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Representation stability on the cohomology
of complements of subspace arrangements

Artur Rapp

ABSTRACT We study representation stability in the sense of Church and Farb of sequences of
cohomology groups of complements of arrangements of linear subspaces in real and complex
space as Sp-modules. We consider arrangements of linear subspaces defined by sets of diagonal
equalities ; = z; and invariant under the action of S, which permutes the coordinates. We
provide bounds for the point when stabilization occurs and an alternative proof of the fact that
stabilization happens. The latter is a special case of very general stabilization results proved
independently by Gadish and by Petersen; for the pure braid space the result is part of the
work of Church and Farb. For the latter space, better stabilization bounds were obtained by
Hersh and Reiner.

1. INTRODUCTION

In this paper, we consider arrangements of diagonal subspaces of R for natural
numbers d and n. Let 7 be a set partition of {1,...,n}. Let W9 be the linear subspace
of n-tuples (wy, ..., w,) of points in R? such that w; = w; whenever 4 and j are in the
same block of 7. For an integer partition A we denote by A{ the arrangement of all
subspaces W2 such that 7 is of type A\. More generally, set A% = Uyep A§ for every
finite set A of integer partitions of n. The complement ./\/ljl\ =R UWGAdAW is a

real manifold. If A = {\}, we write M¢ for M4. All representations, homology groups
and cohomology groups in this paper are taken with coefficients in C. The action of
the symmetric group S, on n-tuples of points in R? by permuting the coordinates
induces an S,,-representation on the reduced singular cohomology H' (Mi) Formulas
for these S,-representations were determined by Sundaram and Welker in [8]. We
look into representation stability in the sense of Church and Farb (see [2]) of these
modules. Our main purpose is to prove that the sequence of modules stabilizes, and
to obtain stabilization bounds. This is the content of Theorem 1.1. The fact that
this sequence stabilizes is a special case of results of Gadish ([3, Theorem A]) and
Petersen ([6, Theorem 4.15]). The case A = {(2,1"72)} was proved by Church ([1,
Theorem 1]) and for this case Hersh and Reiner provided better stabilization bounds
([4, Theorem 1.1]). For an integer partition A we write [(A) for its length i.e. its number
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of parts. As in [4, Definition 2.5] let rank(A) := |A\| — [(A) be the rank of A. Note that
set partitions of type A have rank(\) as their poset rank in the partition lattice.

THEOREM 1.1. Let A be a nonempty finite set of integer partitions of the number ng
not containing (1™°). For every n = ng let A™) be the set of all integer partitions of n
obtained from integer partitions in A by adding n — ng parts of size 1. Let rank(A) =
min{rank(\) | A € A}. For every i and d > 2 the sequence {I;Ti(/\/l‘f\("))}n stabilizes
at 4(i + 1 —rank(A))/(d —1).

In Section 2, we provide the definition of representation stability and prove Theo-
rem 1.1. In Section 3, we consider the special case M?k 1n—k) for k > d+ 1. We prove
that stability in this case starts earlier than in the bound given in Theorem 1.1.

2. PROOF OF THE MAIN THEOREM

An integer partition A of a natural number n is a finite sequence (A1, Ag,...) with
At 2 A2 = - and D5 Ay = n. We sometimes denote A by (1N pme(V)
where m; () is the number of occurrences of the number 7 in A for 1 < ¢ < n. Given an
integer partition A = (A1, Aa,...) of n we write A+ to denote (A1 +1, A2, As,...). Let
V be an Sy,-representation and ), axS A ay € C, its decomposition into irreducible
S, -representations S*. Then we write

V+0O:= Z a,\SAJrD.
AbEn

We use the same notation when S,-representations are replaced by symmetric func-
tions (see [5] for background on symmetric functions). As in [5] we write s, for the
Schur function indexed by the integer partition A and ch for the Frobenius char-
acteristic. Henceforth we simply refer to this as characteristic. The above equation
becomes
ch(V)+0O:= ZGASM—D
AFn
Now let ng € N. Let {V,,}n>n, be a sequence of S, +,,-representations or a sequence
of characteristics of S,1n,-representations. We say that this sequence stabilizes at
m = ny, if
Vn = Vn,1 + |:|

for all n > m. We say that the sequence stabilizes sharply at m, if m is the smallest
integer such that

Vo =Vo1+0U

for all n > m. The following lemma is a generalization of [4, Lemma 2.2].

For integer partitions v, A and p with ¢ C v, we write LR” for the set of all
Littlewood-Richardson tableaux of shape v/u and weight A. A thtlewood Richardson
tableaux T of shape v/ and weight A is a semistandard skew tableau of shape v/u
whose boxes are labeled with A1 1’s, Ay 2’s etc. and concatenating the reversed rows
of T from top to bottom yields a word w with the property: In every initial part of w
the integer i occurs at least as often as ¢ + 1 for every ¢ > 1.

LEMMA 2.1. Let A and « be integer partitions. For every n > «y we consider the
integer partition (n, o) = (n, o1, a2,...). The sequence {S(, o)5x}n stabilizes sharply
at A1 + a1. In other words

S(n,a)SA = S(n—1,a)5x + U

if and only if n > A\ + a.
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Proof. Suppose n > A1 + ay. Let v be an integer partition of n + |A| + |a| with
(n,a) C v. By the Littlewood-Richardson rule (see [5]) the multiplicity of s, in
S(n,a)Sx is #LR{, ) \. Let 1/ be the integer partition of n — 1+ [A| 4 |a| obtained
from v by replacing v by ;1 — 1. We define the map

¢ LR, o)\ = LR(VT/Lfl,a),A

,a)

by the following procedure: Remove the first empty box in the first row of the tableau
and then move all other boxes of the first row one place to the left. The two steps are
illustrated below with n =5, a = (1,1), A= (3,1) and v = (6,4, 1):

[1] [1] 1]
1]1]2 — 1|1]2 -

We want to show that the resulting tableau is indeed a Littlewoood-Richardson
tableau so that ¢ is well defined. The only condition that has to be checked is that,
in the first two rows, we have no two 1’s lying in the same column. But this fol-
lows from the inequality ;1 > n, since n > A; 4+ oy implies that n is larger than
the number «; of empty boxes in the second row plus the number of 1’s in the sec-
ond row. Note that ¢ has an inverse map: Given a tableau in LR;LL » we move the
first row one place to the right and put an empty box in the gap. So ¢ is bijective
and #LRZ’H,Q))\ = #LR’(’;_LQM. This shows that {5, q)sx}» stabilizes at A1 +a; or
sooner. Now let n = Ay +aq and v = (n,n, Aa+asg, \3+as, ...). There is a Littlewood-
Richardson tableau of shape v/(n, ) and weight A\: We look at the Ferrers diagram of
v and put A\; 1’s at the end of the second row, Ay 2’s at the end of the third row and so
on. It follows that we have a Schur function s, with v; = 5 and multiplicity greater
than or equal to 1 in the decomposition of s(, 4)sx. This shows that s, 4)sx cannot

equal f + O for any symmetric function f, completing the proof of sharpness. O

Though the special case of Lemma 2.1 where a = () ([4, Lemma 2.2]) suffices
to prove our main results, Theorems 1.1 and 3.3, the general case might also be of
interest as we show in Section 4. For a finite arrangement A of linear subspaces of
R, the intersection lattice L 4 is the set of intersections of arbitrarily many elements
of A ordered by reverse inclusion. The least element 0 is R%*, the empty intersection,
and the greatest element 1 is the intersection of all elements of A. For a subset T of
L 4 the join sublattice of L 4 generated by T consists of all intersections of arbitrarily
many elements of T' also ordered by reverse inclusion. If A is the arrangement of
diagonal subspaces given by equations of the form w; = w; for 1 < i < j < n,
w = (w,...,w,) € (RY™, the intersection lattice L4 is isomorphic to the lattice
II,,. For a set partition m € II,, we also write 7 for the corresponding subspace of
R, If 7 € II,, is a set partition into the subsets By,..., B; of {1,...,n}, we write
7 = By|---|B;. In this notation, we have 0 = {1}|{2}|---|{n}. The set partition
m = By|--+|By is said to be finer than 7' = Cy|--+|Cp,, if for every 1 < ¢ < I there
isa 1 < j < m such that B; C C;. We may reorder the sets By, ..., B; such that
#By > -+ > #B,. The integer partition (#Bj,...,#B;) is then called the type of 7.
If A is a set of integer partitions of n, then IT, is the join sublattice of II,, generated
by all set partitions of type A for all A € A.

Proof of Theorem 1.1. By [8, Theorem 2.5(ii)] we have

Hi(Mi(n)) = @ Ind‘(s,;n)w(Hcodim(ﬂ')fif2([6777]) ®Hcodim(7r)fl(sdn_l mﬂ-l))-
ne(I20 )/ 5n
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(T30
is the stabilizer subgroup of 7. H;([0,7]) is the reduced simplicial homology on the
order complex A([0,7]) in degree j > —1. codim() is the codimension of 7 as a real
subspace of R and S9! is the (dn — 1)-dimensional sphere. If 7 is of type y =
(1) gma2(1) ) |- then its stabilizer (S,), is the product of wreath products
I1; Sim; () [S;] and codim(m) = d(n — I(u)) = d - rank(s). The length of a chain in II,

()
=1

atoms in I, are of shape X for A € A, the length of a chain in II, from 0 to = is less
than or equal to rank(u) —rank(A)+1 and contributes to homology in degree less than
or equal to rank(u) —rank(A) —1. It follows that if the homology ﬁcodim(ﬂ),i,z([ﬁ, 7))
is not zero, then

)/ S, is a set of representatives of the action of S,, on Iy, excluding 0. (S, )x

from 0 to 7 is less than or equal to > ] (s — 1) = n — I(11) = rank(u). Since the

—1 < d-rank(p) — i — 2 < rank(p) — rank(A) — 1

and then
(t+1)/d < rank(p) < (i 4+ 1 —rank(A))/(d — 1).
Let & be the integer partition obtained from p by removing the parts of size 1.

The rank of p and the rank of i are the same. From [4, Proposition 2.8], we have
rank(fi) + 1 < |g| < 2 - rank(f). This yields

1+ (i+1)/d < |ii] <2(i + 1 — rank(A))/(d — 1).

The subgroup S, , () [S1] = S, () acts trivially on f{codim(ﬂ),i,g([ﬁ,ﬂ]). The coor-
dinates of vectors in the space 7 which correspond to the singletons of 7 are zero.
It follows that the above copy of Sy, () acts trivially on ﬁcodim(ﬂ),l(Sdn_l nrt).
Let S(m1(#) be the trivial S,
151 Sm, ) [Sjl-modules:

(w-module. We get the following isomorphism of

Hcodim(w)fi72([6a 7‘-]) ® Hcodim(ﬂ')fl (Sdn_l N Trl)

= S(ml(u)) ® (ﬁcodim(ﬂ)—i—Q([aWD & -[::Icodim(‘n')—l(Sdni1 N WL))'

We consider the interval [0,7] in Iy . The atoms in [0,7] have at least n — ng
singletons. If we delete min{n —|fi[, n—no} many singletons from 7, after renumbering
we can view [0, 7] as an interval in I (mazial,no1) . We may also ignore the coordinates
of vectors in 71 which correspond to the singletons of 7. We have codim(w) = d -
rank(fi). It follows that the [[,5 o Sm; () [S;]-module

-Hcodim(ﬂ')—i—Q([Ov ’/T]) ® -Hcodim(ﬂ')—l(‘sdn_l N WL)

does not depend on n and we write V}; for it. Using the transitivity of induction on
ITj1 S, 1S5 < Smu(u) X Snmmi () < Sn we get:

Sn ma (1) ) — Sn ma (k) S my () )
Indnmlsmﬂw[sﬂ(s ®V#)7IndSnL1(H)XSn77n1(“> (S @ind 522 mj(#)[sj](VH)>
= Indg" n—|l Szl .
= Indsrm\xsm (S ® Indl—[j>2 Smj(ﬂ)[sj](Vu)) .
Let
S, -
- =ch [ Ind | V- .
f/‘ ¢ (n Hj;2 Sm’j(ﬁ')[sj]( M))
We have

Sn n—|f S\a _
ch (Indsnﬂxsﬂ (S’ Il ®Ind1—‘l‘ sm](m[st(Vﬂ))) =l f

j=2
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where hy,_ |3 = 8(n—|a|)- It follows that the characteristic of H (M) is
Y ejalfa
i

where the summation runs over all integer partitions g with no parts 1, and 1+ (i 4+
1)/d < || €2(i+1—rank(A))/(d—1).

From Lemma 2.1, it follows that the sequence stabilizes at a number larger than
2| | for every fi occurring in the sum. This is fulfilled at 4(i+1—rank(A))/(d—1). O

3. IMPROVED STABILITY BOUNDS FOR k-EQUAL ARRANGEMENTS

We consider the sequence {.E[i(M{(jk’lnfk))}n for k > 2. Theorem 1.1 states that
stabilization occurs at 4(i +2 — k)/(d — 1). First we have a closer look at the special
case k = 2. In this case, stabilization occurs at 4i/(d — 1). Compare this to the known
results in the literature which focus on the case k = 2: By [1, Theorem 1] we have
stabilization at 2¢ for d > 3 and stabilization at 4i for d = 2. By [4, Theorem 1.1] we
have the following for 4 > 1. The sequence is zero from the beginning, if d— 1 does not
divide 4. Otherwise it stabilizes sharply at 3i/(d — 1) for odd d > 3 and it stabilizes
sharply at 3i/(d — 1) + 1 for even d > 2.

Now we consider { H* (./\/l( ), 1n—xy) tn for general k > 2. The stability of this sequence
was also considered by Gadish ([3, Example 6.11]) as an example of his general results.
We want to determine smaller upper bounds than the ones given in Theorem 1.1 where
stabilization occurs for k > d + 1. Let h, = 5(,,) be the complete homogeneous sym-
metric function, e, = s(1») the elementary symmetric function and w the involutive
ring homomorphism of the ring of symmetric functions with w(h,,) = e,. We write
7, for the characteristic of H"~3(A(I,,)) and I,, = w(,). For symmetric functions f
and g we write f[g] for the plethysm of these two functions.

THEOREM 3.1. [8, Theorem 4.4(iii)] Let d > 2, k > 2,0 > 0 and n > 1. Let Uy, :=
D sk SG—k+1,1%-1). Foreveryr,t > 1 andq > 0 such that i = (d—1)(n—r—q)+t(k—2)
let wn,q,r,t be

w (W* (er2551 45]) laes ([UR]) hacg nohg if d is cven

((h [Z]>1 ]) |deg t[Uk}) ldeg n—qliq if d is odd and k is even

(1) RS0 (1975] ) lacs [U]) laeg n—ohq i d and k are odd.

Then the characteristic of the S,-representation on H' (/\/l(,c 1n— k))

Z ’(/}n,q,'r,t-

r,t>1,q20:
i=(d—1)(n—r—q)+t(k—2)

LEMMA 3.2. Letd > 2, k>d+ 1,920 andn > 1. Let r,;t > 1 and ¢ > 0 be such
thati=(d—1)(n—r—q) +t(k —2). Let Uy =3 5 p S(j—kt1,16-1) and Pp gt be

w (Wk (%[Zm ]) |deg t[Uk]> ldeg n—qlq if d is even
(( D1l ) |deg t[UkD ldeg n—qlq if d is odd and k is even
(( [>2j51(= 1)J7Tj]) |deg t[Uk]) ldeg n—qhq if d and k are odd.

Then

(1) Yngrt =Un-19-1r¢+0 i g>n/2 andn > 2
(i) Yn,grt = Yn-1,g-1,0¢ + O if d is even, ¢ >tk and n > 2
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(iil) Yngre=014fr>t ort>n/k.
(iv) Yngre =01ifqg<n/2 and n > 25
(V) Yngre=014fk>d+2, ¢ <tk cmdn> —

Proof. (i) We have 9, g+ = fn_qhq for a symmetric function f,_, of degree n — ¢
and hg = 5(4). From Lemma 2.1, we get

¢n,q,rt fn qh _fn q q 1+|:| f(n 1)—(q— 1)hq 1""[| wn 1,q— 1rt+|:|

if ¢ > n — ¢ or equivalently ¢ > n/2.

(ii) If d is even, then ¢y, ¢+ = W(ft[Uk])|deg n—qhq for a symmetric function f; of
degree t. The first column of every Schur function in U, = Zj>k S(j—k+1,1k-1) has
length k. From [4, Proposition 4.3 (d)] it follows that for every s, with A F n — ¢
occurring in the Schur function decomposition of w(fi[Uk])|deg n—q the first row of A
has length less than or equal to tk. If q > tk, it follows from Lemma 2.1 that

1/}”7’177’71‘/ = w(ft[Uk]”deg n— q

:W(ft[Uk])|degn q q 1+|:|

= w(ft[Uk]”deg n 1 q 1)hq71 + |:| = d}’ﬂfl,Q*l,’l’,t + |:|
[

(iti) If 7 > ¢ the terms €[>, 5, i), he[Y 0,5, 1] and (=1)"R.[37,5,(=1)7;] only
have terms of degree greater than t. Then the whole term 1, 4+ is zero. Uy only
has terms of degree greater than or equal to k. Then f;[Uy] for a symmetric function
fi of degree t has only terms of degree greater than or equal to tk. If ¢ > n/k then
tk > n > n — g and again 9, 4+ is zero.

(iv) Suppose ¥p q,rt 7 0. We have to show that ¢ > n/2 or n < %. Suppose
g < n/2. From ¢, 4, # 0 and (ii) we get 7 < t. From ¢ < n/2 and i = (d — 1)(n —
r—q)+t(k—2) we get

t(k —2) i t(k —2)
— < — =7
Using r < t we get
Hk —2)
— 2 <t
1_d+n/ + i_1

and simplifying yields

i td+1-k)
n/2 < 1-1 + -1
Using k > d 4+ 1 we get
24
d—1
(v) Let k > d+2. Suppose ¥, 4,rt 7 0 and g < tk. We have to show that n < %.
From ¢ <tk,i=(d—1)(n —r —q) + t(k —2) and r < t by (iil) we get

n <

i tk—2) t(k —2)
It follows that
: t(k —2)

and then

' k—2
k+——+1
s d 1 ( gt )
From (iii) we know t < n/k. It follows that

DA U PRt S
"SUT1 Tk 1-d

Algebraic Combinatorics, Vol. 2 #4 (2019) 608



Representation stability on the cohomology of complements

and then

Using k > d + 2 we get

ki
ng —41L = . O
= k=2
THEOREM 3.3.Let d > 2, k > d+ 1 and i > 0. The sequence {I:Ii(./\/lzlkvln,k))}n

21

stabilizes at 5. If d is even and k > d + 2, the sequence stabilizes at #.
Proof. From Theorem 3.1, we have that the characteristic of the S,-representation

on ﬁi(/\/l?hln,k)) is
Z wn,q,r,t

r,t>1,q20:
i=(d—1)(n—r—g)+t(k—2)

where 1y, ¢, is as in the previous lemma. If ¢ > n/2 then we get

'(/)n,q,r,t = wn—l,q—l,r,t +0

from Lemma 3.2(i). From Lemma 3.2(iv) we get ¢, ¢t = 0if ¢ <n/2 and n >
2
a1

> Un,grt = > g

r,t>1,q20: rt>1,q21:
i=(d—1)(n—r—q)+t(k—2) i=(d—1)(n—r—q)+t(k—2)

= Z wn—Lq—Lr,t + ]

rt=1,q21:
i=(d—1)(n—r—q)+t(k—2)

= Z ¢n—1,q,'f,t + 0.

r,t21,q20:
i=(d—1)(n—1—r—q)+t(k—2)

21
d—1-°

Putting these facts together we get for n >

Now let d be even and k > d + 2. If d is even and q > tk we have
wn,q,r,t = wn—l,q—l,r,t +0O

from Lemma 3.2(ii) and ¢y, 4.y = 0 if ¢ < tk and n > =%~ from Lemma 3.2(v). For

n > ki

7—q4—7 the same computation as above yields the stability property. O

In Table 3.5, we give a list of sharp stability bounds for these representations.
QUESTION 3.4.Is there an explicit formula for the sharp stability bound of
Hi(/\/l‘(ik 1n_k)) for general k,d,1?

TABLE 3.5 (Sharp stability bounds for ﬁi(M%k 1n,k))). If k is fized and i grows,
the sequence of bounds appears to increase by 1 in most of the steps especially at the
beginning and with large k. Later, there also appear steps with bound differences 2 or 3.

k=3:
7 31456 |7 |8 |9 |10]11]|12|13 |14
bound |6 | 7|8 [11 (13|14 |16 |18 20|21 |23 |25
k=4:
) 567 [8 |9 |10|11(12]13 |14 |15 |16
bound |8 |9 |10 |11 1215|1718 19|20 |22 |24
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7 7 (8 19 |10)11 121314 |15|16 |17 18|19 20
bound | 10 | 11 | 12 | 13|14 | 15|16 | 19|21 |22 |23 | 24 | 25 | 26

1 9 10|11 12|13 |14 (15|16 |17 |18 19|20 |21 |22 |23
bound | 12 |13 |14 | 15|16 | 17 | 18 | 19|20 | 23 | 25 | 26 | 27 | 28 | 29

k=17:
) 11121314 (15|16 |17 |18 (1920 |21 22|23 |24 |25 |26 |27
bound | 14 |15 (16 |17 |18 |19 20|21 (222324 |27 29|30 |31|32] 33

k=38:
) 1314|1516 [ 17 181192021 22|23 |24 |25]26 |27 |28 |29
bound | 16 | 17 |18 |19 120 |21 |22 (2324 |25|26 (27|28 |31|33 (34|35

k=9:
i 15116 | 17|18 119120212223 2425|126 |27|28(29|30] 31
bound | 18 |19 120 (21222324 |25|26|27|28|29(30|31|32]|35]|37

4. STABILITY IN THE HOMOLOGY OF k-EQUAL PARTITION LATTICES

We showed in Lemma 2.1 that for integer partitions o and A the sequence {5, o)5x }n
stabilizes at a; + A1. In this section we give an application of this fact in a situation
where a is not the empty partition. For every 2 < k < n we consider the lattice
I 1n—#y of set partitions all of whose block sizes are 1 or greater than or equal
to k ordered by reverse refinement. We have I3 jn-2)y = II,. Note that Il jn—x is
the intersection lattice of the subspace arrangement with complement M?kﬂn, k) We
recall the following result on the homology of the order complex of IIj n—&:

THEOREM 4.1 ([7, Corollary 3.6]).
(i) Let 3<k<n and 1<t < |n/k|. The characteristic of ﬁn_g_t(k_g) (Mg, 1m-1y)
tensored with the sign representation is given by the degree n term in

wk(lt) Z S(j_k+171k—1)

jzk

(ii) Let 2 = k < n. The characteristic of H,_s(II,,) tensored with the sign repre-
sentation is given by the degree n term in

[n/2]
>l D sG-1
t=1 j>2

By [7, Lemma 3.2] the term w®(l;) [Zpk S(j_k+171k—1):| ldeg n decomposes into the

sum
Z ¢k,t,n,/\
A

where

Ph,tn A = wk(lt)lnm: oS, l@ 5(j—k+1,1k1)]

and the sum runs over all partitions A = (A,..., ) = (™, ..., k™) of n with ¢
parts and all parts greater than or equal to k. Now we apply Lemma 2.1 to {@k.¢,n 2},
where Ao, ..., A\, k and ¢ are fixed and A; and n =n(\) = Zi>1 A; grow.
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PROPOSITION 4.2. The sequence {¢g t.nx}r, stabilizes at Ay =k + Zi>2 Ai.

Proof. If A\; > Xy then my, = 1 and the restriction wk(lt)|l—[ s is the
i1 my>0 "

tensor product of the trivial Si-module and a H@l:i#\h mi>0 Im;-module. We get
Prktnn = S\ —k+1,1+-1)f for a symmetric function f of degree 21';2 Ai. It follows

from Lemma 2.1 that {¢x ¢ n.x}r, stabilizes at Ay =k + Zi>2 i O
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