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On prime order automorphisms of

generalized quadrangles

Santana F. Afton & Eric Swartz

ABSTRACT In this paper, we study prime order automorphisms of generalized quadrangles. We
show that, if Q is a thick generalized quadrangle of order (s,t), where s > ¢t and s+ 1 is prime,
and Q has an automorphism of order s + 1, then

sHsiJ (stlﬂ <t(s+1),

with a similar inequality holding in the dual case when t > s, t + 1 is prime, and Q is a thick
generalized quadrangle of order (s,t¢) with an automorphism of order ¢ + 1.
In particular, if s + 1 is prime and if there exists a natural number n such that
t2 t2
-‘r t < S + 1 < z,

n+1
then a thick generalized quadrangle Q cannot have an automorphism of order s+ 1, and hence
the automorphism group of Q cannot be transitive on points. These results apply to numerous
potential orders for which it is still unknown whether or not generalized quadrangles exist,
showing that any examples would necessarily be somewhat asymmetric. Finally, we are able to
use the theory we have built up about prime order automorphisms of generalized quadrangles
to show that the automorphism group of a potential generalized quadrangle of order (4,12)
must necessarily be intransitive on both points and lines.

1. INTRODUCTION

Following [26], a finite generalized quadrangle Q is an incidence structure (P, L,1),
where P is the set of points, L is the set of lines (which is disjoint from P), and I is
a symmetric point-line incidence relation satisfying the following axioms:

Point-line incidence: Each point is incident with ¢ 4+ 1 lines and each line is incident
with s+ 1 points, where s,¢ € N, and two distinct points (respectively, lines)
are mutually incident with at most one line (respectively, point).

GQ Azxiom: Given a point P and a line ¢ not incident with P, there is a unique pair
(P 0yePxLsuchthat PT ¢ TP 1UF.

A generalized quadrangle with s + 1 points incident with a given line and t + 1
lines incident with a given point is said to have order (s,t), and such a generalized
quadrangle is said to be thick if both s > 1 and ¢t > 1. Much like the situation with
projective planes, there are some arithmetical restrictions on the possible order (s,t)
of a generalized quadrangle; see Lemma 2.1. However, these restrictions leave a large
number of cases about which absolutely nothing is known, and, while projective planes
are only known to exist when their order is a prime power, there exist generalized
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quadrangles of orders (q,9), (¢,4%), (¢% ), (¢°,¢%), (¢*,4°), (¢ = 1,¢ + 1), and (g +
1,q — 1), where ¢ is a prime power [26]. The existence of generalized quadrangles of
orders (¢ — 1,¢ + 1) and (¢ + 1, — 1) especially make it entirely unclear whether
generalized quadrangles of other orders will exist.

Generalized quadrangles (and, more generally, generalized n-gons) were invented
by Jacques Tits [29] to help better understand certain classical groups by provid-
ing natural geometric objects on which the groups act. The automorphism group
of a finite generalized quadrangle is the set of permutations of the point set that
preserve collinearity. While the definition of a generalized quadrangle is purely com-
binatorial, the known examples of generalized quadrangles all have nontrivial (and,
typically, quite robust) automorphism groups and often arise from algebraic construc-
tions; see [13, 23, 25, 26]. Moreover, many examples of generalized quadrangles of order
(¢g—1,qg+1) and (g+1, ¢g—1) have automorphism groups that are point-transitive and
line-transitive, respectively. For this reason, given a hypothetical order (s,t) of a gen-
eralized quadrangle Q, it is natural to study the possible automorphisms of Q in the
same spirit that the possible automorphisms of the “missing” Moore graph have been
studied; see [10, pp. 89-91] and [21]. Toward this end, we prove the following result:

THEOREM 1.1. Let Q be a thick generalized quadrangle of order (s,t), where s >t and
s+ 1 is prime. If Q has an automorphism of order s + 1, then

s HSTJ (Stlﬂ <t(s+1).

If Q is a generalized quadrangle of order (s, t), where s, ¢ satisfy both the hypotheses
and the inequality of Theorem 1.1, then we cannot say much. The real strength of
this result arises in the situation where s,t¢ satisfy all of the numerical constraints
of Theorem 1.1 except for the inequality, in which case we can make the following
conclusion:

COROLLARY 1.2. Let Q be a thick generalized quadrangle of order (s, t), where s >t

and s + 1 is prime. If
t2 s+1
t t
[l () o

then Q does not have an automorphism of order s + 1 and the automorphism group
of @ cannot be point-transitive.

The dual of a generalized quadrangle Q with point set P and line set £ comes from
switching the roles of points and lines to create a new generalized quadrangle Q' with
point set £ and line set P. Viewed through the lens of the dual quadrangle, Corollary
1.2 can be rephrased to obtain results about the line-transitivity of the automorphism
group of certain potential generalized quadrangles.

COROLLARY 1.3. Let Q be a thick generalized quadrangle of order (s,t), where t > s

and t+ 1 is prime. If
52 t+1
t t
HHJ( s ﬂ”(ﬁ &

then Q does mot have an automorphism of order t + 1 and the automorphism group
of @ cannot be line-transitive.

At first glance, the inequalities listed above seem to be rather weak. However, the
following corollaries show the power of the result when one parameter is (relatively
speaking) much bigger than the other.
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COROLLARY 1.4. Let Q be a thick generalized quadrangle of order (s,t). If s+ 1 is a
prime and if there exists a natural number n such that

t? t?
+t S s+ 1 < E,

n+1
then Q cannot have an automorphism of order (s + 1) and cannot have a point-
transitive group of automorphisms.

COROLLARY 1.5. If Q is a generalized quadrangle of order (¢*> — nq,q), where n and
q are positive integers with 2n < q and q*> — nq + 1 is prime, then Q cannot have an
automorphism of order ¢> —ng+1, and, moreover, Q does not have a point-transitive
group of automorphisms.

For thick generalized quadrangles, when s < t2, the current best theoretical upper
bound is s < t2 — t (see Lemma 2.1), and, for this reason, hypothetical generalized
quadrangles of order (¢ — q,q) (and, dually, (q,q*> — q)) have been the subject of
recent investigation [1, 22], although still very little is known about such (potential)
generalized quadrangles. In particular, Corollary 1.5 shows that the automorphism
group of a generalized quadrangle of order (¢> — ¢,q), where ¢> — ¢ + 1 is prime, is
not point-transitive.

We are further able to use the theory that we have built up to study the automor-
phism group of a potential generalized quadrangle of order (4,12). The best known
result thus far comes from [1], which states that if such a generalized quadrangle
contains an ovoid, a set of st + 1 pairwise noncollinear points, then its automorphism
group cannot be point-transitive. We are able to say considerably more:

THEOREM 1.6. If Q is a generalized quadrangle of order (4,12), then the automorphism
group of Q cannot be transitive on either points or lines.

While there are certainly “regular” combinatorial structures that are asymmetric,
Theorem 1.6 makes it much more unlikely that such a generalized quadrangle exists.
Moreover, it is likely that the techniques used in the proof of Theorem 1.6 can be used
to prove that the automorphism groups of generalized quadrangles of other potential
orders cannot be point- or line-transitive.

It is possible that the only generalized quadrangles that have a point-transitive
automorphism group either arise from classical groups or have order (¢—1, ¢+1), where
q is a prime power; see [26]. On the other hand, unlike the case for projective planes [17,
18], other than what is known about specific families of generalized quadrangles, there
is a much smaller body of knowledge when it comes to point-transitive generalized
quadrangles: the results either involve conditions that are much stronger than mere
point-transitivity [2, 3, 4, 5, 6, 7] or involve groups G that act regularly on the point
set, i.e. G is transitive on the point set, but the stabilizer in G of each point is trivial
[12, 14, 16, 28, 30]. The possible orders ruled out by Corollaries 1.2, 1.4, 1.5 and
Theorem 1.6 appear to be among the first combinatorially feasible parameters (in
the sense of the results contained in Lemma 2.1) that can a priori be ruled out from
admitting generalized quadrangles with point-transitive automorphism groups.

This paper is organized as follows. In Section 2, we provide the background material
necessary for the rest of the paper. In Section 3, we prove various preliminary results
about automorphisms of prime order of generalized quadrangles. Section 4 is dedicated
to the proof of Theorem 1.1, and Section 5 is dedicated to the consequences of Theorem
1.1 and, in particular, contains proofs of Corollaries 1.2, 1.4, and 1.5. Section 6 contains
results that apply specifically to generalized quadrangles of order (4,12), culminating
in the proof of Theorem 1.6. Finally, we include in Appendix A some tables which
list all possible orders (s,t) with ¢ < 100 to which Corollary 1.2 applies.
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2. BACKGROUND

Let Q be a generalized quadrangle with point set P and line set £. We say that two
points P, P’ are collinear if there is a line incident with both P and P’, in which case
we write P ~ P’. Similarly, we say that two lines ¢,¢ are concurrent if there is a
point incident with both ¢ and ¢, and we write £ ~ ¢'. Our convention here will be
that P ~ P. Given a set X of points,

Xt ={PeP:P~Qforall Qe X}.

We define Z+ for a set Z of lines analogously. If the role of “point” and of “line”
(as well as the values of s and t) are interchanged for Q, then the result is also a
generalized quadrangle and is called the dual of Q.

A grid is an incidence structure (P, £,1) such that for some integers s, s3 € N we
have

b2

PZ{Pi,j:O<i<31,0<j<52}, ,6:{60,...,631,56,...,622}
with incidence defined by P; ;14 if and only if i = k and P; ; 14}, if and only if j = k.
A dual grid is the point-line dual of a grid, and, instead of s; and ss, it is defined in
terms of parameters t; and to. It is easy to see that a grid is a generalized quadrangle
if and only if s; = s, and the generalized quadrangles with ¢ = 1 are precisely the
grids with s; = sa(= s). The dual result holds for dual grids.
The following omnibus lemma contains basic results about the parameters s and t.

LeEmMA 2.1 ([26, 1.2.1, 1.2.2, 1.2.3, 1.2.5]). Let Q be a finite generalized quadrangle of
order (s,t). Then the following hold:
(i) |Pl=(s+1)(st+1) and |L] = (t+ 1)(st +1);
(ii) s+t divides st(s+ 1)(t + 1);
(iii) if s,t > 1, then t < s and s < t?;
(iv) if 1 <s<t? thens<t?>—t, and if 1 <t < s?, thent < s? —s.

The following result of Payne is an application of the so-called Higman—Sims tech-
nique and is crucial to the proof of Theorem 1.1. A more general result is actually
proved in [24], and a proof of just Lemma 2.2 is given in [26, 1.4.1].

LEMMA 2.2 ([24, Theorem 1.2]). Let X and Y be disjoint sets of pairwise noncollinear
points of a generalized quadrangle Q of order (s,t) with s > 1 such that | X| = m,
Y| =n, and X CY*. Then (m — 1)(n — 1) < s2. Dually, if X and Y are disjoint
sets of pairwise nonconcurrent lines of a generalized quadrangle Q of order (s,t) with
t > 1 such that | X|=m, |Y|=n, and X C Y=+, then (m — 1)(n — 1) < 2.

Let x be an automorphism of Q. Given a point P of Q, there are three possibilities:
(i) P* =P,
(ii) P* # P but P* ~ P,

(iii) P* £ P.

With this in mind, we define Py(z) to be the set of points fixed by z, Pi(x) to
be the set of points that are not fixed by x but are sent to collinear points, and
P2(z) to be the set of points sent to noncollinear points by x. For each i, we define
a;(z) := |P;(x)|. For the lines of Q, we define Lo(x), L£1(z), and La(z) analogously,
and for each ¢ we define f;(z) := |L£;(x)|.

The following result is known as Benson’s Lemma and is a fundamental result re-
garding automorphisms of generalized quadrangles. Although we state the result here
only in terms of generalized quadrangles, it should be noted that Benson’s Lemma
is a special case of a more general idea, which allows the character of an automor-
phism group of an association scheme to be calculated on one of its eigenspaces. This
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technique, attributed to Graham Higman, is described in [10, pp. 89-91] and has
been applied to both distance-regular and strongly regular graphs; see, for instance
[11, 15, 21].

LEMMA 2.3 ([8, Lemma 4.3]). If © is an automorphism of a finite generalized quad-
rangle of order (s,t), then

(t+ Dag(z) + a1(z) = (st +1) (mod s +1t).

The following result relates the total number of points sent to collinear points by
x to the total number of lines sent to collinear lines by z.

LEMMA 2.4 ([26, 1.9.2]). If = is an automorphism of a finite generalized quadrangle of
order (s,t), then

(14 t)ao(z) + ar(z) = (L +5)fo(2) + br(2).

Given an automorphism x of Q, the substructure Q, fixed by x must have one
of a few types. The following result lists these possible types. For convenience, our
delineation into types is slightly different than what is listed in [26].

LEMMA 2.5 ([26, 2.4.1)). Let « be an automorphism of a generalized quadrangle Q.
The substructure Q. fized by x is one of the following:

(0) The substructure Q. is empty; that is, there are no fized points and there are
no fized lines.

(1) At least one point is fixed, all fixed points are noncollinear, and no lines are
fized.

(1") At least one line is fized, all fized lines are nonconcurrent, and no points are
fized.

(2) There exists some fixed point P such that P ~ P’ for each fixed point P’,
there exists at least one fized line, and every fized line is incident with P.

(2') There exists some fized line £ such that £ ~ ¢ for each fized line ¢, there
exists at least one fized point, and every fized point is incident with £.

(3) The substructure Q, is a grid with s < sa.

(3') The substructure Qg is a dual grid with t; < ts.

(4) The substructure Q, is a generalized subquadrangle of order (s',t').

Note that we allow in (4) the possibility that Q, is a grid or a dual grid, i.e. we
allow either s’ =1 or ¢’ = 1.

Finally, we introduce some terminology from permutation group theory that will
be used in Section 6. The action of a group G on a set 2 is said to be quasiprimitive if
every nontrivial normal subgroup of G is transitive on ). Quasiprimitive groups are a
generalization of primitive permutation groups, since, if G acts on €2 and G contains
a normal subgroup N that is intransitive on 2, then the set of orbits of N on 2
is a G-invariant partition of . For a characterization of quasiprimitive permutation
groups, see [27, Section 2].

3. AUTOMORPHISMS OF PRIME ORDER

In this section, we collect a number of basic results about prime order automorphisms
of generalized quadrangles. Throughout this section, Q@ will refer to a generalized
quadrangle of order (s,t) with point set P and line set £. For a given automorphism
x of Q, the type of Q, refers to its designation in Lemma 2.5.
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LEMMA 3.1. Let x be an automorphism of Q with order p, where p is a prime. For
i =1,2, we have
a;(z), Bi(x) =0 (mod p).
Moreowver,
ap(z) = (s+1)(st+1) (mod p)
and
Bo(x)=(t+1)(st+1) (mod p).

Proof. The set Pi(x) can be partioned into orbits of (x), and, since none of these
points are fixed, each orbit has size p. This implies that aq(z) = 0 (mod p). By
duality, f1(z) = 0 (mod p), and analogous arguments show that az(x),82(x) = 0
(mod p). The results for ag(z), Bo(x) follow from

(s+1)(st+1) =|P| = ap(z) + a1(x) + az(x)

and
(t+1)(st+1) = [L]| = Bo(z) + Br(z) + Ba(). O

LEMMA 3.2. Let x be an automorphism of Q of order p, where p is a prime, and
assume that Q, has type (0). Then eithert+1=s+1=0 (mod p) or st +1 =0
(mod p). If p is an odd prime, then s+1=t+1=0 (mod p) if and only if st+1Z 0
(mod p).

Proof. Since Q, has type (0), it follows that ag(xz) = Bo(x) = 0, implying that
pl(s+1)(st+1)andp| (t+1)(st+1).Ifpt(st+1),thenp|(s+1)andp]| (t+1)
by Euclid’s Lemma. Finally, if p is an odd prime and s+1=¢+1 =0 (mod p), then

st+1=(-1)(-1)+1=2#0 (mod p). O

LEMMA 3.3. Let © be an automorphism of Q of order p, where p is a prime. If Q, has
type (1), then t+1 =0 (mod p). If Q. has type (1), then s +1 =0 (mod p).

Proof. We will prove the result for Q, of type (1); the analogous result for type (1’)
follows by duality. Since Q, has type (1), there are no fixed lines, but there is at least
one fixed point. Let P be any fixed point, and let £(P) be the lines incident with P.
Since z is an automorphism, if £ € L(P), then ¢* € £(P). Since no line is fixed by z,
|L(P)| =t+1, and L(P) can be partitioned into orbits of (x), it follows that t+1 =0
(mod p). O

LEMMA 3.4. Let x be an automorphism of Q of order p, where p is a prime.
(i) If Q. has type (2) and ap(x) =1, then s +1=1 (mod p).

(ii) If Q. has type (2) and ag(x) > 2, then t + 1 =1 (mod p).

(i) If Q. has type (2') and Bo(x) =1, thent+1 =1 (mod p).

(iv) If Q. has type (2') and Bo(x) = 2, then s+1 =1 (mod p).

Proof. We will prove the results for Q,. of type (2) and note that the analogous results
for type (2') follow by duality. Assume first that ag(xz) =1, and let P be this unique
fixed point. By assumption, there is at least one fixed line ¢ incident with P, and
the s remaining points of £ are partitioned into orbits of size p of (x), proving that
s+1=1 (mod p).

Now assume that ag(z) > 2. Let P,@ be two distinct fixed points, where we may
assume by hypothesis that P ~ P’ for every P’ € Py(x). Hence P ~ @, and so x also
fixes the unique line ¢ with which P and @ are mutually incident. Since none of the
other ¢ lines incident with @ are fixed by x, these t lines are partitioned into orbits
of size p, proving that t + 1 =1 (mod p). O
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LEMMA 3.5. Let « be an automorphism of Q of order p, where p is a prime. If Q. has
type (2), then

ag(z) =1+ sPo(x) (mod p).
If Q. has type (2'), then

Bo(x) =1+ tag(z) (mod p).

Proof. We will prove the result for Q, of type (2); the result when Q, is of type (2')
follows by duality. Let P be the distinguished point with which all fixed lines of x
are incident and all fixed points of z are collinear. For any fixed line ¢, let so(£) be
the number of fixed points incident with ¢ other than P and let s;(¢) be the number
of points incident with ¢ not fixed by z. Noting that the s;(¢) points of ¢ that are
not fixed by z are partitioned into orbits of size p of (z), we have s1(¢) =0 (mod p),
which implies that so(€) = s (mod p) since so(¢) + s1(¢) = s. If the So(z) lines fixed
by z are {1,...,{g, (s, then

Bo(x) Bo(x)

ag(z) =1+ Y so(li)=1+ > s (mod p),
i=1 i=1

and so
ao(z) =1+ sBy(z) (mod p),
as desired. 0

LEMMA 3.6. Let x be an automorphism of Q of order p, where p is a prime. If Q,
has type (3), then t +1 =2 (mod p) and s; = s2 = s (mod p). If Q. has type (3'),
then s +1 =2 (mod p) and t; = ts =t (mod p). In particular, if Q, has type (3) or
type (3'), then p < max{s,t}, and, if Q is a thick generalized quadrangle and Q, has
either type (3) or type (3'), then p < min{s,t}.

Proof. We will prove the result for Q, of type (3); the result when Q, is of type (3')
follows by duality. Let P be a fixed point of the grid. Since exactly two lines incident
with P are fixed by x, the remaining lines incident with P must be partitioned into
(x)-orbits of size p, and hence t + 1 = 2 (mod p). Now, there are two types of lines
in the grid: those containing s; + 1 fixed points and those containing sy + 1 fixed
points. For a line ¢ of Q fixed by x containing s; + 1 fixed points in Q,, the remaining
(s+1) — (s1 + 1) points incident with ¢ are partioned into (z)-orbits, and so s; = s
(mod p). Analogously, we have s3 = s (mod p). Finally, the prime p divides (¢t +1) —
2=t—1,sop<t—1ift > 1, and, since s1 < s < s, p divides s — s; > 0 and
p < 8 — 81. The result follows. O

LEMMA 3.7. Let x be an automorphism of Q of order p, where p is a prime. If s+1 #
0,1,2 (mod p) andt+1#0,1,2 (mod p), then either Q, has type (0) and st+1 =0
(mod p), or Q. has type (4).

Proof. We will proceed through the types listed in Lemma 2.5. If Q, has type (0),
then since p divides neither s + 1 nor ¢ + 1, it follows that st + 1 = 0 (mod p) by
Lemma 3.2. If Q, has type (1) or (1’), then either s+ 1 =0 (mod p) or t+1 =0
(mod p) by Lemma 3.3, contrary to our hypotheses. If Q, has type (2) or (2’), then
either s +1 =1 (mod p) or t + 1 =1 (mod p) by Lemma 3.4, a contradiction to our
hypotheses. Finally, if Q. has type (3) or type (3'), then either s +1 =2 (mod p) or
t+1=2 (mod p) by Lemma 3.6, again a contradiction. O

LEMMA 3.8. Let x be an automorphism of Q of order p, where p is a prime. If Q,
has type (4) and is a subquadrangle of order (s',t'), then s’ = s (mod p) and ¢’ =t
(mod p).
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Proof. Let ¢ be any line fixed by z. By hypothesis, there are exactly s’ + 1 points
fixed by « on ¢, and hence there are (s + 1) — (s’ + 1) = (s — §’) points on ¢ that are
not fixed by x. These remaining (s — s’) points are partitioned into orbits of (x) of
size p, and hence s’ = s (mod p). By duality, ' =t (mod p). O

LEMMA 3.9. Let x© be an automorphism of Q of order p, where p is a prime. If Q, has
type (4) and is a proper subquadrangle of order (s,t'), then

ap(x) = (s+ 1) (st +1)
a(z) =0
s(s+1)(t—t)

()
and
() = (' +1)(st' + 1)
Bi(z) = (t—t)(s+1)(st' +1)
Bo(z) = (t+1)(st+1) — (t(s+1) —st' +1)(st' +1).
) (st’

Proof. First, ag(z) = (s + 1)(st’ + 1), since Q, is a subquadrangle of order (s,t').
Similarly, Bo(x) = (¢’ + 1)(st’ + 1). We will now show that aj(x) = 0. Let P be a
point that is not fixed by x. If £ is a line fixed by x, then, since Q, is a subquadrangle
of order (s,t'), all points incident with ¢ are fixed by x. This means that P is not
incident with ¢, and so, by the GQ Axiom, there exists a unique point @ on ¢ with
which P is collinear. Let ¢ be the line incident with both P and Q. Since @ is incident
with ¢, Q is fixed. The line ¢’ cannot be fixed, since P is not fixed by x. However,
(¢)* is also incident with @, and, by the GQ Axiom, there are no triangles, which
means P o0 P? and oy(x) = 0. The value of §;1(z) now follows from Lemma 2.4, and
the values of as(z) and fa(z) follow from

|P| = o) + a1 () + az(x)

and
L] = Bo(x) + Bi(x) + B2(x),
respectively. O

LEMMA 3.10. Let x be an automorphism of Q of order p, where p is a prime. If Q,
has type (4) and s’ = s, then s+t divides st’'(st + 1).

Proof. By Lemmas 2.3 and 3.9,
(t+1D(s+1)(st' +1)=st+1 (mod s+t).

The result follows after simplification of this expression. O

LEMMA 3.11. Let p be a prime such that p > s, and suppose x is an automorphism of
Q of order p such that Q, has type (4). Then s’ = s, ' <t, t' =t (mod p), and s+1
divides st'(st + 1).

Proof. By Lemma 3.8, s = s (mod p), and, since p > s > ¢, we have ' = s. The
result now follows from Lemmas 3.8 and 3.10. O
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LEMMA 3.12. Let Q be a generalized quadrangle of order (s,t), where s >t and s+ 1
is prime. If x is an automorphism of Q of order s + 1, then Q, has type (1').

Proof. Assume first that Q, has type (0). Since s > ¢, (s + 1) { (¢ + 1), and hence
st+1=0 (mod s+ 1) by Lemma 3.2. However, this implies that

st—=1)=(st+1)—(s+1)=0 (mod s+1).

By Euclid’s Lemma, either (s + 1) | s or (s + 1) | (¢ — 1), which is impossible since
s+ 1> s,t—1. Hence Q, cannot have type (0).

If Q. has type (1), then ¢+ 1 =0 (mod s+ 1) by Lemma 3.3, which is impossible
since s > t. If Q, has either type (2) or type (2’), then either s+1 =1 (mod s+1) or
t+1=1 (mod s+ 1) by Lemma 3.4, again a contradiction. If Q, has either type (3)
or type (3'), then either s+ 1 =2 (mod s+ 1) or t +1 =2 (mod s + 1) by Lemma
3.6, another contradiction. Finally, if Q, has type (4), then by Lemma 3.11 we have
s = s and (s + 1) divides (¢t — ¢'). However, ¢t — t' is both smaller than s + 1 and
nonzero, a contradiction. O

LEMMA 3.13. Let p be a prime that divides the order of the automorphism group of a
finite generalized quadrangle Q of order (s,t). If pt (st+1), then p < max{s+1,t+1}.

Proof. First, if t = 1, then Q is a grid with automorphism group isomorphic to the
wreath product Sym(s + 1) wr2, and so p < s + 1, with an analogous result holding
in the dual grid case. Hence we may assume that Q is a thick generalized quadrangle.
Assume p > (s+1) and p > (¢4 1). Let  be an automorphism of Q of order p. Since
Q is thick, we have s +1 # 0,1,2 (mod p) and t +1 # 0,1,2 (mod p). By Lemma
3.7, if pt (st + 1), then Q, has type (4). However, since p > s + 1, by Lemma 3.11
we have that s = ' and p | (¢ — t’), a contradiction since p > s +1 >t —t' > 0. The
result follows. O

It should be noted that this last lemma yields a definitive list of primes that could
be orders of automorphisms of a generalized quadrangle Q without knowing any
information about Q other than its order (s,t).

4. PROOF OF THE INEQUALITY

This section is devoted to the proof of Theorem 1.1.

Proof of Theorem 1.1. Let Q be a thick generalized quadrangle of order (s,t), where
s >t and s+1 is prime, and let Q have an automorphism x of order s+ 1. By Lemma
3.12, Q. has type (1’), thus no points are fixed by x and at least one line is fixed
by x. Let ¢ be a line fixed by z. Since Q, has type (1), no points incident with ¢
are fixed and all fixed lines are pairwise nonconcurrent, and so the lines concurrent
with £ are divided into ¢ distinct orbits of (x) of size s + 1. If £’ is any other fixed
line, then |{/,¢'}*| = s + 1, i.e. there is a unique (x)-orbit of lines concurrent with
¢ that is also concurrent with ¢'. By the Pigeonhole Principle, one of the ¢ different
(x)-orbits of lines concurrent with ¢, which we name X, is also concurrent with at
least [(Bo(x) — 1)/t] fixed lines other than ¢. If Y is the set of [(Bo(x) —1)/t] + 1
lines that are all nonconcurrent, fixed by z, and incident with each line in X, then,

by Lemma 2.2,
S [ﬁo(ﬂb‘t) — 1—‘ <2
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To finish the proof, we provide a lower bound on Sy (). Since s+1 is prime, by Lemma
3.1 we have

Bo(xz) =(t+1)(st+1) (mods—+1),
which equivalently implies that
Bo(z) = —(t* —1) (mod s+ 1).
Thus, there exists some k € N such that
Bo(z) = k(s +1) — (£ = 1).
If k <t?/(s+ 1), then

sty (@-1=1,

Bo(@) = k(s +1) — (2 — 1) < 311

which implies that Sp(z) < 1, a contradiction, since Q, has type (1’). Thus k > Lﬁr—zl—‘ ,

and so

Li J (s +1) = (£ = 1) < fo(2).

This means

Simplifying, we have

as desired. O

5. CONSEQUENCES OF THE INEQUALITY

In this section, we present some consequences of Theorem 1.1. First, we have imme-
diately Corollary 1.2, which says that a generalized quadrangle of order (s,t), where
s>t, s+ 1is prime, and

] ()

Proof of Corollary 1.2. Assume that Q has order (s,t), where s > ¢t > 1 and s + 1
is prime. If @ has an automorphism group G that is transitive on points and P is a
point of Q, then

is not point-transitive.

|G| = |Pl|Gp| = (s + 1)(st + 1)|Gp|.

Since the prime (s 4+ 1) divides |G|, G must have an element of order s + 1, which
means s and ¢ must satisfy the hypotheses of Theorem 1.1. The result follows. O

We can also now prove Corollary 1.3.
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Proof of Corollary 1.3. This follows immediately from point-line duality and Corol-
lary 1.2. O

At first glance, the inequality

] () e

does not seem like much of a restriction. However, as we will see, when s is much larger
than ¢, there are often situations when the ceiling functions contained in the inequality
make a drastic difference. Corollary 1.4 shows that one implication of Theorem 1.1 is
that, if s + 1 is prime and if there exists a natural number n such that

t2 t2

+t<s+1<—,
n—+1 n

then a generalized quadrangle of order (s,t) cannot have an automorphism of order
s+ 1 and cannot be point-transitive.

Proof of Corollary 1.4. Assume that s+ 1 is prime and that
t2 t2
+t<s+1< —
n

n+1
for some natural number n. First, since

2
t <

+t<s+1,
n+1

s>t If s=t, then t?/(n + 1) < 1, which implies that

t? t? n+1 1
1< —= <1 -,
ot n <n+1>< n ) +n

a contradiction. Hence s > t. On the other hand, since
2 2 2

< t<s+1l< —,
n+1 n+1+ Se+ n
we have )
n < <n+1,
s+ 1
and so

t2
{ -‘:n—i—l.
s+1

Moreover, since t2/(n+1) +t < s+ 1
(n+1)(s+1) >t>+ (n+ 1)t

and, since t > 1,
(n+D)s=>t2+(n+1)(t—1)> %

J[55] () ==
- F2+(n+1)t"
t
=s(t+ (n+1))
=ts+(n+1)s
> ts + 12
=t(s+1),

Thus,

Algebraic Combinatorics, Vol. 3 #1 (2020) 153



SANTANA F. AFTON & ERIC SWARTZ

and, by Theorem 1.1 and Corollary 1.2, such a generalized quadrangle cannot have
an automorphism of order s 4+ 1 and cannot be point-transitive. O

One particular application of the inequality is Corollary 1.5, which states that, if
Q is a generalized quadrangle of order (¢*> — ng,q) and ¢> — ng + 1 is prime with
q > 2n, then @ is not point-transitive. These conditions apply to numerous potential
generalized quadrangles whose existence is not known, for instance orders (12,4),
(30,6), (42,7), and (72,9); see Appendix A for many more instances.

Proof of Corollary 1.5. Let Q be a generalized quadrangle of order (¢> —nq, q), where
q > 2n and ¢®> — ng + 1 is prime. In this instance,

7 _
@?-ng+1| 7

2 g+ 1 2
[2‘17“”} _ [2q2n+—‘ — g —2n+1,
q

(¢* —q) H ¢ W (qz_ﬁlﬂ = (¢ —9)(2¢ —2n+1)

?—q+1 q
=q((g—1)(2¢ —2n+1))
>q-q°
> q((¢* —ng) +q)

when ¢ > 2n, and hence by Theorem 1.1 and Corollary 1.2, such a generalized quad-
rangle cannot have an automorphism of order ¢> — ng + 1 and cannot be point-
transitive. 0

and

and so

It is unknown whether ¢ —ng+1 is prime for infinitely many positive integer values
of ¢ for a fixed n. However, the following conjecture from number theory supports
this conclusion.

CoNJECTURE 5.1 ([9]). Let f(z) = agz®+ -+ a1z + ag be a polynomial with integer
coefficients. The set {k € 7 : f(k) is prime} is infinite if the following three conditions
hold:
(1) aq = ]-7
(i) f is irreducible over Z,
(iii) The set of integers f(Z) = {f(n) : n € Z} has greatest common divisor 1.

For f(z) = 2% — nx + 1, it is plain to see that f satisfies conditions (i) and (ii)
when n # 2, and f(n) = 1, showing (iii). The numerical evidence in Appendix A
lends evidence that there could indeed be infinitely many such pairs where (s,t) =
(¢* — nq, q) that satisfy s+t | st(st + 1) where s + 1 is prime.

It is an interesting question as to whether generalized quadrangles of such orders
actually exist. While the asymmetry of such examples is potential evidence against
existence, combinatorial regularity also does not necessitate symmetry.

6. AUTOMORPHISMS OF A GENERALIZED QUADRANGLE OF ORDER (4,12)

This section is dedicated to analyzing the structure of the automorphism group of a
generalized quadrangle of order (4,12), if one were to exist. Throughout this section,
Q will be a generalized quadrangle of order (4,12) with point set P, line set £, and
automorphism group G. As in the previous sections, for z € G, the type of Q, refers
to its designation under Lemma 2.5.
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LEMMA 6.1. If p is a prime that divides |G|, then p < 7.

Proof. Let p be a prime dividing |G|. By Lemma 3.13, p < 13. We know that no
automorphism of order 13 exists by Corollary 1.3, and so we assume p = 11 and let =
be an element of G of order 11. By Lemma 3.2, Q, cannot be of type (0); by Lemma
3.3, Q, cannot be of type (1) or type (1’); by Lemma 3.4, Q, cannot be of type (2)

r (2'); by Lemma 3.6, Q, cannot be of type (3) or (3'); and, by Lemma 3.11, Q,
cannot be of type (4). Therefore, if p divides |G|, then p < 7. O

LEMMA 6.2. If x € G is an element of order 7, then ap(xz) = 0.

Proof. Let z be an element of G of order 7. By Lemma 3.3, Q, cannot be of type (1)
or of type (1'). By Lemma 3.4, Q, cannot be of type (2) or of type (2'). By Lemma
3.6, Q, cannot be of type (3) or of type (3') By Lemma 3.11, Q, cannot be of type (4).
Therefore, Q, is of type (0) and «g(z) = 0. O

LEMMA 6.3. A Sylow 7-subgroup of G has order at most 49.

Proof. Let X be a Sylow 7-subgroup of G, and let y € X. If y is not the identity and
y fixes any point of Q, then 3/¥//7 is an element of order 7 that fix