.7 below.

3. ANTIPODE FOR COMMUTATIVE LINEARIZED HoPF MoONOID H

In this section we show new antipode formulas for a commutative and cocommutative
linearized Hopf monoid H. Our formulas for the antipode of H lead to formulas
for the antipode of the Hopf algebra K(H). We also aim to introduce a geometric
interpretation related to our antipode formula in terms of certain faces of a polytope
in the spirit of the work of Aguiar and Ardila [1]. To achieve this, first we give a
formula for the antipode in terms of orientations of hypergraphs in Section 3.4. The
geometric interpretation related to our antipode formula appears in a sequel paper
with J. Machacek [8].
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3.1. TAKEUCHI’S FORMULA FOR H. Let H be a Hopf monoid linearized in the basis h.
Again, we intend to resolve the cancellations in the Takeuchi formula for the antipode
of H. For a fixed finite set I let € h[I]. From (5) we have

(30) Sr(@) =Y (-D)Wpala@) = > (-1)Pay,
AT Al=T
A a(x)#0
where for (Aq,...,A;) E I and As(z) # 0 we write z4 = pal4(x) € h[I]. These
elements are well-defined since H is linearized in the basis h. We can thus rewrite
equation (30) as

(31) Sr@)= > | Y (=)' |
y€eh[I] Al=1
TA=Y
Let
CY={AEIT:z4=y}.

So far we have not considered the commutativity of H. In general we have no
control on the set C¥, but when H is commutative and cocommutative, our next
theorem is a new formula for the antipode of H. The result and its proof are very
similar to analogous results in [10, 12]. In order to state this result, we need some
more notation. Given z,y € h[I] such that C¥ # &, choose a fixed minimal element
A = (A1, Ag,...,Ay) in CY under refinement. We will see in Lemma 3.3 that A is
unique up to permutation of its parts, hence let Ap(z) = zp, @ --- @ xp,, # 0. The
cocommutativity of H implies that for P = A; C I the element 2p = x5, in Ap(z) =
A, ® - @ xp, is well defined by the first component of the tensor Ap . p(x) =
zp @ xr_p- Recall that a hypergraph G on a vertex set V is a certain collection E of
subsets of V. The elements of E are called hyperedges and the hypergraph G is simple
if £ is multiplicity free. We now define a simple hypergraph G¥ on the vertex set [m)]
such that U C [m] is a hyperedge of GY if and only if

(32) H TA, 7 TUsep Ay and V(P cU) H TA, = TUjephs-
€U i€EP
Up to reordering of the vertices {1,2,...,m}, commutativity, cocommutativity and

Lemma 3.3 will guarantee that G¥ does not depend on our choice of A.

THEOREM 3.1. For H a commutative and cocommutative Hopf monoid linearized in
the basis h, we have

(33) Si(x) = Y a(Ghy,

y€h[J]

where a(GY) is a signed sum of acyclic orientations of the hypergraph GY. defined in
Section 3.4.

REMARK 3.2. If GY is a graph, that is, any hyperedge U € GY is such that |U| = 2,
then every acyclic orientation will have the same sign, as seen in Example 4.2. Hence
the theorem above gives a cancellation free formula similar to the antipode as shown
n [16]. In general it will not be cancellation free but it is the best generalization,
to our knowledge, for hypergraphs and to a large class of Hopf monoids and Hopf
algebras.
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3.2. STRUCTURE OF CY AND ITS HYPERGRAPH GG¥. Before we prove Theorem 3.1 we
need to establish some properties of C¥ = {A EI:z4= y} This will allow us to

determine the coefficient of y in S(x) given by
(34) =) (-1)'™.
Aec?

LEMMA 3.3.If A and A in CY are two minimal set compositions under refinement,
then A is a permutation of the parts of A. Conversely, any set composition obtained
by a permutation of the parts of A belongs to C¥ and is minimal.

Proof. Given any B = (By,Ba,...,Bx) € CY and any permutation o: [k] — [k],
we have that o(B) := (B,q),- .-, Bo)) € C¥. Indeed, this follows from commuta-
tivity and cocommutativity since z,py = g = y. Now if A = (Ay,...,Ay,) € CY
is a minimal set composition under refinement, then o(A) is in C¥ for any permu-
tation o: [m] — [m]. Furthermore o(A) must be minimal under refinement for if
B < o(A) such that B € C¥, then we can find a permutation 7 such that 7(B) < A
and 7(B) € C¥. This would contradict the minimality of A. This shows the second
part of the lemma.

Now suppose A = (Ay,...,Ay) € CY is another minimal set composition under
refinement. Assume that A # o(A) for any o. We claim that there is a rearrangement
of the parts of A and A such that @ # Uy := A; N Ay # A;. If not, then for all 4, j
such that 4; N A; # @ we would have A; N A; = A; and this would imply that a
permutation of A is a refinement of A, a contradiction. We can further rearrange the
parts of A such that U, ;= A1NA; #Tforl <i<rand A;NA; =2 forr <i<m.
As in Equation (19), for T = A U--- U A, we have
(35) y=aa=pia, 784, 7(74)

Let V; = A;~\U; = A, NT for 1 < i < r. As in the proof of Lemma 2.2, we claim that
the set composition
C=U, V1, .., U, Vi, Apr . A < A,

(we remove any occurrence of & parts), and C belong to C¥. The refinement is strict
since U; # A; and this contradicts the minimality of A, hence no such A exists.
To show our last claim, we apply Equation (35) to zp = y = xa. Let A =
ANUA U UA,, Ui = AN A, and Ty, = T N Ay, we have
(36) Y= pa, 1A, 7(TA) = A, TAAL THAL Ag o (LA, @ Ha,,.. A, ) AN (T).
We now apply the compatibility (4), associativity and commutativity to obtain
A, TAA THAL Ag o,
= pa, (WU, Uy @ 1y To ) (U, @ Tvy U, @17, ) (Auy vy @ Avy o Ty0,0)
= WU, Vi Uz Toon AUy v @ Auy, 10,,)
= UAs A (11U Vi AUV @ By Ton AU Ty ) -
Putting this back in Equation (36) we get
Y= Lay A (U Vi AUV @ Uy T DUz T ) (LAy @ B(As, Ay ) DA (T)
= 1Ay Mg (MU Vi AUV © WU T AUy T (A A ) ) DA (T).
If r =1, then Us.., = @ and py,. .1, = Dv,., 1y, = 11, . In this case we get
Y = By Mg (U0 Vi AUV @ A, ) A ()
= [Ay Ao (UL VE @ [N, A) ) (AU v @ 1a, @ -0 @1, )An(T)
= pcAc(z) = zc.
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If » > 1, then we repeat the process above with py, . 7,.,.Av,. ., T W i(As,....A,,) fOT

2 < i < r and we obtain y = x¢ in all cases. This shows that C' € C¥ contradicting
the minimality of A. O

We now consider the analogue to Lemmas 2.3 and 2.4 for H.

LeEMMA 3.4.If CY # @, then for any A € CY and A € CY minimal, we have that
[A, Al CCE.

Proof sketch. If [A, A] = @, then the lemma is trivially true. If A < A, then the
proof is exactly as in Lemma 2.3. This shows that CY is a lower ideal in the order

Uses, [, (1)) O
aA, (I)].

The next lemma shows us how C¥ cuts off from (J,cq [

LEMMA 3.5. The minimal elements of (|
of set compositions of the form

( U Ai7Av17A’U2a cee 7A’Ur)
€U

ves, (oA, (I)]) \CY are all the permutations

for some U € {1,2,...,m}, where r =m — |U| and {v1,...,v.} = I\ U.

Proof sketch. This proof is a direct adaptation of the proof of Lemma 2.4. It is clear
that the upper ideal (|, s, [oA (1 )]) N CY is invariant under permutations. Let
B e (Uaesm [cA, (I)]) \ CY be minimal. If B has more than two parts that are not
single parts of A, then let o € S, be such that A < B and proceed as in the second
part of the proof on Lemma 2.4 to reach a contradiction. O

We now define the hypergraph G¥ associated with C¥. For fixed = and y, Lemma 3.5
gives us a set of subsets U C I defining CY. Let

GY ={U C I : U minimal . .
v={UC minimal, Zle_([]m/\l # ineuAi}
In general, G¥ is such that all of its hyperedges have cardinality at least 2 and if
U € GY then for all U C V C I, we have V ¢ GY. this second property follows from
the minimality of the element of ({J oA, (I)]) N CY. The hypergraph GY is thus,
as defined in Equation (32).

(TESm[

EXAMPLE 3.6.Let HG be as in Section 1.5. Consider I = {a,b,c,d,e} and pick
v = {{b,c},{a,be},{a,d, e}, {b,c,e}} and y = {{b,c}} in hg[I]. We can represent z

and y as follows:
Tr = dYX\ y — d €
a b N a b

Up to permutation, the minimum refinement of C¥ is A = (a,be, d, €). Since A has 4
parts, the hypergraph GY is build on the set {1,2,3,4}. We have that zp.xe # Toce
and Z,TqTe # Tade- Those are the only minimal coarsening of parts of A that yield
such inequalities. Hence GY = {{1,3,4},{2,4}}. We represent this as follows:

QY — 3
r y4/—\2
1

We now identify the set compositions in (J,cg [0A,(I)] with the set composi-
tions in (J,cq [(0(1),...,0(m)),(12---m)]. There are 4! minimal elements with
four parts. There are 30 compositions with 3 parts, namely all the permuta-
tion of (12,3,4),(13,2,4), (14,2,3),(23,1,4),(34,1,2). We have removed here all

~ ¢
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the permutations of (24,1,3). With 2 parts we have all the permutations of
(123,4),(12,34), (14,23) for a total of 6. We have removed the permutations of
(134,2) and all the coarsenings of permutations of (24, 1,3). Here

) =24-30+6=0.

The identification between ¢ [0A, (I)] and U,¢g, [(0(1),...,a(m)), (12---m)]
shows that computing c¥ is equivalent to computing the coeflicient of €, the hypergraph
on [m] with no edges, in the antipode of G¥ in the Hopf monoid of hypergraphs. This
implies the following theorem.

THEOREM 3.7. Given H a commutative and cocommutative Hopf monoid linearized
in the basis h, let x,y € h[I]. We have that")

€
z/y

where € is the hypergraph on [m] with no edges and x/y = GY is the hypergraph given
in (32).

REMARK 3.8.In [1], the authors also consider a Hopf monoid of hypergraphs. In is
important to notice that our Hopf monoid HG is cocommutative whereas the Hopf

monoid considered in [1] is not. In particular, the antipode formula for hypergraphs
in [1] differs from ours.

Yy
c, ==¢C

3.3. A DIFFERENT FORMULA FOR c¥. Although the results in this section are not
needed for the proof of Theorem 3.1, we present them as an application of Section 2.
Using Remark 2.14 we now give a more efficient formula to compute c¥. In order to do
this we decompose the poset C¥ into disjoint suborders, one for each permutation of
S, where as before, we identify CJ with a lower ideal of (J,cg [0, (12---m)]. Given
A = (A1, A, ..., Ay) € CY, we obtain a unique refinement o(A) < A by ordering
increasingly each of the parts A; and then splitting them into singletons. For example
if A= ({2,5,7},{1},{3,4,9},{6,8}), then o(A4) = (2,5,7,1,3,4,9,6,8). Let

Cl,={AeCl:0(A) =1}
With these definitions in mind we state the following proposition.

PROPOSITION 3.9. For any x,y € h[I] such that CY # @, let A = (Aq,...,Ay) € CY
be a fired minimal element. We have that

= Z C(GI’;mm»I/y)
TESm
where € is the hypergraph on the set [m] with no edges and x/y = GY is the hypergraph
given in Equation (32).

Proof. From the definition of C¥ it is clear that CY = ), g C¥ . For a fixed 7, we
have that A € CY _ if and only if

T=(12---m)|a and Gyl =e
This gives
S (D = oG )
AeCy
where c(GI’;’”m’I/y) is the coefficient of (7,¢€) in the expansion of S(12---m,x/y) for
the Hopf monoid L x HG with HG as defined in Section 1.5. U

(DThe reader should be aware of the abuse of notation here: on one hand ¢’ is an antipode
coefficient in the Hopf monoid H, on the other hand c;/y is an antipode coefficient in the Hopf

monoid HG.
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Theorem 2.1 tells us that C(GI’;_m m/y) is 0 or 1. Proposition 3.9 gives us an
interesting new way to compute antipodes, as a sum over permutations instead of a

sum of set compositions.

EXAMPLE 3.10. We compute the coefficient of the hypergraph € in the antipode S(z)
of the hypergraph x = {{1,2,4}7 {2,3,4}} € HGI4]. Let 7 = 1243 and recall the

T,€

construction of the graph G = G1234)I/6 as in Example 2.5. This is a graph on the
ordered vertex set 1243 such that there is an arc (i,7 + 1) for each descent 7(i) >
7(i + 1). Also, we draw an arc (i,7) for each hyperedge U € G where i = min,(U)
and j = max,(U) are the minimum and maximum values of U according to the order
7. Then we erase all drawn arcs that contain a nested arc. With 7 as above, we have
the arc (4,3) from the descent of 7 and the arcs (1,4) and (2, 3) for the hyperedges
{1,2,4} and {2, 3,4} respectively. Then we erase the arc (2,3) since it contains the
nested arc (4,3). The resulting graph is

1243,
G=G €

12340/

where the dotted arcs correspond to the removed edges. Then we get
o(G) = c(Glaa) - c(Gls) = (1) - (=1)

where the first equality comes from Lemma 2.10 and the second equality follows
by Lemma 2.12 since the only fixed point adding up to ¢(G|124) is the composition
(1,24), which contributes to 1; similarly, the only fixed point adding up to ¢(G|3) is
the composition (3) which contributes to (—1). For different 7’s in this example, we
get a decomposible graph and Lemma 2.9 gives us ¢(G = 0 in those cases. For
example,

T,€ )
1234,z /€

G1342,¢

1234,2/e . .  [\ :

1 3 4 2

Removing the dotted arcs produce a decomposible graph; hence the result is zero. The
only permutations 7 that will contribute non-trivially are 1243,2341, 3124, 4321 with
signs —1, —1, —1, 1 respectively. Hence the coefficient of € in S(z) is —1—-1—-1+1 = —2.

3.4. ¢/ AS A SIGNED SUM OF ACYCLIC ORIENTATIONS OF SIMPLE HYPERGRAPHS.
We now turn to Theorem 3.1 to get an antipode formula for ¢ as a signed sum of
acyclic orientations of the hypergraph G¥. When GY is a graph, then we will recover
the formula of Humpert and Martin [16]. If GY is an arbutrary hypergraph, then the
antipode formula may still have cancellation but, in sequel work [8], we make sense
of this formula geometrically. Recall that GY is a hypergraph on the vertex set [m] as
defined in Equation (32). The ordering of the vertex set depends on a fixed choice of
minimal element in CY.

DEFINITION 3.11 (Orientation). Given a hypergraph G an orientation (a,b) of a hy-
peredge U € G is a choice of two nonempty subsets a,b of U such that U = aUb and
anb=g. We can think of the orientation of a hyperedge U as current or flow on U
from a single vertex of a to the vertices in b in which case we say that a is the head
of the orientation a — b of U. If |U| = n, then there are a total of 2™ — 2 possible
ortentations. An orientation of G is an orientation of all its hyperedges. Given an
orientation O on G, we say that (a,b) € O if it is the orientation of a hyperedge U
in G.
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ExaMPLE 3.12. With G = {{b, ch{a,b, e}, {a,d,e, [}, A, c}}, we can orient
the edge U = {a,b,e} in 23 — 2 = 6 different ways; three with a head of size 1:
({a},{b,e}), ({b},{a,e}), ({e},{a,b}), and three with a head of size 2: ({b, e}, {a}),
({a, e}, {b}), ({a,b},{e}). We represent this graphically as follows:

€

. e e
be %€
LA/\/ N
a b b b 4 bab

To orient G, we have to make a choice of orientation for each hyperedge. For example

we can choose O = {({b}, {c}), ({a}. {b.¢}), ({a, e}, {d. f}), (A}

and we represent this as

G/O= e
TS0

In general, given a hypergraph G on the vertex set V' and an orientation O of G,
we construct an oriented (not necessarily simple) graph G/O as follows. We let V/O
be the finest equivalence class of elements of V' defined by the heads of O. That is,
the transitive closure of the relation a ~ a' if a,a’ € a for some head a of O. For
each oriented hyperedge (a, b) of O, we have |b| oriented edges ([a], [b]) in G/O where
[a], [b] € V/O are equivalence classes and b € b.

DEFINITION 3.13 (Acyclic orientation). An orientation O of G is acyclic if the oriented
graph G/O has no cycles.

EXAMPLE 3.14. Let G = {{1,2,4},{2.3,4}} be a hypergraph on V = {1,2,3,4}. As
we can see the orientations O = {({4},{1,2}), ({2,4},{3})} and O" = {({4},{1,2}),
({2,3},{4})} are not acyclic, but 0" = {({4},{1,2}), ({4},{2.3})} is acyclic:

VA ~ 0 AT
G/(’) GO G/O"

Out of the possible 36 orientations of G only 20 are acyclic:

{({47,{1,2}), ({43, {2,3D}; - {({4},{1,2}), ({3}, {2,4}
{({25,{1,4)), ({21, {3,4D}; - {({2},{1,4}), ({2, 3}, {4}
E{l},{2,4} 75{2},{3,4} {1},{2,4}), ({2, 3}, {4}
( (

( ( )
) kAl ). ( )}
) kA ). )}

{120, {4), (81 42.4D) {({1.2},{4). ({21, {3.4)) %

{141,020, (81 42.4D) {14} {2). (13,4}, £2D);
({43, {121, (3.4}, 2DF: - {({2), (1.4). ({3}, {2,4})}
({1} {2,4)), ({4, {2.3D)) - {( ). )}
( ). IR ). )}
( ). IR ). )}

{
b A
hoA
hoA
}7 { ;
}7 { {1}7{274} ) {3}7{2v4} ;
{1}.{2,4}),({2,4}, 3H}:  {({1},{2,4}), ({3,4}, {2}
{12} {4}), ({2,3},{4H}:  {({1,4},{2}). ({4}, {2,3})};

{({2,4},{1), ({31:{2,4D) ) {({2,4},{1}), ({2,4}, {3D)}-

Our next lemma will show that for every set composition A € CY there is a unique
acyclic orientation of G¥. Conversely for any acyclic orientation there is a least one
A= (A41,As,...,Ar) € CY that gives that orientation. Denote by DY the set of acyclic

b b

{
{
{
{
{
{
{
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orientations of GY, and consider the following surjective map : C¥ — OY. For any
1<i<llet Ay =A;UA;11U---U A, and let G/O; ¢ be the restriction of G/O to

the set A; o.

LEMMA 3.15. Let x,y € h[I] and let GY be the hypergraph on V = [m] as defined
before. The map 2: C¥ — OY defined as follows is surjective:

(a) Forany A = (A1, A, ..., Ay) € CY let Q(A) be the unique element in OY such
that for any U € GY the orientation of U is given by (U N A;, U \ A;) where
i=min{j: A;NU # @}.

(b) For any O € OY, there is a unique Ao = (A1, As,..., Ay) € C¥ such that
{A1,As,..., A} =V/O and A; is the unique source of the restriction G/O; ¢
such that min(A;) is mazimal among the sources of G/O; . Thus, Q(Aop) =
0.

Moreover, V/QUA) is a refinement of {A1, Aa, ..., As}.

Proof. For part (a), let A = (A;, As,...,As) € CY. From Theorem 3.7, we have that
A must break every hyperedge of G¥. In particular, for any part A; of Aand U € G,
we always have A; NU # U. Hence (UN A;,U N\ A;) for i = min{j : A; NU # &}
defines a proper orientation of each edge of G¥. Thus we obtain an orientation O of
GY. By construction, each head a of O is completely included within a part A; for a
unique part 1 < ¢ < £. This implies that V/O refines {A;,..., A¢} and it allows us
to define a function f: V/O — {1,2,...,£} where f([a]) = if and only if [a] C A,.
By the way O is constructed we have that for any ([a], [b]) € G¥/O the function f is
such that f([a]) < f([b]). This implies that G¥/O has no cycles. Hence O is acyclic.

For part (b), let O be an acyclic orientation on GY. It is clear that the set compo-
sition Ay is well defined for G/O. We need to show that part (a) applied to Ao gives
back 0. We have that {A,..., A} = V/O. Hence for any (a,b) € O we must have
a C A; for some unique 1 < i < £. We claim that

Aj Nnb # %) - j>1.
If this were not the case, then there would be j < i such that A; Nb # @. This means

there is an edge from A; to A; in G/O,,, which contradicts the fact that A; is a
source of G/Q; ¢; hence j must be such that j > 1. g

THEOREM 3.16. For any x,y € h[I] such that CY # & we have
= Z (,1)5(140)_
0edY

Proof. Our proof will be similar to the one appearing in [12]. First we use the surjective
map  from Lemma 3.15 to decompose the formula (34)

=D ()P =73" 1 > (-n®

Becy 0eo¥ | Becy
Q(B)=0

For any fixed orientation O, we thus have to show

Z (=1)'B) = (—1)Ae)

BecY
Q(B)=0

Let CJ » = {B € CJ : Q(B) = O}. As in [10, 12], we construct a sign reversing
involution ¢: C , — C; ,, such that
(A) ¢(Ap) = Ap is the only fixed point,
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(B) for B # Ao, we have £(¢(B)) =¢(B) £ 1.

If B # Ap, then we have from Lemma 3.15 that each part of Ay is included in a part
of A. Let Ao = (A1, As, ..., Ay) and B = (By, Bs, ..., Bi). We define

fB: {Al,AQ,...,A[}—>{B1’BQ7...7B]<;}

as the function such that A; C f(A;). Since B # Ao, we have that fp # Id. Find
the smallest i such that f'(B;) # {A;}. Let G/O;, be the restriction of G/O
to the set A;,. All the elements in f5'(B;) are sources in the graph G/O;,. By
Lemma 3.15(b), we have that min(A4;) is the largest among the sources of G/O; ».
Since fz'(B;) # {A;}, there must be a source A, € fz'(i) such that min(4,) <
min(A;). Let X € f5'(B;) be such that min(X) < min(A,) for all 4, € fz'(B)).
We then find the smallest j > i such that A, € fz'(B;) is a source of G/O;, and
min(A,) > min(X). Such j exists since G/O, ; contain at least one source, namely
A;, such that min(A4;) > min(X). We let

U=<Zc¢c fz"(B;): 3V asource of G/O; 4, a path from Y to X
and min(Y) < min(X)

If U = @, then j > i since X ¢ U. In this case we remark that our choice of j
implies that for all A, € f5'(B;), the element A, is connected to a source Y where
min(Y) < min(X). Hence, there is no edge (Y, X) in G/O; ¢ where Y € f5(Bj_1)
and X € f5'(B;). If U = @, then we define

(37) ¢(B) = (B1,...,Bj_2,Bj_1UBj,Bj1,...,By).

Let B' = ¢(B). It is clear that ¢(B) = B’ € C} ,, with {(B') = ¢(B) — 1. Moreover

f5'(Br) ifr<j—1,
[ (Br) =1 f5' (Bi—) U f5'(B;) ifr=j-1,
f5(Bria) ifr>j—1

Repeating the procedure above for B’ we will obtain ', X', 7/, U’ in such a way that
i'=i, X' =X,j =j—1land U’ = f5'(B;_1) # @. Now we consider the case when
U # @. Reversing what we did, let U¢ = fgl(Bj) N U. All the Z € U are connected
to a source Y of G/O; , with value min(Y) < min(X). Since there is no edge e of
G/O; 4 such that e is incident to a vertex in U and a vertex in U¢, then

(38) QD(B) = Bl = (Bh RN ijlv ZLEJU Z7 Z(L€JUC Z/7 Bj+1, ceay Bk)

Remark that now ¢(B’) = ¢(B) + 1. Moreover

f5'(Br)  ifr<j-1,
U if r =7,

Ue ifr=j+1,
fg'(Bro1) ifr>j+1

flg’l(Br) =

and for this B’ we will obtain ¢/, X', 7/, U’ in such a way that ¢/ =i, X' = X, j' = j+1
and U’ = @. The map ¢ is thus the desired involution. O
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ExXAMPLE 3.17. Let us revisit Example 3.10 in the Hopf monoid of hypergraphs. Let
T = {{17 2,4}, {2, 3,4}} be a hypergraph on the vertices {1,2,3,4}. A full computa-
tion of the antipode gives us

3 3 3 3 1 3
(YA - (YA ) (Y ) [ A
27 1 2 1 2 1 2 1

The coefficient —2 in front of the empty hypergraph € was computed in Example 3.10
using 4! permutations. Here we do so by means of Theorem 3.1 and the 20 acyclic
orientations of Example 3.14. Lemma 3.15 (b) tells us that each of those orientations
is paired with one of the following 20 set compositions (respectively)

(4,3,2,1);  (3,4,2,1); (34,2,1); (3,2,4,1);
(274737 1); (23’47 1); (174’372); (37174’2);
(17274’3); (1,23’4); (172473); (173472);
(3,12,4);  (12,4,3);  (123,4);  (14,3,2);
(3,14,2);  (134,2);  (3,24,1); (24,3,1).

There are 9 even length set compositions in this list and 11 odd length. The coefficient
is indeed 9 — 11 = —2. For the coefficient of x in S(z), we remark that x/z is a single
point with no edges. There is a unique orientation of 2/x and it is represented by a
set composition with a single part. Thus the coefficient is —1. For y = {{1, 2, 4}}, x/y
is a graph on two vertices, say u and v, with a single edge between them and thus it
has two acyclic orientations, which correspond to the set compositions (u,v), (v, u).
Hence the coefficient is 2. The same argument applies for y' = {{2,3,4}}.

2 1

4. SOME APPLICATIONS WITH HOPF ALGEBRAS

In this section, we will consider some examples of antipodes corresponding to some
combinatorial Hopf algebras. We recover results from [1, 7, 9, 10, 16], and derive some
new formulas.

4.1. ANTIPODE IN THE COMMUTATIVE CASE H = K(H). We now consider some

commutative and cocommutative Hopf monoid H and look at the antipode of H =
K(H).

ExAMPLE 4.1. Consider the Hopf monoid 7r in Section 1.3 and the basis 7. Given a
set partition X € w[I] and any set composition A = I we have that X4 = X if a
permutation of X refines A, and X 4 = 0 otherwise. This means that the only term
in S(X) is X and its coefficient is c¢5¥. A minimal A in C¥ is X with some ordering
of its parts. The hypergraph G¥ has m = | X| vertices and no hyperedges. If we use
Theorem 3.16, there is a unique orientation of G and its sign is (—1)™.

If instead we use Proposition 3.9, we sum over the permutations 7 of m where

15...m,c has only short edges (i,i + 1) for each descent 7(i) > 7(i 4+ 1) of 7. This
graph is decomposible unless 7 = (m,m — 1,...,2,1) for which ¢(G3..,,, /) = (=1)".

The Hopf algebra KC(7) is the space of symmetric functions Sym and the basis ele-
ment K(X) = pyype(x) i the power sum basis where type(X) = (| X1], | Xz, ..., [ Xm|)
written in non-increasing order. This gives the well known antipode formula S(py) =

(=1)"Mpx.

ExaAMPLE 4.2. Consider the Hopf monoid G from Section 1.4 with basis g. Given a
graph = € g[I] and A = T we have that x4 = y is a subgraph of = and in fact,
subgraphs y obtained in this way are also known as flats of . A minimal element
A in CY is given by any ordering of the equivalence relation I/y where a,b € I are
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equivalent whenever there is a path in y connecting them. The hypergraph GY is the
simple graph z/y, obtained by contracting x along the edges of y. It is a graph on
the vertex set V = I/y and edges {[a], [b]} whenever [a] # [b] and there is an edge
{a’,b'} in x such that ' € [a] and ¥’ € [b]. Since GY has no hyperedges U such that
|U| > 2, all orientations O of GY are such that V/O =V, since the head of each edge
has cardinality 1. Hence in Theorem 3.16 we have that {(Ap) = |V| = |I/y| for each
O. No cancellation occurs and we recover the formula in [10, 16].

ExAMPLE 4.3. We can extend the previous example to a Hopf monoid SC of abstract
simplicial complexes. A simplicial complex on a set I is a collection x € 27 such that

Verx = Uexz, YUCV,|U|>1.

In this way, simplicial complexes extend the notion of graphs and it is a subfamily of
hypergraphs. Now let sc[I] be the linear span of all simplicial complexes on I. The
product and coproduct of HG, as defined in 1.5, restricts well to SC. Hence, SC is
a monoid of abstract simplicial complexes with basis sc.

Given z € sc[I] and any set composition A |= I we have that z4 = y is a simplicial
subcomplex of . A minimal element A in C¥ is given by any ordering of the equivalence
relation I/y where a,b € I are equivalent whenever there is a path in y connecting
them. The hypergraph GY is the simple graph given by the 1-skeleton of x/y, where
x/y is obtained by contracting x along the all hyperedeges of y. It is a graph on the
vertex set V' = I/y and edges {[a], [b]} whenever [a] # [b] and there is an edge {a’,b'}
in z such that o’ € [a] and b’ € [b]. Since GY is a simple graph, all orientations O of
GY are such that V/O = V. Hence Theorem 3.16 gives {(Ap) = |V| = |I/y| for each
O. No cancellation occurs and we recover the formula of [9].

REMARK 4.4. As seen in Examples 4.2 and 4.3. the antipode formula in the Hopf
monoid SC is a lifting of the antipode of G. Thus, it is natural to ask if such a lifting
can be done to find an antipode formula in HG. This case, however, is more intricate
as lots of cancellation occur in Theorem 3.16. Many of these cancellations are resolved
in [9].

EXAMPLE 4.5. (suggested to us by J. Machacek) Given a hypergraph G, we say that
aoimlﬂ)---ﬂmg is a path of G if a;—1 # a; and {a;—1,a;} C U; € G for each
1 < i < 4. We say that a path is proper if all the hyperedges U; are distinct. A proper
cycle in G is a proper path such that ag = ay. A hypergraph is a hyperforest if it does
not contain proper cycles. Let us consider the family of hyperforests. Let hf[I] be the
set of hyperforest on I. It is not hard to check that the operations of HG restrict
properly in the subset of hyperforests. Hence we have HF the hopf submonoid of
hyperforests of HG with basis hf.

Given a z € hf[I] and any set composition A = I we have that f4 = h is a
subforest of f. A minimal element A in C’]} is given by any ordering of the equivalence
relation I/h where a,b € I are equivalent whenever there is a path in h connecting
them. The hypergraph G'; is the hyperforest given by f/h, the contraction of f along
all the hyperedeges of h. Any two vertices of G’} that are connected, will be so via a
unique proper path. Since it is a hyperforest, any orientation of G? is acyclic and will
contribute to the computation of the coefficient in Theorem 3.16.

PROPOSITION 4.6. Let k = |G}}| and ¢ be the number of connected components of
G?-. Then

Cf:

5 (-1)(=2)k ifvU € G'} we have |U| is even,
0 otherwise.
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Proof. We give a proof based on a sign reversing involution on acyclic orientation of
G}‘. As in Theorem 3.16 let D? denote the set of acyclic orientation of G}}. As we
remarked above, for a hyperforest, these are all the orientations of Giﬁ.

Recall from Section 3.4 that G’} is thought of as a hypergraph (here a hyperforest)
on V = [m]. We now define a sign reversing involution ®: D? — D?. Given an
orientation O of G'}, if possible, find the largest element z € V such that for some
(a,b) € O we have z = max(a U b) and

(39) (z€a, |aj>1) or (z€b, [b]>1).

Then choose (a,b) € O such that a U b is lexicographically maximal among the
hyperedges that satisfy (39). We then define ®(O) = O’ where O’ is obtained from
O after replacing (a,b) by (a~ {z},bU{z}) if z € a, or (aU{z}, b\ {z}) otherwise.
It is clear that ® is an involution that toggles the maximal element of the orientation
of a hyperedge between the two situations in (39). If no such z exists, then define
(0)=0.

We now show that ® reverses sign, except in its fixed points. First recall from
Lemma 3.15 that {(Ap) = |[V/O|. Assume ®(O) = O’ # O and let z and (a,b) be
as above. In the situation where z € a, we now have (a \ {z},bU {z}) € O’ and
the rest of the orientations are the same as in . Since there exists a unique proper
path between any two equivalent vertices in the equivalent classes [a]p containing z in
V/O, this class will break in exactly two classes [a \ {z}]o’ and [{z}]o/ in V/O'. All
the other classes of V/O and V/O' remain the same. Hence (—1)(40) = —(—1)4Ao’)
and ® is sign reversing in this case. The argument in the other case is similar.

The involution ® reduces the identity in Theorem 3.16 to

=Y (-1

To finish the proof, we need to describe the fixed points of ®. If there is no z satisfying
equation (39), then for all (a,b) € O and z = max(a U b) we have

(40) a={z} or b={z},

and the orientations O that satisfy (40) are the fixed points of ®. If |G’}| = 0, so that
G? has m = ¢ vertices and no hyperedges, then c’} = (—1)¢ as desired. If |G?| > 0,
then let U € G’; be any fixed hyperedge. For instance, pick U to be lexicographically
maximal in G? and let z = max(U). In any orientation of G’; fixed by ® we can toggle
the orientation of U between the two situations in (40) and still get a fixed point of
®. That is, we can pair all the fixed point of ® as (O, 0’) where O # O’ and they
differ only by the orientation of U = ¢U{z} with (¢, {z}) € O and ({z},¢) € O’. Using
again the fact that there is at most a unique proper path between any vertices in G?,

the elements of ¢ are in a single equivalence class in V/O and in distinct equivalent
classes in V/O'. Hence |V/O'| = |V/O| + |U| — 2. We now have

b= Y (1)U = Y (1)t p (1)),
oenh (0,07)
®(0)=0

Let us denote by G};UU the hyperforest obtained by contracting the hyperedge U in G}; .
There is a clear correspondence between the orientation O of G'} and the orientation
0" of G?UU together with an orientation of U. This is true only for hyperforest as
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there is a unique proper path between any two vertices. We thus have

= 3 )+ (D) = (4 () YT (yten),
0.0 oremnus
(0")=0"
The negative sign in the second equality comes from the fact that contracting U joins
together the classes [z]o and [c]o. We now have that c? =—(1+(— )‘U|) hOU . The
proposition follows by induction. If |U] is odd, then we get zero. If |U| is even7 then
we get a contribution of —2 for that edge and the induction ends with an empty
hypergraph with the same number of connected component as G?. O

4.2. AnTipoDE OF K(L x H) = K(H) FOR LINEARIZED H. As we noticed in Sec-
tion 1.8 we have that (L x H) = K(H) for any Hopf monoid H. Given (o, z) € (L x
H)[n|s, , the isomorphism is explicitly given by the map (a,z) — H[a"!](x) where
a~': [n] = [n] is the unique bijection such that a~!(a) = 12---n and H[a"](2) €
H[n] is the image of z under the bijection H[a~!]: H[n] — H[n] obtained via the
functor H. Since K preserves antipodes (see [4, Section 15.2]), in the case where H is
linearized, Theorem 2.1 gives us the following formula. For x € Hin|

41)  S@= >  dy¥.,..H = (Z €12 mgz>)

(B,y)€(1xh)[n] z€h[n] BEln]

Here we have identified the linear order 3 € 1[n] and the bijection 8 = (8=1)~!: [n] —
[n] in the notation H[S](z). From Theorem 2.1 we have that the coefficients cfé?[f,]ggz)
are £1, but further cancellation may occur in Equation (41). It is not a cancellation
free formula in most cases but it is definitely improves the computation compared to
Takeuchi’s formula.

EXAMPLE 4.7. Consider the Hopf monoid 7 from Section 1.3. As seen in [7], the Hopf
algebra IC(7) is the space of symmetric functions in non-commutative variables. Our
formula (41) is cancellation free in this case as all the non-zero terms have the same
sign (see Corollary 4.9 of [7] for more details).

ExAMPLE 4.8. Consider now the Hopf monoid L in Section 1.2. The Hopf algebra
PR = K(L) was introduced by Patras-Reutenauer [19] and is also studied under the
name RIT in [4]. The antipode formula (41) for PR gives us that for « € 1[n]:

(42) > ( 3o ﬁw)

v€l[n] BEln]

where e = 12....n is the identity permutation. In this example, § = (81, ..., Bn) € l[n]
can be encoding three different objects depending on the context. It is first the to-
tal order 81 < f2 < --- < S, on the points 1,2,...,n. In (42), when we write
B o ~y, we consider 8 as the permutation defined by (i) = S;. Hence oy =
(B(m),B(v2),---,0(n)). Bellow we will consider 8 and /5 o v as encoding the set
composition ({#1},...,{8n}) and {B(n)},-.-,{8()}). These conventions should
be clear from the context. We now need a complete description of cff‘w in order to
understand (42). The set C2:/°7 # @ if and only if the minimal element A of €77
exists and it is the finest set composition such that

(1) B < A and f is increasing with respect to e within each part of A,

(2) Bovy < A and o+ is increasing with respect to o within each part of A.
These conditions follow from the proof of Lemma 2.2 in the case of L x L. Let A =
BV (B o~) be the finest set composition such that § < A and f o~y < A. We must
have that A < A. Now, if 8 is not increasing with respect to € within each part of
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A, then it would not be increasing with respect to € within each part of A either.
Similarly if g o« is not increasing with respect to « within each part of A, then A
would not be increasing with respect to € within each part of A either. Hence we have
that Cf,;fo“f # @ if and only if A = 8V (B o-~) is such that § is increasing with respect
to € within each part of A and [ o7 is increasing with respect to a within each part
of A.

For instance, if a« = (5,2,1,3,4), 8 = (2,1,3,5,4) and foy = (2,5,1,3,4), then
we see that A = 8V (Bov) = (2,135,4). The elements 1, 3,5 of 8 are increasing with
respect to € = (1,2,3,4,5) within the part 135 of A. In § o v these elements are in
the order 5,1,3 which is increasing with respect to «. Hence in this little example
Cg;f“” # @ and A = (2,135,4) is the minimum. If we take a different 7/ so that
Bov =(2,5,3,1,4), then A = 8V (B0o~) = (2,135,4) but the element 5, 3,1 are not
in increasing order with respect to a, hence Cﬁf”l =d.

Now we remark that the number of parts of A = 5V (8 0~) depends only on v and
not . This follows from the simple fact that

BV (Boy)=po(eVr).

Hence Z(,B\/(Bory)) = E(e\/’y) = m and if Cf”f‘” # &, then the graph Gﬁfw is a graph
on the vertex set [m] with an edge (i,i + 1) if and only if max(A;) >, mine (A1)
or maxy(A;) > ming(A;11), using the order € and « respectively. We remark that
G2:2°7 contains only short edges. Hence ¢2:0°7 = (=1)™ if (i,i + 1) € GZJ°7 for all
1 < i < m; otherwise the graph is decomposible and cgf” = 0. We summarize our
discussion in the following theorem.

THEOREM 4.9. Given « € 1[n], in the Hopf algebra PR we have

S(@)= Y (~)"day 7

v€El[n]
where m = (e V) and do is the number of 3 € 1[n] such that for A = 3V (Bo~)
we have

(i) B is increasing with respect to € within each part of A,
(ii) B o~ is increasing with respect to « within each part of A, and
(iif) maxe(A;) > mine(Aj41) or maxq(A;) > ming (Ajy1) for all 1 <i < m.
To our knowledge this theorem is new and provides a cancellation free formula
in PR.

EXAMPLE 4.10. For the monoid G with basis g in Section 1.4 the formula (41) is not
cancellation free. However we can find another basis g that linearizes G such that the
formula (41) is cancellation free. More specifically for a connected graph x € g[I] let

T= > (-DI*(@] - 1)! zg,
dem(l]

where w[I] is the set of set partitions of I and for ® = {A;, As,..., As} we define
To = |4, 2|4, - 2|a,. The product x4 is well defined since G is commutative.
When z is connected, we have that

T = x + (terms with more than 2 connected components).

This is not true if x is not connected. We leave to the reader the exercise of showing
that when z is connected, we have

A141 Az (E) =0
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for any non-trivial decomposition (A;, As) = 1.(?) That is to say, T is primitive.

If € g[I] is not connected, then it decomposes uniquely into connected compo-
nents * = x1%s ... %, where z; is a connected subgraph on the vertex set I; C I. Here
{I,..., I, } is a set partition of I. For such z, let us define T = 7175 . . . T, Now, we
obtain that

T = x + (terms with more than m + 1 connected components).

Hence the set {7 : € 1[I]} forms a basis of G[I]. In this basis, the multiplication is
the same as before but the comultiplication is now

T|a, ®T|a, if A is the union of some of the parts of {I,..., L, },
0 otherwise.

AALAZ (f) = {

With this in hand, we now have a different basis g that linearizes G with a different
comultiplication behavior. With a reasonable amount of work similar to Examples 4.8
and 4.7, the reader will find that formula (41) is also cancellation free in this case.
The reader should also compare this to [18, Theorem 4.7].

4.3. USING ANTIPODES TO DERIVE NEW IDENTITIES. As we have seen in the intro-
duction, any multiplicative morphism (: H — k gives rise to a combinatorial invariant
X =¢; 0% on H. For x € H,, the polynomials x,(¢) encode combinatorial informa-
tion about x which depends on our choice of (. Also, the combinatorial reciprocity
Xz(—1) = (C 0 S)(x) is easily verified.

EXAMPLE 4.11. For H = K(G) and for z € g[n], let ((z) = 1 if z is edgeless, zero
otherwise. In this case x,(t) is the chromatic polynomial of the graph x. Stanley’s
(—1)-color theorem [20] follows as £x,(—1) is the number of acyclic orientation of .

The following example suggests a new venue to explore combinatorial identities
using permutations.

EXAMPLE 4.12. Consider the Hopf algebra PR = K(L) as studied in example 4.8.
Define ((x) = 1 if © = ¢, and zero otherwise and extend linearly. We have that ¢ is
indeed multiplicative. Since PR is cocommutative, ¥: PR — QSym will in fact be a
symmetric function (see [2] for details). Here for « € 1[n] we have

U(a) = Z cq(a) My,
al=n

where a = (a1,...,a¢) = n is an integer composition of n, and ¢, (a) is the number
of ways to decompose « into increasing subsequences of type a. More precisely

cala) = [{AE[n] : for 1 <i <4, |Aj] = a; and a4, is increasing}|.

These numbers are studied in various place in mathematics and computer science. In
particular Robinson-Schensted-Knuth(RSK) insertion shows that the coarsest possible
a for which c¢,(a) # 0 is a permutation of the shapes obtain via RSK (see [21]).

The chromatic polynomial x(t) is then

el = 3 cala) @

al=n

min(n,m)
(2one needs to show and use the identity Z (=n)rtm=k=l(n 4+ m—k— 1)!k!(Z) (7]?) =0.
k=0
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This polynomial, when evaluated at ¢ = m, counts the number of ways to color the
entries of the permutation a with at most m distinct colors such that « restricted to
a single color is increasing. Using Theorem 4.9 we get the identity

(43) > (1) Veg(a) = xal(=1) = ¢ 0 S(a) = (—1)"dac.

alE=n
For any § € 1[n] and v = € in Theorem 4.9, we have A = 8 and the conditions (i)
and (ii) are automatically satisfied. Hence

(44) dae = [{B €] : B; > Bi1 or a7 (B;) > a7 (Bir1)}]-
The identity in Equation (43) relates combinatorial invariants for permutation that
looks a priori unrelated. We summarize this in the following theorem
THEOREM 4.13. For a € 1[n], the chromatic polynomial xo(t) counts the number of
ways to color increasing sequences of a with at most t distinct colors. We have the
identity

Xa(—1) = (=1)"da,c,
where dy, ¢ is the number of a-decreasing orders (as defined in Equation (44)).

REMARK 4.14. Given « € 1[n], one can associate a partial order P, where o; < «; if
i < jand o; > ;. As in [20] we can construct the incomparable graph G, associated
to P,. The symmetric function ¥(«) above is in fact the Stanley chromatic symmetric
function of the Graph G,. A famous conjecture of Stanley and Stembridge [20] states
that ¥(a) is e-positive if P, is (3 + 1)-avoiding. In the language of permutations this
is equivalent to say that a is 4123 and 2341 avoiding [5]. From the Hopf structure,
one can see that it is natural to describe e positivity in terms of pattern-avoiding
sequences. What is surprising here is the fact that there should be finitely many and
very simple patterns to avoid. We also point out that here d,, . also counts the number
of acyclic orientations of G.

The Hopf algebra PR is free and generated by total orders that do not have any
global ascent. The free generators are {1,21, 321,231,312, ...}. In the example above,
we choose ( to be 1 on the generator 1 and zero for all other generators. One can con-
struct different (’s by choosing any subset of generators. This would lead to different
coloring schemes and new identities with permutations.

EXAMPLE 4.15. Let us consider the case where (o1: PR — k is defined to be 1
on the (free) generator 21 and zero on the other. That is, define (o1(z) = 1 if
x = 2143...(2n)(2n — 1), zero otherwise. This defines a symmetric function valued
morphism Wy : PR — QSym such that for a € 1[n] we have

Vo (o) = Z ch (@) Mg,
alE=n
where a = (2a1,...,2a¢) = n is an integer composition of n with even parts, and
¢q(@) is the number of ways to decompose « into 21*-subsequences of type a. More
precisely

(o) = |[{A = [n] : for 1 <i <4, |A;] = 2a; and st(a|a,) = 2143...(2a;)(2a; — 1)},

where st(—) denotes the standardization map via the functor PR as defined in [4,

Notation 2.5]. It would be interesting to understand the properties of the numbers

c ().

The chromatic polynomial x2!(t) is then given by

0= o) ,))

al=n
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This polynomial, when evaluated at ¢ = m counts the number of ways to color the
entries of a with at most m distinct colors such that « restricted to a single color is
a 21*-sequence. Using Theorem 4.9 we get the identity

(45) Z (—1)" ¢ (a) = (*1)n/2da,2143...(2n)(2n—1)-

al=n
CONJECTURE 4.16. There is a finite set of permutations A such that for « € 1[n]
(—=1)"2 sy (@) (~ha, —ha, ...)

is h-positive for any « that is A-avoiding. So far, our computer evidence suggests that
A = @. We also conjecture that Stanley chromatic symmetric functions satisfy this

property.

In a forthcoming paper [6], Aval, Bergeron and Machacek will present a proof of
Conjecture 4.16.

To conclude this paper, we remark that the Hopf monoid of hypergraphs HG as
defined in Section 1.5 plays a central role in the computation of antipodes for commu-
tative and cocommutative Hopf monoid. This Hopf monoid is different in nature from
the Hopf algebra of hypergraphs in [1] which is not cocommutative. In a forthcoming
paper [8] we show that given a hypergraph G on the vertex set V = [n], the coeffi-
cient of the edgeless hypergraph in the antipode S(G) is the homology of the complex
labelled by the acyclic orientations of G. This can be understood from facets of the Hy-
pergraphic polytope Pg associated to G. That is the polytope in R” = R{ey, ea,...,en}
defined by the Minkowsk sum

Po=> Ay,

UeG
where Ay is the simplex given by the convex hull of the points {e; : i € U}.
The acyclic orientations of G actually label certain exterior faces of Pg. Hence the
coefficient of the discrete hypergraph in S(G) is the homology of the complex labelled
by the acyclic orientations of G. The other coefficients of S(G) are also encoded in Pg.

2
For example, consider the hypergraph G = 1>3 - 4 the flats of G are

G,{{3,4}},{{1,2,3}} and @. The coefficient of each flat F' in S(G) is, up to a sign,
given by the Euler characteristic of the union of some faces of Pg = Ajo3 + Asy
indexed by acyclic orientations of G/F:

2 2 2
1. — 0- — 2. 0-
1}3 4 + . 3 4 + 1}3 4 + ) 3 4

REMARK 4.17. It is interesting to see that hypergraphs play a crutial role in the
study of square free ideals [17]. As an open question, how could one use the invariants
studied in this paper for hypergraphs to derive properties of the associated ideal?
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