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Balanced representations, the asymptotic
Plancherel formula, and Lusztig’s

conjectures for CY

Jérémie Guilhot & James Parkinson

ABSTRACT We prove Lusztig’s conjectures P1-P15 for the affine Weyl group of type Cs for all
choices of positive weight function. Our approach to computing Lusztig’s a-function is based
on the notion of a “balanced system of cell representations”. Once this system is established
roughly half of the conjectures P1-P15 follow. Next we establish an “asymptotic Plancherel
Theorem” for type Cp, from which the remaining conjectures follow. Combined with existing
results in the literature this completes the proof of Lusztig’s conjectures for all rank 1 and 2
affine Weyl groups for all choices of parameters.

The theory of Kazhdan—Lusztig cells plays a fundamental role in the representation
theory of Coxeter groups and Hecke algebras. In their celebrated paper [14] Kazhdan
and Lusztig introduced the theory in the equal parameter case, and in [16] Lusztig
generalised the construction to the case of arbitrary parameters. A very specific feature
in the equal parameter case is the geometric interpretation of Kazhdan—Lusztig theory,
which implies certain “positivity properties” (such as the positivity of the structure
constants with respect to the Kazhdan—Lusztig basis). This was proved in the finite
and affine cases by Kazhdan and Lusztig in [15], and the case of arbitrary Coxeter
groups was settled only very recently by Elias and Williamson in [5]. However, simple
examples show that these positivity properties no longer hold for unequal parameters,
hence the need to develop new methods to deal with the general case.

A major step in this direction was achieved by Lusztig in his book on Hecke algebras
with unequal parameters [17, Chapter 14] where he introduced 15 conjectures P1-P15
which capture essential properties of cells for all choices of parameters. In the case
of equal parameters these conjectures can be proved for finite and affine types using
the above mentioned geometric interpretation (see [17]). For arbitrary parameters the
existing state of knowledge is much less complete. A contemporary account of the
theory outlining the state of the art can be found in [2].

Recently in [13] we developed an approach to proving P1-P15 and applied it to the
case Gy with arbitrary parameters. This provided the first irreducible affine Coxeter
group, apart from the infinite dihedral group, where Lusztig’s conjectures have been
established for arbitrary (unequal) parameters. Indeed, at the time of writing this
paper, the only cases for which P1-P15 were known to hold (outside of the equal
parameter case) were:

e the quasisplit case where a geometric interpretation is available [17, Chap-
ter 16];
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o finite dihedral type [8] and infinite dihedral type [17, Chapter 17] for arbitrary
parameters;

e universal Coxeter groups for arbitrary parameters [23];

e finite type B, in the “asymptotic” parameter case [3, 8];

e finite type Fy for arbitrary parameters [8];

e affine type G for arbitrary parameters [13].

We add that during the process of publishing this paper, Xie [25] announced a proof
of P1-P15 for Coxeter groups whose Coxeter graph is either complete or right angled.
Our approach in [13] hinges on two main ideas:

(a) the notion of a balanced system of cell representations for the Hecke algebra,
(b) the asymptotic Plancherel formula.

In the present paper we develop these ideas in type Cs. This three parameter case turns
out to be considerably more complicated than the two parameter G5 case, and this
additional complexity requires us to take a somewhat more conceptual approach here.

We now briefly describe the ideas (a) and (b) above. Let (W, S) be a Coxeter system
with weight function L : W — N5 and associated multi-parameter Hecke algebra H
defined over Z[q,q~!]. Let A be the set of two-sided cells of W with respect to L, and
recall that there is a natural partial order <,z on the set A. Let (C\)wew denote
the Kazhdan—Lusztig basis of H.

One of the main challenges in proving Lusztig’s conjectures is to compute
Lusztig’s a-function since, in principle, it requires us to have information on all the
structure constants with respect to the Kazhdan-Lusztig basis. In [13] we showed
that the existence of a balanced system of cell representations is sufficient to compute
the a-function. Such a system is a family (7r)rep of representations of H, each
equipped with a distinguished basis, satisfying various axioms including

(1) np(Cy) =0 for all w € TV with TV 2,5 T,

(2) the maximal degree of the coefficients that appear in the matrix 7 (C,,) is
bounded by a constant a.,

(3) this bound is attained if and only if w € T".

This concept is inspired by the work of Geck [8] in the finite dimensional case.

Thus a main part of the present paper is devoted to establishing a balanced system
of cell representations in type Cs for each choice of parameters. For this purpose we
use the explicit partition of W into Kazhdan—Lusztig cells that was obtained by the
first author in [12]. It turns out that the representations associated to finite cells
naturally give rise to balanced representations and so most of our work is concerned
with the infinite cells. In type Cs there are either 3 or 4 such two-sided cells depending
on the choice of parameters. To each of these two-sided cells we associate a natural
finite dimensional representation admitting an elegant combinatorial description in
terms of alcove paths. Using this description we are able to give a combinatorial proof
of the balancedness of these representations. In fact we study these representations
as representations of the “generic” affine Hecke algebra of type Cs, thereby effectively
analysing all possible choices of parameters simultaneously.

Once a balanced system of cell representations is established for each choice or
parameters we are able to compute Lusztig’s a-function for type Cs, and combined
with the explicit partition of W into cells the conjectures P4, P8, P9, P10, P11, P12,
and P14 readily follow.

The second main part of this paper is establishing an “asymptotic” Plancherel
formula for type Cbo, with our starting point being the explicit formulation of the
Plancherel Theorem in type Cy obtained by the second author in [20] (this is in turn
a very special case of Opdam’s general Plancherel Theorem [19]). In particular we
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show that in type Cs there is a natural correspondence, in each parameter range,
between two-sided cells appearing in the cell decomposition and the representations
appearing in the Plancherel Theorem (these are the tempered representations of H).
Moreover we define a q~!-valuation on the Plancherel measure, and show that in type
Cs the q~-valuation of the mass of a tempered representation is twice the value of
Lusztig’s a-function on the associated cell. This observation allows us to introduce an
asymptotic Plancherel measure, giving a descent of the Plancherel formula to Lusztig’s
asymptotic algebra J. In particular we obtain an inner product on J, giving a satis-
fying conceptual proof of P1 and P7. Moreover we are able to determine the set D of
Duflo involutions, and conjectures P2, P3, P5, P6, and P13 follow naturally.

The remaining conjecture P15 is of a slightly different flavour. In [24] Xie has proved
this conjecture under an assumption on Lusztig’s a-function. We are able to verify
this assumption using our calculation of the a-function and the asymptotic Plancherel
formula, hence proving P15 and completing the proof of all conjectures P1-P15.

We conclude this introduction with an outline of the structure of the paper. In
Section 1 we recall the basics of Kazhdan—Lusztig theory, and we recall the axioms
of a balanced system of cell representations from [13]. Section 2 provides background
on affine Weyl groups, root systems, the affine Hecke algebra, and the combinatorics
of alcove paths. In Section 3 we recall the partition of Cs into cells for all choices
of parameters from [12], and introduce some notions such as the generating set of
a two-sided cell, cell factorisation and the a-function. In Section 4 we define various
representations of the affine Hecke algebra in preparation for the important Sections 5
and 6 where we establish the existence of the a balanced system of cell representations
for each choice of parameters. The main work here is in Section 6, where we conduct
a detailed combinatorial analysis of certain representations associated to the infinite
two-sided cells. In Section 7 we establish connections between the Plancherel Theo-
rem and the decomposition into cells, hence establishing the asymptotic Plancherel
Theorem for type Cy. The proofs of P1-P15 are given progressively throughout the
paper (see Corollaries 3.1, 6.2, 6.23, 7.9, 7.11, and Theorems 7.7 and 7.13).

1. KAZHDAN-LUSZTIG THEORY AND BALANCED CELL REPRESENTATIONS

In this section we recall the definition of the generic Hecke algebra and the setup
of Kazhdan—Lusztig theory, including the Kazhdan—Lusztig basis, Kazhdan—Lusztig
cells, and the Lusztig’s conjectures P1-P15. In this section (W, S) denotes an arbitrary
Coxeter system (with |S| < co) with length function ¢ : W — N = {0,1,2,...}. For
I C S let Wy be the standard parabolic subgroup generated by I.

1.1. GENERIC HECKE ALGEBRAS AND THEIR SPECIALISATIONS. Let (qs)ses be a
family of commuting invertible indeterminates with the property that qs = qs when-
ever s and s’ are conjugate in W. Let R, = Z[(qF!)ses]. The generic Hecke algebra of
type (W, S) is the Ry-algebra H, with basis {T3, | w € W} and multiplication given
by (for w € W and s € S)

(1) T,T, = {T’“ i, Tlws) = fw) +1
Tws + (9s —q; )Ty if £(ws) = L(w) — 1.
We set q, :=qs, - - qs,, Where w = s1...5, € W is a reduced expression of w. This
can easily be seen to be independent of the choice of reduced expression (using Tits’
solution to the Word Problem).
Let L : W — N be a positive weight function on W. Thus L(w) > 0 for all
w € W different from the identity and L(ww’) = L(w) + L(w") whenever {(ww’) =
{(w) + ¢(w'). Let q be an invertible indeterminate and let R = Z[q,q~!] be the ring
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of Laurent polynomials in q. The Hecke algebra of type (W, S, L) is the R-algebra
H = H,, with basis {T, | w € W} and multiplication given by (for w € W and s € S)

Tws if L(ws) =L(w) +1
T, T, =
Ty + (qL(S) — q’L(S))Tw if £(ws) = (w) — 1.

We refer to (Ty)wew as the “standard basis” of . Of course H is obtained from #,,
via the specialisation q, — q=(), with the multiplicative property of weight functions
ensuring that this specialisation compatible with the fact that qs = qs whenever
s and s’ are conjugate in W. For a given weight function L, we denote the above
specialisation by ©p : H, — H.

While Kazhdan-Lusztig theory is setup in terms of the specialised algebra H =
Hr, we will also need the generic algebra H, at times in this paper (particularly in
Section 6). We sometimes write Q, = qs — q; *, or Qs = q%(®) — q~ %) depending on
context (particularly in matrices for typesetting purposes). If S = {so, ..., s, } we will
also often write, for example, 0121 as shorthand for sgsis2si, and thus in the Hecke
algebra Tp121 = Tsys,s.s, - I particular, note that 1 is shorthand for s;, and therefore
to avoid confusion we denote the identity of W by e.

(2)

1.2. THE KAZHDAN-LUSZTIG BASIS. Let L be a positive weight function and let
H = Hr. The involution ~on R which sends q to q~! can be extended to an involution

on H by setting

Y awTw= Y aT,.

weW weW
In [14], Kazhdan and Lusztig proved that there exists a unique basis {C,, | w € W}
of H such that, for all w € W,

Co=Cy and Cu=T,+ Y P,.T, where P, €q 'Zq"].
y<w
This basis is called the Kazhdan—Lusztig basis (KL basis for short) of . The polynomi-
als Py ., are called the Kazhdan—Lusztig polynomials, and to complete the definition we
set Py = 1 and P, ,, = 0 whenever y £ w (here < denotes Bruhat order on W) and
P, =1 for all w € W. We note that the Kazhdan-Lusztig polynomials, and hence
the elements C,,, depend on the the weight function L (see the following example).

ExAMPLE 1.1. Let (W, S, L) be a Coxeter group and let J C S be such that the group
W generated by J is finite. Let w; be the longest element of W;. The Kazhdan—
Lusztig element C,,, is equal to Y, oy, qL@)=L(ws)T = Indeed, this element has
the required triangularity with respect to the standard basis and it is stable under
the bar involution. Further, if we set Cy, := > qwqujiTw € Hy then we have
©r(Cy,) = Cy, for all positive weight functions L on W.

Now assume that S contains two elements sq, s such that (3132)4 = e. If we set
a = L(s1) and b = L(s2) then we have

Torz+q " (Tiz+Ton) + (a7 —q ") Th + q 72Ty

+ (g2 - g 2ty T, > a,

Coz = { Tor2 +q* (To1 + Th2) + 92 (Ty + 1) + q 2T, if a =b,
Toro+q " (Tia +To1) + (q 70 —q ") T + q 72Ty

+ (q_a — q_“_zb) T, if b < a.

Indeed, the expressions on the right-hand side are stable under the bar involution and
since they have the required triangularity property, they have to be the Kazhdan—
Lusztig element associated to 212. Unlike the case where w = w, there is no generic

Algebraic Combinatorics, Vol. 2 #5 (2019) 972



Lusztig’s Conjectures for Co

element in 1, that specialises to Ca12 € H(W, S, L) for all positive weight functions L.

We also note that when b > a we have Py 212 = q7°7% — q~ "2, showing that the

Kazhdan—Lusztig polynomials can have negative coefficients in the unequal parameter
case.

Let z,y € W. We denote by h, . € R the structure constants associated to the
Kazhdan—Lusztig basis:

CTC’y - Z hx,y,zcz-

zeW

DEFINITION 1.2 ([17, Chapter 13]). The Lusztig a-function is the functiona : W — N
defined by

a(z) :==min{n € N | q "hy,.. € Z[q~ '] for all z,y € W}.

When W is infinite it is, in general, unknown whether the a-function is well-defined.
However in the case of affine Weyl groups it is known that a is well-defined, and that
a(z) < L(wp) where wy is the longest element of the underlying finite Weyl group
Wy (see [17]). The a-function is a very important tool in the representation theory

of Hecke algebras, and plays a crucial role in the work of Lusztig on the unipotent
characters of reductive groups.

DEFINITION 1.3. For z,y,z € W let v, , .—1 denote the constant term ofq’a(z)hm7y7z.

The coefficients v, , .-1 are the structure constants of the asymptotic algebra J
introduced by Lusztig in [17, Chapter 18].

1.3. KAZHDAN-LUSZTIG CELLS AND ASSOCIATED REPRESENTATIONS. Define pre-
orders <r, <r,<cr on W extending the following by transitivity:
<y <= 1 h € H such that C, appears in the KL expansion of hCy,
<R Y <= 3J h € H such that C; appears in the KL expansion of hC,,
r<gry <= 3 h,h' €M suchthat C, appears in the KL expansion of hCyh'.

We associate to these preorders equivalence relations ~,, ~r, and ~,r by setting
(for x € {L,R,LR})

x ~, y if and only if x <, y and y <, x.
The equivalence classes of ~,, ~x, and ~ g are called left cells, right cells, and

two-sided cells.

EXAMPLE 1.4. For y,w € W we write y = w if and only if there exists z,z € W
such that w = zyz and £(w) = €(x) + £(y) + £(y). In this case it is not hard to see,
using the unitriangularity of the change of basis matrix from the standard basis to
the Kazhdan-Lusztig basis, that T,,C,T, = C,, + Zz<w a,C, and therefore w <gr ¥.

We denote by A the set of all two-sided cells (note that of course A depends on the
choice of weight function). Given any cell T' (left, right, or two-sided) we set

I¢, := {w € W | there exists € I" such that w <, x}

and we define I'> _, I's, | and I', similarly.

To each right cell T of W there is a natural right H-module Hy constructed as
follows. The R-modules

Henr =(CplzeTc,) and Hepy:=(CylzeTey)
are right H-modules by definition and therefore the quotient
Hy == Hepr/Hearr
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is a right H-module with basis {C\, | w € T} where C,, is the class of C,, in Hr.
Given a left cell (respectively a two-sided cell) we can follow a similar construction to
produce left H-modules (respectively H-bimodules).

1.4. LUSZTIG CONJECTURES. Define A : W — N and n, € Z \ {0} by the relation
P, = n.q 2% 4+ strictly smaller powers of q.
This is well defined because P, ,, € q~'Z[q™!] for all z,y € W. Let
D={weW]|Aw)=a(w)}.

The elements of D are called Duflo elements (or, somewhat prematurely, Duflo invo-
lutions; see P6 below).

In [17, Chapter 13|, Lusztig has formulated the following 15 conjectures, now known
as P1-P15.

P1. For any z € W we have a(z) < A(z).
P2. If d € D and z,y € W satisfy 73 y.a # 0, then y = 271
P3. If x € W then there exists a unique d € D such that vy, ;-1 4 # 0.
P4. If 2/ <yr z then a(z’) > a(z). In particular the a-function is constant on
two-sided cells.
P5. Ifde€ D,z €W, and v, ;-1 4 # 0, then v, ;1 g = ng = £1.
P6. If d € D then d? = e (the identity).
P7. For any z,y,2z € W, we have v, 4. = Vy 2.2
P8. Let z,y,2 € W be such that ~,, . # 0. Then 7 ~g Yy, Yyt ~r 2, and
271 ~NR X
P9. If 2/ <, z and a(2’') = a(z), then 2’ ~/ z.
P10. If 2’ <z z and a(z’) = a(z), then 2’ ~x z.
P11. If 2/ <,r 2z and a(2’) = a(z), then 2’ ~,% 2.
P12. If I C S then the a-function of W7y is the restriction to Wj of the a-function
of W.
P13. Each right cell T of W contains a unique element d € D, and we have
Voaw-1,4 7 0forallz e T.
P14. For each z € W we have z ~pg 27 1.
P15. If z,2',y,w € W are such that a(w) = a(y) then

E Bty @ hayry = E : hy ary @ by w,y in R®@zR.
y'ew y'ew

1.5. BALANCED SYSTEM OF CELL REPRESENTATIONS. In [13] we introduced the no-
tion of a balanced system of cell representations, inspired by the work of Geck [6, 8]
in the finite case. We recall this theory here.

If S is an R-polynomial ring (including the possibility S = R), we write SS? and S°
for the associated Z[q~!]-polynomial and Z-polynomial subrings of S, respectively. In
particular RS? = Z[q~!] and R® = Z. Let

SP| 1, 5SSO 5 S% denote the specialisation at q~! = 0.

By a matriz representation of H we shall mean a triple (w, M, B) where M is a
right H-module over an R-polynomial ring S, and B is a basis of M. We write (for
h € H and u,v € B)

m(h;B) and [7(h;B)]y.
for the matrix of w(h) with respect to the basis B, and the (u,v)*" entry of 7(h;B).

Let deg(f(q)) denote the degree of the Laurent polynomial f(q) € S (note that

degree here refers to degree in q, not degree in the indeterminates of the polynomial
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ring S). A matrix representation (m, M, B) is called bounded if deg([7(Cuy;B)]u,v) is
bounded from above (for all u,v € B and all w € W). In this case we call the integer

(3) a, := max{deg([7(Cy;B)uw) | u,v € B, w € W}
the bound of the matrix representation and we define the leading matrices by

(4) ¢ (w; B) := sp, S, (q 2 7(Cw;B)) forwe W.

DEFINITION 1.5. We say that H admits a balanced system of cell representations if
for each two-sided cellT' € N there exists a matriz representation (7r, Mr,Br) defined
over an R-polynomial ring Ry (where we could have Rpr = R) such that the following
properties hold:

Bl. Ifw¢Ts,., then mp(Cy;Br) =0.

B2. The matriz representation (mr, Mr, Br) is bounded. Let a.. denote the bound.

B3. We have ¢;.(w;Br) # 0 if and only if w € T.

B4. The leading matrices cx.(w;Br) (w € T') are free over Z.

B5. For each z € I there exists x,y € I' such that 4, , ,—1 # 0, where 7, , -1 € Z

is the coefficient of q*r in hy y .

B6. IfT" <r T then ar., > ar..
The natural numbers (ax.)rea are called the bounds of the balanced system of cell
representations.

REMARK 1.6. We make the following remarks:

(1) We note that Bl does not depend on the basis Br. A representation with
property Bl is called a cell representation for the two-sided cell T'. It is clear
that the representations associated to cells that we introduced in Section 1.3
are cell representations (see [13, Section 2.1]).

(2) If the basis Br of Mr is clear from context we will sometimes write ¢, (w)
in place of ¢ . (w; Br).

(3) By [13, Corollary 2.4] the axioms B1-B4 and B6 alone imply that the Z-span
Jr of the matrices ¢ .(w;Br) with w € T" is a Z-algebra, and that

Crp (23 Br)ern (y; Br) = Z&%y,zflcﬁr (2;Br) forz,yeTl
zel

with 7, , -1 as defined in B5. Hence these integers are the structure constants
of the algebra Jr.

(4) We note that in (3) and (4) it is equivalent to replace C,, by Ty, because
Cow=Tw+> ycp PowTy with P, , € q~'Z[q~!]. However in B1 one cannot
replace Cy, by T,.

(5) Finally we note that we have slightly changed the numbering from [13],
where B5 was denoted B4/, and B6 was denoted B5.

In [13] we showed that the existence of a balanced system of cell representations is
sufficient to compute Lusztig’s a-function. In particular, we have:

THEOREM 1.7 ([13, Theorem 2.5 and Corollary 2.6]). Suppose that H admits a balanced
system of cell representations. Then a(w) = a,. for all w € T. Moreover, for each
I’ € A the Z-algebra Jr spanned by the matrices {c.(w;Br) | w € T'} is isomorphic
to Lusztig’s asymptotic algebra associated to I', and vz y . = Yo y,2-

Note that the first part of this theorem implies that the bounds a,,. in Definition 1.5
are in fact unique. That is, if there exist two balanced systems of cell representations
then their bounds coincide.
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2. AFFINE WEYL GROUPS, AFFINE HECKE ALGEBRAS, AND ALCOVE PATHS

We begin this section with some basic facts about root systems and Weyl groups. We
then recall the combinatorial language of alcove paths from [21], and the concept of
alcove paths confined to strips from [13]. We also discuss the combinatorics of the
affine Hecke algebra (and extended affine Hecke algebra) of type Cs.

2.1. RooT SYSTEMS AND WEYL GROUPS. Let ® be the non-reduced root system of
type BC5 in the vector space R2. Thus ® consists of vectors

O =0T U (—dT), where @1 = {a,a,a; + az,a; + 20z, 2a,2(a; + as)},
with |la1]| = V2, [Jaz|| = 1, and {a;, as) = —1. Let ®; and ®; be the subsystems
Py = :E{Oél,az,()q + g, 1 + 20[2} and &; = :|:{Oé1,20¢2,0&1 + 2ai, 2001 + 2052}

of types By and Cs, respectively (see Figure 1).
Let o = 2a/(a, o). The dual root system is

Y = +{a), a5 /2, 0] + a3 /2,f + a3, 3,20y +ad }.
The coroot lattice is the Z-lattice QQ spanned by ®V. Thus
Q = {may +nay /2| m,n € Z}.
The fundamental coweights wy and wy are defined by (w;, a;) = J; ;, and thus
wi=af +ay/2 and ws=a) +ay.

In particular, note that wi,ws € Q. Let Q1 be the cone Z>ow1 + Zsowz (note that
this notation is non-standard).

For each o € ® let s, be the orthogonal reflection in the hyperplane H, = {z €
R? | (z,a) = 0} orthogonal to a, and for i € {1,2} let s; = s,,. The Weyl group
of ® is the subgroup Wy of GL(R?) generated by the reflections s; and s, (this is a
Coxeter group of type By = C3). The Weyl group Wy acts on @ and the affine Weyl
group is W = @ x Wy where we identify A\ € Q with the translation ¢)(z) = z + A.
The affine Weyl group is a Coxeter group with generating set S = {sg, $1, 2}, where
50 = t,v Sy, With ¢ = 2aq + 2a the highest root of ®.

For each o € ® and k € Z let H,j = {z € R? | (z,a) = k}, and let s, be the
orthogonal reflection in the affine hyperplane H, j. Explicitly, sq x(2) =z — ((x, o) —
k)aV. Each affine hyperplane H, ; with a € ®* and k € Z divides R? into two half
spaces, denoted

H(;k:{ffeR2|<l',Oé>>k} and H;k:{x€R2|<$7a><k}

This “orientation” of the hyperplanes is called the periodic orientation (see Figure 1).
If w € W we define the linear part §(w) € Wy and the translation weight wt(w) € Q
by the equation
w = twt(w)H(w).
Let F denote the union of the hyperplanes H, j with o € ® and k € Z. The closures
of the open connected components of R? \ F are called alcoves (these are the closed
triangles in Figure 1). The fundamental alcove is given by

Ag={reR*|0< (z,a) <l foralla € ®t}.
The hyperplanes bounding Ag are called the walls of Ay. Explicitly these walls are
H,, o withi=1,2and H, 1. We say that a face of Ay (that is, a codimension 1 facet)
has type s; for i = 1,2 if it lies on the wall H,, ¢ and of type s if it lies on the wall Hy, ;.
The affine Weyl group W acts simply transitively on the set of alcoves, and we

use this action to identify the set of alcoves with W via w <> wAy. Moreover, we use
the action of W to transfer the notions of walls, faces, and types of faces to arbitrary
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alcoves. Alcoves A and A’ are called s-adjacent, written A ~; A’ if A # A" and A
and A’ share a common type s face. Thus under the identification of alcoves with
elements of W, the alcoves w and ws are s-adjacent.

T
2a2
_|_
3/ / +
S0 § —
+ 1
S2 1= +
+
+
\
-1+ -1+ -+
FIGURE 1. Root system of type BCj5, periodic orientation, and ad-
jacency types (dotted, dashed, solid = 0,1,2)
2.2. ALCOVE PATHS. For any sequence @ = (s, Siy, - - -, Si,) Of elements of .S we have
€ sy Sin siy SinSig Nsig 0 sy, SinSip T Sige

In this way, sequences @ of elements of S determine alcove paths (also called al-

cove walks) of type W starting at the fundamental alcove e = Ag. We will typi-
cally abuse notation and refer to alcove paths of type W = s;,s;, - - - 5;, rather than
W = (Siy,8iq,- - -, 8i,). Thus “the alcove path of type & = s;,8;, - - - 8;,” is the sequence
(vo,v1,...,ve) of alcoves, where vog = e and vy = s;, --+ s, for k=1,... L.

Let W = s;, si, - - - 54, be an expression for w € W, and let v € W. A positively folded
alcove path of type W starting at v is a sequence p = (vo, v1, . ..,vp) Withvg, ..., v, € W
such that

(1) vo =,

(2) vi € {vg—1,vk—184, ) for each k=1,...,¢, and
(3) if vg—1 = vi then vi_1 is on the positive side of the hyperplane separating
Vg—1 and vg_1S;, -

The end of p is end(p) = vy. Let wt(p) = wt(end(p)) and 6(p) = 6(end(p)). Let
P(w,v) = {all positively folded alcove paths of type W starting at v}.

Less formally, a positively folded alcove path of type W starting at v is a sequence of
steps from alcove to alcove in W, starting at v, and made up of the symbols (where
the kth step has s =s;, for k=1,...,¢):

-+ -+ -+
x + xs xs }; x xs + x
(positive s-crossing) (positive s-fold) (negative s-crossing)

If p has no folds we say that p is straight. Note that, by definition, there are no
“negative” folds.
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If p is a positively folded alcove path we define, for each s; € S,
[i(p) = #(positive s;-folds in p).

2.3. ALCOVE PATHS CONFINED TO STRIPS. Let of = ay and oy = 25 (these are the
simple roots of ®;). For i € {1,2} let

Uy ={r eR?| 0 < (z,0}) < 1}
be the region between the hyperplanes Ha;70 and HQH. It is also convenient to define

Us = Us.
Let W = s;, - -+ 85, be an expression for w € W. Let i € {1,2,3}. An i-folded alcove

path of type W starting at v € U; is a sequence p = (vg, v1,...,vs) with vy, ..., v, € U;
such that
(1) vog = v, and vy, € {vg—1,Vk-18;, } for each k =1,...,¢, and

(2) if vg—1 = vk then either:
(a) Vk—1Siy, ¢ L{i, or
(b) vg—1 is on the positive side of the hyperplane separating vi_; and
Vk—1Si, -
We note that condition (2)(a) can only occur if v;_1 and v,_1s;, are separated by
either Ha;,O or Ha;,l'
The end of the i-folded alcove path p = (vg,...,v,) is end(p) = vs. Let

P;(w,v) = {all i-folded alcove paths of type & starting at v}.

Less formally, i-folded alcove paths are made up of the following symbols, where
r €U; and s € S:

— — — |+ -+ —

(positive s-crossing) (s-fold) (negative s-crossing)  (s-bounce) (s-bounce)
(a) When the alcoves = and zs both belong to U; (b) When zs lies outside of U;
FIGURE 2.

We refer to the two symbols in (b) as “s-bounces” rather than folds, since they
play a different role in the theory. It turns out that there is no need to distinguish
between “positive” and “negative” s-bounces. We note that bounces only occur on
the hyperplanes Hai o and H,: 1. Moreover, note that there are no folds or crossings
on the walls Ha; 0 and Hﬂ’i .1 — the only interactions with these walls are bounces. In
the case ¢ = 1 every bounce has type 1. In the case ¢ = 2, 3 the bounces on H,; o have
type 2, and those on H,; ; have type 0 (see Figures 1 and 3).

Let p be an i-folded alcove path. For each j € {0,1,2} let

fi(p) = #(s;-folds in p) and g;(p) = #(s;-bounces in p).
For i € {1,2} let W; = (s;) and let W{ denote the set of minimal length coset
representatives for cosets in W; \ Wy. Define
0'(p) = ¢i(8(p)) and wt'(p) = (wt(p), wi),
where v; : Wy — W{ is the natural projection map taking u € Wy to the minimal
length representative of W;u, and wy,ws are as defined in Section 2.1. For later use,
we also set
6> =0> and wt3 =wt?.
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Thus if wt(p) = may + nay /2 then wt!(p) = m and wt?(p) = wt3(p) = n.
Let

T1 =tw, 51 = 505152 and To =t,, = 50515251,

and let 73 = 75. Observe that 7; preserves U;. It is not hard to see that for each
p € P;i(wW,u) the path 7;(p) obtained by applying 7; to each part of p is again a valid
i-folded alcove path starting at 7;u (the main point here is that in the case i = 1
the reflection part of 71 is in the simple root direction oy, and thus sends ®* \ {a;}
to itself; in the cases ¢ = 2,3 the element 75 = 73 is a pure translation, and so the
result is obvious). Moreover 6°(p) is preserved under the application of 7;, and a direct
calculation shows that wt!(7F(p)) = k + wt(p).

Note that W{ is a fundamental domain for the action of (r;) on U;. Let B be any
other fundamental domain for this action. For w € U; we define wts(w) € Z and
0% (w) € B by the equation

w ="} (w),
and for i-folded alcove paths p we define
wtg(p) = wtg(end(p)) and G (p) = Og(end(p)).

It is easy to see that in the case B = W{ these definitions agree with those for wt(p)
and 6*(p) made above.

ExAMPLE 2.1. Figure 3 shows three examples of i-folded alcove paths, with i =1 in
the first two cases, and ¢ = 2 or 4 = 3 in the third case.

FI1GURE 3. i-folded alcove paths

In each case the identity alcove is shaded in dark green. The first and second
paths have type w = 210121012120 and start at u = e, and the third path has type
w = 121021210120120 and starts at u = 12. The first and second figures illustrate two
choices of fundamental domain B for the action of 71 on U; (indicated by green and
red shading). In the first example B = W{, and we have wtg(p) = 3 and 65(p) = 21.
In the second example B = {e,2,0,20}, and we have wti(p) = 2 and 0}(p) = 0.
The third figure illustrates the fundamental domain B = {12,2, e, 0} for the action of
T2 = 73 on Us = Us. We have wtg(p) = wti(p) = 1 and 63(p) = 03(p) = 0.

2.4. THE AFFINE HECKE ALGEBRA OF TYPE Cs. Let (W, S) be the C5 Coxeter Sys-
tem and let H, be the associated generic affine Hecke algebra, as in (1). The algebra
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H, is generated by Tp = Ty, Th = T,, and Tp = T,, subject to the relations (for
i=0,1,2)

T?=1+Q,Ti, ToWToTy=T\ToT'\'Ty, TWToT\To=TT\ToTy, and TyTo=TsTy,

where q; = q,, and Q; = q; — q; .

K3
Let v € W and choose any expression v = s;, ---;, (not necessarily reduced).

Consider the associated straight alcove path (vg, vy ...,v), where vg = e and v =
Siy -+ Siy,- Let €1,...,¢¢ be defined using the periodic orientation on hyperplanes as
follows:

+1 ifwg_y 7|7 vr (that is, a positive crossing)
£ =
i —1 ifwvy  ~|T wg_1 (that is, a negative crossing).
It is easy to check (using Tits’ solution to the Word Problem) that the element
Xy =T ... TS €Hy

does not depend on the particular expression v = s;, - - - s;, we have chosen (see [11]).

If XA € Q we write

£

X* =X,
and it follows from the above definitions that
wt(v wt(v —1
(5) Xo = Xp, 00 = XV Xy = XMOT

(the second equality follows since ty.(,) is on the positive side of every hyperplane
through wt(v), and the third equality follows since X, = Tu__l1 for all u € Wy).
Moreover since X, = T, + (lower terms) the set {X, | v € W} is a basis of H,, called
the Bernstein—Lusztig basis.

Let R,[Q] be the free R,-module with basis {X* | A € Q}. We have a natural
action of Wy on Ry[Q] given by wX* = X®*. We set

Rg[Q]WU ={peRyQ] | w-p=pforall we Wy}

It is a well-known result that the centre of H, is Z(H,) = R,[Q]"°.

The combinatorics of positively folded alcove paths encode the change of basis from
the standard basis (T\)wew of H,y to the Bernstein-Lusztig basis (X,)yew. This is
seen by taking u = e in the following proposition (see [21, Theorem 3.3], or [13,
Proposition 3.2]).

PROPOSITION 2.2 (cf. [21, Theorem 3.3]). Let w,u € W, and let @ be any reduced ex-
pression for w. Then

2
X Ty, = Z Q(p)chd(p) where  Q(p) = H(qj _ q‘;l)fj(P).
pEP(W,u) j=0

Let
X; =X and Xo= X%/2
We have X; = Ty 'TyTy Ty ' ToTy and Xo = T, 'TyTi T». Note that Xt = X; X, and
X“ = X; X2
The Bernstein relations are (for A € Q)

X)\ _ Xsl)\
T-1xX _ xsidp—1 _
1 1 Qi X, -1
and
X>‘ _ stk
Ty XA — XM = (Qo + Qon)ﬁ
2 -
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Note that X* — XA = XsiA( X Mesded’ _ 1) is indeed divisible by X — 1 because
(A, ;) € Z for all X € Q.

For later reference we record the following complete set of relations for H, in the
Bernstein—Lusztig presentation. Let Y7 = X“! and Yo = X“2. Then

Ti=1+(¢"—q¢ 1 Ti=14+(¢"—¢ ") TDLT1To =TT ToT) Y1Yo=YoY;
7Y =Y, '% T T,y Yo=Y, ' T+ QoYr Ty Yo=YoT7 ' Ty'Vi =T,
REMARK 2.3.Let L : W — Ny be the weight function with L(s;) = a, L(s2) = b,
and L(sg) = ¢, and let H be the associated affine Hecke algebra, as in (2). The results

of the above section of course apply equally well to ‘H after applying the specialisation
O.. For example, Proposition 2.2 applies with the obvious modification

Qp) = (q° —q )P (g — q 1)) (q° — q )o@,

2.5. THE EXTENDED AFFINE HECKE ALGEBRA. If qp = g2 (or, in the specialisation,
¢ = b) one can slightly enlarge the affine Hecke algebra as follows. Let

P= Zwl —‘rZWg/Q = ZaY/Z —i—Za;/Q and P+ = Z>0w1 +Z20W2/2.
The Weyl group Wy acts on P, and the extended affine Weyl group is
W=PxWy =W x(P/Q).

Note that P/Q = Zy. Let o € W be the nontrivial element of P/Q. Then gs;o0~! =
54(;) for each i = 0, 1,2, where o(i) denotes the nontrivial diagram automorphism of
(W, 5).

The length function on W is extended to W by setting £(wo) = £(w) for all w € W.
Thus the length 0 elements of W are precisely the elements e and o.

Under the assumption qo = g2 we have Ry = Z[q1, g2, ql_l, q2_1]. The extended affine
Hecke algebra is the algebra H, over R, with basis {7}, | w € W} and multiplication
(for u,v,w € W and s € S) given by

T.T, = Ty if L(uv) = £L(u) + £(v)

TwTs = Tys + (as —a; )T if {(ws) = f(w) — 1.
The definition of the Bernstein-Lusztig basis {X, | v € W} can be extended to H, by
considering W as 2 sheets of W, and an alcove path of type W = s;, - -+ 54,0 consists
of an ordinary alcove path of type s;, - -+ s;, followed by a jump to the o-sheet of W
(see [21]). The centre of H, is R,[P]".

The Hecke algebra H, (with qo = q2) is naturally a subalgebra of 7—29. Indeed 7-lg
is generated by Ty, T, T3, and the additional element

T, = X/2r iyt

2.6. SCHUR FUNCTIONS. The following Schur functions will play a role later. Let
A € Q. The Schur function sy (X) € Z[Q]"° is the polynomial

X)\

weWy

Let A € P. The dual Schur function ) (X) € Z[P]"° is the polynomial

X)\
(7) H(X)= > w<H E¢+(1_Xav)>.
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In particular we have

Sy (X)) = X1 4 X791 4 X172 4 X w1 w2

) =X X
) 1 e e

w2/2(X) Xw2/2 4 x—w2/2 4 xwi—w2/2 | x—witws/2

3. KAZHDAN-LUSZTIG CELLS IN TYPE C*Q

Let W be a Coxeter group of type Co with weight diagram

c a b
S0 S1 S2

That is, L(s1) = a, L(s2) = b, and L(sg) = ¢. In this section we recall the decompo-
sition of W = C into cells for all choices of parameters (a,b,c) € N3. We then study
the properties of this partition and introduce various notions such as the generating
set of a two-sided cell, cell factorisations and the a-function. The a-function is defined
using the values of Lusztig a-function in finite parabolic subgroups of W and as a
consequence of the main result of this paper, it turns out that a = a, and thus the
table listed in Section 3.5 in fact records the values of Lusztig’s a-function (however,
of course, this cannot be assumed at this stage).

3.1. PARTITION OF C3 INTO CELLS. A positive weight function L on W is completly
determined by its values L(s1) = a, L(s2) = band L(so) = c on the set S of generators.
If the triplet (a,b,c) € N5g admits a common divisor d then the algebra H defined
with respect to (a, b, ¢) is easily seen to be isomorphic to the one defined with respect
to (a/d,b/d,c/d). Therefore the Hecke algebra H defined with respect to (a,b, ¢) only
depends on the ratios b/a and ¢/a, and hence also the decomposition into cells depends
only on these ratios. Thus we set

c
rn=— and 1r9=—
a a

In this paper, many notions will depend on the choice of parameters and, as far
as Kazhdan—Lusztig theory is concerned, it is equivalent to fix a weight function L, a
triplet (a,b,c) € N3 or a pair (r1,r2) € Q% Given D C Q%,, we write

e (a,b,c) € D for (a,b,c) € N3 to mean (b/a,c/a) € D;

e L € D for a weight function L to mean (L(s2)/L(s1), L(s9)/L(s1)) € D.
In a similar spirit, when considering a statistic F' that depends on the choice of
parameters (for instance the partition into cells), we will write F'(L), or F(a,b,c) or
F(r1,72) to mean that we consider the statistic F' with respect to the weight function
L, the triplet (a,b,c) € N? or the pair (r1,r2) € Q2%,. Furthermore, if F(ry,ry) =
F(ri,rh) whenever (ri,72) and (r},75) belong to a subset D C Q%,, we will also
write F'(D) to denote the common value of F' on D.

The partition of W into cells has been obtained by the first author in [12]. Even
though there are an infinite number of positive weight functions on W, there are only
a finite number of partitions of W into cells (as conjectured by Bonnafé in [1]) In
order to describe these partitions we first need to define a set R of subsets of Q% on
which the partition into cells will be constant.

We define open subsets Aq,..., Ajg of Q2>0 in Figure 4. Write Ay = A} for the
region A; reflected in the line 71 = 9 (we call this the “dual” region). For “adjacent”
regions A; and A; (respectively A; and A}), let A, ; (respectively A, ;/) be the line
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segment A; N Zj (respectively A; N A;) with the endpoints removed. This partitions
the set {(z1,72) € Q% | 22 < 21} into 30 regions:
o Ay, Ay, A3, Ay, As, Ag, Az, Ag, Ag, A1g (open subsets of Q?),
o Ay, Asor, Assr, Ara, Ao, Asa, Aus, Ase, Asz, A, Arg, Asg, A7y,
A9,107 AS,lO (open intervals),
e P =(1/2,1/2), P, = (1,1), P; = (3/2,1/2), Py = (2,1), and Ps = (3,1)
(points).
The set Q2>0 is so partitioned into 55 regions (20 open subsets, 27 open intervals, and
8 points). Let R be the set of all such regions and let R, = {4;, A; | 1 <i < 10}.

T2
2
A5 A8 AlO

1

Ay

A2 A3 A7 A9
Al A6
1 2 1

FIGURE 4. Regions of R?

For any region D € R, the decomposition of W into right cells and two-sided cells
is the same for all choices of parameters (r1,72) € D. In Figure 5, we represent A(D)
for all D € R such that D C {(z1,22) € Q% | #2 < z1}. The alcoves with the same
colour lie in the same two-sided cell and the right cells in a given two-sided cell are the
connected components. The Hasse diagram on the right of each partition describes
the two-sided order on the two-sided cells, going from the highest cell at the top to
the lowest one at the bottom. Finally to obtain the decomposition and the two-sided
order for a region included in {(x1,22) € Q%, | 22 > 1} one simply applies the
diagram automorphism o to the partition for the dual region. Hence the partition of
Cs into two-sided cells and right cells is known for all choices of parameters.

COROLLARY 3.1. Conjecture P14 holds.

Proof. One directly checks that each two-sided cell is invariant under inversion. [

3.2. SEMICONTINUITY CONJECTURE. The parameters (ri,r2) € Q2 are called
generic if there exists an open subset O of R? that contains (ry, ;) and such that for
all (r},r5) € ONQ%, we have A(ry,r2) = A(r},r}). According to Figure 4, we see
that the generic parameters for W are exactly those that lie in some A; or Aj. For
D e R weset Rp :={A€R,| D C A}. For example,

RPZ = {AQ’ A37A47A57 A2’5A3’7A4’7 A5’}-

In [1], Bonnafé has conjectured that the partition of an arbitrary Coxeter group
into cells satisfies certain “semicontinuity properties”. The basic idea of his conjecture
is that the partition for all parameters can be determined from the knowledge of the
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FIGURE 5. Decomposition of Cs into cells for ry < 7

partition for generic parameters. More precisely the partition A(D) for D € R is the
finest partition of W that satisfies the following property:

For all A € Rp, and for all ' € A(A), there exists a cell IV € A(D) such that I' C T,

In the case of Cy the conjecture is known to hold (by direct inspection using
Figure 5). Thus it is (retrospectively) sufficient to know A(A) for all A € R, to
determine A(D) for all D € R (in fact, using the diagram automorphism ¢ it is enough
to know A(A;) for all 1 < 4 < 10). The most striking example of the semicontinuity
phenomenon is when D = P» (the equal parameter case) where one has to look at the
partition of W into cells for parameters in the regions As, Ao, Az, Az, Ay, Ay, As
and As to determine the partition into cells. As a result, all finite cells get absorbed
into the infinite cells.
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3.3. GENERATING SETS OF TWO-SIDED CELL. Recall the definition of < in Exam-
ple 1.4. Given a subset C of W we denote by C™ the set that consists of all ele-
ments w € W that satisfy u < w for some u € C. By inspection of Figure 5 we see that
for all D € R and all T € A(D) there exists a minimal subset Jr(D) of W such that

r=Jr(D) — U I
I"<erD

We call this set the generating set of I'. We have for all D € R and all I € A(D)
(1) I(D) € Ures Wi

(2) the elements of Jr are involutions;
(3) if D € R, then [Jp(D)| = 1;
(4) we have

Jr(D) < U U Jr(4)
AERp IVEN(A),I'NT#£2

where the inclusion can be strict (see the example D = P, below);
(5) the set {Cy | w € Jr(D)} generates the module H¢ . 1;
(6) Ty <cg Iq if and only if Jpr, (D)t NT # 2.

Of course, it is also possible to have [Jp(D)| = 1 for some D ¢ R,. When [Jp(D)| =1,
we will denote by wr the element of this set (or simply w; if I' = I';). In the table
below, we give the elements w; for all A; € R and I'; € A(4;).

Ay | Ay | As | Ay | As | As | A7 | As | Ag | Ao
Ty 1212 | 1212 | 1212 | 1212 | 1212 | 1212 | 1212 | 1212 | 1212 | 1212
Iy 1 20 20 20 20 212 | 212 | 212 | 212 | 212
Iy 101 101 101 2 2 101 2 2 2 2
I's || 1010 | 1010 | 1010 | 1010 | 1010 | 1010 | 1010 | 1010 | 20 20

I's 0 0 0 0 010 0 0 010 0 010
T 2 2 212 | 212 | 212 — — — — —

| — [ — [ = [1o1 —lwr ] 1 11| 1
Ty — =17 =17 =17 =71 =1 = T1o10]1010
ol 20 -] -1 -1 -1]1-1-1-1-=-1-
T | - 1 2 -] = 2 | =1 =] =
tal - | = = =1 = T2 2|2 | - [ =

I'ig || 121 | 121 1 1 0 1 1 0 1 0

TABLE 1. The set Jr,(A;) = {w;} for generic parameters

The set Jp(D) when " € A(D) and D ¢ R, can be obtained by first computing the
right-hand side J of (4) and then taking the minimal subset Jy, such that J C JF. .
For instance, if D = P, and I' = I'y then the right-hand side of (4) is

J = {50, 51,52, 515251, 525152, 515051, 505150 }

and thus Jr, (Ps) = {so, $1, S2} since s1 < $18281, $28152, S05150, 051 50-
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3.4. CELL FACTORISATIONS. When the set Jp(D) contains a unique element then
the two-sided cell I' admits a cell factorisation. We refer to [13, §4] for a detailed
description of this concept in type Go. To illustrate cell factorisation here, consider
the lowest two-sided cell T’y in the regime 75 < 71. In this case we see that Jp,(r1,r2) =
{wo} where wg = s1828182. By direct inspection of Figure 5 we have the following
representation of elements of I'g:

e Each right cell T C I'y contains a unique element w~y of minimal length.
e The element wy is a suffix of each w~. Let uy = w0w§1 and Bg = {uy | T C
To}.
o We have
Ty = {u_lwot,\v | u,v € Bg, A€ Q1.
Moreover, each w € T’y has a unique expression in the form w = u™'wptyv with
u,v € By and A € QT, and this expression is reduced (that is, £(w) = f(u™!) +
L(wg) + £(tx) + £(v)). This expression is called the cell factorisation of w € T'y.
In the infinite cells T' = T'; with ¢ = 1,2,3 cell factorisation (if it exists) takes a
similar form:

e Each right cell T C I' contains a unique element wy of minimal length.

e The element wr is a suffix of each wy and we set uy = pr}l and Br =
{uy | T CT}.

e There exists tr € W such that

I' = {u 'wrtlv | u,v € Bp,n € N},

and moreover each w € I' has a unique expression in this form, and this
expression is reduced.

The specific cell factorisations that we require will be introduced at the appropriate
time. Here we give one example for illustration. Consider T' = T'y (71, r2) with ro <
r1 — 1. Then the set Jp(r1,72) contains a unique element wr = s95182. Therefore this
cell admits a cell factorisation, and we have

tr =012, and B = {e,0,01,010}.

We represent this factorisation in Figure 6. The set of grey alcoves together with the
black alcove Ay on the left hand side is B 1 and the small diagram on the right hand
side illustrates Br. The connected sets of dark blue (respectively light blue) alcoves
are the sets of the form {u~!wrt?v | u,v € Br} where n is odd (respectively even).

There are also cases where there is a kind of “generalised” cell factorisation that
involves the extended affine Weyl group. Specifically, these cases are I'g with ro = 71,
the cell T'; in the case 1o = ry and ro < 1, and the cell I'y in the case ro = r; and
ro > 1. We will discuss these factorisations at the appropriate time.

All finite cells except for I'y3 admit a cell factorisation. In these cases tr = e, and
each element of the cell has a unique expression in the form v~ 'wprv with u, v € Br and
wr € Jr. For example, if ' = I'15 with (T1,7‘2) € AjUA U Al,g then Jr = {818251}
and Bl" = {6,80}, and if I' = Fll with (7’1,7‘2) S A6 U A7 U Ag U A677 @] A778 then
Jr = {s0s2} and Br = {e, s1,5180}-

Suppose that T' is a cell admitting a cell factorisation. If w € T' is written as
w = u_1Wpt{£v with u,v € Bpr and n € N we write

Uy = U, Vo =v, and 7, =n

(and in the case of [y we have w = u~'wrt v and 7, = \). Let =,y € I'. With these
notations, we have for all generic parameters:

T~y E=vy=vy, and T~RYEE U, =U,.
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FIGURE 6. Cell factorisation of I'y in the case ro < rq — 1.

3.5. THE a-FUNCTION. A useful auxiliary notion is the a-function, defined as follows.
The values of the a-function are explicitely known for finite dihedral groups (see, for
example, [13, Table 1]) and Lusztig’s conjectures have been verified in this case (see [8,
Proposition 5.1]). Therefore, for all choices of parameters, we can define a-functions
ay : Wy, — N (k=0,1,2) where I}, := S\ {k}, however we emphasise that it is not
clear that ay, is the restriction of a to W7y, ; this is the content of P12. It turns out, by
direct observation, that if u,v € I' lie in a common two-sided cell, with u € Wy, and
v e Wy, for j,k € {0,1,2}, then aj(u) = ai(v). These observations, together with
the fact that every two-sided cell intersects a finite parabolic subgroup, allows us to
define a function a : W — N (for each choice of parameters) by

a(w) = ag(u) whenever w € T € A(ry,r2) and u e TN W7, .

By definition a is constant on each two-sided cell I', and therefore we write a(I") for the
value of & on any element of T', thereby considering a as a function a : A(rq, ) — N.
We remark that a is a deacreasing function on the set A. Indeed it is not hard to
check that a(T") > a(I'") whenever I <y I". Finally, the values of & are “generically
invariant” on the regions D € R as shown in the following proposition.

PROPOSITION 3.2.Let A € R, and I' € A(A). There exists a unique triple
(21, w2, 23) € Z® such that

a(l') = z1a + x2b + x3¢ for all (a,b,c) € A.

Furthermore, if D € R is such that D C A, then for all T’ € N(D) such that T C T’
we have
a(l") = z1a + x2b + 3¢ for all (a,b,c) € D.

Proof. This can deduced from the values of the a-function in dihedral groups: see, for
example, [13, Table 1]. O

Since the values of a-function will play a crucial role in the reminder of the paper,
we record these values in the table below.

Table 2 only lists the values of a(I'y) for (a,b,c) such that (ri,72) € A; for some
1 <7 < 10. The remaining cases can also be computed using Proposition 3.2. However
we now explain another method to deduce these values (essentially due to semiconti-
nuity).
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Ay Ay Az Ay As Ag Aq Ag Ag Aqo
Ty [|2a+2b|2a+2b|2a+2b|2a+2b|2a+2b|2a+2b|2a+2b | 2a+2b|2a+2b| 2a+ 2b
Iy a b+c | b+c | b+c | b+ec |—a+2bl—a+2b|—a+2b|—a-+2b|—a+2b
I's|[2a—c|2a—c| 2a—c b b 2a—c¢ b b b b
I's ||2a+2c|2a+2¢|2a+2c|2a+2¢|2a+2¢|2a+2¢c|2a+2¢|2a+2¢c| b+c | b+c
|V 0 0 0 0 0 0 0 0 0 0
I's c c c c —a+2c¢ c c —a—+2c c —a—+2c
T b b |—a+2b|—a+2b|—a+2b] -— — — — —
I'; — — — 2a—c a — 2a—c a 2a—c a
I's — — — — — — — — 2a+2c|2a+2c
Iyl b+c — — — — — — — — —
T — a b — — b — — — —
I — — — — — b+c | b+c | b+c — —
T'iall 2a—b|2a—0 a a c a a c a c

TABLE 2. The values of &(T';) for (b/a,c/a) € A;

o Firstly, if ro > ry then a(I'y(a, b, c¢)) = a(l'x(a, ¢, b)).
e Secondly, suppose that (r1,72) € D and 1 < k < 13. Let A € Rp and let
I' € A(A) be such that T' C T'.. Then
a(lg(a,b,c)) = lim al(a,v,c
Cufabe) = lm &)
(b /a’ ¢’ Ja')EA

Thus, for example, to compute a(I'y) in the equal parameter case (r1,72) = (1,1) we
choose any A € Rp, (for example, A = Ay) and any cell ' € A(A) with I" C I'y(1,1)
(fOI‘ example, I e {FQ(AQ), F5(A2), Fg(AQ), Flo(AQ),Flg(Ag)}) and take the limit as
(a,b,¢) — (a,a,a) in the associated a(T") value from Table 2. Thus we conclude that
a(l2(1,1)) = a.

4. REPRESENTATIONS OF H

Let (W, S) be the Coxeter group of type Cy and let L : W — N be a positive weight
function. In this section we construct representations of H that will ultimately be used
to produce a balanced system of cell representations for each parameter regime. In
fact it is convenient to define representations of the generic Hecke algebra H, of type
Cs, from which representations of  are obtained by the specialisation © 1. In what
follows we will use the same notations (eg, m;) for the representations of H, and H.

4.1. THE DIAGRAM AUTOMORPHISM. Let o be the nontrivial diagram automorphism
of (W, S). Then ¢ induces a ring automorphism of R, by swapping qo and q2, and it
is easy to check that the formula

< Z awTw>U = Z agTywo for a, € Ry

weWw wew

defines an involutive automorphism of H,.
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Suppose that (m, M) be a right H,-module over a ring S = R, 1i1, ..., G, where
(1,..-,C, are invertible pairwise commuting indeterminates. The diagram automor-
phism o of (W, S) gives rise to a “o-dual” representation (77, M) of H, by

w7 (h) = 7 (h7)7,

where the outer o is the homomorphism of Ends(M) induced by o.
This construction will allow us to concentrate on the case ¢ < b for much of what
follows, with the ¢ > b case dealt with by replacing each representation with its o-dual.

4.2. THE PRINCIPAL SERIES REPRESENTATION. Let (; and (3 be commuting in-
determinates, and let M, be the 1-dimensional right R,[@] module over the ring
Rg[¢1, ¢, Cl_l, C;l} with generator &, and Ry[Q]-action given by linearly extending

€0+ XV =6 ¢ where C* = ('Y if j1 = ma +nay /2.
Let (mo, My) be the induced right H g -module. That is,

MO = Ind?;qg[Q] (MO) = MO ®RQ[Q] Hg'

We sometimes write mg = wg when the dependence on ¢ = ({1, (2) requires emphasis.
Note that {,® X, | u € Wy} is a basis of M. More generally, if B is a fundamental
domain for the action of @@ on W then it is clear that

B={{®X,|ueB}

is a basis of M. We will often write m(T,; B) in place of mo(Ty; B), even though
strictly speaking B is not a basis of M, (cf. notation in Section 1.5).

We have the following important alcove path interpretation of the matrix coeffi-
cients [mo(Tyw; B)]u,v, as in [13].

THEOREM 4.1. Let B be a fundamental domain for the action of Q on W. For u,v € B
we have

2
[0 (T3 B)]uyw = Z Q(p)CWtB(p)’ where  Q(p) = H(qj — qj—l)fj(p)
{peP(@,u)|08(p)=v} j=0
and where W is any reduced expression for w.

For example, the matrices for mo(Tp) with respect to the “standard basis” B = W}
and Lusztig’s “box basis” B = By are

0 0 0 0 0G&GO O
0 0 0 0 ¢G 0 0 0
0 0 0 0 0 0 0 G
0 0 0 0 0 0 ¢ 0
W) =1 o ' 0 0Q 0 0 0
G0 0 0 0 Q 0 0
0 0 0 G*0 0 Q 0
0 0 ¢G'GP0 0 0 0 Qo
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and

o

o o
o o
o o

7TO(IWO; BO) = 10 QO

010
00 0
00 0

[evian i an I an B e B @)

o
_ o0 O OO0 o oo

o -
o

cCcoocococoro
cococoocol—
oo
oo
o -
coPor~rooco

where we order
Wo = (e,1,2,12,21,121,212,1212) and By = (e,0,01,012, 010, 0102, 01021, 010210).

REMARK 4.2. Suppose that qg = gq2. The representation 7y can be extended to the
extended affine Hecke algebra 7:lg as follows. Introduce an indeterminate Cll /2 with
( 11/2)2 = (1. Let My be the 1-dimensional right R,[P] module with &y - X* = &, ¢*,
where if u = may’/2+nay /2 then (* = ( 11/2)7"(3. Let (m, M) be the induced right
Hy module. Then the restriction of 7y to H, agrees with the representation defined
above.

4.3. INDUCED REPRESENTATIONS. Let #H; (¢ = 1,2) be the subalgebra of #H, gen-
erated by T;, X; and Xs. Let ¢ be an invertible indeterminate. Let M; be the 1-
dimensional (right) #;-module over the ring R,[¢,(™!] generated by & with

& T =6(—ar ) & - X1 =6(ar?) &1 Xo =& (—a10),
and for j € {2,3} let M; be the 1-dimensional (right) Hs-module over the ring
Ry[¢, (Y] generated by &; with
- Ty =&(—a3") &2 - X1 = £2(q0920) & - Xa = &a(qp'az ")
&3+ To = &3(—a3 ") & X1 = &(—dg'920) &3+ Xy = €3(—q093 )-

One uses the formulae in Section 2.4 to check that the above formulae do indeed
define representations of H; and Hs.

Let (m;, M;) with j = 1,2, 3 be the representations M; = Indz‘:(Ml) and M; =
IndZ;7 (M;) for j = 2,3. Then each M, is a 4-dimensional (right) H,-module. Indeed
{& ® X, | u € Wi} is a basis of M; (where we set Wg = W§). More generally, if B
is a fundamental domain for the action of 7; on U; (see Section 2.3) then

B={{®X,|ueB}

is a basis of M.
If p is an i-folded alcove path we define

(—ay )P [5_g(a; —q; ) H® ifi=1
(8) Qi(p) = (_qgl)gz(p)(_qal)go(p) H?:o(qj _ qul)fj(p) fi—2
(—a3 1) Pqd" P TT3 (a5 — a; )5 @) if i = 3.

We note that the action of 7; on the set of i-folded alcove paths preserves Q;.
We have the following analogue of Theorem 4.1, giving a combinatorial formula for
the matrix entries of m;(Ty,;B) (i = 1,2,3) in terms of i-folded alcove paths.
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THEOREM 4.3. Let w € W, i € {1,2,3}, and let B be a fundamental domain for the

action of 7, on U;. Then

[Wi(Tuﬁ B)]u,v = Z

{pEP:i(@,u) |04 (p)=v}

where W is any choice of reduced expression for w.

Qi(p)¢ ),

Proof. The proof is by induction, exactly as in [13, Theorem 7.2, Corollary 7.3]. O

For example, using the “standard basis” B = W we have

0 0 ¢ 0 0 01
0 0 0 0 -+
™ (To; Wy) = 1o Qog mTWe)=1| ¢ & _
0 ¢ 0 Qo ¢too
~L 00 0 Q100
0 Q1 0 1000
mTW) = g Yoo | ™TWI={ g 0q1
0 00 qiz 0010
Q1 00 —q%oo
1000 0 Q1
mTEWa) = g gq,1 m(BWO =1 o T
0010 0 00
0 00 ¢
0 00
773(T0;W02) = 0 qOO Q0 0
10 0Q
Q100
1000
773(T1;W02) = 00 Ql 1
0010
-L o0 o0
0 Q1 0
ma (T2 Wy) = 0 120 0
0 00—[%2

0 ¢
0 O
1
qfOO
0 Qo
0

0

0
_1
q2

4.4. SQUARE INTEGRABLE REPRESENTATIONS. The representations in this section
will play a role in the analysis of the finite cells. It turns out that they are also

“square integrable representations”

(of certain natural C-algebra specialisations of

H4), although this fact will not be particularly important in this paper.

Define 1-dimensional representations m;, 4 <17 < 9, of H4 by

(7a(To), ma(T1), 74(T2)) = (—qg —q;% —a; ")

(m5(To), 75 (T1), 75(12)) = (a0 q1 L—ah)
(m6(To), m6(T1), m6(T2)) = (—dg ', —a; ', d2)
(m7(To), m7(Th), w7(T2)) = (—qg ', a1, —a5 1)
(ms(To), ms(T1), 7s(T2)) = (q0,q1, —a3 )
(m9(To), mo(T1), mo(T2)) = (do, —dy 7Q2)
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We now define 3-dimensional representations w19 and 711. These representations were
constructed as modules Hy for some right cell T, however since we now consider them
as representations of the generic Hecke algebra H, we will simply provide explicit
matrices, from which the defining relations are easily checked. In the case my we
require two choices of basis for our applications, and we write the resulting matrices
as m1o(-; A) and m10(-; B). In the case 711 we require three choices of basis, and we
write the resulting matrices as m11(-; A), m11(-; B), and m11(-; C). The third case only
occurs for the specialised algebras with qo = q1, and indeed the matrices provided for
this case below only give a representation of H, under the specialisation qo = q;.

mo(To; A) =

mo(Th; A) =

mo(To; A) =

11 (To; A) =

m(Th; A) =

7711(T2;A) =

~gq 0 0
1 do O
0 0 —qp'

d1 Ho,1  HM1,2

0 —q;* 0

0 0 —q'

g3 0 0
0 —g;' 0
1 0 ao

do po,a1 O

0 —qy* 0

0 1 qo

—q;' 0 0
1 qd1 0
0 0 —q;'

d2 HM1,2 v
0 —qy' 0
0 0 —q;'

m1(To; C) =

7T11(T1;C) =

7T11(T2; C) =

where p; ; = qiqj_1 + qi_lqj, and

mo0(To; B) =

mio(Th; B) =

mo(T2; B) =

m1(To; B) =

7T11(T1;B) =

7T11(T2; B) =

d1 1 0

0 —q;* 0

0 1 o

—q;' 0 0
1 d1 1
0 0 —q;'

d2 HM1,2
0 —g;" 0
0 0 —q;'

Qf q2
@ T q

~gqg° 0 0
0 —qy' 0
O 1 do

—q;' 0 0
1 a1 pon
0 0 —q'

g2 p12 O

0 —q;" 0

0 0 —qg;'

do 0 0

0 —qy* 0

0 1 qo

—q;' 0 0
1 a1 poa
0 0 —q;!

d2 H1,2 v

0 —q;l 0

0 0 —q5°

v=—qod; ‘43" +qodid; " +dy a7 ‘a2 — qp 'q1ds,
V' =q;'a105; " +dod1ay " + a5 'ar a2 + goay M aa.
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Similarly we define a 2-dimensional representation w2, equipped with two choices
of basis, by

_q- ! O a1 0
mi2(To; A) = ( qu q0> m12(T1; A) = (qol Mg’_ll) m12(To; A) = < %2 )
1

—q;"
—1 —1
— 0 — 0
m2(To; B) = <q00 _MC(;—11> m12(Ty; B) = < Cil Ch) m12(To; B) = < %2 —q_1> )
0 2

We will sometimes write 77 in place of m;(-; A), and similarly for 72 and 7¢.

4.5. A GENERIC VERSION OF AXIOM Bl. The aim of this section is to show that the
representations m; defined above “generically” satisfy B1 for the cell I';. Our first task
is to define some specific elements in H, that specialise to Kazhdan-Lusztig elements.
As we have seen in Example 1.1, this can easily be done when w is the longest element
of some parabolic subgroup. In this section, we extend this construction to all elements
in the sets Jp.

Let D € R and w € Jp(D) where I' € A(D). Then either w is the longest element
of some parabolic subgroup W or it is of the form w = sts where L(s) > L(t) for all
weight functions L € D. In the first case we set

Cw; D)= Y ay'a,T,
yeW;

and in the second case we set
C(w; D) = Tapsta; " (Tos + Tor)+ (a5 'a; - — a; 'ar) Tota; *Ti+ (a5 2a; ' — a5 %) Te.
PROPOSITION 4.4. For all D € R, T' € A(D) and w € Jr(D) we have
Oy, r,(C(w; D)) = Cy for all (r1,72) € D.

Here, the element C\, on the right-hand side is computed with respect to the parameters
(r1,72).
Proof. This is a consequence of Example 2.12 in [7]. O

To D € R and ' € A(D) we associate the set of representations Rep(I') of H,
defined by

Repp(T') = {m; | 3A € Rp such that I'; € A(A) and I'; N T # &}.

Note that the condition I'; N T # @ is equivalent to I'; C T' by the semicontinuity

conjecture.

EXAMPLE 4.5. When D lies in R, we get Repp (I';) = {m; }. Next assume that D = P,
(the equal parameter case) and that I' = T's(D). In this case we find that Rep(T'y) =
{m2, 75, 76, 77, T10, T2}

We prove the following theorem by explicit computations, however we note that
the conceptual reason why such a result holds, at least for finite cells, is that the

representations we constructed above are the natural cell modules of the specialised
Hecke algebras (cf. Section 1.3).

THEOREM 4.6. Let D € R and let T';,T'; € A(D). We have
I, 2.2 T = w(C(w; D)) =0 for all m € Repp(T';) and w € Jr, (D).

Proof. The representations m;, the cells, the two-sided order <, and the sets Jp(D)
are known explicitly. The proof of this theorem is therefore a matter of computations.
Let us give some examples here. For all parameters in Ay, ..., Ayg, the generating set of
the lowest two-sided cell I'g is always {wo} and we have C(wo; D) =3, cy0 adu'ayTy-
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Next if m; is such that ¢ # 0 then we can find parameters (ri,re) € A; such that
Iy 2-r I'; and so we should have

7;(C(wp; D)) = 0 for all i # 0.

This is easily checked using the matrices of the representations ;. Next let us look at
the case A; € R,. According to the two-sided order given in Figure 5, we should have
o m;(C(wg; A1) =0forallie {3,2,12,1,9,5,6,4};
(C(s1808180;A1)) =0 for all i € {2,12,1,9,5,6,4};
m;(C(s18081; A1)) =0 for all ¢ € {12,1,9,5,6,4};
i (C(s18281;41)) =0 for all i € {1,9,5,6,4};
(C(s1;41)) =0 for all i € {9,5,6,4};
Z(C(SQSQ,A:{)) =0forallie {5 6 4}
[ ) 7T4(C(82, Al)) = 7T4(C(80; Al)) =0

and this can again be easily verified. O

T

From the properties (5) and (6) of the sets Jr, we see that this theorem can be
interpreted as a generic version of Bl.

5. FINITE CELLS

In this section we construct balanced representations for each finite cell. Recall that
constructing such a system requires us to associate not only a representation to each
two-sided cell, but also a distinguished basis of that representation.

THEOREM 5.1. Each finite two-sided cell I' admits a representation mr equipped with
a basis B satisfying B1-B5 with a,. = a(T'). Moreover, in all cases where the finite
cell T admits a cell factorisation we have

(9) Cop (w3 B) = £F, for allw € T.

UV

Proof. For the moment exclude the cell I'13 from consideration. For all other finite cells
we take 7 to be the cell module Hy where T is any right cell contained in ', equipped
with the natural Kazhdan—-Lusztig basis. The matrices for 7 have been computed
using the CHEVIE package [9, 18] in GAP3 [22]. For 4 < i < 9 we have 7, = 7; (these
representations are 1-dimensional, and hence have unique representing matrices). For
i € {10,11, 12} we have the following explicit matrices:

- miy if (r1,72) € Ay U Ay o
" mfy if (r1,72) € A3U Ag U Az
Ty if (ri,m2) € As
Ty, = 7TlBl (Tl,TQ)EAGUA7UA67
5 if (r1,re) € Arg
e = 77142 if (r1,79) €
2 7B, if (ry,m) €Y

where X = {(r1,m2) € R ) | re < r1,ra < 1,71 # 1} and Y = {(r1,r2) € R2 |
re < 71, 72 > 1} (note that if (r1,72) € Az g then ¢ = a and hence 7§} is indeed a
representation). It is then immediate that B1 is satisfied. However we note that Bl
also follows from Theorem 4.6 (without needing to know that the representations
above are the cell modules).

Next we claim that B2 and B3 hold, with ar = &(T") (with the latter in Table 2). The
basic approach is as follows. By B1 we know that m;(C,,) = 0 whenever w ¢ (I';)>2r.-
Thus it is sufficient to look at those w with w € (I';)>2», and by Remark 1.6 we
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can work with the matrices m;(7T,,) instead of m;(C,,). We use the Hasse diagrams in
Figure 5 to compute the set (I';)> £%. In the case that (I';)> £ is a union of finite cells
(and hence is a finite set) we verify B2 and B3 directly by computing the matrices
mi(Ty) for each w € (I';)>cr. For example, consider the case I'ig with (ri,72) €
AsUAgUAz6. ThenI's g = 'y U's Ul 12Ul 0, and by computing matrices we have

0 ifwely

B .. c ifwe F5
mase{deglrfy (T)ls, |1 <ij <8} =47 "% °
b ifwe FlO-

Since @ < b and ¢ < b whenever (r1,72) € Az U Ag U A3 the axioms B3 and B4
follow. The case (r1,r2) € A2 U A o is similar.

More interestingly, sometimes (I';)>,r contains an infinite cell. These cases are
outlined below (we note that this situation did not occur in type Ga; see [13]).

(1) Let I' = T'5(ry,r2). Then I's g contains the infinite cell I'y in the case
(r1,72) € As . The elements of I'y are {u~'0(1210)%v | u,v € {e,1}, k >
0} U {u~12(1012)%v | u,v € {e,1}, k = 0}. For (r1,72) € A5 5 we have b= ¢
and ¢ > a, and thus if u,v € {e,1} we have
deg 75 (u12(1012)%v) = deg 75 (u~10(1210)*v)
< ¢ —2ak — bk +ck =c—2ak < c.

Thus deg 75(Ty) < ¢ < 2¢ — a = ar, for all w € I'y. The analysis for the cells
I'; with 6 < i <9 is similar.

(2) Let I' = I'11(r1,72). Then I's .z contains the infinite cell 'y in the cases
(ri,ma) € A7 U Ag U Ag7 U Ars. In the regime (r1,72) € A7 U Ag U Arg
the cell T'y(ry,r2) admits a cell factorisation with Br, = {e,1,10,101},
to = tr, = 1012 and we = wp, = 2. If (r1,72) € Agr we have
Ty(ry,7m2) = T2(Ar) U {101}, and so we can use the cell factorisation in
A7 to describe all but one element of I's.

Let us consider one case in detail (the remaining cases are similar).
Suppose that (r1,79) € A7 (thus ¢ = a and 2a < b < 3a). Let z = q**~2,
By diagonalising 7$] (t2) we obtain

—Z¢n_1(2) _q3a—2b¢n(z) _q2a—2b¢n(z)
7T1C,‘1 (tg) — (_1)nq(73a+b)n 0 q(74a+2b)n 0
q2a¢n(z) qa¢n(2) ¢n+1(z)

where ¢, (z) = 117; with ¢_1(2) = —271. Since 4a—2b < 0 for (r1,72) € A7 5
we have

on(2)=1+z+---+2""1€Zq '] forn>0.

It is then a straightforward (although somewhat tedious) exercise to show
that the degrees of the matrix entries of 7§ (w) are strictly bounded by a + b
for all elements w = u_letgv eIs.

(3) Let T' = T'12(r1,72). Then I'scr contains the infinite cell I'y in the case
(ri,m9) € Aj. For (r1,r2) € Ay the cell T'; admits a cell factorisation with
Br, ={e,0,2,02}, t; = tp, = 021, and w; = wr, = 1. We compute

A 2 onb (A% Ho,1
7T12(W1t1n) = (_1>nq_ " (0 q’a) ’

A 2n+1 n —@nt+p (—9° 0
rh (Wit = (—1)7q (T 4%

Algebraic Combinatorics, Vol. 2 #5 (2019) 995



J. GUILHOT & J. PARKINSON

It is then easy to compute mi5(T},) for all w = v~ 'w;t}v with n € N and
u,v € Br,, and the result follows.

Thus B1, B2, and B3 hold for all cells I'; with 4 < i < 12. Moreover, these cells
admit cell factorisations, and the leading matrices are easily computed directly,
verifying that (9) holds. For the cells I'; with 4 < 4 < 9 the sign in (9) is easily
computed (since the associated representations are 1-dimensional). In the remaining
cases we have the + sign except for the case w12 with (r1,r2) € A3 U Ay U A2 in
which case we have the — sign.

It is thus clear, from (9), that B4 holds. To verify B5 for the cell I' = I'; we note
that if w = v~ wpv then

Crp (W W) e (W) = £Ey By p = £F, 4, = £ep. (w).
This completes the analysis for the finite cells I'; with 4 < ¢ < 12.

We now consider the remaining cell I' = I'y5. This cell appears for (r1,7r2) € A2.3U
Ay s UA7 8 UAg 10U P UPs. We first consider the cases (r1,72) € Ay 5 UA78UAg 10U
Py U Ps (these are precisely the parameters with ro < r1 and r9 = 1). In these cases
I'i3 = T1UTY5 is a union of two right cells T; = {0,01,010} and Y5 = {1,10,101}. Let

r :71'56971'76971'1%.

By Theorem 4.6, we can see that 7p satisfies B1.
Next we note that B2 and B3, with a,. = a, hold by an easy direct calculation (note
that I's g = I'4UI'3 is finite). Moreover the leading matrices are computed directly as

¢ (0) = Eny + E33 crp. (01) = 2B, ¢r (010) = — By, + Egy
Cﬂ'r(l) = Eao + By CWF(IO) = Fy3 cﬂ_r(lol) = —Fy + Eyu,

and hence B4 holds. Let dy,ds € T'13 be the elements d; = 0 and dy = 1 (these turn
out to be the Duflo involutions; see Theorem 7.8). Then the formulae above give

Crp(di)enp (W) = ¢rp(w) forall w e Yy, i€ {1,2},

and hence B5 holds.

Finally consider (ri,72) € Agsz. In this case I' = 17 U Ty U T3 is a union
of right cells T = {1,10,12,121,1210}, Yo = {2,21,212,210}, and T3 =
{01,010, 012,0121,01210}. Let

szﬂg@ﬁfz@ﬂﬁ).

Once again, Theorem 4.6 yields that mr satisfies B1. Moreover B2 and B3 hold by
direct calculation with a,. = a, and the leading matrices are computed as

¢ (1) = Eoz + Ess ¢ (10) = Eoz + Esg
Crp(12) = Esy Crp(121) = —Eag + Ejs
¢rpr (1210) = —Ea3 + Esg ¢rp(2) = E11 + Eygg
Crp(21) = 2Ey5 ¢ (212) = —Ey1 + Eygg
Crpr (210) = 2F46 ¢rp (01) = E3o + Egs
¢ (010) = Es3 + Egg ¢ (012) = Egy
¢ (0121) = —Es55 + Egs ¢ (01210) = —Es55 + Fgg

and B4 follows. Let dy = 1, do = 2, and d3 = 01 (again, these turn out to be the
Duflo involutions; see Theorem 7.8). Then the formulae above give

c(d;)c(w) =c(w) forallwe Y;, ie{1,2,3}
and hence B5 holds, completing the proof. O
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6. INFINITE CELLS

In this section we construct balanced representations for the infinite cells I'; with
i € {0,1,2,3} for all choices of parameters. The results of this section, along with
Theorem 5.1, give the following:

THEOREM 6.1. For each choice of parameters (a,b,c) € Zio there exists a balanced
system of cell representations (mr)rea for H with bounds a,. = a(T").

Proof. By Theorem 5.1 and Theorems 6.4, 6.5, 6.15, 6.16, 6.17, 6.21 and 6.22 below we
have a system (7r)rep for each parameter range satisfying B1-B5 with a,. = a(I').
Then B6 follows from the fact that a(I'") > &(T") whenever I'" <z T (see Table 2). O

Thus, combined with Theorem 1.7 we can compute Lusztig’s a-function. In fact,
we have:

COROLLARY 6.2. Table 2 (and the discussion immediately following the table) gives

the values of Lusztig’s a-function for all choices of parameters. Moreover, the conjec-
tures P4, P9, P10, P11, and P12 hold.

Proof. Tt follows from Theorems 1.7 and 6.1 that Lusztig’s a-function is given by Ta-
ble 2. Conjectures P4, P9, P10, P11 and P12 are then easily checked using the explicit
values of the a-function. In fact, due to the logical dependencies amongst the conjec-
tures established in [17, Chapter 14] it is sufficient to prove P4, P10, and P12, which
are obvious from the explicit values of the a-function and the explicit decomposition
of W into right cells given in Figure 5. Then P10 = P9 and P4+P9+P10 = P11. [

Of course it remains to exhibit balanced systems for the infinite cells. We undertake
this rather intricate task in the present section. Let us begin by noting the following
immediate consequence of Theorem 4.6.

COROLLARY 6.3. Let i € {0,1,2,3}. The representation m; satisfies Bl for the cell T;.

6.1. THE LOWEST TWO-SIDED CELL. Suppose first that ¢ # b. It is sufficient to
consider the case ¢ < b, for if ¢ > b one can apply the diagram automorphism . In
the case ¢ < b the lowest two-sided cell Iy admits a cell factorisation

Ty = {u_lwot,\v | u,v € Bg, A€ Q11

where By = {e, 0,01,012,010,0102,01021,010210} and if w = u~twgtyv is written in
this form we define u,, = u, v\, = v, and 7, = .

Since By is a fundamental domain for the action of @ on W the set By = {£,® X, |
u € By} is a basis of My. The proof of the following theorem is very similar to [13,
Section 6] with only some minor adjustments, and so we will only sketch the argument.

THEOREM 6.4. Let ¢ < b. The representation g, equipped with the basis By = {&o ®
X | u € By}, satisfies BL-B5 for the lowest two-sided cell Ty, with ar, = 2a + 2b.
Moreover, the leading matrices of mg are

¢ro(w; Bo) = 87, (C) By, v, for w € T,
where $x(C) is the Schur function defined in (6).

Proof. We have already verified B1 in Corollary 6.3. To verify B2 we note that
deg Q(p) < max{2a+2b,2a+2c} for all positively folded alcove paths, and so for ¢ < b
we have deg Q(p) < 2a+2b (see [13, Lemma 6.2]). Thus B2 follows from Theorem 4.1.

Axiom B3 is verified as in [13, Theorem 6.6], with one additional ingredient: If
deg(Q(p)) = 2a + 2b then necessarily p has no folds on type 0-walls (for otherwise
the degree is bounded by 2a + b+ ¢ < 2a + 2b). The only simple hyperplane direction
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available in the “box” By is a type O-wall, and thus if p is a maximal path of type
u" 'wotav with u, v € By then by the above observation there is no fold on this wall in
the final v-part of the path (see [13, Remark 6.4]). With this observation in hand the
proof of [13, Theorem 6.6] applies verbatim, including the calculation of the leading
matrices. Linear independence of the Schur functions gives B4, and to verify B5 we
note that if w € I'g then

CTFO (U;1W0Uw; BO)CTFO (w7 BO) = 50 (C)s‘rw (C)Euw,uw Euw,vw
= 57, (C)Euw,vw = Cr, (w; Bo),

and the proof is complete. O

Now suppose that b = ¢. In this case we will work in the extended affine Weyl
group W and the extended affine Hecke algebra 7. See Remark 4.2 for the definition
of the principal series representation (g, My) in this case.

Let By/2 = {e,0,01,012} be the “half box”. Each element w € W of the (non-
extended) affine Weyl group can be written uniquely as

(10) w=tyv with either A € Q and v € By 5, or with A € P\ Q and v € By/50.
We will work with the basis
By = {0 ® Xy |u € By UByj0}

of the module My. Then, as in Theorem 4.1, with respect to this basis we have

(11) [70(Tw; Bo)lu, = Z Q@)CWt(p)a

{peP(@,u)|0(p)=v}

where, if w = tyv as in (10), then wt(w) = X and (w) = v.
We have the following generalised cell factorisation: each w € T'g has a unique
expression as

(12) w=u"‘wot\v with u,v € Bi/2UBjj20 and A € pt.
If w € Ty is written in the form (12) then we define u,, = u, v, = v, and 7, = A.

THEOREM 6.5. Let ¢ = b. The representation my, equipped with the basis By, satis-
fies B1-B5 for the lowest two-sided cell 'y, with ar, = 2a+ 2b. Moreover, the leading
matrices of my are

¢ (w; Bo) = 57, (Q)Eu, v, for w €T,
where s (C) is the Schur function defined in (7).

Proof. The proof is again very similar to [13, Theorem 6.6]. The choice of “box”
By = Bi/2 U By 20 again implies that if p is a maximal path of type u”twotyv with
u,v € B{ then there are no folds in the final v-part of the path. Moreover, a slight
generalisation of [13, Theorem 3.4] gives

S(X)= Y X0 for e PT,

pEP(Wy-tx,e)

and the proof of [13, Theorem 6.6] now applies verbatim. O
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6.2. SLICES OF THE INDUCED REPRESENTATIONS AND FOLDING TABLES. In the fol-
lowing sections we analyse the remaining infinite cells T'; with ¢ € {1,2,3}. The basic
idea is to use the combinatorial description of the matrix entries from Theorem 4.3
to show that the representation 7; is balanced for the cell T';. Thus we are primarily
interested in the i-folded alcove paths that attain the maximal value of deg(Q;(p)),
as these are the terms that contribute to the leading matrices. However the situation
is complicated by the large number of distinct parameter regimes for the cells T'; as
the i-folded alcove paths that attain the maximal value of deg(Q;(p)) vary with the
parameter regimes.

Therefore it is desirable to be able to work with all parameter regimes simultane-
ously. To achieve this we work in the generic Hecke algebra H,. In this setting the
degree of the multivariate polynomial Q;(p) (see (8)) is too crude for our purposes,
and so we introduce a more refined statistic, which we call the exponent of Q;(p),
defined as follows. Firstly, if x = (z,y,2) € Z> then the ezponent of the monomial
a* = q¥qjqi is exp(q*¥) = (z,y, 2) € Z3. Let < denote the partial order on Z* with
(2',y,7") = (z,y,2z) fand only if x — 2’ >0,y —y' > 0,and z — 2 > 0.

DEFINITION 6.6. Let i € {1,2,3} and let p be an i-folded alcove path. Then, by direct
inspection of the formula (8), the multivariate polynomial Q;(p) has a unique mono-
mial with exponent maximal with respect to <. We denote this maximal exponent by
exp(Q;(p)). Explicitly,

A
=
g

p) — 91(p), f2(p), fo(p)) ifi=1
exp(Qi(p)) = { (f1(p), f2(p) — 92(p), fo(p) — go(p)) ifi=2
p) — 92(p), fo(p) + go(p)) ifi=3.

Note that if exp(Q;(p)) = (z,y, z) then on specialising qo — q°, q1 — q%, g2 — q°
we have

(13) deg(Q;(p)) = za + yb + zc.
DEFINITION 6.7. Let B be a fundamental domain for the action of 7, on U;. Let

E(mi; B) = {x € Z* | q* appears with nonzero coefficient

in some matriz entry of m;(Ty; B) for some w € W},
where B={§ ® X, | u € B} is the basis of M; associated to B.

LEMMA 6.8. If B and B’ are fundamental domains for the action of 7, on U; then
E(7;; B) = E(m;; B).
Proof. We may write each v € B as u = Tiku’ for some k € Z and v’ € B’. We claim
that

& Xy = (fz 0y Xu')ck-
Consider the case i = 2, 3. Then by (5) we have X,, = X**1 X/, and the result follows
since &; - X“t = ¢; ( for i = 2,3. If i = 1 then we have X,, = Xfl X, (this follows from

the fact that 71 preserves the orientation of all hyperplanes except for the hyperplanes
in the oy parallelism class, and that this class is not encountered in U;). Since

G- X =& - XTI =& (=97 O(—a1) = & ¢

the claim follows.
Thus the change of basis matrix from the B basis to the B’ basis is a monomial
matrix with entries in Z[(], and the lemma follows. O
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Thus we can define
E(rm;) = E(m;;B)  for any fundamental domain B.

We will show below (in the course of the proof of Theorem 6.18) that the elements
of E(mr;) are bounded above in each component — we will assume this fact for the
moment. Let

M(m;) = {maximal elements of the partially ordered set (E(m;), X)}.

DEFINITION 6.9. Let B be a fundamental domain for the action of 7, on U;. For x =
(z,y,2) € Z® the x-slice of m;(T; B) is the matriz <, (w; B) whose (u,v)™ entry is the
coefficient of ¢* in [10;(Tw; B)lu,w. Thus ¢ (w; B) is a matriz with entries in Z[¢, (™).

The following key theorem shows that the slices ¢k (w;B) with x € M(m;) are
sufficient to compute leading matrices in all parameter ranges.

THEOREM 6.10. Let (a,b,c) be a fized choice of parameters, and suppose that prop-
erty B2 holds for m;(-,B) with bound ar,. Suppose that xa + yb + zc < a,, for all
(z,y,2) € M(m;). Then

Cr (w3 B) =D X (w;B),
where the sum is over those x = (x,y, z) € M(m;) with xa + yb+ zc = a,,.

Proof. By Theorem 4.3 the entry [¢,, (w; B)]y, of the leading matrix ¢ , (w; B) is given
as a sum over paths p € P;(w; u) with deg(Q;(p)) = ar,. Thus it suffices to show that
if exp(Q;(p)) ¢ M(m;) then, after specialising, deg(Q;(p)) < ar,.

Suppose that p is an i-folded alcove path with exp(Q;(p)) = (z,y,2) ¢ M(m;).
Hence there is an i-folded alcove path p’ with (z,y,2) < (2/,y,2') = exp(Q;(p')) €
M(m;). Thus ' — z, ¥y’ — y and 2z’ — z are all nonnegative with at least one being
strictly positive. Thus (2’ — z)a + (¥ — y)b+ (¢/ — z)c > 0, and so by (13) we have,
after specialising,

deg(Q;(p)) =xa+yb+ zc < 2'a+y'b+ e < a,,,

and hence the result. O

Thus our approach in the following sections is to compute M(m;) and the slices
corresponding to these maximal exponents. In fact, the cell I'y turns out to be the
most complicated, in part due to the intricate equal parameter regime. Thus we give
complete details for I's, and we will only state the results for the easier cells I'y and I's.

REMARK 6.11. The hypothesis za + yb + z¢ < a,, for all (z,y,z) € M(m;) in Theo-
rem 6.10 is required because it is a priori possible that there exists an i-folded alcove
path p with exp(Q;(p)) = (z,v, 2) and xza + yb+ zc > a,,. The leading contributions
from all such paths in Theorem 4.3 must cancel (after specialisation) for otherwise B2
is violated. While indeed cancellations can (and do) occur, it turns out that the con-
dition za + yb + zc > a,, in fact never occurs. We will see this in the course of the
calculations in the following sections.

We will use “folding tables” to analyse i-folded alcove paths (i € {1,2,3}). We give
a brief outline below, and we refer to [13, §7.2] for further details. Let v € W{ and
x € W with reduced expression & = s;, ...s;,. We denote by p(Z,v) € P;(Z,v) the
unique i-folded alcove path of type  starting at v with no folds. Of course p(Z,v)
may still have bounces, because i-folded alcove paths are required to stay in the strip
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U;. Nonetheless, we refer to p(Z,v) as the straight path of type & starting at v. Let
I7(Z,v)={ke€{l,...,n} | p(#,v) makes a negative crossing at the kth step}
IT(#,v) ={ke{l,...,n} | p(Z,v) makes a positive crossing at the kth step}
Z*(Z,v)={ke{l,...,n} | p(# v) bounces at the kth step}.

Note that Z= UZT UZ* = {1,...,n}. We define a function

YT (Zv) = WEXZ

as follows. For k € T~ (&,v) let pi be the i-folded alcove path obtained from the

straight path py = p(&,v) by folding at the kth step (note that after performing this

fold one may need to include bounces at places where the folded path p; attempts to
exit the strip U;). Let

z
z

©%(k) = the unique (u,n) € W{ x Z such that p(Z, 7/u)
and py agree after the kth step.

Equivalently, (u,n) is the unique pair such that end(p(#, 7"u)) = end(pg), and thus
71w is simply the end of the straight alcove path p(rev(Z),end(py)), where rev(Z) is
the expression Z read backwards.

DEFINITION 6.12 (Folding tables, see [13]). Fiz the enumeration y1,vy2,y3,ys of W¢
with (y;) =j—1 for j=1,...,4. For each (j, k) with1 < j <4 and 1<k < {(x)
define f; k(%) € {—,%,1,2,3,4} by

— ifkeI(Z,vy;)
fie(@) = {* ifk€I(Z,y;)
i’ ifk e I7(Z,y;) and ¢ = (yj,n) for some n € Z.

The i-folding table of T is the 4 x £(z) array F;(Z) with (§, k)" entry equal to f; (7).

REMARK 6.13. If § is a prefix of § then F;(y) is the subarray of (&) consisting of the
first £(y) columns. Also note that of course any other enumeration of W can be used
in the definition.

EXAMPLE 6.14. Let t; = t,, for i« = 1,2. The 2-folding tables for the elements f =
0121 and £, = 010212 are shown in Table 3, where the rows are indexed by W¢ in
the order e,1,12,121, and the #, table excludes the final column. Note that we have
appended a 0-row and 0-column to the table for convenience. The 0-row is called the
“header” of the table. The folding tables for the elements v € By are also given by
these tables, because the reduced expressions for the elements of By are the strict
prefixes of t5, along with 010210 (which is given in the {5 table by removing the
penultimate column), along with 012 (which is a subexpression of 7).

| Jolvf2]r] | JloJrtfoJ2]t[2]0]

(a) £1 = 0121 (b) 5 = 010212 and by = 010210
TABLE 3. 2-folding tables
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The folding table F;(&) can be used to compute Q;(p) for all p € P;(w, u) with
u € W{ as follows (see [13] for more details). We begin an excursion through the table
IF; () starting at the first cell on row ¢(u)+1 (the row corresponding to u € W¢) with
a counter Z starting at Z = 1. At each step we move to a cell strictly to the right of the
current cell and modify Z according to the following rules. Suppose we are currently
at the N cell of row r, and this cell contains the symbol = € {—,*,1,2,3,4}. Let
j € {0,1,2} denote the header entry of the N** column.

(1) If x = — then we move to the (N +1)*¢ cell of row r and Z remains unchanged.
(2) If = * then we move to the (N + 1)% cell of row r and replace Z by Z’
where
. Z x (—q; ') if either i € {1,2}, or if i = 3 and j = 2
Z X qo ift=3and j=0.

(3) If x =k € {1,2,3,4} then we have two options:
(a) we can move to the (N + 1)%¢ cell of row r and leave Z unchanged, or
(b) we can move to the (N+1)** cell of row k and replace Z by Z x (q; —qj_l).

The set of all such excursions through the table is naturally in bijection with the set
of i-folded alcove paths P;(w, u), and the final value of the counter Z at the end of
the excursion is Q;(p). Moreover, the final exiting row gives the value of #%(p). It may
help to note that cases (1), (2), (3)(a) and (3)(b) correspond to a positive crossing,
bounce, negative crossing, and fold respectively.

Suppose that @ = £ - &% where m,n € N, and let u € W{. Then F;(@) is the
concatenation of m copies of the i-folding table of fwl followed by n copies of the
i-folding table of f,,, (for this observation to hold it is important that t,, and t,
are translations). Thus the process described above may be regarded as “m passes
through the le table, followed by n passes through the fm table” in an obvious way.

6.3. THE CELL I'y. The cell T’y is stable on each of the following regions:
Ry ={(r1,m) €Q2y|ra<ry,m9<2—171}
={(r1,r2) €Q%g | r2 <71, 72 >2-11}
Ry=Rio={(r1,m2) €Q%y|ra<ri,m2=2—11}
Ry=Ri1 ={(r1,m2) € Q2 |ra =11, 72 <211}
Rs=Roo ={(r1,m2) € Q% |12 =71, 72 > 2 — 11}
Re=Py={(r1,m2) € Q% | ra =71, 12 =2—11}.

To explain this notation, notice that R; and R, are open regions, and R is the
border between these regions. Moreover, R; i/ is the border between the regions R;
and Ry/, where Rj denotes the o-dual of R;. Similarly Ry o/ if the border between
the regions R, and Ry .

We begin by describing the cell I's in each of the above regions and setting up
notation for the statement of the main theorems. In order to obtain the nicest leading
matrices possible, we will need, in each case, to adjust the fundamental domains and
the bases of M5. To do so, we define fundamental domains as ordered sets instead of
sets.

The cases (r1,72) € R; with j = 1,2 are “generic”, and admit cell factorisations
where

101 ifj =1, 2101 ifj =1, (e,2,21,210) ifj=1,
w; = o tj= o and B;= e
2 if j =2, 1012 if j =2, (e,1,10,101) if j = 2.
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For each j = 1,2 let 2; € B; be such that B} = {z;lu | v € B;} is a fundamental
domain for the action of 5 on Uy with z{le on the negative side of each hyperplane
separating z;le from z;lu with u € B;. Specifically, 21 = 21 and 2z, = 1. Let B;- =
(&2 ® ij—lu | u € B’;) be the basis associated to the fundamental domain B’. Thus

B/-: (§2®X127§2®X1,€2®Xe,€2®X0) lf]:l
! (L2® X1, &L®Xe, &® Xo, @ Xo1) ifj=2.

The fundamental domain B is depicted in the third example in Figure 3.
The region R3 = R; 2 is “non-generic”, and does not admit a cell factorisation.
However we have

I3(R12) =Ta(R2) U {ws}.

Thus we can use cell factorisation in I's(R2) to describe all elements of I'a (Ry 2) \ {w1 },
and hence the expressions uy, vy, and 7, are defined for w € I'y(R12) \ {wi}. We
extend this definition by setting

Uy, = Vw, =101 and 7, =-1.
We set B3 = Bo, By = B, and B} = 5.
The regions Ry = Ry,1» and Rs = Ry o may be considered “generic” in a certain

sense. Indeed these cases admit a generalised cell factorisation using the extended
affine Weyl group. We have

Iy (R;) =WnN {uilet;?v | u,v € B;, k> 0}

where

WjZ

121 ifj=4 Olo ifj =4 (e,0,0,00) if j=4
e tj = oo and Bj: oo
0 ifj=5 120 ifj=5 (e,1,0,10) if j=5.

If w= u_letg?v with u,v € B; and k > 0 we write u, = u, v, = v and 7, = k. Let
B} and Bf be the bases of M3 associated to the fundamental domain B} = (e, 0, o, 00)
and B = (10,0, 1, ¢e). Thus

B — (2 ®Xe, £2® X0, &0 X,, &0 Xo,) fj=4
(£2® X160, £20 X5, £2® X1, &®X,) ifj=5.

Finally, the region Rg = P, is truely “non-generic”, and exhibits rather remarkable
behaviour. Every element of I's\ {2, 12,212, 010} can be written in the form w = ut® v
with k > 0 and u € {e, 1,21,121} and v € {e,0,01,012}, and moreover every element
of this form with the exception of e = etgle lies in I's. The following indexing of
the elements of I'y will help with the statement of the main theorem. Let (u;) =
(e,1,21,121) and (v;) = (e,0,01,012). Then, for k > 0, we define wf] = u;t? v; for
all (4,7) ¢ {(1,1),(1,2),(2,4)}, and

12 ifk=0
ko _ k41 ko _ k41 ko
wy{ =ut vy, wie =uit. vy and w;, =
1.1 Pog T 1.2 P 72 2.4 {UQtle_lvzl ifk>1.
Then
Ty ={wf; [1<4,j <4, k>0}U{0,2,212,010}.
The main theorems of this section are the following three results. In the first two

theorems, the elementary matrix £, ,, (u,v € B;) denotes the matrix with 1 at position
(k,¢) where k, ¢ is the position of v and v in the ordered set B;, and 0 everywhere else.
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THEOREM 6.15. Let (r1,72) € R;, with j = 1,2,3. Then ma, equipped with the basis
B;-, satisfies B1-B5 for the cell Ty = To(rq,r2), with a,, = a(T'y). Moreover, for
j = 1,2 the leading matrices of mo are

Cry (U); B;) = (_l)jﬁ'rw (C)Euw,vw fOT w e 'y
where s5(C) is the Schur function of type Ay. In the case j = 3 we have, for w € T'y,

cry (w3 BY) = f2" (Q) By v,
where
) if u,v # 101
) — ¢kt ifu#£ 101 and v = 101
¢) —sr_1(¢) — ¢ ifu =101 and v # 101
5%(¢) — sk+1(C) if u=wv =101,
where s,(C) is the Schur function of type Ay and we set s_1({) = 0.

fio " (¢) =

THEOREM 6.16. Let (r1,72) € R; with j = 4,5. Then w2, equipped with the basis Bj,
satisfies B1-B5 for the cell Ty = Ta(rq,r2), with ay, = a(T'2). Moreover the leading
matrices of wo are, for w € Iy,

tra (05 B)) = (=1 s, (¢ E

U s Vap *

THEOREM 6.17. Let (r1,72) € Rg. Then 1o = mo ® s B 7, equipped with the standard
W¢-basis for the o component, satisfies B1-B5 for the cell Ty = T's(Rg). Moreover,
the leading matrices are as follows (for k > 0):

c(why) = "En 4+ (" By c(why) = (¢CF + ¢ B
c(wiy) = ¢ By + (FEas c(wy) = (F+¢FNEg
c(ws;) = ¢* B + ("  Eas c(why) = M By 4+ (T By
c(whs) = (*T By + ¢ By c(why) = (" Bia + (" By
C(w§1) = By + (VB c(w§2) = (C}Hl + Cik)E%
c(whs) = ¢ By 4 (M Eas c(why) = (M + ¢TF 1 By
c(wh)) = (VB3 + (P B3 c(why) = (VB + (M Esy
e(whs) = ("M B + (M B c(why) = ¢ By + (M B
¢(2) = Ex + Egs ¢(0) = Egq + Ess
¢(212) = Ezs — Feg ¢(010) = By — Ess

The proof of the above theorems will be given towards the end of this section.
We first analyse the slices of the matrices mo(Ty,; W@). This in turn requires, by
Theorem 4.3, a rather detailed analysis of 2-folded alcove paths. Each w € W can be
written uniquely as

w = uty'tfv with u € Wy, v € By, and m,n € Z

(where we write t; = t,, and ta = t,,) and necessarily ¢(w) = £(u) +nl(t;)+ml(ts)+
£(v). We choose and fix the reduced expressions for each u € Wy, v € By, and ¢4, ta,
which are lexicographically minimal. Thus

Wo = 1212, ¢, = 0121, and ity = 010212,

and the expressions ¢ for v € By are the prefixes of Bo = 010210, along with the
element 012 (see Example 6.14). These choices give a distinguished reduced expression
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for each w € W, namely

W=1a -t i -7
with the reduced expressions for each component chosen as above. We fix this choice
throughout this section. If p is a path of type W = u - t5" - t{* - ¥ we write

(14) p=po-p° where py is of type @ and p is of type to" - £ - .

To efficiently record 2-folded alcove paths we will use the notation ¢ to denote an
i-fold, and ¢ to denote an i-bounce. Thus, for example, p = 210121 is a 2-folded alcove
path whose second and fourth steps are 1-folds, and whose third step is a 0-bounce
(for example, this is a valid 2-folded alcove path starting at 1).

The main theorems of this section will follow from the following combinatorial

theorem.

THEOREM 6.18. Let p be an 2-folded alcove path of type @ = @ -ty - tF - T with
u € Wo, v € By and k,{ > 0 starting at ug € WZ. Then exp(Qa(p)) = x for
some x € {(1,0,0),(0,1,0),(0,0,1), (2,-1,0), (2,0, —1)}. Moreover, the paths p with
exp(Qa(p)) = x for some x € {(1,0,0),(0,1,0),(0,0,1),(2,—-1,0),(2,0,—1)} are pre-
cisely the paths p = po - p° with end(po) = start(p®) where pq is listed in Table 4 and
p0 is listed in Table 5.

Proof. Write p = pg - p° as in (14). We claim that:
(1) if end(pg) = e then exp(Qa(po)) = x for some x € {(1,0,0), (0, 1,
(2) if end(pp) = 1 then exp(Q2(pg)) =X x for some x € {(1,0,0), (0,
(3) if end(po) = 12 then exp(Q2(po)) < (1,0,0);

(4) if end(po) = 121 then exp(Qa2(po)) = (0,0,0),

and moreover, the paths where equality is attained are listed in Table 4 (the * in rows

17 and 18 will be explained later).

0)7 (2’ _170)};
1,0)};

’row\ u Hstart(po)\ Po \exp(Qz(po))\eHd(Po)‘

1] e 121 e | (0,0,0) 121
21 e 1] (1,0,0) e
31 12 1] (1,0,0) 12
411 12 1 [ (0,0,0) 121
5 2 1 2 | (0,1,0) 1
6 | 12 e 12| (0,1,0) 1
7] 12 12 [ 12 (1,0,0) 1
8 | 21 1 21 | (0,1,0) e
9 |21 1 21 | (1,0,0) 12
10] 21 1 21 | (0,0,0) 121
11]121 e |121] (0,1,0) e
12121 e 121 (2,-1,0) e
13| 121 e |121] (1,0,0) 12
14| 121 e |121] (0,0,0) 121
15121 12 [121]| (1,0,0) e
16 | 212 1 |212] (1,0,0) 1
1741212 e [1212] (1,0,0) 1
1851212 e [1212] (1,0,0) 1

TABLE 4. Optimal py parts
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To establish the claim we note that the paths listed obviously have the stated
exponents. One now constructs all paths pg of type @ with u € Wy starting at some
up € {e,1,12,121}, and verifies the claim directly. For example, the paths starting
and ending at e are precisely the following:

e, 1, 2, 12, 21, 121, 121, 212, 1212, 1212
and each of these paths has exponent bounded by some element of

{(1,0,0),(0,1,0),(2,—1,0)}

with equality in the second, sixth, and seventh cases (listed in rows 2, 11 and 12 of
the table).

Let E = {(1,0,0),(0,1,0),(0,0,1),(2,—1,0), (2,0, —1)}. We claim that if p = pg-p°
then exp(Q2(p)) < x for some x € E, and moreover the paths attaining equality are
precisely the concatenations of paths pg from Table 4 with paths p° in Table 5 with
end(pg) = start(p"). The proof of this claim occupies the remainder of the proof.
When combining two paths it is useful to note the obvious fact that if x’ < x and
y Xythenx' +y <x+y.

The folding tables for the elements fl = 0121 and #» = 010212 are shown in Table 3.
The following observation will be used frequently: If a pass of either the ] or 5 table
is completed on a row containing at least one *, and if no folds are made in this pass,
then

(15) exp(Q2(p”)) < exp(Qa2(p)),

where p' is the path obtained from p° by removing this copy of #; or #5. Thus such
paths necessarily have strictly dominated exponents, and can therefore be discarded
in the following analysis.

The claim follows from the following four points.

(1) Suppose that start(p®) = e. Since every entry of the first row of the 2-folding
table for ¢; is —, and since every entry of the 2-folding table of t; is either — or
%, it is clear that exp(Q2(p°)) =< (0,0,0). Thus, combined with the paths from
Table 4 we have exp(Qa(p)) =< x for some x € {(1,0,0),(0,1,0),(2,-1,0)} C
E. Moreover we have equality if and only if the p part has no bounce, and
therefore equality holds if and only if £ = 0 and v € {e,0,01,012}, giving the
paths

p’ =tF .7 for some k >0 and v € {e,0,01,012}.
These paths are listed on rows 1/34, 8/37, 15/39 and 24/43 of Table 5 (it is
convenient to separate the cases k > 0 and k = 0, and this is indicated by the
notation i/j for the table rows).

2) Suppose that start(p®) = 1. Writing p° = p; - po where p; is of type t% and p;
2
is of type t¥ - 7, we have

exp(Q2(p°)) = (0, =, —0) + exp(Qa(p2))-
It is clear that exp(Qa(p2)) = (1,—1,—1) or exp(Q2(p2)) < (0,0,0) (depend-
ing on whether k£ > 0 and the possible fold on the 4th place of #; is taken).
Therefore

exp(Qa(p®)) = (1, =€ —1,—€—1) or exp(Qa2(p®)) = (0, —¢,—1).
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Thus exp(Qz2(p°)) < (1,—1,—1) or exp(Q2(p°)) < (0,0,0). In the first case,
combining the contribution from py we have exp(Qa(p)) = (2,-1,-1) <
(2,-1,0) € E or exp(Q2(p)) < (1,0,-1) < (2,0,—1) € E, and so the com-
bined path is sub-optimal. In the second case we have exp(Q2(p)) = (1,0,0) €
E or exp(Q2(p)) = (0,1,0) € E, with equality if and only if ¥ = ¢ = 0 and
v = e. This (trivial) path is listed on row 35 of Table 5.

(3) Suppose that start(p®) = 12. We first claim that if £ > 0 then exp(Qa(p)) < x
for some x € E. By the observation made in (15) it suffices to assume that if
¢ > 0 then a fold is made in the first pass of the #5 table. Thus the first part

of the path is one of the following:
po = 010212 p, = 010212  p. = 010212  py; = 010212,

with exponents (1, —1,-2), (0,—1,0), (1, —2,—1), and (0,0, —1) respectively.
The paths p, and p,. exit on row 1 of the 2-folding table, and paths p, and
pe exit on row 2 of the table. Since no positive contributions occur on the
first row of any of the tables we have (using the first claim) exp(Qa(p)) =<
(1,0,0) + (1,-1,-2) = (2,—-1,-2) < (2,—1,0) € E in the case p,, and
exp(Q2(p°)) < (1,-2,—-1)+(1,0,0) = (2, -2, —1) < (2,0, —1) € E in the case
pc. The only possible positive contribution on row 2 of the folding tables comes
from the 1-fold in the #; table, however accessing this fold comes at the cost of
both a 0-bounce and a 2-bounce. Hence in case p, we have either exp(Qsz(p)) =

(0,-1,0) 4+ (1,0,0) < (1,0,0) € E or exp(Qa(p)) < (1,—-2,—1) + (1,0,0) <
(2,0,—1) € E, and in case pg we have either exp(Qa(p)) =< (0,0,—1) +
(1,0,0) < (1,0,0) € E or exp(Q2(p)) = (1,—1,—2)+(1,0,0) < (2,—1,0) € E.
This establishes the claim.

Thus we may assume that ¢ = 0, and so p° has type tF - 7 for some k > 0
and some v € By. If & > 0 then by the observation above we may assume
that a fold is made in the first pass of the ¢; table. Thus the first part of the
path is necessarily 0121, which has exponent (1,0, —1) and exits on row 1 of
the folding table. Any further #; factors will have no effect on the exponent,
and the final ¥ factor can have contribution at most (0,0, 0), and this occurs
if and only if v € {e,0,01,012}. Thus the paths

p? =0121-#7-4% for n >0 and v € {e,0,01,012}

(starting at 21) all have exponent precisely (1,0,—1), and when composed
with an optimal py path we have exp(Qa(p)) = (2,0,—1) € E. These paths
are listed on rows 2, 9, 16 and 25 of Table 5.

If k = 0 then p° has type ¥ for some v € By. By direct observation these
paths have exponent bounded by either (0,0,0) or (1,0, —1). The only paths
with exponent (0,0,0) are the empty path e and the path 010, and the paths
with exponent (1,0, —1) are precisely 01 and 012. Appended with an optimal
po path we therefore obtain paths with exponents (1,0,0) and (2,0, —1). These
paths are listed on rows 36, 47, 40, and 44 of Table 5.

(4) Suppose that start(p®) = 121. A very similar argument to the case start(p’) =
12 shows that if ¢ > 0 then exp(Qaz(p)) < x for some x € E. Thus we may
assume that £ = 0. Thus p" has type flk - for some k > 0 and v € By. Since
the 4th row of the 2-folding table of ] contains no bounces, one may begin
by making any number k1 < k passes through the folding table with no folds.

If k1 = k then the exponent of p° is equal to the exponent of the @ part of
p%. The possible paths of type 7, v € By, starting on row 4 are as follows:
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e 0 0 01 01 01 010
010 010 0102 0102 0102 0102 01021
01021 01021 01021 01021 010210 010210 010210

010210 010210 010210 012 012 012 012.
Thus when appended with an optimal pg part we have exp(Qz(p)) = (0,0,0)+
exp(Q2(p°)) =< x for some x € E, with equality precisely in the following cases
of pY:

the.0, #F-01, &m-o0l, & .0l0, and £ -012.
These paths are listed in rows 10/38, 17/41, 18/42, 32* /46, and 26/45 of
Table 5 (the * will be explained later in Remark 6.19, and again it is convenient
to split the k1 = 0 and k; > 0 cases).

If k1 < k then we assume that the (k1 4+ 1)-st pass of the i1 table has a

fold. The possibilities on this pass are
), exit row 1,

AN A

pp =0121 exponent (2, —

Da =0121 exponent (0,0,
,0), exit row 1,
1

( 1
(2,-1

pe =0121 exponent (0, 1,0), exit row 1,
(1,-1

pqg =0121 exponent (1,—1,0), exit row 2,

pe =0121  exponent (1,0,0), exit row 3.
The paths pq, py, and p. exiting on row 1 can be followed by any number of
t) factors, and then an element v € {e,0,01,012} (any other elements v € By
will decrease the exponent). Thus the paths

Ry i F with ky, ko > 0, p' € {Pa, pp, pe} and v € {e,0,01,012}
have exponents (0,0,1) for p’ = p,, (2,—1,0) for p’ = pp, and (0,1,0) for
p’ = p.. These paths are listed in rows 4, 11, 20, 28 (for p’ = p,), 5, 12, 21,
29 (for p’ = py), and 6, 13, 22, 30 (for p’ = p.).

Consider the path py. If k1 + 1 < k then there are further passes through
the #; table, and by the observation above there must be a fold on the next
pass. Thus pY starts with ﬂkl - pq - 0121, which has exponent (2, —2, —1) and
exits on row 1. Since (2,—2,—1) < (2,0,—1) and no positive contributions
can be obtained from row 1 it follows that in fact k; + 1 = k. Thus p° is of
the form £7~1 . py - p” for some path p” of type ¥ with v € By. However it is
clear that such a path has exp(Q2(p®)) < (2,0, —1), and so p, does not lead
to any optimal paths.

Consider the path p., which exits on row 3. Suppose that k4 + 1 < k.
Applying the analysis of the start(p®) = 12 case we see that

PO =1F . p, 0121172 .7 with ky, ko >0 and v € {e, 0,01, 012}

are the only paths with exponent (1,0,0)4(1,0,—1) = (2,0, —1). These paths

are listed in rows 7, 14, 23 and 31 of Table 5. If k1 + 1 = k then the paths
PO =1 p, - p with p/ € {01,012}

(listed in rows 19 and 27) are the only paths with exponent (2,0, —1), and

the paths
PO =i p,-p with p' € {e 010}

(listed in rows 3 and 33*) are the only paths with exponent (1,0,0).

The theorem now follows by combining Tables 4 and 5. 0
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6001

row T start(p®) 0 exp(Q2(p?)) wt?(p°) 6%(p°) conditions

1 th e t! (0,0,0) k e E>1

2 12 0121 -F! (1,0,-1) k-1 e E>1

3 121 th=1. 0121 (1,0,0) —k 12 E>1

4 121 tm . 0121 -1 (0,0,1) n—m e m4+n=k—1>0
5 121 tm.0i21-tn (2,—1,0) n—m-—1 e m+n=k—1>0
6 121 tm . 0121 -7 (0,1,0) n—m—1 e m+n=k—1>0
7 121 tm.0121- 0121 -7 (2,0,-1) n—m-—1 e m+n=k—2>0
8 th. 0 e th.0 (0,0,0) k+1 121 E>1

9 12 0i21-#F1.0 (1,0, —1) k 121 E>1

10 121 th0 (0,0,1) —k 121 k=1

11 121 tm.0121-£7 -0 (0,0,1) n—m+1 121 m+n=k—1>0
12 121 (. 0121170 (2,-1,0) n—m 121 m+n=k—-1>0
13 121 tm . 0121 - -0 (0,1,0) n—m 121 m4+n=k—1>0
14 121 tm.0121-0121-£7 -0 (2,0,-1) n—m 121 m+n=k—22>0
15 th .01 e th .01 (0,0,0) k41 12 k=1

T u4of saungoaluoy) s,bryzsng



(6T02) G# T "IOA ‘s91403DULQULOD) 21D4q26]Y

0T0T

16 12 0121-#F1. 01 (1,0,—-1) k 12 k>1
17 121 th .01 (0,0,1) —k 12 k=1
18 121 th .0l (1,0,0) —k—1 e E>1
19 121 th=1.0121-01 (2,0,-1) —k 12 k=1
20 121 tm.0121-£7-01 (0,0,1) n—m-+1 12 min=k—1>
21 121 tm.0i21-¢7-01 (2,-1,0) n—m 12 mtn=k—1>
22 121 tm . 0121 -7 - 01 (0,1,0) n—m 12 m+n=k—1>
23 121 0121 - 0121 - £ - 01 (2,0,—1) n—m 12 mtn=~k—-2>
24 th. 012 e tF.012 (0,0,0) k+1 1 E>1
25 12 0121 -#F1. 012 (1,0,—-1) k 1 k=1
26 121 tF. 012 (0,1,0) k-1 1 k>1
27 121 tF=1. 0121 - 012 (2,0,—1) —k 1 kE>1
28 121 tm . 0121 - £ - 012 (0,0,1) n—m-+1 1 m+n=k—1>
29 121 £ 0121 -7 - 012 (2,-1,0) n—m 1 mtn=k—1>
30 121 £ 0121 -7 - 012 (0,1,0) n—m 1 mtn=k—1>
31 121 tm-0121- 0121 - £ - 012 (2,0,-1) n—m 1 m+n=k—2>
32¢ | t8.010 121 tF - 010 (1,0,0) —k 121 E>1

NOSNINYUVJ “f 29 LOHTIND [
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REMARK 6.19. We note that the paths in rows 17* and 18* from Table 4, and rows
32* and 33* from Table 5, while giving maximal exponent paths, do not contribute to
maximal exponents in matrix entries due to cancellations. Let us explain this further.
Let po = 1212 and Py = 1212 be the the paths on rows 17* and 18* of Table 4,
and suppose that p° is a path of type Ff . flk - v with k,1 > 0 and v € By, with
start(p?) = end(pg) = end(p)) = 1. Let p = po - p° and p' = pj - p°. Note that
these paths are of the same type w = 1212t5t¥v, and they have the same start and
end alcove. In particular, for any fundamental domain B, after using 7o to move the
start alcove of both paths into B (if required) we have start(p) = start(p’) = wu,
wti(p) = wtg(p') = k, and 63(p) = 0(p’) = «/, say. The combined contribution to
the matrix 7o (T,; B) from these two paths is in the (u,u’)-entry, and it is given by

(Q2(p) + Qa(p"))¢" = Qa(1°)(Q2(po) + Qa(pp))¢*
= (") —ar " —ay (a1 — a7 (a2 — a5 1))¢
= Q(p")(—mas” —a; " + a7t —a; Mgy ?) ¢k
Note that the leading terms have cancelled, and hence each remaining exponent x
satisfies x < exp(Qz2(p)). A similar comment applies to the paths on rows 32* and 33*
from Table 5. Thus, for the purpose of computing optimal terms in matrix entries,
the paths from these rows can be ignored.
The cancellations outlined above turn out to be the only “generic” cancellations
of leading terms that occur for paths in the tables. However, as we see below, can-
cellations can and do occur after specialising, where leading terms for one maximal

exponent can cancel with leading terms from another maximal exponent when the
exponents lead to equal degrees on specialisation.

COROLLARY 6.20. We have M(m2) = {(1,0,0), (0,1,0),(0,0,1), (2, —1,0),(2,0,—1)}.

Proof. Let E = {(1,0,0),(0,1,0),(0,0,1),(2,-1,0),(2,0,—1)}. We have shown in
Theorem 6.18 that if p is a 2-folded alcove path then exp(Qa(p)) =< x for some
x € E. It then follows from Theorem 4.3 that if y is an exponent appearing with
nonzero coefficient in some matrix entry of some my(7T,;B) then y < x for some
x € E. Thus to show that M(m) = E it is sufficient to show that each x € E does
indeed appear as an exponent in some matrix entry of some matrix mo(7,; B) (note
— it is a priori not sufficient to show that there exist 2-folded alcove paths with these
exponents, because it is possible for leading terms to cancel in the matrix entries).
To this end we use Theorem 4.3 to see that, in the standard Wg-basis, we have
[T9(T1)]e.e = q1 —d; - (exponent (1,0,0)), [m2(T2)]11 = q2 —d5 - (exponent (0, 1,0)),
[m2(T0)]121,121 = 9o — qgl (exponent (0,0,1)), and

[r2 (L ToT1)]ee = —qiaz ' + 02+ a3 — a7 a3
(o (T ToT1) 12,10 = —da7dg ' +do+dp ' —d5°dp "
giving exponents (2, —1,0) and (2,0, —1) respectively. Thus M(ms) = E. O

k

We can now prove Theorems 6.15—6.17.

Proof of Theorems 6.15-6.17. Consider the case (r1,r2) € R;. By specialising we
have that deg(Qs(p)) is bounded by each integer za + yb + zc with (z,y, z) € M(m2)
(see (13)), and thus deg(Q2(p)) is bounded by 2a — ¢ with equality if and only if
exp(Q2(p)) = (2,0, —1). We now compute the (2,0, —1) slice of m3(T},).

We first find all paths with exponent (2,0, —1). These paths are obtained by choos-
ing a path py from Table 4, and p° from Table 5, with end(pg) = start(p®) and with
exponents summing to (2,0, —1). Explicitly these paths are as follows:
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(1) The paths starting at e are p = pg-p° with either row(py) = 13 and row(p°) €
{2,9,16, 25,40, 44}, or row(pg) = 14 and row(pg) € {7,14,19,23,27,31}.
(2) The paths starting at 1 are p = pg - p° with either row(pg) = 9 and row(p°) €
{2,9,16, 25,40, 44}, or row(py) = 10 and row(pg) € {7,14, 19, 23,27,31}.
(3) The paths starting at 12 are p = pg - p° with either row(pg) = 3 and row(p°) €
{2,9,16,25,40, 44}, or row(pg) = 4 and row(pg) € {7,14, 19, 23,27,31}.
(4) The paths starting at 121 are p = pg - p° with row(pg) = 1 and row(pg) €
{7,14,19, 23,27, 31}.
Each of these paths can be rewritten in the form u~'w;tv for some u,v € B; and
N > 0 (recall that t; = 2101, and note that ¢t; = ¢, = 0121). This shows that if
exp(Q2(p)) = (2,0, —1) then w € I'y(Ry).
The paths above combine to give all paths of the form

(1) (21)~1- 101 -t - v and (21)~ - 101 -t %1 . 2101 - t¥ . v with v € By and
2101 -tV - v and (2)7'- 101 -t 7F71 . 2101 - t§ - v with v € By and

101 -tV - v and (e)~* - 101 -tV %=1 . 2101 - t¥ . v with v € By and
<N-1.
1101 -t - v and (210)~' - 101 -tV =F=1 . 2101 - t¥ - v with v € By and
0<kSN-1
Using the action of 7 on Us we consider the paths in point 4 to start at 0 = 7 - 121.
Then, with respect to the fundamental domain B} = zlel = {e,1,12,0} the paths
in each of the points have weights N or 2k — N, and 9,23/1 (p) = v in all cases. Then

N-1
00t = (¢ ) B = (0
k=0

where the minus sign comes from the fact that Qs(p) = (—qo)~*(q1 — g7 ')? has
leading term —qg 'q?.
This calculation shows that exp(Qz2(p)) = (2,0,—1) if and only if w € T'y(Ry).
It follows that B2 and B3 hold for the representation me equipped with the basis
associated to B, with a,, = 2a — ¢. Then, by Theorem 6.10 we have
ey (w3 BY) = €27V (w; BY).

™2

It is then clear that B4 holds (by linear independence of Schur characters), and the
formula

Cm(u;lwluw? B')cr, (w; BY) = (=50(0) By un) (=57, (O) By vi) = =y (w5 B1)

verifies B5.

The case (r1,72) € Rs is very similar — one first identifies the paths with exponent
(0,1,0), and then rewrites these paths in the cell factorisation u~*wotYv with u,v €
Bs. Next one adjusts the start of the paths according to the fundamental domain
B, = 2, 'By = {e,1,0,01} (paths starting at 121 now start at 0, and those starting at
12 now start at 01). Since Qa(p) = g2 — g5 ' has leading term +qy for all such paths
we finally obtain +sx(¢).

In fact, all other cases are similar (although somewhat more complicated). For
example, consider the non-generic case (r1,r2) € Rs, where ¢ = 2a — b and ¢ < b.
One proceeds as above, however note that on specialising the maximum value of
xa + yb + zc for x € M(ms) is max{a, b, ¢,2a — ¢,2a — ¢} = ¢ attained at x = (0,0, 1)
and x = (2,—1,0). One checks, directly from Theorem 6.18, that if p is of type w
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with exp(Qa2(p)) € {(0,0,1),(2,—1,0)} then w € I'y(R3). We then compute the sum
of slices with respect to the adjusted basis Bj associated to Bj

0 0 B1) + 271 7B,

and it turns out that this sum is precisely as stated in Theorem 6.15. It follows
that exp(Qa2(p)) € {(0,0,1),(2,—1,0)} if and only if w € T's(R3). Hence B2 and B3
hold, and Theorem 6.10 shows that the above sum of slices equals ¢, (w; Bj). Ax-
iom B4 readily follows. To verify axiom B5 let up = 101 and set d,, = w; and
dy, = utwau for all w € Bs \ {up} (these turn out to be the Duflo involutions, see
Theorem 7.8). Note that ¢ ,(dy) = —FEy ., for all u € B. Then, for w € I's(R3) we
have ¢y, (dy, ; BS)cr, (w; B§) = —cr, (w; BY), and hence B5 holds.

We omit the details for the “generic” cases in Theorem 6.16 which involve the
extended affine Weyl group — the general approach is similar to the above. Thus
consider the most intricate case of all — the equal parameter case of Theorem 6.17.
In this case, quite remarkably, the maximum value of xa + yb + zc is a, attained at
all x € M(m;). One checks directly from Theorem 6.18 that if p is of type @ with
exp(Q2(p)) € M(ma) then either w € T'y(Rg) or p° is on row 32* or 33*. However, as
explained in Remark 6.19, the paths on rows 32* and 33* may be discarded (as their
leading terms cancel one another). We now compute the sum of all slices:

ST (ws W)
xEM(7r2)
with respect to the standard basis. A rather miraculous calculation (with many cancel-
lations occurring) shows that this sum of slices is precisely as stated in Theorem 6.17.
This computation can be read immediately off the tables in Theorem 6.18, because
we work in the standard basis and thus no modifications or conversions are required;
however one must be rather careful with signs. For example, let us compute the
sum of slices for w = w§ ;. We look through the tables to find all paths of type
w’g,g =21-tF -01. These paths are listed in Table 6.
Therefore, with respect to the standard basis,

1,0,0) 7,k \ _ ~—k—1
c7('l'2 )(w373)—< Es

k-1
et (w5 3) = <Ck+1 + Z C2nk+1>E2,3 = (" 4+ 55-1(0)) Eay3

n=0

k—1
e (wh ) = (C_k +2 C2"_k+2>E273 = s(C) a3
n=0

k-1
e (w§3) =- ( Z CznkH)EQ,g = —5;-1(C) Ea3

n=0

k—2
C%O’il)(wga) =- (Ck +¢F+ Z CQn_k+2) Es3 = —5,(()Esz3.

n=0
Thus the sum of slices is
> W) =P By + (P .
xEM(72)
Note the remarkable cancellations that have occurred. The remaining formulae for the
sum of slices for each w = wf ; follow very similarly. Then B2 and B3 follow for the rep-

resentation 7o, and it is easy to see that B2 and B3 also hold for 7. Verification of B4
for 7o is as follows (note that obviously B4 fails for mo, as ¢, (0) = Ex4 = ¢, (010)).
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po row | p° row | start(p) D exp(Qa(p)) | coeff wt?(p) 62 (p) conditions

8 15/39 1 21tk01 (0,1,0) +1 k+1 12 k>0

9 16 1 210121¢F 101 (2,0,-1) ~1 k 12 E>1

9 40 1 2101 (2,0,-1) —1 0 12

10 17/41 1 21tk01 (0,0,1) +1 —k 12 E>0

10 18/42 1 21tk01 (1,0,0) +1 —k—1 e k>0

10 19 1 2171012101 (2,0,-1) —1 —k 12 k>1

10 20 1 2170121701 (0,0, 1) +1 | n—m+1| 12 | m+n=k—-120
10 21 1 21¢70121¢701 (2,—1,0) ~1 n—m 12 | m4+n=k—-120
10 22 1 21770121701 (0,1,0) +1 n—m 12 | m+n=k—-1>0
10 23 1 21¢701210121¢701 | (2,0, 1) —1 n—m 12 | m+n=k—-220

TABLE 6. Paths for w§3
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Suppose that

(16) Z aytz,(w) =0 for some a, € Z (finitely many of which are nonzero).
wels

Write afj = a,,~ . Consider the (1, 1)-entry of (16). This gives

ij
> ab¢F 4+ ahR =0,

k>0 k>0
Since each power of  appears at most once, we have a%; = a%; = 0 for all k > 0.
Similarly, by considering the (1,2), (1,3), (1,4) and (2, 1) entries of (16) gives
a’§4 = a’§3 = ail = a’§2 = aif2 = a§1 = a§3 =0.
The (2, 2)-entry gives

Qsy + Qgysy 5, T Z a§4cik71 =+ Z a§4(<k+1 + gikil) =0
k>0 k>0

Thus a’§4 =0 for all k > 0 (considering the powers ¢(**1), and then it follows that
ak, = 0 for all k > 0 (considering the powers (7*~1) and thus as, + @s,s,s, = 0. Now
considering the (6, 6)-entry we have as, — as,s,5, = 0, and hence a5, = as,s,5, = 0.
Continuing in this way we see that ai—“j =0 for all 4, j, k, and hence B4 holds.

To verify B5, note directly from the formulae for ¢z, (wfj) that

€7, (85)c7, (W) = ¢z, (w) for all w in the right cell of s; (with j =0,1,2)
(we note that the elements s;, j = 0,1,2, turn out to be the Duflo involutions, see

Theorem 7.8). The proof is now complete. O

6.4. THE CELL I';. The analysis of this cell is similar to (and in fact considerably
easier than) the I'y case.
The stable regions for I’y (with ro < 1) are as follows.

ry, ro <1l—r}

ri, e >1—7r;, 19 >11 — 1}
11}

L,re=1—mr1}

€Q2>0|7’2:7"1—1}.

<
Ry = {(r1,7m2 €Q2>o|7“2<
<
<

r
r

The regimes (r1,r2) € R; with j = 1,2,3 are “generic”, and admit cell factorisations
where

1 ifj=1 021 ifj=1 (,2,0,02) ifj=1
w; =402 ifj=2 t;=¢102 ifj=2 and B;=<(e1,10,12) ifj=2
212 ifj=3 012 ifj=3 (€,0,01,010) if j =3

If w= u‘leté?v with u,v € B; and k > 0 we write, as usual, u,, = u, v,y = v, and
Tw = k.

For each j = 1,2,3 let 2; € B; be such that B, = {zj_lu | w € B;} is a fundamental
domain for the action of 7 on U; with z;le on the negative side of each hyperplane
separating z;le from z;lu with uw € Bj. Specifically, z; = 2,12, e in the cases j =
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1,2,3. Let B} = ({1 ® X,-1, | u € B}) be the basis associated to the fundamental
J

domain B;- . Thus

(§1® X2, &1 ® Xe, &1 ® Xao, §1 ® Xo) ifj=1
B =1 (61® Xo1, &1 ® Xo, §1 @ Xop, 61 ® X,)  if j =2
(&1 ® Xe, & @ Xo, &1 @ Xo1, &1 ® Xo1o) if j = 3.
The fundamental domain B is depicted in the second example in Figure 3.

The regimes ;2 and Ry 3 are “non-generic”, and do not admit cell factorisations.
We have

Iy (Rl’z) = Fl(Rl) U {Wg} and Fl(Rzg) =14 (Rg) U {W3}.

Thus we can use cell factorisation in I'1 (R1) to describe all elements of I'y (Ry 2) \ {w2},
and hence the expressions uy, vy, and 7, are defined for w € I'1(R;12) \ {wz}. We
extend this definition by setting

Uwy, =V, =02 and 7, =—1.

Similarly we can use cell factorisation in I'1 (R2) to describe all elements of I'1 (Ra3) \
{ws}, and hence the expressions u,, vy, and 7,, are defined for w € I'1(Ra,3) \ {ws}.
We extend this definition by setting

Uws = Vwy = 12 and 7,, = —1.
The main theorem of this section is the following. To conveniently state the theorem
we will write R4 = RLQ, R5 = Rg’g, Bﬁl = B/l, BZL = B/la Bg = Bl2 and Bg = Bé
Moreover, we let by = 02 and bs = 12. The elementary matrix E,, (u,v € Bj)

denotes the matrix with 1 at position (k,¢) where k, £ is the position of v and v in
the ordered set B;, and 0 everywhere else.

THEOREM 6.21. Let (r1,72) € R;, with 1 < j < 5. Then m1, equipped with the basis
B}, satisfies B1-B5 for the cell I'y = Fl(rl,rg), with a;, = a(T'y). Moreover, for
j=1,2,3 the leading matrices of my are

¢r (w;B) =57, (O)Eu, v, forweTy,
where si,(C) is the Schur function of type A;. In the cases j = 4,5 we have, for w € Ty,
¢ry (Wi B)) = fro (Q)E

where

k(C) £51-1(¢) if u,v # b;

55(C) £5,-1(¢) £C* 1 ifu#bj andv=Db;
sp(¢) £8r1(Q) £C*TT ifu=bj and v #b;
5,(C) £5141(¢) if u,v = b

with the + sign for j = 4, and the — sign for j =5, and where s_1({) = 0.

fi Q) =

Proof. The proof of Theorem 6.21 is similar to the proof of Theorem 6.15, and we will
simply make some comments and omit the details. One first establishes an analogue
of Theorem 6.18 using the 1-folding tables for #; and t3 given in Table 7.

In particular one shows that exp(Q;(p)) < x for some

x € {(1,0,0),(0,1,1),(-1,2,0),(-1,0,2)}.
Then, as in Corollary 6.20 we see that
M(m ) = {(1,0,0),(0,1,1),(-1,2,0),(-1,0,2)}.
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L Jofuvf2fr] [ Jofrfofz2[r]2]o]
1 — — — * 1 — — — — — — —
2 - * — — 2 — * 1 — * 1 —
3 1 * 1 2 3 * — 1 * —

4 2 1 2 * 4 2 1 3 2 1 3 2
(a) 2 = 010212 and by = 010210 (b) £ = 0121

TABLE 7. 1-folding tables

Next one classifies the paths p for which exp(Q;(p)) = x for some x € M(my). Theo-
rem 6.21 now follows as in the I'y case. O

6.5. THE CELL I's. Again, the analysis of this cell is similar to (and considerably
easier than) the 'y case.
The cell '3 is stable in the following regions:

Ry = {(7"1,7’2) S Q2>0 | r—2<ry < 7’1}
Ry = {(r1,m2) € Q2>0 | 1o <11 — 2}
Ry = Ryo={(r1,m2) € Q% | ra =11 — 2}.

The parameters (r1,72) € Ry U Ry are generic for the cell I's, and we have a cell
factorisation where

101 ifj=1 2101 ifj7=1 2,21,21 if =1
{OO if j {O if § and Bj:{(e,,,O)l_j

t, =
02 ifj=2 7 )1012 ifj=2 (e,1,10,101) if j=2.

Wj—

For each j = 1,2 let z; € B; be such that B} = {zj_lu | u € B;} is a fundamental
domain for the action of 75 on Us with zj_le on the negative side of each hyperplane
separating zj_le from zj_lu with u € B;. Specifically, z; = 21,1 in the cases j =1, 2.
Let B = (& ® ij—lu | u € B’;) be the basis associated to the fundamental domain
B’. Thus

B — (§3® X12,63 @ X1,63 0 X, &3 @ Xo) ifj=1
(§3® X1,83® Xe, 863 @ Xo, {3 @ Xo1) if j=2.

The fundamental domain B/ is depicted in the third example of Figure 3.
The regime R3 = R; is non-generic for I's, and there is no cell factorisation.
However we note that

Fg(RLg) = Fg(RQ) U {Wl}

Thus we use the cell factorisation in I's(Rz) to describe the elements of I'3(R3), with
the extension of notation

Uy, = Vw, = 101 and 7,, =—1.

We also set B = B and B} = BS. In the following theorem, the elementary matrix
Ey (u,v € Bj) denotes the matrix with 1 at position (k,£) where k, £ is the position
of v and v in the ordered set B;, and 0 everywhere else.
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THEOREM 6.22. Let (r1,72) € R;, with j = 1,2,3. Then 73, equipped with the basis
B;-, satisfies B1-B5 for the cell Ty = T3(r1,r2), with ay, = a(I's). Moreover, for
j =1,2 the leading matrices of 73 are

Crg (w; B;) =57, (C)Euw,vw forw €T3
where s5(C) is the Schur function of type Ay. In the case j = 3 we have, for w € I's,

Oy (W BS) = :ﬁ’vw (C)Euw’vw

where
55 (C) +51-1(C) if u,v # 101
wvro ) 8e(Q) 81 (O +¢F if u# 101 and v =101
(¢ = 51.(¢) + sK_1(¢) + ¢FH! if u =101 and v # 101
5k (C) + sk+1(C) if u=v =101,

where 5s_1(¢) = 0.

Proof. Again the proof of Theorem 6.22 is similar to the proof of Theorem 6.15,
however the presence of a positive contribution qgl to Qz(p) from the bounces on
the “top” wall of the strip Us requires some additional arguments, which we now
outline. Since the cell I's only occurs in the regime o < r; the key idea is to include
the relation (0,0,1) < (0,1,0) in the partial order on Z3. This turns out to be most
useful in the form (0,—1,1) < (0,0,0) which should be interpreted as saying that the
combined contribution to exponent by performing both a bounce on the top of the
strip and a bounce on the bottom of the strip is negative.

The 3-folding tables of {1 and t5 are as in Table 3. Note that each row that contains
at least one * entry in fact contains precisely one * in a 0-headed column and one *
in a 2-headed column. This fact makes the critical observation (15) remain true: If a
pass of either the ] or #5 table is completed on a row containing at least one *, and
if no folds are made in this pass, then we have

exp(Qs(p)) = exp(Q3(p')) + (0, —1,1) < exp(Q3(p")),

where p’ is the path obtained from p by removing this copy of #; or #. Thus such
paths necessarily have strictly dominated exponents.

Incorporating the above observations into the analysis one readily establishes an
analogue of Theorem 6.18. Specifically, for each 3-folded alcove path p we have
exp(Qs(p)) = x for some x € {((2,0,2),(0,1,1)}. Then, as in Corollary 6.20 we
see that

M(ms3) = {(2,0,2),(0,1,1)},

and the paths with exp(Qs(p)) = x for some x € M(w3) are easily classified. Theo-
rem 6.22 follows. U

The proof of Theorem 6.1 is now complete. Moreover, we have explicit formulae
for the leading matrices for all cells. Using these formulae we can easily verify conjec-
ture P8.

COROLLARY 6.23. Conjecture P8 holds for all choices of parameters.

Proof. Suppose that z,y,2 € W and v, , ,-1 # 0. It follows that z,y,z € T for
some I' € A (see Theorem 1.7). Then ~, , .1 is the coefficient of ¢.(2;Br) in the
expansion of ¢...(x; Br)c,. (y; Br). Suppose that I admits a cell factorisation. Then by
the explicit formulae from Theorem 5.1 and Section 6 we have ¢, (w; Br) = f,, E
for some constant or Schur function f,, # 0. Then

Crp (.’137 BF)c‘ﬂ'F (y7 BF) = ffﬂnyUmavcc EuyNy = 5Vm7Uy flnyUa:aVy .

Uz sV

Algebraic Combinatorics, Vol. 2 #5 (2019) 1019



J. GUILHOT & J. PARKINSON

Thus if v, , .1 # 0 we have v, = u, (that is, x71 ~% y), and moreover u, = u, (that
is, z ~g z) and v, = v,, (that is, 27! ~% y~!). Hence P8 follows in this case.

If T' does not admit a cell factorisation then the result follows by more direct
computation using the explicit formulae for the leading matrices, and we omit the
easy details. O

7. THE ASYMPTOTIC PLANCHEREL FORMULA

At this stage we have computed Lusztig’s a-function, and proved conjectures P4, P8,
P9, P10, P11, P12, and P14 (see Corollaries 3.1, 6.2, and 6.23). In this section we prove
the remaining conjectures. With the exception of P15, all of these conjectures follow
from a remarkable property (Theorem 7.4) of Opdam’s Plancherel formula which
ensures that there is a descent to an “asymptotic Plancherel formula” on Lusztig’s as-
ymptotic algebra J. This asymptotic Plancherel formula ensures that P7 holds (since
we obtain an inner product on J), and moreover allows us to prove P1 and compute
the Duflo involutions. Conjectures P2, P3, P5, P6, and P13 all follow. Conjecture P15
is of a slightly different flavour, and uses an additional ingredient due to Xie [24] (see
Theorem 7.13).

7.1. THE PLANCHEREL FORMULA. Since the Plancherel Theorem is inherently an
analytic concept, we regard H as an algebra over C by specialising q — ¢ for some
real number ¢ > 1 and extending scalars from Z to C. We write H¢ for this specialised
algebra. Let m;, 1 = 0,1, ..., 13 be the specialisations of the representations m; defined
earlier. Now we regard ¢ € (C*)? for the representation my = 7r8 and ¢ € C* for
the representations m; = m; with ¢ = 1,2,3. Write X? for the character of 7TZ-< for
1 =0,1,2,3, and write x; for the character of 7; for ¢ =4,5,...,13.
Define an involution * on H¢ and the canonical trace functional Tr : He — C by

<Z Clew> - Z TwTw—l and Tr ( Z awTw> = Qe

weWw wew weWw

where now @, denotes complex conjugation. An induction on #(v) shows that
Te(T,Ty) = 0u,p for all u,v € W, and hence Tr(hihg) = Tr(hahy) for all by, he € He.
It follows that (hy,hs) = Tr(hih}) defines an Hermitian inner product on Hc¢. Let
|h|l2 = v/ (h, h) be the £2-norm. The algebra Hc acts on itself by left multiplication,
and the corresponding operator norm is |h|| = sup{||hz|2: z € He,||zl]2 < 1}.
Let Hc denote the completion of Hc with respect to this norm. Thus Hc is a
non-commutative C*-algebra. The irreducible representations of Hc are the (unique)
extensions of the irreducible representations of H¢ that are continuous with respect to
the ¢£2-operator norm, and it turns out that these are the irreducible “tempered” rep-
resentations of H¢ (see [19, §2.7 and Corollary 6.2]). In particular, every irreducible
representation of Hc is finite dimensional (since every irreducible representation
of Hc has degree at most |[Wy]|), and it follows from the general theory of traces
on “liminal” C*-algebras that there exists a unique positive Borel measure p on
Irrep(Hc), called the Plancherel measure, such that (see [4, §8.8])

Tr(h) = / Xx(h)du(m) for all h € He.
Irrep(Hc)

The Plancherel measure has been computed in general by Opdam [19]. We now recall
the explicit formulation in type Cs obtained by the second author in [20, §4.7].
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Define rational functions ¢;(¢), j =0,1,2,3, by
(=g ¢ —a ¢ G =g ¢ G ) A+ "¢ G (A — ¢ G (A + 7" ¢ )

wle)= 1-GH0-G6I0-G G0 -G
(2 Ao =g e (g o) (1 g
) (1=¢2) (=g ?)
62(4)7 (1 +q7b+c<71)(1 q72a b— CC )( q72a+b+ccfl)
(1=¢2) (1 —gvte¢?)
CS(C) _ (1 _ qufccfl)(l + q—Za b+c< )(1 + q72a+bfc<—1)
(1=¢2) (A +gb7e¢) ’
and constants Cj,  =0,1,2,...,8 by
1
Co = 8qtatib
2a
__ a1
1= 220+ (g20 4 1)
o = q2b+2c -1
2= 2q4a+2b(q2b + 1)(q2c + 1)
o = 7> —q
3 2q4026 (g2 +1)(g2¢ + 1)
04 _ (q2a+2b+20 _ 1)( 4a+2b+2c _ 1)
(@2 + 1)(g** + 1)(g> + 1)(g*+20 + 1)(g*+2c + 1)
05 _ (q2a 2b—2c¢ __ )( 4a—2b—2c __ 1)
(q2a + 1)(q72b + 1)((]725 + 1)( 2a—2b + 1)((]2@720 + ]_)
Cn = (qu _ qQC)(q2b+2c _ 1)
07 (q20+2 £ 1)(qR0F2¢ 4 1)(g—20+2b + 1)(g—20+2¢ 4+ 1)
C7 _ (q2a+2b72c _ 1)(q4a+2b72c _ 1)
@ D@+ D@+ )@ T @ 1)
08 _ (q2a—2b+20 _ 1)(q4a—2b+20 _ 1)

(@ + (a7 + (> + 1)(¢**= 2 + 1)(g** 2 + 1)

The explicit formulation of the Plancherel formula for Cy from [20, §4.7] is as
follows. Let T = {( € C : [¢] = 1} denote the circle group with normalised Haar

measure d ¢ (thus [} f(¢)d¢ = 5= 0 T f(e19)d8).

THEOREM 7.1. Let h € He. If ro < 71 then

|C0|//T |2 <+|cl|/|
T 2|/|X2 o dc+] 3|/|

+ |Calxa(h) + |Cs]X' (h) +|CG|X12( ) +Crlxs(h) + |Cs|x" (h)

where
X7  ifrit+re>2 xs ifri—re>2
X' =3xw0 ifl<ri+ry<2 X'={xu fl<ri—ra<2
X9 ifri+ra<l1 x6 ifri—ro<l.

If ro > 11 then the Plancherel Theorem is obtained from the ro < r1 formula by
applying o to all representation, constants, and c-functions. The defining regions in
(X" arerg—r1 >2, 1<ro—1r1 <2, andre —ry < 1.
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Proof. See [20, Section 4.7] for the case r1 # rq, and [20, Section 4.4] for the case
T = To. O

7.2. THE PLANCHEREL FORMULA AND CELL DECOMPOSITION. In this section we
make an observation comparing the cell decomposition and the Plancherel formula in
type Cy. This observation was conjectured in [13] to hold in arbitrary affine type, and
here we confirm this conjecture for type Cs.

It is convenient to group the representations that appear under the integral signs
in the Plancherel formula into classes Ily = {§ | ¢ € T2} and II; = {x% | ¢ € T}
for i = 1,2, 3. The remaining representations (the “point masses”) are taken to be in
their own classes: II; = {m;} for 4 < j < 12. For each choice (rq,r2) (with r1 = b/a
and ro = ¢/a as usual) let M(r1,72) denote the set of classes that appear with nonzero
coefficient in the Plancherel formula. For example, if (r1,7r2) € A; then

(]-7) |_|(7“17 T?) - {H()a H17 H27 H-?n H4a H57 H67 H97 H12}~
Let po, ..., p13 denote the representations of the balanced system of cell represen-
tations constructed in Theorem 6.1. Thus typically p; = 7;, with only the following

exceptions: In equal parameters we have py = 75 @ms P, for (r1,75) € {(r,1) | r > 1}
we have p13 = 75 @ w7 @ w12, and for (r1,r2) € Az 3 we have p13 = 16 ® T12 B T10.

PROPOSITION 7.2. For each choice (r1,m2) € Q2 there is a well defined surjective
map : N(rq,r2) = N(ry,7r2) given by

QI;) =T, if mj is a submodule of p; (as representations of H).
Moreover, on each open region A; the map Q is bijective.
Proof. This is by direct observation for each parameter regime. For example, consider
(r1,72) € A;p. In this case M(ry, o) is as in (17), and from Figure 5 we have A(ry,73) =
{FQ, Fl, FQ, Fg, F4, F5, Fﬁ, Fg, F12}, and the result follows in this case.
For another example, consider (ry,73) € A 3. Thus r; =1 and 0 < ro < 1. Then
|_|(7"1, TQ) - {HOa Hla HQ; H37 H47 H5? HGa HlOa H12}
/\(7’1, TQ) = {F07 Fla F27 F37 F47 F57 F13}'
Thus Q(I1;) =T'; for j € {0,1,2,3,4,5}, and Q(IIg) = Q(II1) = Q(IT12) = T'13 (recall
that p13 = 76 @ m12 B T10).
As a final example, consider (r1,72) = (1,1) = P5 (equal parameters). In this case

M(ry,72) = {o, Iy, Iy, Iy, 15, g} and  A(r1,72) = {To, 1, T2, Ta}.

Since py = 75 @ 15 @ 76 we have Q(I1;) = T; for j € {0,1,4} and Q(ITy) = Q(IT5) =
Q(Ilg) = I'y. All remaining cases are similar. O

We will sometimes write () in place of Q(II) if 7 is a member of the class II.

7.3. THE ASYMPTOTIC PLANCHEREL FORMULA. Each rational function f(q) =
a(q)/b(q) can be written as f(q) = q~Va/(q71)/b'(q71) with N € Z where a’(q71)
and b'(q!) are polynomials in q~! nonvanishing at q=! = 0. The integer N in
this expression is uniquely determined, and is called the q~'-valuation of f, written
vq(f) = N. For example, v4((¢* + 1)(¢® + 1)/(a" = q + 1)) = 2.

DEFINITION 7.3. Let II be a class of representations appearing in the Plancherel The-
orem. Consider the coefficient in the Plancherel formula of a generic character x
with = € 11 as a rational function C = C(q) in q by setting ¢ = q. The q~-valuation
of I1 is defined to be vq(II) = v4(C(q)). We also write vq(m) = vq(II) for any m € II.
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Recall that we have seen that Lusztig’s a-function is constant on two-sided cells,
and thus we may write a(I") for the value of a(w) for any w € I'. Moreover the values
of the a-function are given in Table 2 (and the discussion immediately following
the table; see Corollary 6.2). The following remarkable property of the Plancherel
measure has an analogue in the finite dimensional case where the Plancherel measure
is replaced by the “generic degrees” of the Hecke algebra (see [10, Chapter 11] and [8]).

THEOREM 7.4. For each classes I1 appearing in the Plancherel formula in type Co we
have vq(IT) = 2a(Q(II)).

Proof. If v4(f(q)) = N then we write f(q) ~ Cq~" where C is the specialisation at
=0 of q*f(q). Thus Cq~¢ is the “leading term” of f(q) when f(q) is expressed
as a Laurent power series in q~'. Then we compute, directly from Theorem 7.1,

Gl 1 [TTI0-ah0 -GG -GG -G i <n
|CO(2>|2 ~ g —4a 4C|(]_ Cl 1)(1 _ <;1C;2)(1 _ Cf2C52)(1 _ C52)|2 if rg > 11
_M%W,le_g@ﬂu—q%ﬂu—gw2ﬁn=m

showing that v4(Ily) = 2a(Iy) for all choices of parameters. Similarly we compute

q2a—4c|1 — C_2|2 if (7“1, 7‘2) €A
q_Qb_Qc‘l — C_2|2 if (7"1, 7‘2) eB
tex 1 PPN ¢ if () €C
GOF "3 ¢ h-CEP i () €D
q_2b_20‘1 + <_1|2 if (7“1, 7‘2) el 1
q2a—4b|1 + <—1|2 if (7“1, T2) el
g =P if (r,e) €G
g = (2P if (r1,m2) € A
g N —¢2P if (r1,m2) € B
—4a+2c —212
q [1—¢7%)* if (r1,m) €C 9
1Cs| 1 gL — (22 if (ry, ) €D 4
—2b 12 .
~ = 1— f E
|C2(C)|2 ) X4 q . | ) C | L 1 (T17T2> € D B
g AP i () €F
q74a+2c‘1_cfl|2 if (Tl,’/‘g) cG C
q AR Y2 if (ry, ) € H
g2 if (r1,m2) €1 2
g =2 if (r,e) € A A
g 41— 22 if (ry,70) € B
(Cs| 1 Ja " ¢ if () €C 2 B
les(QF 27 | ¢ 21— ¢ 72 if (r1,m2) €D
gl — Y2 if (ry,m0) € E o
g TN = TP () € F D
2

and thus vq(IL;) = 2a(Q(IL;)) for all ¢ = 1, 2,3 and all choices of parameters.
For the point masses we have
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q—4a+2b if (’/’1,7"2) cA
g2 if (r,72) € BUE ) e 5
q At if (ry,mp) € C R
q_QC if (7“1,T2>€D D\\\
|Cs| ~ 4 ¢ if (r1,72) € F 1 F— F
q 272 if (r,m) € G N EK\\\ o
q /2 if (r,m) € HUT G . F o\
q=2%¢/2  if (r1,m2) € J 1 9
q_2b/2 if (Tl,rg)EK
g 2 if (r1,79) € AUD
g if (ry,72) €
q—zc (7“1,7“2) A & B ///
|Cs| gt if (ry,ra) € e
6| ~ .
q74a+2b (7"1, 7,2) 1 s /// o
g %/2  if (ri,r2) eGUH B
_ A D
q 4a+20/2 (,rl’ 7“2) /// o
q 49t /2 if (ry, o) € )
q74a74b if (’/’1,7"2) cA A,’/ ///
q 272 if (ry,r0) € B 9 2 B//
Crl~ {2t if (rima) € C e
q—QC lf (T],Tz) (S D 1 ’ F
q2a—4c/2 if (’/‘1,7"2) cFk D
g a4 if (ry,re) €A
q_Qb_QC if (7‘1,7"2) € B
|Cg| ~ ¢ g2 if (ri,rp) € C D EC
q % if (r1,m2) € D o,
q2“’4b/2 if (r1,m2) € B R B,/
.7 A
1 2
and the result follows (by comparison with Table 2). O

DEFINITION 7.5. Using Theorem 7.4 we define the asymptotic Plancherel measure on
Irrep(Hc) by

dp/(7) = lim ¢2@MW) dy(x)  for all 7 € 11,

q—o0
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THEOREM 7.6. For ro < 11 the asymptotic Plancherel measure is as follows. The case
ro > 11 may be obtained by applying o. For the infinite cells we have

)= Ly {06 -GG -GG =GR i #n
’ (=G HA- GGG GHA-G P ifra=m
1 1—C2% ifro#r—landra #1 -1
u'<ﬁg>:§x 1—C¢Y2 ifro=1-r
L+ ifra=ri+1
1—C72% ifro#r andry #2—1
N—C¢ Y2 ifro=ri andre #2—1

| =

Ml(wé)z*x M+ C¢7Y2 ifro#r andra=2—1
1 if (r1,7r2) = (1,1)
1—C72% ifro#r andrg =11 —2

//(Wé):%x 1—C¢7Y? ifro#randrg =11 —2

O if’I‘QZTl

and for the square integrable representations we have p'(wy) = 1 for all (r1,72), and

'(ms) 1 ifrg#1 /(6 1 ifr #£1
Ty ) = Uy =
K % ifT’Qzl K 6 % Z'f’l"lzl
1 4 >2—1r, 1
/ 1 Z.frz T ?é , 1 ’if?"g <r;—2
wmr)=q5 ifra>2—r, =1 W (ms) = ;
: 0 ifro=>r —2
0 ifro<2—n
, if’l‘g<1—7“1
1 ( .
otherwise

Z'flf’f'1<7"2<277”1,?”17é1
ifl—ri<ry<2—r;,r=1
otherwise

' (mo0) =

O o= =

ifri—2<ry<ry—1
otherwise

ifro<ry,ri#1,rg#1
if rg <1y, eitherry =1 orrg =1

S
e}
Il
o =

p' (m11)

S =

' (m2) =

O o= =

otherwise

Proof. This follows directly from the computations made in the proof of Theorem 7.4.
O

7.4. CONJECTURE P1. We can now prove that P1 holds for Cs, following the tech-
nique of [13].
THEOREM 7.7. Lusztig’s conjecture P1 holds for Cs for all choices of parameters.

Proof. Recall that A(w) is defined by P, ,, = n,q~ (") (strictly smaller powers of q),
where n,, # 0. We are required to prove that a(w) < A(w). This is equivalent to
showing that

lim qa(“’)Pew(q) < 00,

q—00 ’
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where we write P, (q) for the specialisation of P., at q = ¢. By the Plancherel
Theorem we have

qa(w)Pe,w (q) = qa(w) Tr(Cy) = / o qa(w)Xw(Ow) d p(m).
Irrep(Hc)
Suppose that w is in the two-sided cell ', and hence a(w) = a(T"). Since the represen-
tations 7r; satisfy B1 and B2 for their respective cell Q(m;), it follows that the integral
above is over only those classes of representations 7 € Il € Q~}T") with I' >, I".
For each such class of representations the Plancherel measure is, by Theorem 7.4, of
the form

dp(m) = ¢ 2T (1 +0(g™")) d ()
where d ' is the asymptotic Plancherel measure. Thus the integrand (with respect to
the asymptotic Plancherel measure) is g2 =20 tr(c (w))(14+O(¢™1)). Since T' >,z
I we have a(I'") > a(I') (by P4) and thus the power of ¢ in the integrand is at most 0.

It is clear from the explicit Cy Plancherel Theorem that the limit may be passed under
the integral sign, and the result follows. O

7.5. DUFLO INVOLUTIONS AND CONJECTURE P6. In this section we compute the Du-
flo elements for each cell. We recall that for ro < rq all cells admit a cell factorisation
(perhaps within the extended affine Weyl group) with the exceptions

Iy inthecase(rl,m)eR%Q:{( )y <r ' =1—1},
I’y in the case (r1,72) € R23 ={(r,7") |7 =r—1},

)
Iy in the case (r,72) € 12:{r,r’)|r’<r,r’:2—r},
)

(
I's in the case (ry,7) € R? 2=1(
Iy in the case (r1,72) = (1,1),

I'13 in all cases in which this cell appears.

rr') | r=r—2},

THEOREM 7.8. Let I € A. The Duflo elements Dr = DNTI are as follows. If I" admits
a cell factorisation then

Dr = {u71Wpu | u € BF}

If T' does not admit a cell factorisation then (in the local notation of the relevant
subsection 6.3-6.5)

Dr, = {wa} U{u"'wyu | u € By \ {02}} if
DF1 = {W3} U {U71W2UJ | u € Bg \ {12}} Zf 1,72

Dr, ={w;}U {u_leu | ue By \ {101}} if (r1,72) € RiQ
Dr, = {Oa 172} if (ri,r2) = (17 1)
Dr,, ={0,1} if (r1,m2) € Ays UA78 U Ag 10U PLUPs

(r1,72)
(r1,72)
(r1,72)

Dr, = {wi} U{u" wou | u € By \ {101}} if (r1,72) € R:{’Q
(r1,72)
(r1,72)
(r1,72)

Dr,, = {1727010} if (11,72

Proof. Let nl, be the coefficient of q~2(*) in P, . Thus w € D if and only if n/, # 0
(and in this case n}, = n,,). Moreover, from the asymptotic Plancherel formula we
have (see the proof of Theorem 7.7)

(18) nl = /Ql( el dpi(r) fwer.
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In particular, for w € T'; with 4 < i < 12 we have, using Theorem 5.1,
My = tr(cx, (w)) d ' (mi) = £ tr(Ey, v, ) dp'(m),

and thus nl, # 0 if and only if w € {u"'wp,u | u € Br,} as claimed.

For the infinite cells admitting a cell factorisation the analysis is as follows. Con-
sider the lowest two-sided cell T'y. If ro # 71 then Theorem 6.4 and the asymptotic
Plancherel formula give (for w € T'¢)

1 _ . o _

=5 [ e QB0 - 0 = GG =G0 - GGG,
It is well known that the Schur functions s (¢) defined in equation (6) are orthonormal
with respect to the measure $|[(1— ¢ (1 - ¢ G DA -GG -G PdGdE,
and it follows that n], = 0 unless 7, = 0 and u,, = v, in which case n/, = 1. Hence the
result in this case. If 7, = r; then the analysis is similar, since the Schur functions s (¢)
defined in (7) are orthonormal with respect to the asymptotic Plancherel measure
-G HA -GG -G HA -G HPdGdeG.

Now consider the case I'y with (r1,72) € Ry = {(r,7') | ¥ <7, ' > 2 —r}. In this
case we have (see Section 6.3)

Ty = {u " 'wathv | u,v € By, k > 0}

where wy = 2, to = 1012, and By = {e, 1,10, 101}. Using the formula in Theorem 6.15

we have ¢_¢(w;B)) = s, (¢()Ey, v, for w € T's, where s, is the Schur function of
2

type A;. The asymptotic Plancherel formula gives

Wy =5 [ 8O (B )1 = PR A
and since the Schur functions of type A; are orthonormal with respect to the measure
311 — ¢7%2d¢ it follows that n], # 0 if and only if u, = v, and 7, = 0. Thus
w € {u" wou | u € By} as claimed.

The remaining cases admitting a cell factorisation are similar. However there are
slight modifications in the cases I's with ro = r; # 1 where we have € (w) =

+s,, (¢Y/?)E,, v, - Here the asymptotic Plancherel measure is 3|1 — (¢*/2)72|2 and so
the same analysis applies.

We now consider the cells that do not admit cell factorisations. Consider the case
Iy with (r1,72) € R} 5. Here we have

Iy = {w;} U{u"‘wothv | u,v € By, k > 0}

where wy; = 101 and ws, ty, and By are as above. Recall that we extend the cell
factorisation in I'y(R2) to the element wy by setting 7,, = —1 and uy, = vy, = 101.
The asymptotic Plancherel formula, along with Theorem 6.15, gives

1
ny =3 / e tr(Ey, )
T

— 1 u u, —
L¢P AC = G [ R 14 ¢TIPAC
T

where

o _ 51(¢) — sk-1(C) = s21(—¢*/?) if u # 101
§ 55 (0) = 5511(¢) = —s2p42(—¢Y/?) if u =101

Since the elements so5(—C'/2) are orthonormal with respect to the measure |1 +
¢~ 12 d ¢ the result follows. The first 4 cases listed at the beginning of this section are
similar.
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Now consider the cell 'y in the equal parameter case. We have Q! (T'g) = M UII;U
IIs, and so Theorem 6.17 and the asymptotic Plancherel formula give (for w € T's)

Wy =5 [ e )¢+ g trens(w) + 5

where the matrices ¢_¢(w) are obtained from the matrices in Theorem 6.17 by remov-
2

tr(er (w)),

ing the 5th and 6th rows and columns. Since fT ¢*d¢ = 60 we obtain

1 1 ifw=1

1 / (e c(w)d¢ =1 ifw e {0,2,010,212)

2 T 2

0 otherwise
(note that 1 = wY;). Moreover, we have
1 ifw=0 1 ifw=2
(W) =4 -1 ifw=010 and cr(w)=< -1 ifw=212

0 otherwise 0 otherwise.

For example, in the case of ¢ , (w), the above claim follows from the fact that vo(w) —
y1(w) — y2(w) < 1 with equality if and only if w € {0,010}, where ~;(w) denotes the
number of i generators appearing in any reduced expression of w (note that since the
orders m;; of the products s;s; are even this statistic is well defined).

Putting these facts together gives

. {1 if w e {0,1,2}

o otherwise,
and hence the result for this cell.
Finally we consider the finite cell I'13. There are two regimes:

O (T'ys) = {ms, w7, mih}if (ri,me) € Ry = Ay s U A7g U Ag 10U Py U Ps
{me, mih, mhy} if (r1,r2) € Ry = Ags.

The asymptotic Plancherel measure is a sum of point masses:

1 if

d,u/(Q_l(Flg,)) B 571—5 +(S7r7+5ﬂ—12 1 (’/‘1,7"2) € Ry
2 6776 + 57!'12 + 6‘“’10 if (T17T2) € RZ»

and thus nl, = % tr(cr,,(w)). The result follows using the formulae for the leading

matrices from Theorem 5.1. O

COROLLARY 7.9. Conjecture P6 holds for all choices of parameters.

Proof. Using the explicit descriptions in Theorem 7.8 it is clear that the elements of
D are involutions. 0

7.6. AN INNER PRODUCT ON J AND CONJECTURES P2, P3, P5, P7 AND P13. In
this section we endow Lusztig’s asymptotic algebra Jr with a natural inner product
inherited from the Plancherel Theorem (a kind of asymptotic Plancherel Theorem).
As a consequence we obtain a proof of conjectures P2, P3, P5, P7, and P13.

Recall that we have proved in Theorem 1.7 that for each I' € A we have that
Lusztig’s asymptotic algebra is isomorphic to the Z-algebra Jr spanned by the leading
matrices {¢r. . | w € T'}. We thus identify Lusztig’s asymptotic algebra with this
concrete algebra, with J,, <+ ¢ 4. Define an involution * on Jr by linearly extending

* __
T = Tyt
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THEOREM 7.10. Let T € A. The formula
(91, 92)r = / tr(gigs) dp/(m)  for gi,92 € Jr
Q-1(T)

defines an inner product on Jr with {J, | w € T'} an orthonormal basis.

Proof. The proof is exactly as in [13, Theorem 8.14]. O

COROLLARY 7.11. Conjectures P2, P3, P5, P7, and P13 hold for all choices of pa-
rameters.

Proof. If x,y,z € T then vy, = (Jody, Jo-1)r = (Jy, Jp-1J,-1)p = (JyJs, Jp-1)p =
Vy,z,z> and hence P7 holds.

Conjectures P2, P3, P5, and P13 will follow easily from the following observation.
By Theorem 7.8 we see that each right cell T contains a unique Duflo involution
dy € D. Using the explicit formulae for the leading matrices we compute directly
that for all two-sided cells I, and all right cells T C I', we have

te (w) fwed

(19) cﬂr(dT)cWF(w) = {O if w ¢ T

where the sign is independent of w (and thus depends only on dy). For example, if T
admits a cell factorisation then dy = u~'wru for some u € Br and ¢ (dy) = £Ey 4.
For w € T" we have cr(w) = c E,,, v,, for some constant or Schur function ¢, and thus

Crp (dr) e (W) = e By By, v, = E6u,u,, Crp (W),

Since w € Y if and only if u,, = u the result follows (note also that if w ¢ I' then
¢rr(w) = 0). For the cases where I' does not admit a cell factorisation we have in fact
already verified the above formulae in most cases in the course of establishing B5 (see
for example Theorem 5.1 for the cell I'13, and the final lines in Section 6.3 for the
case I's with equal parameters).

Consider P2. If v, , 4 # 0 with d = dy then z,y,d € T" for some two-sided cell I'.
Using P7 we have

Ye,y,d = Vd,x,y = <Jdea Jy*1>F-
By (19) we have z € T (otherwise Jg.J, = 0 and so 75,4 = 0) and therefore JgJ, =
+J, (recall that J,, € Jr is identified with ¢y (w)). Therefore v, 4 = +(Jz, Jy-1)1,
and Theorem 7.10 forces y~! = 2. Thus P2 holds.

Consider P5. Note from the previous paragraph that the condition 7. 44 # 0
forces x,d € T for some right cell T and y = x~!. Moreover, Voo1,d = Vdpz-1 =
(JqJz, Jz)r where T' is the two-sided cell containing Y. Using (19) it follows that
Yao-1,d = €(Jz, Jo)r = € for some € € {—1,1} independent of x. In particular, taking
r = d we have

= = Yaarr = Vb= [ e @) ),
-(r

where we have used the fact that d?> = e. However, by (19) we have c..(d)® =
€cnp(d)? = €®crp(d) = ¢ (d), and hence

e=/ (e (d) d () = ma,
Q-1(r)

by (18) and the fact that n); = ng for d € D. Hence P5 holds.
Conjectures P3 and P13 follow more easily. O
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REMARK 7.12. We note that some efficiency could be gained by using the logical
dependencies between the conjectures established in [17, Chapter 14]. For example,
P1+P3 = P5, and P2+P3+4+P4+4P5 = P7. However we have found it instructive and
illustrative to demonstrate each conjecture directly. For example, it is considerably
more satisfying to see that P7 is in fact a consequence of an inner product structure on
Lusztig’s asymptotic algebra rather than a consequence of axioms P2, P3, P4 and P5.

7.7. CONJECTURE P15. In summary, using the explicit decomposition into cells, the
calculation of the a-function, and the asymptotic Plancherel Theorem we have proved
conjectures P1-P14 (see Corollaries 3.1, 6.2, 6.23, 7.9, 7.11 and Theorem 7.7). The
remaining conjecture P15 has been proved by Xie [24, Theorem 6.2] under an assump-
tion on the a-function. We see below that this assumption is easily checked using the
results of this section, and P15 follows.

THEOREM 7.13. Conjecture P15 holds for all choices of parameters.

Proof. By [24, Theorems 6.2 and 6.3] it is sufficient to verify that a(d) = deghag 4,4
for all d € D. This in turn is equivalent to showing that v4 4.4 7# 0 for all d € D. As
we saw in the proof of P5 above (see Corollary 7.11) we have v4,44 = nq = £1, and
hence the result. O
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